12. Mathematical Induction

Exercise 12.1

1. Question

If P(n) is the statement “n(n + 1) is even”, then what is P(3)?
Given. P(n) = n(n + 1) is even.

Find. P(3) ?

Answer

We have P(n) = n(n + 1).

=P(3)=3(3+1)

= P(3) = 3(4)

Hence, P(3) = 12, So P(3) is also Even.

2. Question

If P(n) is the statement “n3 + n is divisible by 3", prove that P(3) is true but P(4) is not true.
Answer

Given. P(n) = n3 + n is divisible by 3

Find P(3) is true but P(4) is not true

We have P(n) = n3 + n is divisible by 3

Let’s check with P(3)

=P(3)=33+3

=P(3) =27 +3

Therefore P(3) = 30, So it is divisible by 3
Now check with P(4)

=P4)=4+4

= P(4) = 64 + 4

Therefore P(4) = 68, So it is not divisible by 3
Hence, P(3) is true and P(4) is not true.

3. Question

If P(n) is the statement “2" = 3n”, and if P(r) is true, prove that P(r + 1) is true.
Answer

Given. P(n) = “2" = 3n” and p(r) is true.
Prove. P(r + 1) is true

we have P(n) = 2" = 3n

Since, P(r) is true So,

=2'=3r

Now, Multiply both side by 2

=2.2"=3r2



=2"*1>6r

=2"*+1> 3r + 3r[since 3r>3 = 3r + 3r=3 + 3r]
Therefore 2" * 1= 3(r + 1)

Hence, P(r + 1) is true.

4. Question

If P(n) is the statement “n2 + n” is even”, and if P(r) is true, then P(r + 1) is true
Given. P(n) = n? + n is even and P(r) is true.
Prove. P(r + 1) is true

Answer

Given P(r) is true that means,

=r2 +ris even

Let Assume rZ +r=2k------ (i)

Now, (r + 1)? + (r + 1)

P+1+2r+r+1

= +r)+2r+2

=2k +2r+2

=2(k+r+1)

=2u

Therefore, (r + 1)2 + (r + 1) is Even.

Hence, P(r + 1) is true

5. Question

Given an example of a statement P(n) such that it is true for all ne N.

Answer

_n{n+1)
2

PN)=1+4+2+3+----- +n

P(n) is true for all natural numbers.
Hence, P(n) is true for all n€EN

6. Question

If P(n) is the statement “n? - n + 41 is prime”, prove that P(1), P(2) and P(3) are true. Prove also that P(41) is
not true.

Given. P(n) = n2 - n + 41 is prime

Prove. P(1),P(2) and P(3) are true and P(41) is not true.
Answer

P(n) =n?-n + 41

=P(1)=1-1+41

= P(1) = 41

Therefore, P(1) is Prime



=P(2)=22-2+41
=PQ2)=4-2+41

= P(2) =43

Therefore, P(2) is prime
=P(3)=3%-3+41
=P(3)=9-3+141

= P(3) = 47

Therefore P(3) is prime

Now, P(41) = (41)? - 41 + 41
= P(41) = 1681

Therefore, P(41) is not prime

Hence, P(1),P(2),P(3) are true but P(41) is not true.

Exercise 12.2
1. Question

Prove the following by the principle of mathematical induction:

1+2+3+..+n= M i.e., the sum of the first n natural numbers is M
“

Answer

Let us AssumeP(n) =1 +2+3 +------ +n=ntD

Forn=1

LHSof P(n) =1

RH.S of P(n) = 2220 _ 2=

Therefore, L.H.S =R.H.S
Since, P(n) istrueforn =1

Let assume P(n) be the true for n = k, so

14243 4----- +k=—1":k2+”---(1)

Now

(1+2+3+--+k + (k+1)

=5k D 4 (k1)

=+ (5 + 1)

_ k+1)k+2)
2

— (k+1)[(k+1)+1]
2

P(n)istrueforn=k+ 1

P(n) is true for all n€EN



So, by the principle of Mathematical Induction

nin+1)

Hence,P(nN)=1+2+3+---+n-= is true for all nEN

2. Question
Prove the following by the principle of mathematical induction:

P » n(n+1)(2n+1)
; 6

To prove: Prove that by the Mathematical Induction.

Answer

Let Assume P(n):12 + 22 + 32 4 - - - 4 n2 = 20+ DEn+ 1) ll@“ 1
Forn=1

P(1): 1 = 1{1+1)2 +1)
6

1=1
=P(n)istrueforn=1

Let P(n) is true for n = k, so

P(k): 12 + 22 + 32 4 - - - - K2 = K D@k )
&

Let's check for P(n) = k + 1, So

P(k): 12+ 22+ 32+ ----- + K2+ (k + 1)2 = k2l 2)@k+3)
&

=124+22+32 +----- + K2+ (k+1)2

=k+ 1(k+62](2k+3] n (k-l— 1)2

— 2kE + k (k+1)
(k + D [FErE 4 B2

2z
=(k+ l) 2k +k+6k+6]

]

=k +1)

2K + Tk + 5]
6

=(k + 1)

2k + 4k + 3k + 6]
6

— (k+ l) 2k(k+2]+3(k+2]]

&

— (k+1)2k+3)k+2)
6

Therefore, P(n) is trueforn =k + 1

Hence, P(n) is true for all nEN by PMI

3. Question

Prove the following by the principle of mathematical induction:

3" -1

-

1+3+3%+...+3%" 1=



Answer

LetP(n):1+3+32+———-+3”'1=—3n2_1

Now, Forn =1
P(1):1=3"1_21

2 2
Therefore, P(n) is true for n =1
Now , P(n) is true for n = k

PK):1+3+ R 4----g3k-1o31 (1)
2

Now, We have to show P(n) istrueforn=k + 1

k
eP(k+1):1+3+R+----+3k=2"""1
2
then, {1+ 3+ 3 +----+3k-1} 4 3k+1-1
3k

= T_l + 3k using equation (1)

_ 3k-1+23%
2

_ 3.3k-1
2

_ 3|E+J._1

2
Therefore, P(n) istrueforn=k + 1
Hence, P(n) is true for all n€EN
4. Question

Prove the following by the principle of mathematical induction:

111 1 _.»

12 23 34  n(n+l) n+l

LetP(n) — + =+ =+ .+ ——="2
1.2 2.3 3.4 nin+1) n+1

=P(n)istrueforn=1
Let P(n) is true for n = k, So

1 k
1.2 23 3.4 Tt Kk+1 k+1 (1)

Now, Let P(n) is true forn =k + 1, So

1
2t T Tk ) Tk Dk 2) kK+2

1 1 k k+1



Then,

[1+1+1+ P ]+ !
12 23 34 7T kk+ DT (k+ Dk+2)

1 k

S Einmen kel

1 [kik+2)+ 1]
k+1 k+2

_ 1 [K*+2k+ 1]
k+1 k+2

_ 1 &+U&+U]
k+1 k+2
_k+1
k+2

Therefore, P(n) istrueforn =k + 1
Hence, P(n) is true for all nEN
5. Question

Prove the following by the principle of mathematical induction:

1+3+5+...+(2n~1)=n" i.e., the sum of first n odd natural numbers is n?.

Answer

LetP(n): 1+3+5+ ...+ (2n-1)=r?

Let check P(n) is true forn =1

P(1) =1 =17

1=1

P(n)istrueforn=1

Now, Let’s check P(n) is true for n = k
Pk)=1+3+5+..+(2k-1)=K---(1)
We have to show that
1+3+5+..+02k-1)+2(k+1)-1=(k+1}
Now,
=1+3+4+5+...+(2k-1)+2(k+1)-1
=k2+ (2k + 1)

=k2+2k+1

= (k + 1)?

Therefore, P(n) is true forn =k + 1

Hence, P(n) is true for all nEN.

6. Question

Prove the following by the principle of mathematical induction:

11 1 1 n

25 5.8 811  (3n-1)(3n=2) 6n-4




Answer

1 n

Let P(n ) 25 + 5.9 + E-i_ -t (3n—1)(3n+2) - 6n+4

Step 1: Let us check if P(1) is true or not,

1 1 1 1
Pl =2 12
2.5 6.1+4 10 10

Therefore, P(1) is true.

Step 2: Let us assume that P(k) is true, now we have to prove that P(k + 1) is true.

1 k
P(k): i T :9 + 9_11 t- -+ (3k-1)(3k+2) = 6k+4
Pk+1): =+ =+ ——+~ et :
3.11 " (3k-1)(3k+2)  (3k+3-1)(3k+3+2)

From P(k) we can see that,

1

Pk + 1): 6k+4 (3k+2)(3k+53)

k(3k+5)+2

Pk +1): 2(3k+2)(3k+5)

k+1

Pk +1): 6(k+1)+4

Therefore, P(k + 1) is true.
Hence, Proved by mathematical induction.
7. Question

Prove the following by the principle of mathematical induction:

1 1 1 1 1
1.4 47 710  (30-2)(3n+1) 3p-+1
Answer
1 n
Let P(n) 1.4 + _ + E} Tt (3n-2)(3n + 1]= 3n+1
For n= 1 is true,
.11
P(1): 1.4 4
1 1
4 4
Since, P(n) istrueforn=1
Let P(n) is true for n = k, so
1 1 1 1 k
14 + 7 + 7.10 Tt (3k—2](3k+1]= 3k+1""(1)
We have to show that,
1 1 1 1 1
— + — .+ +
1.4 4.7 7.10 10 (3k—2)(3k + 1) (3k + 13k + 4)
k+1
3k + 4

Now,



— 4+ —+——+

{1 1 1 . 1 } 1
14 47 710 T (3k—-2)(3k + 1)

__k 1
T 3k+1  (3k+1)(3k+4)

1 k 1
= _+ ]
3k+111 3k+4

_ 1 k(3k+4]+1]
3k+1 3k+4

1 3K +4k+ 1]
3k+1 3k+4

_ 1 [ +3k+k+ 1]
3k+1 3k+4

_ 3kik+1)+ (k+1)
T (3k+4)(3k+1)

_ Bk+1)k+1)
T (3k +4)(3k+ 1)

(k+1)

T (3k+4)

Therefore, P(n) is trueforn =k + 1
Hence, P(n) is true for all n€N

8. Question

Prove the following by the principle of mathematical induction:

1 1 n

11
35 57 79 7 (In-1)(2n+3) 3(2n+3)

Answer

1 _ n
(2n+1){(2n+3)}  2(2n+3)

Let P(n): =+ —+—+-

Stepl: Let us verify P(1).

1 1
P(1): 35 3.(2.1+3)
L2

P(L): 15 15

Therefore, P(1) is true.
Step 2:
Let P(k) is true.

1 _k
(2k+1}(2k+2)  3(2k+3)

Therefore, P(k): i + i + L + -t
3.5 3.7 7.9

Now we have to prove that P(k + 1) is also true.

So,
1 1 1 1 1

LHS =+ —+—+-+ (2k+1)(2k+3) + (2(k+1)+1)(2 (k+1)+3)
1 1 1 1 1

LHS = St st T Gonaes T Grraeis)

Now from P(k) we can say that,

T B+ DBk + 9



LR SO S 1 Ok
35 57 79  (2k+1)(2k+3) 3(2k+3)

Putting this value, we get,

k 1
LHS = 3(2k+3)  (2k+3)(2k+5)
_ k(2k+5)+3
LHS = 2(2k+3)(2k+5)
k+1
LH.5 = 3(2(k+1)+3)
L.H.S = R.H.S

Hence, Proved.
9. Question

Prove the following by the principle of mathematical induction:

1 1 1 1 3 n
37 711 1115 7 (4n-1)(4n+3) 3(4n+3)
Answer
1 1 1 1 n
Let P(n): 3.7 + 7.11 1115 (411—1](4-n+3]= 3(4n +3)
For n= 1is true
i 1 1 1

P(1):

3.7 @@1-1)(4+3) 21 21
Since, P(n) is true forn =1

Let P(n) is true for n= k

1 1 1 k

1
P(n): 3.7 + 7.1 1115 ot (ak-D(ak+3) 3ak+3) (1)
We have to show that,
! + - + ! + ..+ ! + !
37 711 1115 77 (4k—1)(4k + 3) (4k + 3)(4k + 7)
k+1
T34k + 7)
Now,
{ 1 + 1 4 1 P 1 }
37 711 1115 7 (4k—1)(4k + 3)
1

Tk )@k T

_ k 1
T (4k +3) {4k + 3)(4k + 7)

_ 1 k(4k + ?]+3]
T ak+3l 2@k+

_ 1 4k® + 7k + 3]
4k+3)L 2(4k+7)

1 4k2+3k+4k+3]
4k +3) 3(4k+7)



_ 1 [4k(k+ 1)+ 3(k+ 1]]
T (ak+3) 3(ak+7)

_ 1 4k + 3)(k + 1]]
T ak+l 3@k+7

_ k+1
T adk+T)

Therefore, P(n) istrueforn =k + 1

Hence, P(n) is true for all nE N

10. Question

Prove the following by the principle of mathematical induction:
12+2224323+ .. +n2"=(n-1) 2" +1+2

Answer

Let P(n): 1.2 +2.22 +3.234+ ...+ n.2"=(n-1) 2"+ 1 4+ 2

Forn=1
=12=020+2
=2=2

Since, P(n) is true forn =1

Let P(n) is true for n =k, so

P(k): 1.2 +2.22 +323 + ... + k2"=(k-1) 2K+ 1 + 2 - - - - (1)
We have to show that,

{12 +222+323+ .. +k2+ (k+ 1) 2K+1=k2k+2 42
Now,

{12 +222+323+ . + k2% + (k+ 1)2k+1
=[(k-1)2%*1 4+ 2] + (k + 1)2* 1 using equation (1)
=(k-1)2K+1 + 2 + (k + 1)2k*1

=2+ Yk-1+k+1)+2

=2Kk+12k +2

=k2Kk+2+2

Therefore, P(n) istrueforn =k + 1

Hence, P(n) is true for all n€EN by PMI

11. Question

Prove the following by the principle of mathematical induction:
2+5+8+11+..4+(3n-1)=1/2n(3n+ 1)

Answer

LetP(n):2+5+8+11+...+(3n-1)==_n(3n+1)

b | =

For n=1



P(1): 2 = .1.(4)

|J|l—‘

2=2
Since, P(n) istrueforn=1

Let P(n) is true for n = k, so

P(k):2+5+8+11+...+(3k—1)=l k(3K + 1) ------- (1)

We have to show that,

2+5+8+11+...+(3k—1)+(3k+2)=l(k+1)(3k+4)
-

Now,

2+5+8+11+4..+3Bk-1)}+ 3k +2)
=§.k(3k+ 1) + (3k + 2)

3k +k+2(3k+2)
2

3k +k+6k+2
2

3k 4+ 7k +2
2

3k®+4ak+3k+2
2

_ 3k(k+1)+4k+1)

- 2

_(k+1)(3k+4)

- 2

Therefore, P(n) istrueforn=k + 1
Hence, P(n) is true for all n € N by PMI
12. Question

Prove the following by the principle of mathematical induction:

1.3+424+4+35+...+n.(n+2)= l]](n_l)(jn— -'}
6

Answer

Let P(n): 1.3 + 2.4 + 3.5 + .. + n.(n +2) =-n(n + 1)(2n + 7)

Forn=1

P(1): 1.3 =§.1.(2)(9)
=3=3

Since, P(n) istrueforn =1
Now,

Forn =k



=P(N): 13424435+ .. +k. (k+2)=-k(k + 1)(2k + 7)----- (1)

We have to show that

=1.3+2.4+3.5+...+k.(k+2)+(k+3)=%(k+ 2)(2k + 9)

Now,

={13+24+35+..+k(k+2)}+ (k+1)(k+ 3)

= é k(k + 1)(2k + 7) + (k + 1)(k + 3) using equation (1)
= (k + 1) k@k+7) w]
& 1

= (k+1) 2k2+7k6+ sk + 18]

=(k+1) 2k® + 13k + 18]
6

=(k+1) 2k2+9k;-4k+ 18]

=(k+1) 2k(k+2]+9(k+2]]
6

=(k+1) 2k+ 9k + 2]]
&

= é (k + 1)(k + 2)(2k + 9)

Therefore, P(n) is trueforn=k + 1
Hence, P(n) is true for all n€ N
13. Question

Prove the following by the principle of mathematical induction:

4n? —611—1)
3

13+35+57+...+(2n-1)(2n +1)_ n(

Answer

Let P(N): 1.3+ 3.5+ 57 + ... + (2n-1) (2n + 1) 2én’tén-1)
3

Forn=1

P(1): (2.1-1) (2.1 + 1) = &L +61-1
3

Since, P(n) is true forn =1

Now, For n = k, So

1.3+ 35 +57 4 ...+ (2k-1) (2k + 1)= Sk +een) (1)
3

We have to show that,

13435457 +...+(2k-1) 2k + 1) + (2k + 1)(2k + 3)= &+ D[(a0+ 17 + 6k + 1)-1)]
3




Now,

13+35+57+ ...+ (2k-1) 2k + 1) + (2k + 1)(2k + 3)
= K@K +6k-1) 4 (oK 4+ 1)(2k + 3) using equation (1)
3

_ k(4k® + 6k—1) + 3(4k* + 6k + 2k + 3)
3

_ 4K® + 6Kk + 12k + 18k + 6k + 9
3

_ 4k®*+18k% + 23k +9
3

_ 4K% + 4K + 14K + 14k + 9k + 9
3

— (k+1)(4k” + 8k+ 4 + 6k+6-1)
3

_ (k+1)[4k+1)* +6(k+1)-1]
3

Therefore, P(n) is true for n=k + 1
Hence, P(n) is true for all n€ N by PMI
14. Question
Prove the following by the principle of mathematical induction:
(n+1)(n+2)
3

12+423+34+ .. +nn+1 2

Answer

Let P(N): 1.2 + 2.3 + 3.4 + ... + n(n + 1)=2@FE*+2)

Forn=1

P(1): 1(1 + 1)= W

Since, P(n) istrueforn=1
Let P(n) is true for n = k

We have to show that,

=12+4+23+3.4+...+k(k+1)+ (k+ 1)k + 2)—'3‘*”“‘;2](“”3

Now,

{1.2+23+34+..+k(k+ 1} + (k+1)k+2)

_ k) | (k+Dk+2)
a2 1

= (k + 2)(k + 1)[‘5‘ + 1]



_ (+ D+ 2)(k +3)
3

Therefore, P(n) istrueforn =k + 1
Hence, P(n) is true foralln €N
15. Question

Prove the following by the principle of mathematical induction:

111 1 1
2748 T om
Answer

2z
For n =1 is true,
P(1):$=1—2—1l
=1_1

2 2
Since, P(n) is true for n =1
Now, For n = k
PIKIZ+ 2+ =+ .+ 5=1—7----(1)
We have to show that,
1 1 1 1 1 1
sttt et Tl
Now,
R

2 4 8 2k 2k+1

=1-x+ zk—lﬂ using equation (1)

Therefore, P(n) istrueforn =k + 1

Hence, P(n) is true for all n € N by PMI

16. Question

Prove the following by the principle of mathematical induction:

12+32+52+ ...+ (2n- 1)22311(411—‘- _1')

Answer
Let P(n): 12 + 32 + 52 + ... + (2n - 1) = In(4n® — 1)
Forn=1

=(21-12=21(4-1)



Since, P(n) istrueforn =1

Let P(n) is true forn =k,

P(k)): 12+ 32 + 52 + ... + (2k - 1)? _-k(4k2—1)--

We have to show that,

124324524 .+ (k- 12 + (2k + 12 =~ (k + D[(4(k + 1)>—1)]

Now,
{12 + 32+ 52 + ... + (2k - 1)?} + (2k + 1)?

= gk(-ﬂrk? —1) + (2k + 1)? using equation (1)
= gk@k + 1)(2k—1) + (2k + 1)?
= 2k + D[FED 4 2k + 1)]

= 2k + 1) zkz—k+33(2k+ 1]]

= (2k + 1) 21{2—1{;—61{+ a]

_ [ek+1)2k® + 5k + a]
3

_ [(k+1)(k(k + 1) +3(k + 1]]]
3

_ [@k+ 1)2k+ )0+ 1)}
3

= 221412 + 6k + 2K + 3]

k+2[41{2 + 8k — 1]

= ﬁ[z}(k + 1)2-1]

Therefore, P(n)is trueforn=k + 1
Hence, P(n) is true for all n€ N
17. Question

Prove the following by the principle of mathematical induction:

n_q'
a+ar+ar2+...+ar”‘1:a[1 f].r;ﬁl
r—

Answer

1
Let P(n): a + ar + ar? + ...+a|“'1=a(1 11)
-

Forn =1
-1

a= a(l 1)
r—1

a=a

Since, P(n) istrueforn=1



Let P(n) is true forn = k, so

g

P(k):a+ar+ar2+...+ark'1=a(:) ....... (1)

We have to show that,

1,k+1_1)

a+ar+ar2+...+ark'1+ark=a( -
-

Now,

{a+ar+ark+..+aK 1} +ak

K . .
=3 (‘ 1) + ar¥ using equation (1)
r—1

— a[l‘k—l + 1"‘(1‘— 1]]
r—1

_ alr¥o1 KK

r—1

a[1'k+ J._l]

r—1
Therefore, P(n) istrueforn=k + 1
Hence, P(n) is true foralln €N
18. Question

Prove the following by the principle of mathematical induction:

a+(@a+d+(@+2d) +..+@+(n-Id)=2[2a+(n-1)d]

Answer

Pin:a+(a+d)+(a+2d)+..+(a+(n-1)d) =§ [2a + (n—1)d]
Forn=1

a=-2a+ (1-1)d]

a=a

Since, P(n) is true for n =1,

Let P(n) is true for n =k, so

a+(a+d)+(a+2d)+ ..+ @+ (k-1d) =5[22 + (k—1)d]-- - -~ (1)
We have to show that,

a+(@+d) +(@a+2d)+..+(a+(k-1)d) + (a+ (k)d) =${2a + kd]

Now,

{a+(a+d)+(a+2d)+..+(a+ (k-1)d)} + (a + kd)

[2a + (k- 1)d] + (a + kd) using equation

[N

_ 2ka+k{k—-1)d + 2(a + kd)
2

_ 2ka+k®d—kd + 2a+ 2kd
2




_ 2ka+2a+k:d +kd
2

_ Zalk+ 1)+ d(K® + k)
2

= @m + kd]

Therefore, P(n) istrueforn =k + 1
Hence, P(n) is true all n€ N by PMI
19. Question

Prove the following by the principle of mathematical induction:
52N _ 1 is divisible by 24 for alln e N
Answer

Let P(n): 52" - 1 is divisible by 24
Let's check For n =1
P(1):5%2-1=25-1

=24

Since, it is divisible by 24

So, P(n) is true for n=1

Now, for n=k

52K _ 1 is divisible by 24

P(k): 52K -1 =24\------- (1)

We have to show that,

52k +1_1 s divisible by 24

52(k+1) 1 = 24y

Now,

52(k +1) _ 1

=52k52-]

= 25521

= 25.(24A + 1) - 1 using equation (1)
= 25.24\ + 24

= 24A

Therefore, P(n) istrueforn =k + 1
Hence, P(n) is true for all n€EN by PMI
20. Question

Prove the following by the principle of mathematical induction:
32N 4 7 is divisible by 8 forall n € N
Answer

Let P(n): 32" + 7 is divisible by 8



Let’s check For n =1
P(1):32+7=9+7

=16

Since, it is divisible by 8

So, P(n) is true for n=1

Now, for n=k

P(k): 32K + 7 =8A------- (1)

We have to show that,

32(k+1) + 7 is divisible by 8

32k+2 4 7-gy

Now,

32(k+1) 4 7

=3%2K32+7

=93k +7

=90.(8A-7)+ 7

=72A-63+7

=72\ -56

= 8(9A-7)

= 8u

Therefore, P(n) istrueforn =k + 1
Hence, P(n) is true for all nEN by PMI
21. Question

Prove the following by the principle of mathematical induction:
52N +2_24n - 25 is divisible by 576 for all n € N.
Answer

Let P(n): 52" *2 - 24n - 25

Forn=1

=521+2.241-25

= 625 - 49

=576

Since, it is divisible by 576

Let P(n) is true for n=k, so

=52k +2_ 24k - 25 is divisible by 576
=52K+2_24k - 25 =576\----- (1)
We have to show that,

=52k+4_24(k + 1) - 25 is divisible by 576



=502k+2)+2_24(k + 1) - 25 = 576

Now,

=50@k+2)+2_24(k + 1) - 25

= 5(2k+2) 52 _ 24Kk - 24- 25

= (576A + 24k + 25)25 - 24k- 49 using equation (1)
= 25.576A + 576k + 576

=576(25A + k + 1)

= 576u

Therefore, P(n) istrueforn =k + 1

Hence, P(n) is true for all n€N by PMI

22. Question

Prove the following by the principle of mathematical induction:
320+ 2 _8n -9 s divisible by 8 for all n € N.
Answer

Let P(n): 32" *2-8n-9

Forn=1

=321+2.81-9

=81-17

=64

Since, it is divisible by 8

Let P(n) is true for n=k, so

= 32k+2_ gk -9 is divisible by 8
=32k+2_8k-9=8\----- (1)

We have to show that,

= 32k+4_8g(k + 1) - 9 is divisible by 8
=30k+2)+2_g(k+1)-9=28u

Now,

=32(k+1)32_g(k+1)-9
=(8N+8k+9)9-8k-8-9

= 72\ + 72k + 81 - 8k - 17 using equation (1)
=72\ + 64k + 64

= 8(9A + 8k + 8)

= 8u

Therefore, P(n) istrueforn =k + 1

Hence, P(n) is true for all n€EN by PMI

23. Question



Prove the following by the principle of mathematical induction:
(ab)"=a"b"forallne N

Show that: (ab)" = a" b" for all n € N by Mathematical Induction
Answer

Let P(n) : (ab)" = a" b"

Let check for n = 1 is true

= (ab)! = alb?

=ab =ab

Therefore, P(n) is true for n =1

Let P(n) is true for n=k,

We have to show that,

= (ab)k + 1=gk + 1 pk +1

Now,

= (ab)k *1

=(ab) (ab)

= (akb¥)(ab) using equation (1)

= (ak+ 1)(pK+ 1)

Therefore, P(n) istrueforn =k + 1

Hence, P(n) is true for all nEN by PMI

24. Question

Prove the following by the principle of mathematical induction:
n(n + 1) (n + 5) is a multiple of 3 for aline N.

Show that: P(n): n(n + 1) (n + 5) is multiple by 3 for all nEN
Answer

Let P(n): n(n + 1) (n + 5) is multiple by 3 for all nEN
Let P(n) is true for n=1

P(1): 1(1 + 1) (1L +5)

=2X6

=12

Since, it is multiple of 3

So, P(n) istrueforn =1

Now, Let P(n) is true forn = k

P(k): k(k + 1) (k + 5)

= k(k + 1) (k + 5) is a multiple of 3

Then, k(k + 1) (k +5) =3A----- (1)



We have to show,

= (k + 1)[(k + 1) + 1][(k + 1) + 5] is a multiple of 3
=(k+ 1)[(k+ 1)+ 1I[(k + 1) + 5] =3u

Now,

=(k + 1)[(k + 1) + 11[(k + 1) + 5]

= (k + 1)(k + 2)[(k + 1) + 5]

= [k(k + 1) + 2(k + 1)I[(k + 5) + 1]

=k(k + 1)(k + 5) + k(k + 1) + 2(k + 1)(k + 5) + 2(k + 1)
=3A+ k% + k +2(k® + 6k + 5) + 2k + 2

=3A+ k> +k+ 2K + 12k + 10 + 2k + 2

= 3\ + 3k? + 15k + 12

= 3(A + k? + 5k + 4)

=3

Therefore, P(n) istrueforn =k + 1

Hence, P(n) is true for all n€N

25. Question

Prove the following by the principle of mathematical induction:
720 4 23n-3 30 -1 s divisible by 25 forallne N
Answer

Let P(n): 72" + 23n-3.3n-1 g divisible by 25

For n=1

=72 + 2039

=49 +1

=50

Therefor it is divisible by 25

So, P(n) istrueforn=1

Now, P(n) is true For n =k,

So, we have to show that 72" + 23"~ 330 - 1 s divisible by 25
= 72K 4 23K-33K-1 =5\ - - - - - (1)

Now, P(n) is true For n = k + 1,

So, we have to show that 72k + 1 4+ 23k 3K s divisible by 25
= 72k +2 4 23k 3k = 25

Now,

= 72(k + 1) + 23k.3k
= 72K 71 4 23k 3K

= (25A - 23k-3.3k-1)49 4 23k 3k from eq 1



ak .k
= 251.49—%.%.49 + 23k gk

= 24x25x49A - 23K 3K 49 + 24,23k 3k

= 24x25%49) - 25.23K 3K

= 25(24.49A - 23k 3K

= 25u

Therefore, P(n) istrueforn =k + 1

Hence, P(n) is true for alln € N

26. Question

If P(n) is the statement “n(n + 1) is even”, then what is P(3)?
2.7" + 3.5" - 5 is divisible by 24 forallne N

Answer

Let P(n) =2.7"+ 3.5"-5

Now, P(n): 2.7" + 3.5" - 5 is divisible by 24 forallne N
Stepl:

P(1) =2.7+35-5=1.2

Thus, P(1) is divisible by 24

Step2:

Let, P(m) be divisible by 24

Then, 2.7M + 3.5M - 5 = 24\, where A€ N.

Now, we need to show that P(m+1) is true whenever P(m) is true.
So, P(m+1) = 2.7M*1 4 3.5M+1 _5

=271 4+ 5(27M+35M-5)-5

=27M*1 +5(24A+5-2.7m)-5

=27+l + 120\ + 25-10.7M -5

=2.7M7-10.7"+ 120 A +24 - 4

=7M™14-10) + 120A +24 -4

=7M™4) + 120 A +24 - 4

=7M4) + 120 A +24 -4

=4(7™M-1) + 24(5A +1)

As, 7M™ - 1 is a multiple of 6 for all m € N.

So, P(m+1) = 4.6u +24(5A +1)

= 24(u +5A +1)

Thus, P(m+1) is true.

So, by the principle of mathematical induction, P(n) is true for all n eN.

27. Question



If P(n) is the statement “n(n + 1) is even”, then what is P(3)?
11"*+2 4+ 122"+1 s divisible by 133 foralln € N

Answer

Let P(n) = 11"+2 + 122n+1

Now, P(n): 11"+2 + 122n+1 js divisible by 133 for alln € N
Stepl:

P(1) = 1331 + 1728 = 3059

Thus, P(1) is divisible by 133

Step2:

Let, P(m) be divisible by 24

Then, 11M+2 4 122M+1 = 133), where Ae N.

Now, we need to show that P(m+1) is true whenever P(m) is true.
So, P(m+1) = 11M+3 4 122m+3

= 11M+2.11+ 122M+11224+11,122M+1 - 11,122m+1

= 11.(11M+24 122M+1) 4 122M+1(144-11)

= 11.133A + 122M+1133

= 133.(11 A + 122Mm+1)

Thus, P(m+1) is true.

So, by the principle of mathematical induction, P(n) is true for all n eN.
28. Question

If P(n) is the statement “n(n + 1) is even”, then what is P(3)?
1x1! + 2x2! + 3x3! +...+ nxn! = (n + 1)! - 1 for all ne N.
Answer

Let P(n) = 1x1! + 2x2! + 3x3! +...+ nxn

P(n): 1x1!' 4+ 2x2! + 3x3! +...4+ nxn! =(n + 1)! -1 forallne N
Stepl:

P(1) =1x1!'=(2)!-1=1

Thus, P(n)isequalto(n+ 1)!-1forn=1

Step2:

Let, P(m) beequalto(m + 1)! -1

Then, 1X1! + 2x2! + 3x3! +...+ mxm!=(m + 1)! -1

Now, we need to show that P(m+1) is true whenever P(m) is true.
P(m+1) = 1x1! + 2x2! + 3x3! +...+ mxm! + (m+1)x(m+1)!
=(m+1)! -1+ (Mm+1)x(m+1)!

= (m+1)!(m+1+1)-1

= (m+1)!(m+2) -1

=(m+2)! -1



Thus, P(m+1) is true.

So, by the principle of mathematical induction, P(n) is true for all neN.
29. Question

If P(n) is the statement “n(n + 1) is even”, then what is P(3)?

n3 - 7n + 3 is divisible by 3 for all n € N.

Answer

Let P(N) =n3-7n + 3

Now, P(n): n3 - 7n + 3 is divisible by 3forallne N

Stepl:

P1)=1-7+3=-3

Thus, P(1) is divisible by 3

Step2:

Let, P(m) be divisible by 24

Then, n3-7n + 3 = 3\, where A€ N.

Now, we need to show that P(m+1) is true whenever P(m) is true.
So, P(m+1) = (n+1)3 - 7(n+1) + 3

= n3+3n2+3n+1-7n-7+43

=n3-7n + 3 +3n°+3n+1-7

3A+3(n2+n-2)

= 3(A+n?+n-2)

Thus, P(m+1) is true.

So, by the principle of mathematical induction, P(n) is true for all n eN.
30. Question

If P(n) is the statement “n(n + 1) is even”, then what is P(3)?
1+2+22+...+2"=2"*1_1forallneN

Answer

LetP(n)=1+2+22+ ..+
PN):1+2+22+...+2"=2"*1_1forallneN

Stepl:

Pl)=1=(2)-1=1

Thus, P(n)isequalto2"*1-1forn=1

Step2:

Let, P(m) be equalto2Mm+1 -1
Then,1+2+22+ ... +2M=2m+1_7

Now, we need to show that P(m+1) is true whenever P(m) is true.

PmM+1)=1+2+22+ .. +2Mm4m+l1



=2m+1_71 4om+1
=22m+lg
=2m+2_1

Thus, P(m+1) is true.
So, by the principle of mathematical induction, P(n) is true for all neN.

31. Question

Provethat 7 + 77 + 777 + ... + 777 7 :L(loﬂ—l _op _10) forallne N
n—digits 81

Answer

LetP(N) =7+ 77+ 777+ ...+ 777...... n times...... 7

Pn):7 +77 + 777 + ...+ 777 ... ntimes... ... 7
7
=351 (10**! —9n— 10) forallneN

Stepl:
7
P(1)=7 =—(100—9—-10)=7
81
7
Thus, P(n) is equal to a1 (10"**—9n—10)forn = 1
Step2:
7
Let, P(m) be equal to a1 (10m*1 —9m— 10)

Then,

Now, we need to show that P(m+1) is true whenever P(m) is true.
This is a geometric progression with n = m+1

So, Pim+1)=7+77+ 777+ ...+ 777...... (m+1) times...... 7

7
=3 (9+99+999....+999 ... (m+ 1) times ... ... 9)
7
= 5[(10 —1)+(100—1)+(1000— 1) .....+ 111 ..... (m+ 1) times...... 1
—1)]
7
=§(10+100+ 1000.....+ 100 ...... (m+ 1) times ...... 0—(1+1+1..m
+ 1 times)

7 [10(10™* - 1)
=gl7 9 —— m +1
7
=51 [10(10™*2 — 1) —9m — 19]

Thus, P(m+1) is true.
So, by principle of mathematical induction, P(n) is true for all neN.

32. Question



7 5 3 2 -
Provethat ® 2 1 11 _ 37 1 is a positive integer for alln e N
7 5 3 2 210

Answer
Let P(n) 117'4_115’_'_113_'_112 37
= Ty T T T
P()11?+115+113+n? 37 i itive integer for alln e N
11.7 5 3 2 21011153}3051 e 11 EgEI orallne
Stepl:
P(1) 1+1+1+1 37

7 5 3 2 210

Thus, P(n) is a positive integer forn = 1
Step2:

Lt P(m) b It 7 . m> . m? _|_1112 37
et,P(m) be equal to 7 z 3 2 " 210™

Lot m’ N m> N m? N m? 37 . where AN i tive int
et — + — + — + — ———m = A, where AeN is a positive integer
7 75 T3 72 210 P &

Now, we need to show that P(m+1) is true whenever P(m) is true.

m+ 1)7 m+ 1)° m+1)?* (m+1)? 37
( )+( )_I_( )_I_( )

P(m+1) = —
(m +1) 7 5 3 2 210

(m+1)

1 _
=—(m’”+7m®+ 21m® + 35m* + 35m® + 21m* + 7m + 1)
7
1 .
+ 3 (m® + 5m* + 10m® + 10m? + 5m + 1)

+1( *+3m*+3 +1)+1( 2+2m+1) > +1
5 (m m m 7 (m m 210 (m+1)

1117_'_1115’_'_11134_m2 37 6 4 A5 4 S 4 B 4 A 5 4 1m
=|l—+—+—+———m|+m m m m m?+m+m
7 5 3 2 210
S PO U .
m me+m+m*+m+m+-—Ft-—F+-—+-———
7 &5 3 2 210

=A+mé+3m*+5m*+5mP+3miP+m+m* +2m* + 2m? + m+ m¥ + m
+m+1

It is a positive integer.
Thus, P(m+1) is true.
So, by principle of mathematical induction, P(n) is true for all neN.

33. Question

11 5 3 -
Provethat * .1 . 1 62 n is a positive integer for alln e N

11 5 3 165
Answer

Let P(1) 11“+115'+113 62
=T "5 T3 165"

P()1111+115+113+62 i itive integer forallne N
n ‘11 5 3 165 1115 a positive IMnteger lorall1n €



P(1) = 1+1+1+62 1
11 5 3 165

Thus, P(n) is a positive integer forn = 1
Step2:

mt m® m® 62

Let, P(m) be equal to — 11 + T + ?+ﬁm

Ltmu+ms+mg+62 A, where AeN i itive integer
e 11 5 3 165111 = A, Wilere AclN 1S a positve 1teger

Now, we need to show that P(m+1) is true whenever P(m) is true.

m+ 1)1 m+ 1)3 m+1)3
( ) _I_l: ) +( )

P(m+1) =
(m +1) 11 5 3 165

(m +1)

1 _
=—(m*+11m*®+ 55m? + 165m® + 330m’ + 462m°® + 462m° + 330m*
11
+165m® + 55m? + 11m + 1)

1 .
+= (m’ +5m*+ 10m® + 10m? + 5m + 1)

1 62
+- 3 (m* +3m* + 3m + 1) + — (m+ 1)

11111+1115+1113+ 62
1T Ts T3 T1es ™

+ (m!°+5m® + 15m® + 30m” + 42m® + 42m°® + 30m* + 15m?

1 1 1

+5m?+m)+ (m*+2m* +2m? + m) + (m*+ m) + 1 + - z + 3
. 62
165

=A+mé+3m*+5m*+5mP+3miP+m+m* +2m* + 2m? + m+ m¥ + m
+m+1

It is a positive integer.
Thus, P(m+1) is true.
So, by principle of mathematical induction, P(n) is true for all neN.

34. Question

1 x| 1 X 1 x ) 1 X T
Prove that —tan| — |+ —tan| — |+...+— tan| — |=—-cot| — |—cot x forallneNand <« x « —
2 2 4 4 21 2 2 2" 2
Answer
1 1 1 X
Let P(n) =—ta11 (2) +4ta11 (4)+ +§ta11 (211)
L t(5;) - cotx,forallneNand 0 <x <~
=—r0 — cotx, for all neN an X< —
2n 2n 2

Stepl: For n=1

L.H.S= %tan @)

RHS=Ecot(§)—cotx= ! — !
o 2 2 2 tan (%) tanx



- RS = Z2tan (%) N Ztan%
1 —tan? ( %I
_an2 (X
= RH.S= . L X(Z)
Z2tan (i) Ztani

R.H.S lt z
= ..—2:;1112

So, it is true for n=1

Step2:
Let, P(m) be equal to %tan g) + %tan G) +...+ % tan (%)
L cot(2) — corx
2m 2m

Now, we need to show that P(m+1) is true whenever P(m) is true.

Pm+1) = %tan (2) + itan (4) +...+ 2—1m tan (;n) + 21;1 tan (21:“)
ot (L) —cotx

= 21n+1 21n+1
1 X X
Let, L —ﬁcotﬁ—cotx+2 tan(zmﬂ)
1 X 1 X
= L= ﬁ Zm om T 21n+1tan (21n+1) — cotx
L ! + ! t ( ) t
= = an — COTX
1 1
omtan zi)il Jm+ Jm+
L ! + ! t ( X ) t
= = an — COtX
Ztan( 1:;1) 2m+1 Jm+1
2m x A
1 —tan? (W)
X
L 1—tallz(m) N 1 ; ( b ) ;
= = an — COTX
2m+1 % tan (21§+1) Jm+1 Jm+1
X
1 —tan® (Zmﬂ) + tan® (W)
= L= X —cotx
2m+l % tan (W)
1 X
= L= 21n+1 cot (zm+l) —cotx
Now,

%tan G) + %tan G) o+ 2—1 tan (%) + 21i+1 tan (2:;1)
1

X
= 21n+1 ot (21n+1) —cotx

Thus, P(m+1) is true.

Thus, ;tan (2) + itan (4)+ +%tan (;)

—cot( X ) —cotx,forallneNand 0 <x < I
- 2n 2n ’ 2



35. Question

1— 1q J[l_qu[l_ 1q J [1_ qu:H_l for all natural
2° 3 4 n- 2n

numbers, n = 2.

Prove that

Answer

Letpn) = (1-2)(1-2)(1-4)...(1- %)=

Let us find if it is true at n = 2,

P(2): 1_$=%

PR):2=-2
4 4

Hence, P(2) holds.
Now let P(k) is true, and we have to prove that P(k + 1) is true.

Therefore, we need to prove that,

(-2 (-5 5)- (&) (- = zer

0= (1-2) (1= ) (1= 2o (1) =)

Taking L.H.S of P(k) we get,

0= (1-2)(1-2)(-2) - (1-5)
e = (1-2) (1 2)(1-2) (1- 2) (- )

From equation (1),

_ 1 k+1
Plk +1) = (1 o (k+132)ﬂ

P(k + 1) k+l .k2+1+2k—
2k (k+1)?

P(k + 1) = Kk*2)
2k(k+1)

P(k + 1) = &*2)
2(k+1)

Therefore, P(k + 1) holds.
Hence, P(n) is true for all n = 2.

36. Question

(2n)! 1
Prove that n = = forallne N
- (11 :| A/ 3n+1

Answer
2n)! 1
LetP(n) = (2n)!

=
22n(nh)?2 = 3n+1
Stepl:

(2)! 1 1
PO = e =25 et




Thus, P(1)is true.
Step2:

(2m)! - 1
) <
22m(mN2 "~ \Bm+ 1

Let,P(m) be equal t

Now, we need to show that P(m+1) is true whenever P(m) is true.

(2m + 2)!

Pm+1) =
22m+2((m + 1)!)2

(Zm+ 1)(2m+ 1)(2m)!
22m 22(m+ 1)2(m!)2

= P(m+1) =

(2m+ 2)! (2m)! (2m+2)(Zm+1)
= bt
22m+2((m+ 1)1)°  22m(m!)? 22(m+1)2

(2m+ 2)! (2m+1)
= =
22m+2 ((IH +1) !)2 2(m+ 1)y/3m+ 1

(2m+ 2)! - (2m+ 1)2
- 22me2((m+ 1)1)°  (4(m+ 1D (Bm+1)

(2m+ 2)! - (4m2+4m+1) X (3m +4)
- 22m+2((m + 1)!)2 - J4(Bm*+7m?+5m+ 1)(3m+ 4)

(2m+ 2)! (12m3 + 28m2 + 19m + 4)
- 22m+2((m + 1)!)2 - (12m* + 28m? + 20m + 4)(3m + 4)

A 12m? + 28m? + 19m + 4 1
s 12m3 + 28m? + 20m + 4

(2m+ 2)! - 1
B 22me2((m+1)1)° /(B3m+4)

Thus, P(m+1) is true.
So, by the principle of mathematical induction, P(n) is true for all neN.

37. Question

Provethatl_l_l_i_ + lq <:_lforalln>2,ne N.

4 9 16 = q? n

Answer

Let the given statement be P(n)

11 1 1 1
Thus,P(n) = 1+E+§+E+m+n_2< Z—H,fm allm > 2,neN

Step1:

P&)l 1<2 !
22 4 2

Thus, P(2) is true.
Let, P(m) be true,

Now,



St 21+1+1+1+ +1<2 !
epe: 4 9 16 m? m

Now, we need to prove that P(m+1) is true whenever P(m) is true.

Weh 1+1+1+1+ +1<2 !
¢ have 4 9 16 mZ2 m

1
Adding, m 12 on both sides

Wehave 14+ o4 gt — g+ _cg i 1
ehave l+—+-+—+--+—+—— —_——t
4 9 16 m2 (m+ 1)2 m (1+m)2

1 1 1 1

m+1)2>m+1= < = — — <
( ) (m+1)2 m+1 m (1+m)2 m+1

~P(m+1)<2—

m+1

Thus, Pm+1 is true. By the principle of mathematical induction, P(n) is true for all n€EN, n=2.
38. Question

Prove that x2" -1 + y2n -1 js divisible by x + y for all n e N.

Answer

Let, P(n) be the given statement,

Now, P(n):x2"1 4 y2n-1

Stepl: P(1):x+y which is divisible by x+y

Thus, P(1) is true.

Step2: Let, P(m) be true.

Then, x2M-14y2m-1- \(x+y)

Now, P(m+1) = x2M+14y2m+l

— X2m+1+y2m+1_X2m—1.y2+x2m—1.y2

= x2M-1(x2.y2) 4 \2(x2M-14y2m-1)

= (x+y)(x®*M1(x-y) +Ay?)

Thus, P(m+1) is divisible by x+y. So, by the principle of mathematical
induction P(n) is true for all n.

39. Question

. . . sin” nx
Prove that sin x + sin 3x + ... + sin (2n - 1) x=—— for all
S X
neN.
Answer
Let, P(n) be the given statement,
22
. . . sin” nx
Now,P(n):sinx +sin3x + .. +sin(2n- 1)x= p—

. sin®x
Stepl: P(1):sinx =

SInx



Thus, P(1) is true.
Step2: Let, P(m) be true.

. . . sin? mx
Then,sinx +sin3x + ... +sin(2m- 1)x=——
sinx

Now, we need to show that P(m+1) is true when P(m) is true.
As P(m) is true

. . . sin® mx
~sinx +sin3x + ... +sin(Zm- )x= “enx

= sinx +sin3x + ... +sin(2m- Dx+ sin(2Zm+ 1)x

sinmx
=——+sin(Zm+ 1)x

SInx

sin’mx + sinx [sin mx cos(m + 1)x + sin(m + 1)xcos mx]
= P(m+ 1) =

sinx

sin mx cos mx cosX — sin® mx sinx +]
sin mx cos X cos mx + cos® mxsinx
sinx

sin? mx + sinx [

sin? mx + 2 sinx cosx cosmx — sin” x sin? mx + cos? mxsin? x

sinx

sin® mx (1 — sin®x) + 2 sinx cosx cosmx + cos“mx sin®x

sinx

sin? mx cos?x + 2 sinxcosxcos mx + cos?mxsin? x

sinx

(sin mxcosx + cosmxsinx)?

sinx

(sin(m+ 1)x)?
B sinx

Thus, P(m+1) is divisible by x+y. So, by the principle of mathematical
induction P(n) is true for all n.

40. Question

cos J o+
L

n—1

-
-

e

o

np

-
-

J for

Prove that cos a + cos (a + B) + cos (o + 2B) + ... + cos (o + (n - 1)B) —

allne N
Answer

Let,P(n) = cosa + cos(a + fB) + cos(a+ 2B) + -+ cos(a+ (n— 1)B)

cos {0: + % B} sin%
= ¥ 1ne N.
B

Sllli

Stepl: For n=1
L.H.S = cos [a+(1-1)B] = cos

sin

to |



cos [o: + % B} sin%
RHS= B = Cosa
sini

As, L.H.S = R.H.S
So, it is true for n=1
Step2: For n=k

cosa + cos(a + B) + cos(a+ 2pB) + -+ cos(a + (k— 1)B)

cos {0: + % B} smkzB
= B be true.

Sllli

Now, we need to show that P(k+1) is true when P(k) is true.
Adding cos(a+kB) both sides of P(k)

L.H.S = cosa + cos(a + B) + cos(a + 2B) + .-+ cos(a+ (k—1)B)

cos {0: + % B} sin l‘{,f
+ cos(a+ kB) = B + cos(a + kB)
sini
cos {0: + % B} sin% + + cos(a + kB) sin%
- inP
sin+
—5111( g) + sin (o: +kB + B)
2 sin%
2cos (20{; RB) sin (RBZ—I— B)
- inb
2 sins
cos (a )5111((k+ Ly B)
sm2
cos [0{ +35 B} sin~——x—+ (k + LP
R.HS= B
sini
As, LHS = RHS

Thus, P(k+1) is true. So, by the principle of mathematical induction
P(n) is true for all n.

41. Question

Prove that 1 + 1 T _L = 13 _ for all natural numbers n > 1.
n+l n+2 2n 24
Answer
Let,P(n) ! + ! + +1>13v tural b >1
et,P(n) = —— .-+ — = — V¥ natural numbers, n
n+1 n+2 Z2n 24

Stepl: For n=2



1 1 7 13

1 1
2+172+2 3 4 12 24
So, it is true for n=2
Step2: For n=k

P(k) = 1+1++1>13
k+1 k+2 2k 24

Now, we need to show that P(k+1) is true when P(k) is true.

1 1
P =2 ke T T 2D
As, LHS = RHS
Thus, P(k+1) is true. So, by the principle of mathematical induction
P(n) is true for all n.

42. Question

Given a; =

iJ forn= 2, wherea>0,A>0.

Prove that &n _\/‘I [ a, _\'I‘IJ_

Answer

. 1 A 1 A 1 A
leEIl,a:L:E(ao—i- ),az=5(a1+—) and an+1—2(a + ) aA>=0

dn — \."E (al - \,@)
To prove: ==
a, +vA v

_ A _ A

a, — VA a; — VA

Let P(n) = = == ( 2 )
a, +vA

Stepl: For n=1

LHs< VA

a, +VA

S1-1
RH.S = (al_ ﬁ) _u-VA
a, + VA a, +VA
As LHS=RHS.
So, it is true for P(1)
For n=k, let P(k) be true.
gk-1

a — \.’E (al - m@)
” a, + \.’E a; + \;@
Now, we need to show P(k+1) is true whenever P(k) is true.

P(k+1):



dre1 VA

L.H.S =
agsq T VA
1 A
F(aty) VA
-1 A
i—(ak +'a;) +'wﬂi
% (a2 +A—2a,VAa)
% (a2 + A+ 2a,V/A)
di
_ (ak - ‘v@)z
(ay + ‘v@)z

ak—1 2

e

As L.H.S=R.H.S

Thus, P(k+1) is true. So, by the principle of mathematical induction
P(n) is true for all n.

43. Question

Let P(n) be the statement: 2" = 3n. If P(r) is true, show that P(r + 1) is true. Do you conclude that P(n) is true
for all neN?

Answer

If P(r) is true then 2" = 3r
For, P(r+1)

2r+l=p or

For, x>3, 2x>x+3

So, 2.2™>2"+3 forr>1

= 2152743 forr>1
=2*1>3r +3 forr>1

= 2M*153(r+1) for r>1
So, if P(r) is true, then P(r+1) is also true.
For, n=1, P(1):

L.H.S=2

R.H.S=3

As L.H.S<R.H.S



So, it is not true for n=1
Hence, P(n) is not true for all natural numbers.
44. Question

Show by the Principle of Mathematical induction that the sum S, of the n terms of the series

Pe2x27 23 10x4> +50 £2x 6 +7 +... Isgiven by
n(n+1 : . .
[ u .1f n 1s even
Sn = ] - yl
n(n+1) . .
Q .1f n1s odd
Answer
n(n+ 1)2 .
T,when nis even
Let,P(n): S =1 +2x22+3*+2x 42 +5%7 =4 ,
n“(n+ 1)
T,when nis odd
Stepl: For n=1, P(1):
LHS=S;=1
RHS=S;=1
So, P(1) is true.
Step2: Let P(n) be true for n=k
k(k+1)2 .
T,when nis even
P(k):S, =12 +2x%x22+32+2x4%2+5% =
(K): Si k2(k+ 1) ,
T,when nis odd

Now, we need to show P(k+1) is true whenever P(k) is true.
P(k+1):

Casel: When k is odd, then (k+1) is even

P(k+ 1):

LHS =12 +2x22+3* +2x4*+5% + -+ k> +2x (k+1)?

kKi(k+1
=¥+2><(k+1)2

B kK2(k+ 1)+ 4(k+1)?
B 2

C(k+ D(K*+4k+4)
- 2

~(k+ D(k+2)?

B 2

(k+1)(k+1+1)2
2

~(k+ D(k+2)?
- 2

As LHS=RHS

RHS =




So, it is true for n=k+1 when k is odd.

Case2: When k is even, then (k+1) is odd

P(k+ 1):

LHS =1 +2x22+32 +2x4*+5% + - +2xk*+ (k+1)?

_ k(k+ 1)?
2

_kik+ 1)2 +2(k+ 1)?
B 2
(k+1)2(k+2)

B 2

(k+1)?(k+1+1)
2
(k4 1)%(k+ 2)
B 2
As LHS=RHS

+(k+ 1)?

RHS =

So, it is true for n=k+1 when k is even.

Hence, by the principle of mathematical induction P(n) is true V neN.
45. Question

Prove that the number of subsets of a set containing n distinct elements is 2" for all n € N.
Answer

Let the given statement be defined as

P(n): The number of subsets of a set containing n distinct
elements=2", for all n € N.

Stepl: For n=1,

L.H.S=As, the subsets of the set containing only 1 element are:
® and the set itself

i.e. the number of subsets of a set containing only element=2
R.H.S=21=2

As, LHS=RHS, so, it is true for n=1.

Step2: Let the given statement be true for n=k.

P(k): The number of subsets of a set containing k distinct
elements=2kK

Now, we need to show P(k+1) is true whenever P(k) is true.
P(k+1):

Let A={aq, ay, a3, ag,..., ax, b} so that A has (k+1) elements.
So the subset t of A can be divided into two collections:

first contains subsets of A which don t have b in them and

the second contains subsets of A which do have b in them.



First collection: { }, {a1}.{a;, ax}.{a1, a3, a3},....{a1, ay, a3, ag,..., ax} and
Second collection: {b}, {a;.b},{aj,as,b },{ay,a,a3,b},....{a1,az,a3,a4,...,ay, b}
It can be clearly seen that:

The number of subsets of A in first collection

= The number of subsets of set with k elements i.e. {a1, a5, a3, ag,..., ax}=2%
Also it follows that the second collection must have

the same number of the subsets as that of the first = X

So the total number of subsets of A=2K+2k=2k+1

Thus, by the principle of mathematical induction P(n) is true.

46. Question

A sequence aj, az, az, ...... is defined by letting a; = 3 and ax = 7 a _ ; for all natural numbers k = 2. Show
thata, = 3.7"1forallne N

Answer

Let P(n): a,=3.7"1forallne N
Stepl: For n=1,

a;=3.711=3

So, it is true for n=1

Step2: For n=k,

Let P(k) be true.

So, ag=3.7¢1

Now, we need to show P(k+1) is true whenever P(k) is true.
P(k+1):

ak+1=7.a

=7.3.7k1

=3 7k-1+1

=3 7(k+1)-1

So, it is true for n=k+1

Hence, by the principle of mathematical induction P(n) is true.

47. Question

X,
A sequence X, X, X3, .... is defined by letting x; = 2 and X, = ¥-1 for all natural numbers k, k = 2. Show
n
-
that x =_— for all neN
n 1
n!
Answer
k-1

Given: A sequence X,,¥,,X5, ....1s defined by letting x;, = 2and %, =

for all natural numbers k k = 2.



2
Let P(n):x, = EFOI‘ all neN

Stepl: For n=1

2
P(1):x; =3 =2

So, itis true for n=1.

Step2: For n=k,

2
Let,x, = o be true.

Now, we need to show P(k+1) is true whenever P(k) is true.

P(k+1):
b:S%
Mot i

B 2
(k+ 1) xk

2
(k+ 1)

So, it is true for n=k+1.

Thus, by the principle of mathematical induction P(n) is true.
48. Question

A sequence Xgq, X1, X2, X3, .... is defined by letting xo = 5 and
X =4+xy_1 for all natural numbers k. Show that x, = 5 for all
neN using mathematical induction.

Answer

Let P(n): x, =5+4n for all neN

Stepl: For n=0,

P(0):xg=5+4x0=5

So, it is true for n=0.

Step2: Let P(k) be true

Thus, x, =5+4k

Now, we need to show P(k+1) is true whenever P(k) is true.
P(k+1):

Xk+1 =4+ Xk1-1

=4+Xy

=4+5+4k

=5+4(k+1)

=RHS

Thus, P(k+1) is true, so by mathematical induction P(n) is true.

49. Question



Using principle of mathematical induction prove that

1 1 1 1

\/'1_-::——————,,,——forall natural numbers n = 2.
JoA2 B n
Answer
Let P(n) f‘<1+1+1+ +1f11>2
etP(ln)=vn<—+—+—+--+—tforalln =
RN RNG N Vn

Stepl: For n=2, P(n):

LHS =2 = 1.414

1 1
RHS=—+4+—=1+0.707 = 1.707
V12
Therefore, it is true for n=2.
Step2: Let P(n) be true for n=Kk.

1 1 1 1
Then VK< — 4+ —+—+ -4+ —
Vi V2 3 vk

Now, we need to show P(k+1) is true whenever P(k) is true.

P(k+1):
LHS =+vk+1
RHS 1 + ! + 1 + et 1 + !
NI V2 43 vk Vk+1
k
-
= < vk
VE+1
k+1 1
=
= — < vk
vk+1 +k+1
1
M1 N
= vk+1- < vk
vk+1
1
L1 1,
= vk+1<Vvk+
Vvik+1

So0,LHS < RHS

So, itis true for n=k+1, thus by the principle of mathematical induction P(n) is true for all n = 2
50. Question

The distributive law from algebra states that for real numbers

¢, a; and ap, we have c(aj + a) = caj + cay

Use this law and mathematical induction to prove that, for all
natural numbers, n = 2, if ¢, a1, ay, ...... anp are any real numbers,
thenc(a; + a, +...+ ap) =ca; + cay +...+ C a,.

Answer

Let P(n):c(a;+ay+...+a,) = caj+car+...+ca, for all natural
numbers, n = 2.

Stepl: For n=2,



P(2)

LHS= c(a] + aj)

RHS= ca; + cay

As, it is given that c(a; + ay) = caj + cay
Thus, P(2) is true.

Step2: For n=k,

Let P(k) be true

So, c(aj+ay+...+ay) = caj+car+...+cay
Now, we need to show P(k+1) is true whenever P(k) is true.
P(k+1):

LHS= c(ai+ay+...+ag+akyq)
=c[(a;+ar+...+ag)+aks1]
=c(aj+az+...+ag)+Cayg41
=caj+Cay+...+cag+cCagyq

=RHS

Thus, P(k+1) is true, so by mathematical induction P(n) is true.

Very Short Answer

1. Question

State the first principle of mathematical induction.
Answer

The first principle of mathematical induction states that if the basis step and the inductive step are proven,
then P(n) is true for all natural numbers.

2. Question

Write the set of value of n for which the statement P(n): 2n < n! is true.

Answer

The set of value of n for which the statement P(n): 2n < n! is true can be writtenas {nE€ N : n = 4}.
3. Question

State the second principle of mathematical induction.

Answer

Let M be an integer. Suppose we want to prove that P(n) is true for all positive integers =M. Then if we show
that:

Step 1: P(M) is true, and

Step 2: for an arbitrary positive integer k=M, if P(M).P(M+1).P(M+2)...... P(k) are true then P(k+1) is true,
Then P(n) is true for all positive integers greater than or equal to M.

4. Question

If P(n): 2 x 42" +1 4 33n+ 15 djvisible by A for all n € N is true, then find the value of A.

Answer



for n=1,

2x42X1+1 4 33X1+1_9y 43434
= 2x64+81

= 128+81

=209

For n=2,

2x42%2+1 4 33X2+1 — 2545437
= 2x1024+2187

= 2048+2187

= 4235

Now, the H.C.F of 209 and 4235 is 11.

Hence, A=11.

MCQ

1. Question

Mark the Correct alternative in the following:
If X" - 1 is divisible by x - A, then the least positive integral value of A is
Al

B.2

C.3

D. 4

Answer

Given x"-1 is divisible by x-A

= x=A is the root of the egn xX'-1

=A"-1=0

=>A"=1

Least value of A=1

2. Question

Mark the Correct alternative in the following:
Foralln €N, 3 x 52"+ 1 4 23n+ 15 djvisible by
A. 19

B. 17

C.23

D. 25

Answer

Given for all n€ N 3 x 52n+1 4 23n+1

For n=1,



3x53+24

3x125 + 16

375 + 16 = 391

For n=2,

3x5°+27

3 x 3125 +128

9375 + 128 = 9503

H.C.F of 391, 9503 = 17

3. Question

Mark the Correct alternative in the following:
If 10" + 3 x 4"+ 2 4+ A is divisible by 9 for all n € N, then the least positive integral value of A is
A5

B.3

C.7

D.1

Answer

Given 10"+3 x4"+24) is divisible by 9

For n=1,

10 +3x 43 + A

10+ 3x64 +A

=202 + A

202 when divided by 9 gives remainder 4
For n=2,

102 + 3 x 4% + A

=100 + 3 X 256 + A

=868 + A

868 when divided by 9 gives remainder 4
OA=4+1=5

4. Question

Mark the Correct alternative in the following:
Let P (n): 2n < (1 x 2 X 3 X ... X n). Then the smallest positive integer for which P(n) is true is
Al

B.2

C.3

D. 4

Answer

Given P(n):2n< (1x2X.... Xn)



For n=1, 2<2
Forn=2, 4<4
For n=3, 6<6
For n=4, 8<24

~ the smallest positive integer for which P(n) is true is 4.

5. Question
Mark the Correct alternative in the following:

A student was asked to prove a statement P(n) by induction. He proved P (k + 1) is true whenever P(k) is true
for all k > 5 € N and also P(5) is true. On the basis of this he could conclude that P(n) is true.

A. foralln €N

B. foralln>5

C.foralln=5

D.foralln<5

Answer

Since given P(5) is true and P(k) is true for all k>5€N,
then we can conclude that P(n) is true for all n=5

6. Question

Mark the Correct alternative in the following:

If P(n) : 49" + 16" + A is divisible by 64 for n € N is true, then the least negative integral value of A is
A -3

B. -2

C.-1

D. -4

Answer

For n=1,

4916 + A

=65+ A

Now we can see that if A = -1, then it is divisible by 64

OAa=-1
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