Three Dimensional Geometry

THREE DIMENSIONAL GEOMETRY

1. Coordinates of a point in Space :

Let O be a fixed point, known as origin and let OX, OY and OZ be three mutually perpendicular lines, taken as
x-axis, y-axis and z-axis respectively, in such a way that they form a right handed system.

The planes XOY, YOZ and ZOX are known as xy-plane, yz-plane and zx-plane respectively.
z

P(X,y,2)

Q (x. v, 0)

Let P be a point in space and distances of P fromy-z, z-x and x-y planes be x, y, z respectively (with proper signs)
then we say that coordinates of P are (x, v, z).

Also OA=x,0B=y,0C=1z

2. Distance Formula :

The distance between two points A (x,, y,, Z;) and B (x,, ,, Z,) is given by

AB:\/(X2 — X))+ (Y, =Y +(z,-2,)°
Distance from Origin :
Let O be the origin and P (x, y, z) be any point, then

OP =,/(x* +y* +12%)

3. Section Formulae :

Let P(x,, ¥;, Z;) and Q(x,, Y,, Z,) be two points and let R (x, y, z) divide PQ in the ratio m, : m,, then R is

(X,y,Z)E[

m,X, +m,X, My, +myy, mz,+ mzzlj
m, +m, m, +m, m, +m,

mX, —MyX, my, —myy, mz,— mzzlJ

1 R = ] ’
If R be the external point, then [ m,—m, m,—m, m,—m,

Mid-Point : Mid point of PQ is given by Fxl ; X, , il ; Y , le;zzi,%

4. Centroid of a triangle :

Let A(X;, ¥y, Z9), B(X, ¥y 2,), C(X5, Y3, Z5) be the vertices of a triangle ABC. Then its centroid G is given

GE[x1+x2+x3 Yo +Y, +Ys zl+zz+zsj

by 3 3 3

5. To find the ratio in which a given point divide a given line-segment :

[1]
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LetP (a,B,7) andA(a,, b;, ;) and B(a,, b,, c,) be three points and we have to find the ratio in which P divides
AB. Let k : 1 be the ratio. Then

ka, +a; L kb, + b, _p ke, +¢, _

k+1 Cok+1 Cok+1
Solving these, find k. Also if the system is inconsistent, P does not divide AB in any ratio and so P does not lie on
AB i.e. P, A, B are non-collinear.

For collinearity of three points it is the best method.

6. Direction Cosines & Direction Ratios :

Direction Cosines :

Let «,f,y be the angles which a directed line makes with the positive directions of the axes of x, y and z
respectively then cos «, cos £, cos y are called the direction cosines of the line.

The direction cosines are usually denoted by <1, m,n>. Then|=cos ¢, m=cos £ ,n=cos y .

Direction ratios :

Let a, b, c be proportional to the d.c.’s I, m, n then a, b, ¢ are called the direction ratios.

Relation between D.R.’s and D.C.’s of a line:

Leta, b, cbed.r.’sand I, m, n the d.c.’s of a line, then
2Dt (eay)
m n

?+ b+ =1’ (P+m*+n’) =r’= r=,[[a? +b? +¢?]
Direction cosines I, m, n are given by

E,ng,nzg where r=4[(@*+b*+c?)]

r r r

D.C.’s of Axes :

Since the positive x-axis makes angles 0°, 90°, 90° with axes of X, y and z respectively,
D.C.’'sof x axes are 1, 0, O.
D.C.’s of x-axisare 1,0, O
D.C.’sof y-axisare 0, 1, 0
D.C.’s of z-axis are 0, 0, 1

Direction ratios of the line joining two points :

Let A(x,, Y,, 2;) and B(x,, Y,, Z,) be two points, then d.r.’s of AB are x, — x,, ¥, - ¥,, Z, — , and the d.c.’s of AB
1 1 1 5
are F (x2 - xl), F (y2 - yl), F (22 - 21) where r =4/[Z(X, —X%;)"]

7. Projection of a line on another line :

Let PQ be a line segment with P(x,, y,, ;) and Q(x,, ¥,, Z,) and let L be a straight line whose d.c.’s are I, m, n.
Then the length of projection of PQ on the line L is = |1 (x,—x)) + m (y,-y,) +n (z,-2,) |

8. Angle between two lines :
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Let 9 be the angle between the lines with d.c.’s Il, m,, n, and I2, m,, n,, then cosg = I1 I2+ m,m, +n,n,
2

Also, sin?6=>"(l,m,—1I,m,)

9. Condition for Perpendicularity and parallelism :

Let the two lines have their d.c.’s as I, m;, n and I,, m,, n, respectively then they are perpendicular if
6=90°ie. cosp =0,i.el I,+mm,+nn, =0

L m n

L m,

Also the two lines are parallel if g =q° or 180° and thensin g= =0, i.e.

If instead of d.c.’s, d.r.’s a,, bl, c, and a,, bz, c, are given, then the lines are perpendicular if
a, a,+bb,+c.c, =0and parallel if a,/a,= b, /b,=c//c,.

(8,3, +hb, +¢c))

If g is the angle between the lines then cos6 =
J@2 +b7 +¢2) |/(aZ +b? +c?)

10. Centroid of tetrahedron

X+ X, +X;+X, YV, +Y,+Y,+Y, 2, +2,+2,+2
. G = 1 2 3 4 , 1 2 3 4 , 1 2 3 4
Centroid [ 1 4 4 j
A(X,,Y1,2,)
B (X,,Y.12,) D (X,,YaZs)
C (Xa,YaZs)

THE STRAIGHT LINE

1. Straight Line

Definition :
A straight line in space is characterised by the intersection of two planes which are not parallel and, therefore, the
equation of a straight line is present as a solution of the system constituted by the equations of the two planes :
a x+by+cz+d =0, ax+b,y+c,z+d,=0
This form is also known as unsymmetrical form.
Some particular straight lines :

Straight lines Equation
Q) Through the origin Yy =mx, z = nx
(i) X-axis y=0,z=0
(iii) y-axis x=0,z=0
(iv) z-axis x=0,y=0
(v) | | to x-axis y=p,z=q
(vi) | | to y-axis Xx=h,z=q

(vii) | | to z-axis X=h,y=p
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2. Equation of a straight line in symmetrical form :

(i)  One point form : Let A(x,, y,, Z,) be a given point on the straight line and I, m, n the d.c’s of the line, then
its equation is

X=X _Y=W% _2-4
| m n

=T (say)

It should be noted that P(x, + Ir, y, + mr, z, + nr) is a general point on this line at a distance r from the point
A(xl, Yo 21) i.e. AP =r. One should note that for AP =, I, m, n must be d.c.’s not d.r.’s. If a, b, ¢ are direction
ratios of the line, then equation of the line is

X=X _¥Y=% _2-4 _
a b C
(i) Two point form : Equation of the line through two points A(x,, y;, ;) and B(x,, Y,, Z,) is

r but here AP = r

X=X _Y=%h _2-14
X, =X Yo=Y -4

3. Reduction of non-symmetrical form to symmetrical form :

Let equation of the line in non-symmetrical form be

a x+by+cz+d =0; a,Xx+b,y+c,z+d,=0
To find the equation of the line in symmetrical form, we must know (i) its direction ratios (ii) coordinates of any
point on it.

(i) Direction Ratios : Let I, m, n be the direction ratios of the line. Since the line lies in both the planes,
it must be perpendicular to normals of both planes. So

a1I+b1m+cln=O; a2I+b2m+c2n=O
From these equations, proportional values of I, m, n can be found by cross-multiplication as

I 3 m n
bc, —bc, ca,-ca  ab, —ah

(if) Point on the line : Note that as |, m, n can not be zero simultaneously, so at least one must be non-
zero. Let ab, —a,b, = 0. Then the line cannot be parallel to x-y plane so it intersect it. Let it intersect
x-y planein (x;, y;, 0). Thena, x, + b, y, +d, =0and a,x, +b,y +d,=0

Solving these, we get a point on the line.
X-% __y-y, __ 20
bc, —b,¢,  Cca, —ca  ab,—ab

If I = 0O, take a point on y-z plane as (0, y,, z,) and if m « 0, take a point on x-z plane as (x,, 0, z,).

Then its equations becomes

4. Angle between a line and a plane :

Let equations of the line and plane be X=Xt =Y =Y1 _ 274 anq ax + by + cz + d = 0 respectively and ¢ be

m n
the angle which line makes with the plane.Then (/2 - ¢ ) is the angle between the line and the normal to the

al +bm+cn
J@2 +07 +¢2) (12 +m? +1n?)

plane. S0 sin6 =
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Line is parallel to plane if ¢ =0 i.e. ifal + bm + cn = 0.

Lineis | to the plane if line is parallel to the normal of the plane i.e. if %:%:% .
5. Condition in order that the line may lie on the given plane :
The line X‘le - y;nyl - Z‘nzl will lie on the plane Ax + By + Cz + D = 0 if
(i) Al+Bm+Cn=0 and (i) Ax, +By, +Cz, + D=0

6. Foot, length and equation of perpendicular from a point to a line :

Let equation of the line be

Xx-a y-b z-c
I m n

=r (say) e (1)

and A («, S,y) be the point. Let I, m, n denote the actual d.c.’s of the line. Any point on the line (1) is
P(Ir+a mr+b,nr+¢y L. 2

If it is the foot of the perpendicular, from A on the line, then AP is | to the line, so
I(r+a-¢g) +m(mr+b-g)+n(nr+c-y)=0

i.e. r=(a-a)l+(g -b)m+(y —c)n

[since I+ m?+n®=1]

Putting this value of r in (2), we get the foot of perpendicular from point Ato the line.

Length : Since foot of perpendicular P is known, length of perpendicular,

AP = [(Ir +a—a)? + (mr+b—B)2 + (nr +c—7y)’]
Equation of perpendicular is given by

X—a __y-B _ z-y
Ir+a—-a mr+b-f3 nr+c-y

7. Equation of any plane through a given line :

. X=X Y-y 7I-7; .
Equation of any plane through the line . m n is A(x - x,) + By -y,) + C(z-z,) = 0, where

Al + Bm+ Cn=0.
There can be infinitely many planes through a given line. Particular plane can be found if extra condition is given.

8. Condition that two given lines should intersect i.e. to be coplanar i.e. testing of skewness or coplanarity of two
given lines. Equation of plane containing two intersecting lines :

Let the two lines be
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and = =T 2
These lines will be coplanar if

a,—a; By-B; Yo7y
I, m, n, =0
l, m, n,

the plane containing the two lines is

X—oy, Yy=PBy -7, X-a, Y-p, -7,
I, m, n |=0 or l, m, n, (=0
1, m, n, 1, m, n,

Condition of coplanarity if both lines are in general from :
Let the lines be ax+by+cz+d=0=a'x+by+cz+d

and oX+PY+yz2+08=0=a'xX+B'y+yz+d
These are coplanar if

a b c d

a’ b ¢ d ~0

a B y o8|

a! B! ,Y! 8!

Skew lines :
The straight lines which are not parallel and non-coplanar i.e. non-intersecting are called skew lines.

9. Shortest distance between two skew straight lines :

Shortest distance between two skew lines is perpendicular to both.
(i) If the equations are in cartesian form :
Suppose the equation of the lines are

x—o _y-B_z-y
| m n

x—a'_y-p' _z-y’

= =— 2

I’ m’ n’ 2)
Then shortest distance between them is given by

and

a-o" B-p y-y
S.D.=| | m n +\/{2(mn'—m'n)2}
I’ m’ n’

(if) If the lines intersect, then S.D.between them is zero. Therefore

a-a" B-B" y-vy'
| m n [=0
I’ m’ n’
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(iii) The equations of shortest distance between lines (1) and (2)

X—o, Y-B z-v X—o, y-B, z-v,
I, m, n, |=0 and l, m, n, |=0
|2 m2 n2 |2 m2 n2

(iv) If the equations are in vector form :
Suppose the equation of the lines are

rr = ,{1 + M')l and = 52 + Ab,

Then shortest distance between them is given by
rr, .
(8 - a,'—l) : (,.b1 xb,)
by x b, |

10. Vector equation of a straight line passing through a fixed point with position vector 3 and parallel to a given

S.D.=

vector b is F— 24 2p, where 3 is a scalar.

. . . . . . .. ' [
11. The vector equation of a line passing through two given points with position vectors 3 and p is r

12. Angle between lines

F=& +ub, and [=4,+yb, is
b,.b
c0s0 = F
.o
13.Angle between lines
X_Xlzy_ylzz_zl d X_Xzzy_yzzz_zz .
a1 bl Cl an a2 b2 C2 1S
050 — a,a, +bb, +cc,

2 2 2 2 2 2
\/al +b; +c1\/a2+b2+c2

If the lines are perpendicular, then

la,a, +b,b, +c,c, =0

If the lines are parallel, then

a G
a, b, ¢,

bl

14. Reflection or Image of a point in a straight line

X=X - Z—-17
1Y byl = L is the given line. Lete L be the foot of the

perpendicular from P in the given line and let p’ be the image of P in the given line. Let the coordinates of L be

Let P(o,B,v) be the given point and let

(X, +ah,y; +bA,z, +c)), then direction ratios of PL are
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P(o,,B,y)

image of P due line AB
A
P' (o' By

X, +ak—a,y, +bA—B,z, +CA -7y
Since PL is perpendicular to the given line, whose direction ratios are a, b, ¢
(x,+ar—a)a+(y, +br—p)b+(z, +ch—y)c=0
[a(x,—a)+b(y,—B)+c(z,-7)]

a?+b? +c?

= A==

Substituting the value of j, in (x, +aA,y, +b},z, + i), we obtain coordinates of L.
Let Q= (a', b',y')
Since L is the mid point of PQ

B+p’ y+y'

M—x1+a7» T=y1+bx,T=zl+cx

= a'=2(x,+ak)—o, B'=2(y, +br)-B, y'=2(z, +ch)—y

THE PLANE

1. Plane
Definition :

A geometrical locus is a plane if it is such that if P and Q are any two points on the locus, then every point on the
line PQ is also a point on the locus.

2. Equations of a Plane :

The equation of every plane is of the first degree i.e. of the form ax + by + cz + d = 0, in which a, b, c are
constants, where a® + b + ¢? » 0 (i.e. a, b, ¢ = 0 simultaneously). Here a,b,c are direction ratios of the normal
to the plane.

Plane Parallel to the Coordinate Planes :

(i) Equation of y-z plane is x = 0.

(it) Equation of z-x plane isy = 0.

(iif) Equation of x-y plane isz = 0.

(iv) Equation of the plane parallel to x-y plane at a distance c (if ¢ > 0, towards positive z-axis) is z = c. Similarly,
planes parallel to y-z plane and z-x plane are respectively x =cand y = c.

3. Equations of Planes Parallel to the Axes :

If a =0, the plane is parallel to x-axis i.e. equation of the plane parallel to x-axis is by + cz+ d =0
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Similarly, equations of planes || to y-axis and || to z-axis are ax + cz + d = 0 and ax + by + d = 0,
respectively.

4. Equation of a Plane through Origin :

Equation of plane passing through origin is ax + by + cz=0

5. Equation of a Plane through a given Point :

Let the plane ax + by + cz + d = 0 passes through the point (x,, y,, ;) then ax, + by, + ¢z, + d =0.
Subtracting, we get a (x—x;) + b (y—y,) + ¢ (z-z,) = 0 which is the required equation.

6. Equation of a Plane in Intercept Form :

Equation of the plane which cuts off intercepts a, b, ¢ from the axes is 5+%+£ =1.
a

c

7. Equation of a Plane in Normal Form :

If the length of the perpendicular distance of the plane from the origin is p and direction cosines of this perpendicular
are (I, m, n), then the equation of the plane is Ix + my + nz = p.

e Insolving problems of plane, first consider its normal. In the equation ax + by + cz+d =0, a, b, c are
the direction ratios of the normal of the plane.

8. Reduciton of equation of plane ax+by+cz+d=0 into

(i) Intercept form:
ax+by+cz=-d
X N y N y4
= (—d/a) (—d/b) (—d/c)
which is required intercept form.
(i) Normal form:
a - b v+ c - —d
JaZib2+c?  Jal+b?+c? al+b?ic?  Nai+b?ic?
If d < 0, then above is the required normal form.
If d > 0, then the required normal form is

e X+| - b + c - d b
[ \/ﬁ} [ \/ﬁjy [ \/ZaZJ \/Zaz , where . b

9. Equation of a Plane through three points :

The equation of the plane through three non-collinear points (X, y,, Z,), (X,, ¥,, Z,) (X3, Y3, Z5) IS

x y z 1
X Y1 7 1f_ 0
X, ¥, 7, 1
X3 ¥z 23 1

10. Angle between two planes :

Consider two planesax+by+cz+d=0anda x+ b'y + ¢’z + d' = 0. Angle between these planes is the angle
between their normals.
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11.

aa’'+bb’ +cc’
JaZ+b?+c? Jar? +b? +¢?
Planes are perpendicular if aa' + bb' + cc' = 0 and they are parallel if a/a’ = b/b' = c/c'.

cos0 =

Planes parallel to a given Plane :

12.

Equation of a plane parallel to the plane ax + by + cz+d=0isax+ by + cz +d' = 0. d" is to be found by other
given function.

A plane through the line of intersection of two given planes :

13.

Consider two planesu=ax+by+cz+d=0andv=a'x+b'y+c'z+d =0.

The equationu + Av =0, | a real parameter, represents the plane passing through the line of intersection of given
planes and if planes are parallel, this represents a plane parallel to them.

Perpendicular distance of a point from the plane :

14.

Perpendicular distance p, of the point A(x,, y,, z,) from the plane ax + by + cz + d = 0 is given by

_|ax, +by, +cz, +d |
\/(a2 +b? +¢?)

Bisectors of angles between two planes :

15.

Let the equations of the two planes be ax + by + cz+d=0anda,x+ b, y+c,z+d =0.
Then equations of bisectors of angles between them are given by
ax+by+cz+d =+a1x+b1y+clz+d1
J@ +b?+c?) \/(alz +b? +¢%)
(i) Equation of bisector of the angle containing origin : First make both constant terms positive. Then +ve
sign in (*) give the bisector of the angle which contains the origin.
(if) Bisector of acute/obtuse angle : First making both constant terms positive,
aa, +bb, +cc, >0 = origin lies in obtuse angle
<0 = origin lies in acute angle

*

Area of a triangle :

16.

Let AX;, ¥y Z,), B(X,, ¥, 2,), C(X3, Y3, Z5) be the vertices of a triangle ABC. Form two vectors ﬁ and E .
Then area is given by
E|ABXAC|=E Xo =X Yo=Y L=14
X=X Ys— Y1 Z3—4

Volume of a Tetrahedron :

Volume of the tetrahedron with vertices A(x;, ¥;, Z,), B(X,, ¥,, Z,), C(X;, Y5, Z) and D(x,, y,, z,) is given by
X %ol
vV :1 X, ¥, 2, 1
6% Y3 23 1
Xy Yo 7, 1
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17. Vector equation of a plane passing through a point having position vector 3 and normal to the plane as vector
A O OV
his(r—a)n=0

18. Vector equation of a plane in normal formis t.h =d, where 7 is the unit normal vector to the plane and d is its
distance from the origin.

19. The angle ¢ between the planes

1 uua

rn =d, and r.n, =d, is given by

cosez—&‘#—'@@

ny| (N,

If planes are perpendicular then n,.n, =0

If planes are parallel then n, =n,

20. Parametric form:

The equation of the plane passing through a point having vector 4 and parallelto pand ¢ is F=b4ab+ uE ;

where 3, and p are scalers.

21. Non parametric form:

The equation of the plane passing through a point having position vector § and parallel to pand ¢ is
(r— )(bx c) 0

22. The plane parallel to the plane

=d, is r.h=d,, where d, isa constant.

u W u uu
1

I W uu
23. Equation of plane parallel to the intersection of two planes r.n, =d, and r,.n, =d, is r.(n1 + knz) =d, +Ad,,
where ), is an arbitary constant.

24. The length of the perpendicular from a point having positive vector 3 to the plane r.f =d

Inl

25. Distance between the parallel planes

d,—d
ax+by+cz+d, =0 and ax+by+cz+d, =0 is ﬁ
26. If the line f %, ,p liesinthe plane }.h =d, then (i) b5 =0 and (i) &.h=d

un ur u us ua w
27. If the lines r_a +xb and r_a +ub are coplanar, then [ b, cJ:[az b, Cz] and the equation of the

plane containing them is [Ir B.l Ll:t} =[;ll Ltl;l BuzJ or [Ir Bll BUZJ =[;: Lt;'l Ll:j)uzJ

28. Image of A point in a plane:

Equation of PQ is X ;Xl = y;yl _Z _Czl =r,say
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29.

P(Xl’yl’zl)

>ax+by+cz+d=0

Q(x,tar, y,tbr, z,+cr)

- Q=(x,+ar,y, +br,z, +cr), where Q is the image of the point P due to the plane.
Then find the coordinates of the mid-point R of PQ.
Since R lies on the plane, so putting the coordinates of R in equation of plane, we find value of .
Then putting value of r we get coordinates of image Q of point P due to the plane.

If ax® + by? +cz? + 2fyz + 2gzx + 2hxy = 0 representsa pair of planes, then the angle between the planes is
given by
2 2 2 _ _
fan o — 2\/f +9°+h"—ab-bc—ca
a+b+c
THE SPHERE
Definition :

A sphere is the locus of a point in space which remains at a constant distance from a fixed point. The constant
distance is called the radius and the fixed point, the centre of the sphere.

(i) Let (a, b, c) be the centre and r the radius of a given sphere. Then the equation of the sphere is

x* +y*+ 7> = r* is the equation of a sphere whose centre is (0, 0, 0) and radius r.

The equation x* + y? + 72 + 2ux + 2vy + 2wz + d = O represents a sphere with centre at (- u, — v, — w) and radius

() The equation of the sphere described on the segment joining points A(x;, y;, ;) and B(x,, Y,, Z,) as a
diameter is (X - X,) X=X,) + (y-y,) (y-Vy,) + (z-2) (z-2,) =0
(i) The equation of the sphere having extremities of diameter as 3 and E, is

2. Equation of a sphere in cartesian form:
(x—a)’+(y-bP’+@z-c)f’=r

(i) Equation of sphere having centre as 3 and radius R is |'r - 5| =R.
3. General equation of a sphere :

\/(uz +vi+w?—d) if uw?+ v +w?—d>0.
4. Sphere with a given diameter :

I I I
(F-a).(f-b)=0 = [FF-F.(a-b)+ab=0

5. Equation of sphere through four points :

Equation of the sphere passing through four non-coplanar points (x,, y;, Z,), (X, ¥ Z,), (X3, Y5, Z3) and

(x4, Yo 24) is
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6.

X*+y*+22 x y z
2 2 2
Xp+Yo +4p X Y1 4
2 2 2
X Y v, X Y, o
2 2 2
Xy +Ys tZ3 X3 Y3 I3
2 2 2
Xg tYs t24 X4 Y4 Z4

N e
Il
o

Plane and Sphere :

LetP=ax+by+cz+d=0beaplaneand S = x* + y* + 22 + 2ux + 2vy + 2wz + k = 0 be a sphere. If p be the

length of perpendicular from the centre (- u, — v, — w) of sphere to the plane P = 0. r =+/(u? +v? +w? —k) be
the radius of the sphere. Then

p<r = Plane intersect the sphere

p=r = Plane touches the sphere

p>r = Plane neither intersect nor touches the sphere.

Plane section of a sphere :

If plane intersect sphere, its intersection is a circle. The centre of the circle is the foot N of the perpendicular from

the centre O of the sphere to the plane and its radius is /(r> — ON?) , r being the radius of the sphere.

Intersection of two Spheres :

Consider two spheres
S=x2+y2+ 22+ 2ux+2vy+2wz+d=0

and S=xX+y+A+2ux+2vy+2wz+d =0
Here C(-u, —v, —w) and C'(-u', =v', —w" ) are their centres and if r, r' be their respective radii, then
CC'>r+r = Sphere are exterior to each other i.e. neither intersecting nor including.
[r-r|<CC'<r+r = Sphere are intersecting.
CC'=|r+r"| = They touch each other externally.
CC'=|r-r| = They touch internally.
CC'<|r-r| = One is contained in the other.

Common Plane on intersection :

10.

If S=0andS' = 0 intersect, then S — S' = 0 represents the equation of common plane of intersection and this
intersection yields a circle.

Orthogonal Intersection of two spheres

11.

Two spheres X* +y* + 2%+ 2u,X + 2u,y + 2w, +z +dy = 0and x> + y* + z° + 2u,X + 2v,y + 2w,z + d, = 0 cut each
other. Orthogonally if 2(u,u, +v,v, + w,w,)=d, +d,

a.h —d|
The plane . =d touches the sphere |'r - 5| =R,if —r—=R

In|



