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Class 11 Maths Chapter 10. Straight Lines

Coordinate Geometry

The branch of Mathematics in which geometrical problem are solved through algebra by using
the coordinate system, is known as coordinate geometry.

Rectangular Axis

Let XOX’ and YOY’ be two fixed straight lines, which meet at right angles at O. Then,

(1) X’OX is called axis of X or the X-axis or abscissa.
(i1) Y’OY is called axis of Yor the Y-axis or ordinate.
(i1i) The ordered pair of real numbers (x, y) is called cartesian coordinate .

Quadrants

The X and Y-axes divide the coordinate plane into four parts, each part is called a quadrant
which is given below.

Il Quadrant

x<O y>0
' - -~ - A

(-, —) (+, =)
Il Quadrant | IV Quadrant
x<0 y<0 x>0 y<(
Y
v

Polar Coordinates

In AOPQ,
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cosO=x/randsin@=y/r=x=rcosfandy=rsin0
where, r = Vx? + Ya
The polar coordinate is represented by the symbol P(1,0).
Distance Formula

(i) Distance between two points P (X, y1) and Q (Xo, Y»), is

V(X2 — X1)* + (Y2 - yu)°.

{{{{{

(ii) If points are (ry , 64) arid (r, 6,), then distance between them is
iy + 1% — 2r1r,cos(01 — 6,).

(iii) Distance of a point (X1, y;) from the origin is Vx’; + y?1.
Section Formula

(i) The coordinate of the point which divides the joint of (x4, y1) and (X5, y,) in the ratio my :
m; internally, is

" ML X + MaXy My Yy + MaY, l
m, + m, m,+ms )
R

- —e —_— — O
, ) " m- v
Xy, Y1) 1y 2 (x5, ¥3)

X [ m,x MoXy My ¥g — My
and externally 1s T he wd upptad Lo — &3
m, — m. m, — my

(i) X-axis divides the line segment joining (X1, y1) and (X, y2) in the ratio —y; .,
Similarly, Y-axis divides the same line segment in the ratio — X; - .

(ii1) Mid-point of the joint of (X, y1) and (Xz, Y2) IS (Xs + X2/ 2, y1 + Y,/ 2)
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(iv) Centroid of AABC with vertices (X1, Y1), (X2, ¥2) and (X3, y3), IS
(X1+X2+X3/3,y1+y2+y3/3).
(v) Circumcentre of AABC with vertices A(x1, Y1), B(X2, y2) and C(Xs, Y3), is

[ % SN 2A + x,8in 2B + 5 8in 2C  y, sin 24 +
sin 2A + sin 2B + sin 2

Yo 8in 2B + -y, gin 2C ’
sin 2A + sin 28 + gin 2C

(vi) Incentre of A ABC with vertices A(xy, Y1), B(X2, Y») and C(Xs, y3) and whose sides are a,
band c, is

(ax + bx, +cxg/a+b+c,ay, + by, + cys/a+ b +c).

(vii) Excentre of AABC with vertices A(x1, Y1), B(X2, ¥2) and C(xs, y3) and whose sides are a,
band c, is given by

I - { ax, + bx, +cx, —ay, + bys + ¢y ]
\ a+b+e ' -a+b+c

I. - (a% —~ bx, + cx3  ay, - by, + ey, \

a-b+ec ' a-bse )

f = (Bt an by, o)

a+b-¢ a+b~-e¢

Area of Triangle/Quadrilateral

(i) Area of AABC with vertices A(X1, Y1), B(X2, Y») and C(X3, Y3), IS

A (X1, ¥1)
yal
/
/‘l \‘\\
/ \
/ \
/ ‘
/ N\,
B (x2, ¥2) > C(xa y3)
b, 1 \
1 | 11X X — X
A=—11 1{=—]|
21 ° 2 l\l - ¥ y
| 2

These points A, Band C will be collinear, if A = O.

(i) Area of the quadrilateral formed by joining the vertices

1 Ljx —x Xo— Xy l
X, Y Xy, Yo lof2s, Yo rANALL,, ¥y )18 ' |\
( 114734 e v R - ) 2}»' '\" }‘J — 'V'II

(iii) Area of trapezium formed by joining the vertices
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(2, ¥ )02, ¥o ). (0, ys ) and (x4, ¥4) 18
1
— Uj’: + ¥ Hx - xp) (7 + XX — X Ay + )50l — X ]
2

Shifting/Rotation of Origin/Axes
Shifting of Origin

Let the origin is shifted to a point O'(h, k). If P(X, y) are coordinates of a point referred to old
axes and P’ (X, Y) are the coordinates of the same points referred to new axes, then

Y
t T Py
- “Pxy
S 1) ([N Y e > S X
e 10'(h, k)
Vie— ———————— > X
0 :
t '
Y Y’

Rotation of Axes

Let (X, y) be the coordinates of any point P referred to the old axes and (X, Y) be its
coordinates referred to the new axes (after rotating the old axes by angle 0). Then,

X=xcosO+ysinBandY=ycosO+xsinb

Shifting of Origin and Rotation of Axes

If origin is shifted to point (h, k) and system is also rotated by an angle 0 in anti-clockwise,
then coordinate of new point P’ (x’, y’) is obtained by replacing

x’=h+xcosO+ysin0
andy’=k—-xsinf@+ycos0

Locus
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The curve described by a point which moves under given condition(s) is called its locus.
Equation of Locus

The equation of the locus of a point which is satisfied by the coordinates of every point.
Algorithm to Find the Locus of a Point

Step I Assume the coordinates of the point say (h,k) whose locus is to be found.

Step 11 Write the given condition in mathematical form involving h, k.

Step 111 Eliminate the variable(s), if any.

Step 1V Replace h by x and k by y in the result obtained in step Ill. The equation so obtained is
the locus of the point, which moves under some stated condition(s).

Straight Line

Any curve is said to be a straight line, if two points are taken on the curve such that every point
on the line segment joining any two points on it lies on the curve.

General equation of a lineisax + by + ¢ = o.
Slope (Gradient) of a Line)

The trigonometric tangent of the angle that a line makes with the positive direction of the X-
axis in anti-clockwise sense is called the slope or gradient of the line.

So, slope of a line, m = tan 0

where, 0 is the angle made by the line with positive direction of X-axis.

Important Results on Slope of Line

(i) Slope of a line parallel to X-axis, m = 0.

(ii) Slope of a line parallel to Y-axis, m = oo.

(iii) Slope of a line equally inclined with axes is 1 or -1 as it makes an angle of 45° or 135°,
with X-axis.

(iV) Slope of a line passing through (X, y,) and (X5, y») is given by
mztanezyz—yllxz—xl.

Angle between Two Lines

The angle e between two lines having slopes m; and m, is
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M m<|

tant =

14+ mymg [

(i) Two lines are parallel, iff m; = m..
(if) Two lines are perpendicular to each other, iff mym, = — 1.

Equation of a Straight Line

General equation of a straight line is Ax + By + C = 0.

(i) The equation of a line parallel to X-axis at a distance b from it, is given by
y=b

(if) The equation of a line parallel to Y-axis at a distance a from it, is given by
X=a

(iii) Equation of X-axis is

y=0

(iv) Equation of Y-axis is

x=0

Different Form of the Equation of a Straight Line

(i) Slope Intercept Form The equation of a line with slope m and making an intercept c on Y-

axis, is
y=mx+c
If the line passes through the origin, then its equation will be

y= mx

(ii) One Point Slope Form The equation of a line which passes through the point (x1, y;) and

has the slope of m is given by

(Y —y1) =m (X—xy)

(iii) Two Points Form The equation of a line’ passing through the points (x1, Y1) and (X, Y>) IS

given by

(Y —Y1) = (Y2— Y1/ X2 —X1) (X —X1)
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This equation can also be determined by the determinant method, that is

(iv) The Intercept Form The equation of a line which cuts off intercept a and b respectively
on the X and Y-axes is given by

x/la+ylb=1
The general equation Ax + By + C =0 can be converted into the intercept form, as
x/-(CA)+y/-(CB)=1

(v) The Normal Form The equation of a straight line upon which the length of the
perpendicular from the origin is p and angle made by this perpendicular to the X-axis is a, is
given by

xcoso+Ysina=p

-

(vi) The Distance (Parametric) Form The equation of a straight line passing through (X, y1)
and making an angle 0 with the positive direction of x-axis, IS

X—X1/cosO=y—Yy;/sin@=r

where, r is the distance between two points P(x, y) and Q(X1, y1).
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.




8|Page

Thus, the coordinates of any point on the line at a distance r from the given point (xy, y;) are
(X1 + rcos 0, y; + rsin 0). If P is on the right side of (x3, y1) then r is positive and if P is on the
left side of (x4, y1) then r is negative.

Position of Point(s) Relative to a Given Line

Let the equation of the given line be ax + by + C = 0 and let the Coordinates of the two given
points be P(Xy, y1) and Q(Xz, Y»).

(i) The two points are on the same side of the straight line ax + by + ¢ =0, if ax; + by; + ¢ and
axp + by, + ¢ have the same sign.

(if) The two points are on the opposite side of the straight line ax + by + ¢ =0, if ax; + by, + ¢
and ax, + by, + ¢ have opposite sign.

(i11) A point (x4, y1) will lie on the side of the origin relative to a lineax + by + ¢ =0, if ax; +
by; + ¢ and ¢ have the same sign.

(iv) A point (X3, y1) will lie on the opposite side of the origin relative to a line ax + by + ¢ =0,
if ax, + by; + ¢ and ¢ have the opposite sign.

(v) Condition of concurrency for three given lines ax; + by; + ¢; =0, ax, + by, + ¢, and axz +
bys + ¢3 =0 is a3(b;C; — byCy) + ba(Cia, —a1Cp) + C3(aib, —azb;) =0

or

(vi) Point of Intersection of Two Lines Let equation of lines be ax; + by; + ¢; =0 and ax, +
by, + ¢, = 0, then their point of intersection is

(b]_Cg — b201 / albg — azb]_, Cidor — Coay / a1b2 — agb]_).
Line Parallel and Perpendicular to a Given Line

(1) The equation of a line parallel to a given line ax + by + c=0is ax + by + A=0, where A is a
constant.

(if) The equation of a line perpendicular to a given line ax + by + ¢ = is bx —ay + A = 0, where
A 1s a constant.

Image of a Point with Respect to a Line
Let the image of a point (Xy, y1) with respect to ax + by + ¢ = 0 be (X2, y2), then

Xo—X1/a=Yy,—y;/b=-2(ax; + by, + ¢) / a® + b?
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(i) The image of the point P(xy, y1) with respect to X-axis is Q(X; — y1).

(if) The image of the point P(xy, y1) with respect to Y-axis is Q(-Xy, Y1).

(iif) The image of the point P(xy, y1) with respect to mirror Y = X is Q(Y1, X1).

(iv) The image. of the point P(xy, y1) with respect to the line mirror y == x tan 0 is

X = Xz cos 20 +y; sin 26
Y = X; sin 20 —y; cos 20

(v) The image of the point P(xy, y1) with respect to the origin is the point (-Xy, y1).

(vi) The length of perpendicular from a point (xy, y;) toalineax+ by +c=01s

Equation of the Bisectors

The equation of the bisectors of the angle between the lines

aix+byy+c,=0

and a)x + by + ¢, =0

are given by

aiX + byy + ¢q / Va%; + b% = &plusmn axx + by + ¢, / Va%, + b?,

(i) If a; a, + by b, > 0, then we take positive sign for obtuse and negative sign for acute.
(i) If a; a, + by b, <0, then we take negative sign for obtuse and positive sign for acute .
Pair of Lines

General equation of a pair of straight lines is ax* + 2hxy + by? + 2gx + 2fy + ¢ = 0.
Homogeneous Equation of Second Degree

A rational, integral, algebraic equation in two variables x and y is said to be a homogeneous
equation of the second degree, if the sum of the indices of x and y in each term is equal to 2.

The general form of homogeneous equation of the second degree x and y is ax? + 2hxy + by? =
0, which passes through the origin.
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Important Properties

If ax® + 2hxy + by? = 0 be an equation of pair of straight lines.
(i) Slope of first line, m; = —h +Vh®>—ab / b

and slope of second line, my =—h — \Vh?—ab/b

m; + m, = —2h / b = — Coefficient of xy / Coefficient of y2
and my m, = a/ b = Coefficient of x* / Coefficient of y?
Here, m; and m, are

(a) real and distinct, if h? > ab.

(b) coincident, if h* = ab.

(c) imaginary, if h? < ab.

(if) Angle between the pair of lines is given by
tan®=2Vh’—ab/a+b

(a) If lines are coincident, then h? = ab
(b) If lines are perpendicular, thena+ b =o.

(i) The joint equation of bisector of the angles between the lines represented by the equation
ax® + 2hxy + by? =0 is

x?—b?/a—b=xy/h=hx*—(a—b)xy — hy*=0.

(iv) The necessary and sufficient condition ax® + 2hxy + by? + 2gx + 2fy + C = 0 to represent a
pair of straight lines, if abc + 2fgh —af* — bg? — ch®*=0

®m = R

Do S~ TR

0 ~
|}
o

or

(v) The equation of the bisectors of the angles between the lines represented by ax? + 2hxy +
by® + 2gx + 2fy + ¢ = 0 are given by

(x—x)* = (y-y)*/a-b=(x-x") (y-y")/h,

where, (x}, y*) is the point of intersection of the lines represented by the given equation.
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(vi) The general equation ax? + 2hxy + by® + 2gx + 2fy + C = 0 will represent two parallel
lines, if g —ac>0anda/h=h/b=g/fand the distance between them is 2\g® — ac / a(a +
b) or 2Nf2 —bc / b(a + b).

(vii) If the equation of a pair of straight lines is ax? + 2hxy + by? + 2gx + 2fy + C = 0, then the
point of intersection is given by

(hf—bg/ab - h? gh—af /ab — h?).

(viii) The equation of the pair of lines through the origin and perpendicular to the pair of lines
given by ax? + 2hxy + by? = 0 is bx? — 2hxy + ay” = 0.

(ix) Equation of the straight lines having the origin to the points of intersection of a second
degree curve ax® + 2hxy + by + 2gx + 2fy + ¢ = 0 and a straight line Lx + my +n =0 is

ax® + 2hxy + by? + 2gx(Lx + my / —n) + 2fy(Lx + my /—n) + ¢ (Lx + my /—n)?>=0.
Important Points to be Remembered

1. A triangle is an isosceles, if any two of its median are equal.

2. In an equilateral triangle, orthocentre, centroid, circumcentre, incentre coincide.

3. The circumcentre of a right angled triangle is the mid-point of the hypotenuse.

4. Orthocentre, centroid, circumcentre of a triangle are collinear, Centroid divides the line
joining orthocentre and circumcentre in the ratio 2: 1.

5. If D, E and F are the mid-point of the sides BC, CA and AB of MBC, then the centroid of A
ABC = centroid of A DEF.

6. Orthocentre of the right angled A ABC, right angled at A is A

7. Circumcentre of the right angled A ABC, right angled at Ais B+ C /2.

8. The distance of a point (x*, y*) fromthe ax + by + c =0 is

d = |ax, + by, + ¢ / Va? + b?|

9. Distance between two parallel lines a;x + b,y + ¢, =0 and a;x + byy + ¢, = 0 is given by
d=|c,—c; /Va? + b.

10. The area of the triangle formed by the linesy =m;x + ¢;, y =myx + c;andy = max + C3 IS .



11. Area of the triangle formed by the line ax + by + ¢ = 0 with the coordinate axes is A = ¢/
2|ab|.

12. The foot of the perpendicular(h,k) from (x4, y;) to the line ax + by + ¢ = 0 is given by h —
X,/a=k—y;/b=—(ax; + by, +c)/a*+ b

13. Area of rhombus formed by ax + by + ¢ = 0 is [2c®/ ab).

14. Area of the parallelogram formed by the lines
aix+by+c,=0,ax+by+c,=0,ax+byy+d;=0andax+ by +d,=01is
|(dy — 1) (d2 — €2 / @1bz — @y

15. (a) Foot of the perpendicular from (a,b) onx -y =01s

(@+b/2,a+b/2).

(b) Foot of the perpendicular from (a,b) onx+y =01s

(@a-b/2,a-b/2).

16. The image of the line a;x + b,y + ¢; = 0 about the lineax + by +c=0is.
2(aay + bby) (ax + by + ¢) =(a’+ b°) (ax + buy + C).

17. Given two vertices (X1, Y1) and (X, y») of an equilateral MBC, then its third vertex is given
by.

[X1+X2:|:\/3 (yl—yg)/z,y1+y2$\/3 (Xl—Xz)/Z]

18. The equation of the straight line which passes through a given point (X1, y;) and makes an
angle o with the given straight line y = mx + c are
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mxtana |
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19. The equation of the family of lines passing through the intersection of the lines a;x + byy+
ci=0anda)x+hby+c,=0is

(21X + byy+ ¢q) + 1(ax + by + ¢;) =0
where, A is any real number.

20. Line ax + by + ¢ = 0 divides the line joining the points (X1, y1) and (X, ) in the ratio A : 1,
then A = — (a;X + byy+ ¢ / apX + by + ¢).

If A 1s positive it divides internally and if A. is negative, then it divides externally.

21. Area of a polygon of n-sides with vertices A1(X1, Y1), Az (X2, V2) ,... ,An(Xn, Yn)

Xy |
b yl

X2 Y2l Xn Yn
O

Xy Y3 Xy Y

22. Equation of the pair of lines through (o, B) and perpendicular to the pair of lines ax” + 2hxy
+by?=0isb (x—0a}*—2h (x—a)y —p) +a(y—p)*= 0.



