Trigonometric Functions

If in a circle of radius r, an arc of length I subtends an angle of 0 radians, then I = rf.
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A degree is divided into 60 minutes and a minute is divided into 60 seconds. One sixtieth of
a degree is called a minute, written as 1', and one sixtieth of a minute is called a second,

written as1".

Thus, 1°=60"and 1' = 60"

Signs of trigonometric functions in different quadrants:

Trigonometric uadrant uadrant uadrant
& : Q Q Quadrant III Q
function | 11 I\
-ve
sin x +ve (Increases | +ve (Decreases (Decreases -ve (Increases
fromOto 1 from 1to 0 fromA1to 0
) ) from O to B11) )
oS x +ve (Decreases | -ve (Decreases | -ve (Increases + ve (Increases
from 1 to 0) from 0 to @1) from @1 to 0) from O to 1)
+ve -ve
+ve (Increases | -ve (Increases
tan x (Increases (Increases from Flco
from 0 to o) from Bloo to 0)
from 0 to o) to 0)
+ve
+ve (Decreases | -ve(Decreases -ve (Decreases
cot x (Decreases
from oo to 0) from 0 to Foo) from 0 to @oo)
from oo to 0)
-ve
sec x +ve (Increases | -ve (Increases (Decreases +ve (Decreases
from 1 to o) from Eoo to @1) from @1 from oo to 1)
to floo)
-ve (Increases
+ve (Decreases | + ve (Increases ( -ve (Decreases
cosec x from Bloo
from oo to 1) from 1 to o) from B1 to Floo)
to @11)
Example 1:
i — 1 3
sinf= ——=, where m=6 <=
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Solution:Since 4 lies in the third quadrant, therefor tan 6 is positive and cos 8 (or sec 6) is

negative.




cos?@8+sin‘8=1

=Ccos =+ ﬁl—sinzﬂ

: _ — 1
~3tan 8 — 3 secH 3><1E /3%
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Example 2: Find the value of cos 390 cos 5108 + sin 390 cos (-6600).

Solution:

cos 390°=cos(2x180°+ 30°) = c0530°=§

M5

cos 510°=cos(3x180°—30°% = —cos30°= —

Sin 390°=sin (2x 180°+ 30°) = sin30° = 1

cos| —660°)=cos 660°=cos (d=x180°—607 =c0560°=%

Socos 390°cos 510° + sin390°%cos [ —660°)
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o Domain and Range of trigonometric functions:

Trigonometric function Domain Range

sin x R [-1, 1]

COS X R [-1, 1]
_Z2n+1lm

tan x R_{X:X—T,HEE} R

cot x R-{x:x=nmn€Z} R
_(2n+1lm

secx R_{X:X—#,HEZ} R-[-1,1]

cosec X R-{x:x=nmn€Zl} R-[-1,1]

e Trigonometric identities and formulas:

cosSecx = —

sin x
SeC X = —1—
COS X
_ sinx
taﬂx—msx
cot x=—1 — COSX
tan x sin x
cosZ x+sinfx=1

1+ tan’x =sec?x
1+ cot?x = cosec?x
cos(Z2Znm+ x)=cos x,NE’
sin(2nm+ xl=sinx,n&es
Sin(—X)= —sinx

cos (-x) = cos x

cos (x+y) =cosxcosy-sinxsiny




cos (x-y) =cosxcosy +sinxsiny
cos(3 —x)=sinx
siﬂ[g—xj=cosx

sin (x +y) =sinxcosy + cos x sin y
sin (x-y) =sinx cosy - cos x sin y
cos[g+x)= —sin x

sin [g+}:)=cosx

cos (T -x) =-cosx

sin (- x) =sinx

cos (T +x) =-cosx

sin (m + x) = -sin x

cos (2m-x) =cos x

sin (2 -x) =-sinx

T
If none of the angles x, y and (x + y) is an odd multiple of 2, then

_ tanx+tan v _ tanx—tany
tan (x +y) = 1-tan x tan v’ and tan (x—y) = 1+tan xtan vy
cot xcot w—1
| j cot (X +V) = =
o Ifnone of the angles x, y and (x + y) is a multiple of m, then cot y+cos x
cot xcot w+1
cot (x —y)=
d cot w—cot x
2 (2 2 . 1-tan®x
COSZX =COS“X —sin"x =2c0s"x —1=1-2sin"x==—""-=
1+tan”™ x
1-tan’ X

cos x=cos? % -sin* £ =2cos?% - 1=1-2sin* £ =
o In particular,
SiNZx =2siNXCOsx =

1+tan2§

2tan x

1+tan2x
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2tan &
sinx=2sinZ cos% = E

2 2 2 x

In particular, 1+tan 2
tan 2w = Eta—ng
1—-tan x

In particular,

General solutions of some trigonometric equations:
sinx=0=x=nT1, wheren€Z

_ _ T
COSX—O:X—(EW"'HE,WherenEZ

sinx=siny=x=nmn+ (-1)"y, wheren € Z
cos X =cosy = x=2nm +ty, wheren € Z
tanx=tany = x=nm +y, wheren € Z

Example 1: Solve cot x cos? x = 2 cot x

Solution:
cot x cos? x =2 cot x
=cot xcosix —2cot x=0

=cot x(cos?x —2)=0

2

=cotx=00r cos“x="=2

COS X
:}_—_ _—
Sin x 0 or cosx * 1.'2
=cosx=00r cosx= = 1.'2

n

Mow, cosx=0=x=(2n+1) L wherene&Z

and cosx= 42

But this is not possibleas -1 <cosx<1

Thus, the solution of the given trigonometric equation is
Example 2: Solve sin 2x + sin 4x + sin 6x = 0.

Solution:

x=(zn+1)

m
2 wheren € Z.



sindx + (sinZx +sinbx) =0

=sin 4x + Esin[ axtex )cos[ 2x_6x ) =0
=sindx + 2sindx coszx =0
=sindx(l+2Zcos2x)=0
=2sindx=0o0r 1 + Zcoszx=0

=sindx=0o0r cos 2x= —

(] =

sindx =0
=4x=nm,nes
=x="01n€EZ

COS 2x = _%
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Sax=2mn S ,me”Z

= C0S Z¥% =C0S

=H<=mJTingEE

nm T
X=—=0r XxX=mmz=*_,
Thus, 4 3', wherem,n€Z



