TION OF
TIVES

C CHAPTER -6 )

APPLICATION OF DERIVATIVES

RATE OF CHANGES OF QUANTITIES
Lety = f(x) be a function of x. Then, % represents the rate of

. d
change of y with respect to x. Also,é |x=x, represents the

rate of change of y with respect to x at x = Xo
If two variables x and y are varying with respect to another

variable t, i.e. x = f(t) and y = g(t), then
dy

o _ a ax -

o , where ol 0 ( by chain rule )

dt

In other words, the rate of change of y with respect to x can
be calculated using the rate of change of y and that of x both

with respect to t. m

dy . P : .
é is positive, if y increases as x increases and it is
negative, if y decreases as x increases.

A stone is dropped into a quiet lake and waves move in the form of circles at a speed of 4 cm/sec. At the instant, when the
radius of the circular wave is 10 cm, how fast is the enclosed area increasing?

Solution: =~ We know that the area of a circle with radius “r” is given by A = mr2.
Hence, the rate of change of area “A’ with respect to the time “t” is given by:
d
G _C
at  dt
By using the chain rule, we get: —(mr2) & o

! ’ dr dt ‘dt

o d
It is given that, d—: =4 cm/sec
d d

Therefore, when r = 10 cm, d—':= 2m. (10). (4) d—‘: =80T

Hence, when r = 10 cm, the enclosing area is increasing at a rate of 80w cm?/sec.

MARGINAL COST: Marginal cost represents the instantaneous rate of change of the total cost at any level of output. If C(x)

represents the cost function for x units produced, then marginal cost (MC) is given by MC = :—x {C(x)}



The total cost C(x) in Rupees, associated with the production of ¢ units of an item is given by C(x) = 0.005x3 - 0.02x?
+30x +5000.Find the marginal cost when 3 units are produced, where by marginal cost we mean the instantaneous rate

of change of total cost at any level of output.

Solution: Since marginal cost is the rate of change of total cost with respect to the output, we have cost (MC) = % =0.005

(3x%) — 0.02(2x) + 30

When x = 3, MC = 0.015(32) — 0.04(3) + 30
=0.135-0.12 +30 = 30.015

Hence, the required marginal cost Rs.30.02 (nearly)

MARGINAL REVENUE: Marginal revenue represents the rate
of change of total revenue with respect to the number of items
sold at an instant.

If R(x) is the revenue function for x units sold, then marginal

revenue (MR) is given by MR = % {R(x)}

TANGENTS AND NORMALS
Let y = f(x) be function with graph as shown in figure.
Consider secant PQ. If Q tends to P along the curve
passing through the points Qi, Q) ...le.
Q — P, secant PQ will become tangent at P. A
line through P perpendicular to tangent is called
normal at P.
Q

tangent

normal

GEOMETRICAL MEANING OF %
As Q —» P, h —» 0 and slope of chord PQ tends to slope
of tangent at P (see figure).

Slope of chord PQ = f(><+hhw

im slope of chord PQ = fjm XM =f(X)
Q-P h—0 h

= slope of tangent at P = f'(x) = %
X

SLOPE OF LINE PASSING THROUGH TWO POINTS
Let two points be P(x;,y;) and Q(x,,y,) then the slope

of line ‘m’ =222

X2 —Xq
The slope of a passing through (2, -1) and (3, 4) is
— 4’_(_1) — 5
=——-=

SLOPE OF TANGENT AND NORMAL
SLOPE OF TANGENT :
Lety = f(x) be a continuous curve, and let P(x,, y,) be a point

. d .
n it. Then, (ﬁ) is the slope of the tangent to the curve y =
P

f(x) at point P i.e,, (Z—z) = tan = Slope of the tangent at P,
P

where { is the angle which the tangent at P(x,,y;) makes
with the positive direction of x - axis.
= If the tangent at P is parallel to x -axis , then ¢y = 0 =

— ) _
tany = 0 :(dx)P =0
= If the tangent at P is perpendicular to x -axis or parallel to
i =T - axy _
y -axis then, then ¢ = > = cotyy =0=> (dy)P =0

|i \f 1:' : §
NV

‘\

O - _'IE \“ — -

SLOPE OF NORMAL: The normal to a curve at P(x,,y;) is a
line perpendicular to the tangent at P and passing through P.

=~ Slope of the normal at p =
dx
-(@),

Find the slopes of the tangent and the normal to the
curve x? + 3y + y? =5at(1,1)

Slope of the tangent at P (Zy)
x/p

Solution: The equation of the curve is x? + 3y +
2=5
y =
Differentiating with respect to x, we get
4y &y _
=>2x+3dx+2ydx =0

dy _ —2x
dx 2y+3
= (ﬂ) -2 __2
dx 1,1) 243 5
And, slope of the normal at (1, 1) = dy_—l == g
(a)h 10 ?



EQUATIONS OF TANGENT AND NORMAL
The equation of a line passing through a point (x,,y; ) and
having slope misy — y; = m(x — x,).

Since the normal at P(x,, y,) passes through P and has slope
-1

(@),
the curvey =f(x)isy —y, = % (x—x;)
(&),
r N
Remark

.Therefore , the equation of the normal at P(x,,y;) to

1.1f (Z—:}) = oo, then t'he tangent at (x,,y,) is parallel to y
P
- axis and its equation is x = x;.

2:If (d—x) = 0 ,then the normal at (x,,y;) is normal is
dy P

Lparallel to y - axis and its equation is x = x;.

Find the equation of normal to the curve y = 2x? +
3sinxatx=0

J

Solution: The equation of the given curve isy = 2x? +
3sinx ........ 0]

Putting x = 0 in equation (i), we gety =0

So, the point of contactis ( 0,0).

Now ,y = 2x? + 3sinx

d
= = 4x +3cosx
dx

dy _ _
=>(dx)(0’0)—4><0+3c050—3

So, the equation of the normal at ( 0 ,0) is y—0 =
_?l(x—O)orx+3y=0

ANGLE OF INTERSECTION OF TWO CURVE

The angle of intersection of two curve is defined to be the
angle between the tangents to the two curves at their point
of intersection.

(@), &)

T TL®L @,
A
Y y =g(x)
P{x,y1)
¥,
x L
O TZ(, ‘Kx’ T1

ORTHOGONAL CURVES

If the angle of intersection of two curves is a right angle , the
two curves are said to intersect orthogonally and the curves
are called orthogonal curves.

If the curve are orthogonal, then ¢ = g

- my.m, = —1
= (@), @), =1

Find the angle of intersection od the curve xy = 6
and x%y = 12
Solution: The equations of the two curves are xy =

6 .o (1)

and x%y = 12 ....(ii)

From (i) , we obtain y = z . Putting this value of y in

(ii) , we obtain x? (5) =12=26x=12>x=2

Putting x =2 in (i) or (ii) , we get y = 3.Thus, the two

curves intersectat P ( 2, 3).

Differentiating (i) w.r.t x, we get
y = D _ v — (& =8

xdx+y_ L =>dx T x =my = (dx)(z’s) T2

Differentiating (ii) w.r.t x, we get

2 — &y _ %y =(Q> =
X dx+2xy 0=>dx o m . 3

Let 8 be the angle of intersection of curve (i) and (ii)
at point P, then

ml_mz _ _§+3 _ 3
1+ mym, 1+(_%)(_3) 11

3
— -1 (__
= tan (11)

INCREASING AND DECREASING FUNCTION:

Let I be an open interval contained in the domain of a real

valued function f. Then, fis said to be

e increasingonl, ifxi <xzinl= f(x1) < f(x2), VX1, %2 € L.

e strictly increasing on [, if x1 < x2 in I = f(x1) < f(x2), V x1, X2
€L

e decreasingonl], ifx1 <xz2inl= f(x1) 2 f(x2), V x1, x2 € L.

e strictly decreasing on [, if x1 < X2 in f(x1) > f(x2), V x1, X2 € L.

tanf =

e Let xo be a point in the domain of definition of a real-
valued function f, then f is said to be increasing, strictly
increasing, decreasing or strictly decreasing at Xo, if there
exists an open interval I containing x, such that f is
increasing, strictly increasing, decreasing or strictly
decreasing, respectively in I.

If for a given interval I € R, function f increase for some
values in I and decrease for other values in I, then we say
function is neither increasing nor decreasing.



Increasing function Decreasing function Constant function
f) fix) J)
A J A

o
/
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f
> X > X >

THEOREM

Let f be continuous on [a, b] and differentiable on the open
interval (a, b). Then,

e fisincreasingin [a, b] if f'(x) > 0 for each x € (a, b).

e fisdecreasingin [a, b]if f'(x) <0 for each x € (a, b).

e fisa constant function in [a, b], if f'(x) = 0 for each x € (a,

b).
NECESSARY AND SUFFICIENT CONDITIONS FOR
MONOTONICITY

THEOREM 1: (Necessary condition) Let f(x) be continuous on

[a, b]and differentiable on (a, b).

(i) If f(x) is strictly increasing on (a, b), then f(x) > 0 for
allx € (a,b).

(ii) If f(x) is strictly decreasing on (a, b), then f(x) < 0 for
allx € (a,b).

THEOREM 2: (sufficient condition) Let f be a differentiable

real function defined on an open interval (a, b).

(i) Iff(x) >0forallx € (a,b), then f(x) is increasing on (
a,b)

(ii) If f-(x) < Oforall x € (a,b ), then f(x) is decreasing on
(a,b)

COROLLARY :Let f(x) be a function defined on ( a, b).

(i) Iff'(x) > Oforallx € (a,b) except for a finite number of
points, where f(x) = 0 then f(x) is increasing on ( a, b).

(ii) If f*(x) < O forall x € (a,b) except for a finite number
of points , where f(x) = 0 ,then f(x) is decreasing on ( a

, b).

Show that the function f(x) = tan x - 4x is strictly
decreasing on [-1t/3, /3]

Solution: Given that, f(x) = tan x - 4x

Then, the differentiation of the function is given by:
f(x)=seczx - 4

When -1t/3 <x /3, 1<sec x <2

Then, 1<sec2x <4

Hence, it becomes -3 < (sec?x-4) <0

Hence, for -mt/3 <x /3, f’(x)<0

Therefore, the function “f” is strictly decreasing on [-
n/3, m/3].

Prove that the function given by f(x) = cos x is
increasing in (1, 2m)

Solution: We know that f’(x) = - sin x
Since for each x belongs to (1, 2m ), sinx <0, we
have f'(x)> 0 and so fis increasing in (m, 2m),

MONOTONIC FUNCTION

A function which is either increasing or decreasing in a given
interval |, is called monotonic function.

A function f(x) is said to be increasing (decreasing ) at a
point x, if there is an interval (x, — h,x, + h) containing x,
such that f(x) is increasing ( decreasing) on (x, — h, x, + h).it
is also increasing (decreasing) atx=aand x =b.

Let f(x) = e* is strictly increasing. Hence
monotone function.

f(x) = e~
v 4

g(x)=sinx

APPROXIMATION: Lety = f(x) be any function of x. Let Ax be
the small change in x and Ay be the corresponding change in

y..e. Ay = f(x + Ax) - f(x).Then, dy = f'(x) dx or dy = Z—z Axisa
good approximation of Ay, when dx = Ax is relatively small
and we denote it by dy ~ Ay.

(i) The differential of the dependent variable is
not equal to the increment of the variable
whereas the differential of the independent
variable is equal to the increment of the
variable.

(ii) Absolute Error The change Ax in x is called
absolute error in x.



Find the approximate change in the volume V of a cube
of side x meters caused by increasing the side by 2%

Solution: Note that V = x3
av
dv = (52) Ax = (3x%)Ax
= (3x2)(0.002x) = 0.06x3 m3 (as 2% of x is 0.02x)

Thus , the approximate change in volume is 0.06
x3 m3.

MAXIMUM AND MINIMUM VALUES OF A FUNCTION

Let f be a function defined on an interval I. Then,

(i) fis said to have a maximum value in |, if there exists a
point c in I such that f(c) > f(x), V x € 1. The number f(c)
is called the maximum value of f in [ and the point c is
called a point of a maximum value of fin I.

(i) fis said to have a minimum value in [, if there exists a
point c in I such that f(c) < f(x), ¥ x € 1. The number f{(c)
is called the minimum value of f in I and the point c is
called a point of minimum value of fin I.

(i) fissaidtohaveanextreme valueinl,ifthere exists a point
c in I such that f(c) is either a maximum value or a
minimum value of f in I. The number f(c) is called an
extreme value off in I and the point c is called an extreme
point.

Find the maximum and the minimum value
() f(x)=3x*+6x+8,x€R

Solution: (i) We have , f(x) = 3x? + 6x + 8
Or,f(x)=3(x*+2x+1)+5=3(x+1)%?+5
Clearly, 3(x + 1)2 = O forallx € R

= f(x) = f(—1) forallx R

Thus , 5 is the minimum value of f(x) which it
attains atx = -1.

Since f(x) can be made as large as we please.
Therefore , the maximum value does not exist.

LOCAL MAXIMA AND LOCAL MINIMA

LOCAL MAXIMUM:

A function f(x) is said to have a local maximum value at point
X = a, if there exists a neighbourhood (a - §, a + §) of a such
that f(x) <f(a), Vx € (a-§,a+ &), x # a. Here, f(a) is called the

local maximum value of f(x) at the point x = a.

LOCAL MINIMUM:

A function f(x) is said to have a local minimum value at point
x = g, if there exists a neighbourhood (a - §, a + 8) of a such
that f(x) > f(a), Vx € (a-6,a + 8), x # a. Here, f(a) is called the

local minimum value of f(x) at x = a.

e The points at which a function changes its nature from
decreasing to increasing or vice-versa are called turning
points. Note:

(i) Through the graphs, we can even find the
maximum/minimum value of a function at a point at
which it is not even differentiable.

(ii) Every  monotonic  function assumes its

maximum/minimum value at the endpoints of the

domain of definition of the function.

e Every continuous function on a closed interval has a

maximum and a minimum value.

e Letfbea function defined on an open interval I. Suppose
c is any point. If f has local maxima or local minima atx =

¢, then either f'(c) = 0 or f is not differentiable at c.




Determine all the points of local maxima and local minima of the following function: f(x)= (-¥s) x* — 8x® — (45/2) x? +

105

Solution: Given function: f(x) = (-%) x* — 8x® — (45/2) x2 + 105

differentiate the function with respect to x, we get

7 (x) = -3x3 — 24x? — 45x

Now take, -3x as common:

= 3x (x> + 8x + 15)

Factorize the expression inside the bracket, then we have:
= —3x (X +5) (x+3)

=>x=-5x=-3,x=0

Now, again differentiate the function:

£ "(x) = —9x® — 48x — 45

= -3 (3x? + 16x + 15)

£ (x)=0

Take -3 outside,

Now, substitute the value of x in the second derivative function.

f” (0)=-45<0. Hence, x = 0 is point of local maxima
f " (=5) =-30< 0. Hence, x = =5 is point of local maxima.

ABSOLUTE MAXIMA AND MINIMA

The highest point of a function within the entire domain is

known as the absolute maxima of the function whereas the

lowest point of the function within the entire domain of the
function, is known as the absolute minima of the function.

There can only be one absolute maximum of a function and

one absolute minimum of the function over the entire

domain. The absolute maxima and minima of the function can
also be called the global maxima and global minima of the
function.

e Absolute maxima: A point x = a is a point of global
maximum for f(x) if f(x) < f(a) for all x€D (the domain of
f(x)).

e Absolute minima: A point x = a is a point of global
minimum for f(x) if f(x) = f(a) for all x€D (the domain of

f(x)).
In the image given below, point x = a is the absolute maxima

of the function and at x = b is the absolute minima of the
function.
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f” (-3) =18 > 0. Hence, x = -3 is point of local minima

CRITICAL POINTS:
A point c in the domain of a function f at which either f'(c) =0
or f is not differentiable, is called a critical point of f.

Find the critical points of the function f (x) =x2 In x

Solution:

Take the derivative using the product rule:

f'(x)=(x2Inx)'=2x Inx+x2 [1/x] =2xInx +X
=x(2Inx+1).

Determine the points where the derivative is zero:

f'(c) =0,

=c(2lnc+1)=0.

The first root c1 = 0 is not a critical point because

the function is defined only for x > 0.

Consider the second root:

2Inc+1=0,=Inc=-1/2,

>c=e1/2=1 /e,

Hence, c2= 1 / Ve is a critical point of the given

function.

FIRST DERIVATIVE TEST FOR LOCAL MAXIMA AND
MINIMA

THEOREM 1: (First derivative test ) Let f be a differentiable
function defined on an interval l and let a € I.

Then,

(a) x=aisa point of local maximum value of f, if

@M f'@=0



(ii) f'(x) change sign from positive to negative as x
increase through a i.e, f'(x) > 0 at every point
sufficiently close to and to the leftofa, and f'(x) >
0 atevery point sufficiently close to and to the right
of a.

(b) x=aisapoint of local minimum value of f, if
i) f'@=0
(ii) f'(x) changes sign from negative to positive as x
increase through a

(c) If f'(a) =0 and f’(x) does not change sign as
increases through a i.e., f'(x) has the same sign in the
complete neighbourhood of a, then ‘@’ is neither a point
of local maximum value nor a point of local minimum
value . In fact, such ‘a’ point is called a point of inflexion.

Find local maximum and local minimum values
of the function f given by f(x) = 3x* + 4x3 - 12x?2
+ 12 using the first derivative test.

Solution: Given,
f(x) =3x* + 4x3 - 12x2 + 12

Step 1: Evaluate the first derivative of f(x), i.e.
f(x)

f'(x) = (d/dx) [3x#4 + 4x3 - 12x2 + 12]

=3(4x3) +4(3x?) - 12(2x) + 0

=12x3 + 12x2 - 24x

=12x(x2+x-2)

=12x(x2+2x-x-2)
=12x[x(x+2)-1(x + 2)]

=12x(x-1) (x+2)

Thus, f'(x) =12x (x-1) (x+ 2)

Step 2: Identify the critical points, i.e. value(s)
of c by assuming f'(x) =0

ie. 12x(x-1)(x+2)=0
x=0,x-1=00rx+2=0

That means, f'(x) =0atx=0,x=1and x = -2.
Therefore, the critical points are -2, 0, and 1.

SECOND DERIVATIVE TEST:

Let f(x) be a function defined on an interval I and c € I. Let f
be twice differentiable at c. Then,

(i) x=cisapoint of local maxima, if f'(c) =0 and f’ (c) < 0.
(ii) x=cisa point of local minima, if f'(c) = 0 and f” (c) > 0.
(iii) the test fails, if f'(c) = 0 and f’ (c) = 0.

Find the local maxima and minima of the
function f(x) = 3x4+ 4x3 - 12x2 + 12.

Solution: For stationary points f'(x) = 0.
f'(x)=12x3 + 12x2-24x=0

=>12x (x2+x-2)=0

=>12x(x-1) (x+2)=0
=>Hence,x=0,x=1andx=-2

By second derivative test:

f” (x) = 36x2 + 24x - 24

7 (x) =12(3x2 + 2x - 2)

Atx=-2

" (-2) =12(3(-2)2+ 2(-2)-2) =12 (12 -4 - 2)
=12(6)=72>0

Atx=0

f7(0)=12(3(0)2+2(0) - 2) =12(-2) =-24<0

Atx=1

(1) =12(3(1)2+ 2(1) - 2) =12(3+2-2) =12(3)
=36>0

Therefore, by the second derivative test x=0 is

the point of local maxima while x = -2 and x=1

are the points of local minima.

For the given curve: y = 5x - 2x3, when x
increases at the rate of 2 units/sec, then how
fast is the slope of curve changes when x = 3?

Solution: Given that, y = 5x - 2x3

Then, the slope of the curve, % = 5-6x2

> [2)=12x 2
=-12(3)(2)

= -72 units per second

Hence, the slope of the curve is decreasing at
the rate of 72 units per second when x is

increasing at the rate of 2 units per second.

(i) If the test fails, then we go back to the first
derivative test and find whether a is a point of
local maxima, local minima or a point of
inflexion.

(ii) Ifwe say thatfis twice differentiable at o, then
it means second order derivative exists at a.

POINT OF INFLECTION

An arc of a curve y = f(x) is called concave upward if , at each
of its points, the arc lies above the tangent at the point.

If y = f(x) is a concave upward curve, the asxincreases, f'(x)
either is of the same sign and increasing or changes sign



QUESTIONS

Ql.

Q2.

Q3.

Q4.

Qs.

Q6.

Q7.

Q8.

Q9.

Q10.

[ e |

Find the rate of change of the area of a circle per second
with respect to its radius r =10 cm

(a) 20 (b) 30

(c) 10 (d) 407

A stone is dropped into a quiet lake and waves move in
circles at a speed Of 4cm per second. How fast is the
enclosed area increasing when radius is 10cm?"

(a) 50w (b) 307

(c) 801 (d) 707

The total cost C(x) in Rupees, associated with the
production of x units of an item is given by C(x) =
0.005x3 — 0.02x2 + 30x + 5000 .Find the marginal cost
when 5 units are produced(approx.) .

(a) 25 (b) 29

(c) 28 (d) 30

The function f(x) = x> — 3x% + 4x,x € Ris
(a) Increasing (b) Decreasing
(c) Neither increasing and decreasing (d) None

the function given by f(x) = cosx in (m, 21) is
(a) Increasing (b) Decreasing
(c) Neither increasing and decreasing (d) None

The intervals in which the function f given by f(x)=x% —
4x + 6 is decreasing
(a) (2, 0)

(c) (=20, 2)

Find the intervals in which the function f given by
f(x) =sinx + cosx,0 < x < 2mis decreasing.

@ (%)
®)(=5%)
@ (-57)
@ (553

Find the slope of the tangent to the curve y = x3 —
xatx = 2.

(a) 12 (b) -11

(c)11 (d)-12

Find the point at which the tangent to the curve
y=vV4x — 3 — 1 has its slope g

(a) (2,3) (b) (5,2)

(c) (2,5) (d) (3.2)

Find the equation of the tangent to the curve y =
x=7
(x-2)(x-3)
@20y —x+7=0

(b) (=2, )
(d) (=00, =2)

at the point where it cuts the x-axis.
(b)20y+x+7=0

Ql1.

Ql2.

Q13.

Q14.

Qis.

Q1le.

Q17.

Q18.

Q19.

(c)20y—x—-7=0 (d) =20y —x+7=0

Find the equation of tangent to the curve givenby x =
asin3 t,y = bcos?® t ata point wheret = g
(a)x=0 (b)y=0

(cx=y (d)x=-y

Find the approximate change in the volume V
of a cube of side x meters

caused by increasing the side by 2%.

(a) 0.04 (b) 0.06
(c)0.02 (d) 0.05
A balloon which always remains spherical, has
a variable diameter %(Zx +1) Find the rate of
change of its volume with respect to x.
(a) 2% (2x + 1)? (b) — 2% (2x + 1)?
27 27

() 2% (2x — 1)? (d) 2" (2x + 1)

The total cost C(x) in rupees associated with the
production of x units of an item Given by C(x)=0.007x3 —
0.003x2 + 15x + 4000. Find the marginal cost when "
17" units are produced."

(a) 30.65

(b) 19.20

(c) 20.97

(d) 25.5

Find the maximum and minimum values of f, if any, of the
function given by f(x) = |x| , x belongs to R
(a) Maximum value = 1, Minimum value =0
(b) No maximum value, Minimum value = 0
(c) Maximum value = 1, Minimum value = 1
(d) Maximum value = 1, Minimum value = -1
The function given by f(x) = 3x + 17 is

(a) Decreasing

(b) Increasing

(c) Neither increasing nor decreasing

(d) None

The function given by f(x) = e®* is
(a) Decreasing

(b) Increasing

(c) Neither increasing nor decreasing
(d) None

Which of the following function is monotonic function
(a) F(x) = cos x (b) F(x) = sin x
(c) F(x) =e* (d) None of these

Find the approximate value of f(2-01), where f(x)=4x? +
5x+ 2

(a) 25.21
(c) 27.21

(b) 24.21
(d) 28.21



Q20.

Q21.

Q22.

Q23.

Q27.

Q28.

Q29.

Q30.

The interval in which the function (x + 1)3(x —
3)3 is strictly increasing
(a) (2, ) (b) [2, )
(c) (1, ) (d) [1,0)
. . . __ 4sin @ _
Which of the following is true about y = @tcos )

0 ,when @ isin [OE]
(a) The function is increasing
(b) The function is decreasing

(c) The function is neither increasing nor decreasing
(d) None

The interval in which y = x2e™* is increasing in:
(a) (=00, ) (b) (=2,0)
(c) (2,0) (d) (0,2)

Find the slope of tangent to the curve y = x3 — x +

1 at the given point whose
x —coordinate is 2.

(a) 10 (b) 13

Which of the following is true for the function

Q24.

Q25.

Q26.

(c)11 (d) 14

The slope of the normal to the curve y = 2x2 +
3sin xatx = 0is:
(a)3
(c)-3

(b) 1/3
(d)-1/3

If the radius of a sphere is measured as 7m with an error
of 0.02m, then find the approximate error in calculating
its volume.
(a) 12.32
(c) 15.87

(b) 13.41
(d) 11.52

Find the maximum and minimum values, of the function
"glx) =—|]x+1|+3

(a) Maximum=1 Minimum =-1

(b) Maximum doesn’t exist Minimum =-1

(c) Maximum doesn’t exist Minimum =-3

(d) Minimum doesn’t exist Maximum=3

(a) fis said to have a maximum value of fin | ,if there exists a point c in | such that f(c)> f(x), for all x € R
(b) fis said to have a minimum value of f in | ,if there exists a point c in | such that f(c)> f(x), for all x €R
(c) fis said to have a maximum value of f in | ,if there exists a point c in | such that f(c)< f(x), for all x € R

(d) None of these

Find local minimum value of the function f given by f(x) =
3+|x|,x €ER

(a) f(0) =3 (b) f3) =0

(c)f(1)=0 (d) None of these

Find the absolute maximum value of function f given by
f(x) = 2x3 — 15x% + 36x + 1 on theinterval [ 1, 5]

(a) 34 (b) 56

(c) 49 (d) 23

Find two positive integers whose sum is 16 and sum of
whose cubes is minimum.

(@) 7,7 (b) 8,8

(c)6,6 (d) 5,5

I SUBJECTIVE QUESTIONS I

Ql. Find the equation of tangent and normal to the

2at’

y = 28.t3 1
1+t °

at the pointt= =.
1+t P 2

curve X =

Q2. Find value of 'c' such that line joining (0, 4) and

(5, —=1) become tangent to curve
_ C
X+1

Q3. Find the length of tangent for the curve y = x® +

3x2 + 4x — 1 at point x = 0.

Q4. The volume of a cube is increasing at a rate of 7

cm?/sec. How fast is the surface area increasing
when the length of an edge is 4 cm?

Q5. f(x) = [x] is a step up function. Is it a strictly

Q1.

Q2.

Q3.

Q4.

Q5.

Q1.

increasing function for x € R.

I NUMERICAL TYPE QUESTIONS I

If f(x) = x® + ax® + bx + ¢ has extreme values at
x = — 1and x = 3. Find the value of product of a
and b .

Find the greatest value of f(x) = x® - 12x, x € [-
1, 3]

Find points of local minima of f(x) = x®> — 5x* +
5x3 -1

Find the sum of two positive numbers x and y
such that x + y = 60 and xy?® is maximum

The number of tangents drawn to the curve xy
= 4 from point (0, 1) is

I TRUE AND FALSE I

Find the intervals of monotonicity of the
following functions , f(x) = x2 (x — 2)?
Decreasing in [0, 1] and in [2, «)



Q2. points of maxima or minima of f(x) = x? (x — 2)2
is x=1o0r x =0, 2 respectively.

Q3. f(x) = (x* - 6x2 + 12x — 8) does not have any point
of local maxima or minima.

Q4. Find equation of tangenttoy =e*atx=0isy =
X -1

Q5. The approximate value of 25"° is 2.926

I ASSERTION AND REASONING I

Directions (Q. No. 1 — 5 ) Each of these questions

contains two statements , one is Assertion (A) and

other is Reason (R).Each of these questions also has

four alternative choice ,only one of which is the

correct answer.

(a) Both A and R are individually true and R is the
correct explanation of A.

(b) Both A and R are individually true but R is not the
correct explanation of A

(c) Ais true but R is false

(d) A is false but R is true.

Q1. Assertion(A): Curve y = xe* is minimum at the
point x = -1

Reason (R): Z—z <0atx=-1.

Q2. Assertion(A): y = x2e* increases on the interval (
0,2)

Reason (R):Since , Z—z > 0 on the interval ( 0 ,2).

Q3. Assertion(A): The tangent to the curve y = x3 —
x2—x+2 at (1,1) is parallel to the x - axis
Reason (R): The slope of the tangent to the
curve at (1,1) is zero.

Q4. Assertion(A): The interval in which the function

f(x) = x% is increasing in (-0, e)
Reason (R): Let f(x) be differentiable. If f'(a) > 0
then f(x) is increasing at x = a.

Q5. Assertion(A): A particle moves in a straight line
in such a way that its velocity at any point is
given by v?2 = 2 — 3x , where x is measured from

a fixed point. Then acceleration is _73

Reason (R): If x and v denotes the displacement
and velocity of a particle at any instant t, then
d?x

acceleration is given by a = —

HOMEWORK

[ |

Q1. The angle between the curvesy =sin xand y =

cos X is
(b) tan—1 (3«/5)

(a) tan~1 (2«/5)
(c) tan~1 (3\/5) (d) tan—1 (Sﬁ)

Q2. f(x) =x +1/x, x # 0 is increasing when -
(a) IxI <1
(b) x| >1
(c) IxI <2
(d) x| >2

Q3. If f(x) = 2x3 — 9x2 + 12x — 6, then in which
interval f(x) is monotonically increasing
(@) (1,2)
(b) (=, 1)
(c) (2, »)
(d) (o0, 1) U(2, )

Q4. The function f(x) = a sin x + % sin 3x has a
maximum at x = /3, then a equals-
(@) -2 (b) 2
(c) -1 (d) 1

Q5. f (c) is a maximum value of f(x) if-
(@) f(c)=0,f"(c)>0
(b)f(c)=0,f"(c) <0
(c)f (c)#0,f"(c)=0
(d)f'(c)<0,f"(c)>0

Q6. The ratio between the height of a right circular
cone of maximum volume inscribed in a given
sphere and the diameter of the sphere is-
(a)2:3 (b)3:4
(c)1:3 (d)1:4

Q7. The function f(x) = §+E has a local minimum at
X

(@x=-2 (b)yx=0
(c) x=1 (d)x=2
Q8. The maximum value x3 — 3x in the interval [0, 2]
is
(a)-2 (b)O
(c) 2 (d)1
Q9. If f(x)=kx3-9x%24+9x+ 3 is increasing on R,
then
(@) k<3 (b) k>3
(c)k<3 (d) None of these



Q10. The function f(x) =x2e™™ increases in the

interval
(a) (0, 2) (b)(2, 3)
() 3,4) (d) (4, 5)

I SUBJECTIVE QUESTIONS I

Q1. If a right circular cylinder is inscribed in a given
cone. Find the dimensions of the cylinder such
that its volume is maximum.

Q2. Find the points of local maxima or minima for
f(x) = sin2x - x, x € (0, n).

Q3. Find the critical points of the function f(x) = 4x®
- 6x%2 - 24x + 9 if
(i) x € [0, 3]
(ii) x € [-3, 3]
(iii) x  [- 1, 2].

Q4. Lletf(x)=x3+3(@a-7)x>+3(a%-9) x -1 If f(x)
has positive point of maxima, then find possible
values of 'a'.

Q5. Find possible values of 'a' such that f(x) = e* -
(a + 1) e* + 2x is monotonically increasing for x
e R

I NUMERICAL TYPE QUESTIONS I

Q1. Determine 'p' such that the length of the sub-
tangent and sub-normal is equal for
the curve y = e P+ p x at the point (0, 1)

Q2. Find the least value of k for which the function
x2 + kx + 1 is an increasing function in the
interval 1< x < 2.

Q3. A point moves in a straight line during the time t
= 0 to t =3 according to the laws s = 15t — 2t2 .
The average velocity of the point is

Q4. The maximum value of f(x) = 2x3 — 24x + 107 in
the interval [ 1,3] is

Q5. If sum of two number is 3 .The maximum value
of the product of first and the square of second
is

I TRUE AND FALSE I

Q1. Let f be a differentiable a\real function defined
on an open interval (a, b) . If f’(x) > 0 for all x €
(a,b) ,then f(x) is increasing on (a , b).

Q2. The function y = tan™! x — x is always increasing.

Q3. The value of x for which the polynomial 2x3 —
9x2 + 12x + 4 is a decreasing function of x , is 1
< X< 2.

Q4. The local maximum value of x(1-x)%, 0 < x < 2 is
4

27

Q5. Angle between the tangents to the curve y = x2

— Bx + 6 at the points (2, 0) and (3, 0) is g

I ASSERTION AND REASONING I

Directions (Q.No. 1 — 5 ) Each of these questions
contains two statements , one is Assertion (A) and
other is Reason (R).Each of these questions also has
four alternative choice ,only one of which is the
correct answer.

(a) Both A and R are individually true and R is the
correct explanation of A.

(b) Both A and R are individually true but R is not
the correct explanation of A (c) A is true
but R is false

(d) Ais false but R is true.

Q1. Assertion(A): f(x) =
function on (0, o).
Reason (R): f(x) = e* —xlnx is an increasing
function on (1, o).

ln x is an decreasing

2_
Q2. Consider the function f(x) = fc2_+1 , where x € R.
Assertion (A): f(x) attain minimum value at x =
0
Reason (R): The minimum value of f(x) is 1

Q3. Assertion(A): f(x) = x2—5x+6 is decreasing
function in the interval ( -, 2).
Reason (R): . If f’(x) < 0 for all x € (a, b) ,then f(x)
is decreasing on ( a, b).

Q4. Assertion(A): The shortest distance between
222
8

Reason (R): The equation of the tangent to the

the liney — x =1and the curve x =y

4
curve y=X+—, that is parallel to the
X

x-axis,is y—3=0.

Q5. Assertion(A): Critical point of f(x) = x® —3x? +
3x — 100 is 1
Reason (R): A point ¢ in the domain of a function
f at which either f(c) = 0 or f is not
differentiable, is called a critical point of f.



SOLUTIONS

[ e |

S1. (a): TheareaA of acircle with radius r is given by A = 712,

The rate of change of the area A w.r.tris Z—’: =L (nr?) = 2mr.

dr
When r = 10cm, ‘;—A = 20m.

Thus, the correct answer is (a).

S2. (c): Thearea A of acircle with radius r is given by A = r2. Therefore, the rate
of change of area A with respect to time t is
A _d 2y = 42y & ar
dt ~ dt () dr () dt 2mr dt
Given,
dr

i 4cm/s

9 — 2n(10)(4) = 80n[+ r = 10]

Thus, the correct answer is (C).

$3. (d): C(x) = 0.005x% — 0.02x2 + 30x + 5000
Z—i = 0.005(3x2) — 0.02(2x) + 30

x = 5,Marginal Cost = 0.015(5%) — 0.04(5) + 30 = 30.175
Thus, the correct answer is (d).

S4. (a) f'(x)&=3x>—-6x+4
=3(x2-2x+1)+1
=3x—-12+1>0
"Therefore, the function " " is increasing on " R""."
Thus, the correct answer is (a).

S5. (a): Since for each x € (m, 2m),sinx < 0, we have f'(x) > 0 and so f isincreasingin (m, 27).
Thus, the correct answer is (a).

S6. (c): Given,
f(x)=x?>—-4x+6
f'(x)=2x—-4
= f'(x) =0givesx =2
In the interval (—,2), f'(x) = 2x —4 < 0
~ f is decreasing in this interval.
Thus, the correct answer is (c).

f(x) =sin x + cos x

$7. (ak f'(x) = cos x —sin x
Now f’(x) = 0 gives sinx = cosx = x =%,%n as0<x<2m
, ; T T
Also,f'(x) < 0if x € (%,%F)
. . . T 5T
= fis decreasing in (Z’T)
Thus, the correct answer is (a).
s8. (o) 4y = 3x2 — 1] =11
dxly=> x=2

Thus, the correct answer is (c).

2
V4x-3

-1
S9. (d): Slope of tangent to the given curve at (x, y) is Z—z = %(496 —3)z4=
The slope is given to be g

o 2 g2
Vax—=3 3



=>4x —-3&=9

= x& =3

Nowy =+v4x—3 —1.Sowhenx =3,y =,/4(3)—3—-1=2.
Therefore, the required point is (3,2).

Thus, the correct answer is (d).

$10. (a): Given,

y = ey )

Now when the curve cuts the x-axis the y-coordinate will be 0.
From (i), we get that if y=0 then x=7.
Thus, the curve cuts the x-axis at (7,0).
Differentiating (i) w.r.t x
dy _ 1-y(2x-5)
dx  (x-2)(x-3)
d_y 1-0 1

x=7

axli0) ~ ®@ "~ 20
Therefore, the slope of the tangent at (7,0) is %.
Hence, the equation of the tangent at (7,0) is
y=0=—(x=7)=20y—x+7=0.
Thus, the correct answer is (a).

S11. (b): Given,

x = asin® t,y = bcos® ¢t
Differentiating w.r.t t, we get

dx . dy .

== 3asin? tcos t and = —3bcos? tsin t
ay P

d_y _dt _ —3bcos” tsin t —_bcost

dx dx 3asin? tcos t a sint

dat
Therefore, slope of the tangent at t = g is

U3

dy] _ —bcos;
T in &

dx t=5 asin

Also, when t = g, x = a and y = 0. Hence, the equation of tangent is
y—0=0(x—-a),>y=0
Thus, the correct answer is (b).

S12. (b): We know,

V& = x3

av
dv& = (E) Ax = (3x2)Ax
As 2% of x is 0.02x

= (3x%)(0.02x) = 0.06x3m3
Thus, the correct answer is (b).
S13. (a): Given: Diameter of the balloon = z (2x+1)

= Radius of the balloon = % (2x+1)

3
So, Volume of the balloon = gn G (2x + 1)) == i—z (2x+1)3
Now, Rate of change of volume w. r .t. x = &

dx
o . 2. d
=% 32x+1) - (2x+1)

L 2
=T @2x+1)"x2

27T

= e (ZX + 1)2
Thus, the correct answer is (a).

S14. (c): Marginal cost is given by =%

= % (0.007x3 — 0.003x2 + 15x + 4000)
=0.021x2 — 0.006x + 15



S15.

S1e.

§17.

S18.

S19.

S20.

S21.

(b):

(b):

(b):

(c):

(d):

(c):

Atx =17
= 0.021(17)? — 0.006 x 17 + 15

= 6.069 — 0.102 + 15 = 20.967
Thus, the correct answer is (c). Y

f(’\:) =X f( .\') =X
From the graph of the given function, note that f(x) > 0, for all x belongs to R and f(X)
=0ifx=0.
Therefore, the function f has a minimum value 0 and the point of minimum value of f is
x = 0. Also, the graph clearly show that f has no maximum value in R and hence no point
of maximum value in R

Given: f(x) = 3x+ 17

Differentiate w.r.t x , we get

f'(x) =3(1) + 0 = 3 > 0 that is, positive for all x € R
~, f(x) is strictly increasing on R.

Thus, the correct answer is (b).

o<

Jx)=|x|

Given: f(x) = e?*
f!(x) = e2* -2x = e2%(2) = 22* > 0 that is, positive for all x € R

Therefore, f(x) is strictly increasing on R.
Thus, the correct answer is (b).

By a monotonic function fin an interval I, we mean that f is either increasing in | or decreasing in I.
So, f(x) = sin x and f(x) = cos x are hon-monotonic function but f(x) = e* is strictly increasing function hence, f(X) = e*
is monotonic function.
Given f(x) = 4x? + 5x + 2
Differentiating w. r. t. x, we get f'(x) =8x+5
We know that f(x + 6x) = f(x) + f'(x)dx
Letx=2andx+6x =2-01sothatéx =001
f2-0)=f2)+f'(2)x0-01
=4x224+5%x24+2+(8%x2+5)%x0-01

=28+21x0-01=28+0-21=28.21
Thus, the correct answer is (d).

Given: f(x) = (x + 1)3(x — 3)3
') =(x+1)3-3(x—3)2+ (x—3)%-3(x + 1)?
f'(x) =3(x+1)?x—-3)%(x+1+x—3)
f'(x) =30+ 1)%(x —3)?(2x — 2)
f'(x) =6(x+1)*(x—-3)*(x—-1)
Here, factors (x + 1)? and (x — 3)? are non-negative for all x.
Therefore, f(x) is strictly increasing if f'(x) > 0
x—1>0
>x>1
So, fis strictly increasing in (1, o).
Thus, the correct answer is (c).
4sin 6
(2+cos 6) -

Differentiating y w.r.t 8
ﬂ __ (2+cos 6)-4cos 6—4sin O(—sin 0) _

Given,y =

ae (2+cos 6)2 1
__ 8cos §+4cos? +4sin® 0 1
- (2+cos 6)2 -
__dy _ 8cos 8+4(cos® 6+sin? 0)—(2+cos 6)*
TR (2+cos 6)2
__ 8cos §+4—(2+cos 6)?
- (2+cos 6)2

dy _ (8cos 8+4)—(4+4cos 6+cos? 6)
ae (2+cos 6)2




__cos 8(4—cos 0)
(2+cos )2
Since 0 < 6 Sg and we have 0 < cos 6 < 1, therefore 4 — cos 6 > 0.
Z>0for0<6<2
So, y is an increasing function of 8 in [0, g] .

S§22. (d): Given function

y = x2e~%
a a _ x d
>Z=x2 ey e xZy2
dx dx dx

= &x%2e™*(—1) + e™*(2x)

a _ _
i&ﬁz—xze X4+ 2xe™*

= &xe *(—x + 2)
dy _ x(2-x)
dx ~ X

In (0,2),% >0 for all x.
§23. (c): Equationofthecurvey =x% —x +1
> _3x2 -1

ax
Slope of the tangent at point x = 2 to the curve
=3(2)?-1=11

S24. (d): Equation of the curve y = 2x2 + 3sin x
Slope of the tangent at point (x, y) is % =4x+ 3cos x
Slope of the tangent at x = 0,4(0) +3cos 0 =3 =m

Slope of the normal = 2=
m 3

Thus, the correct answer is (d).

§25. (a): Volume of sphere (V) = §7TT3

av _ 4
—=-m-3r2
ar 3

Approximate error in calculating the volume = Approximate value of AV
av = (d
~ar ( T)
= (i . 3r2) dr
3
= 41(7)%(0.02)
=392x%Z

=12.32m?3
Thus, the correct answer is (a).

$26. (d): Giveng(x)=—|x+1|+3
As|x+ 1] =0forallx € R
=>—|x+1/+3<3
=>gx)<3
Maximum value of g(x) is 3 which is obtained when x + 1 = 0 or x = —1.
minimum value of g(x) = —oo, does not exist.
Thus, the correct answer is (d).

§27. (a): f issaid to have a maximum value of f in |, if there exists a point c in | such that

flc)> f(x),forallx eR

S$28. (a): Note that the given function is not differentiable at x = 0.So, second derivative test fails .Let us try first derivative test.
Note that O is a critical point of f. Now to the left of 0, f(X) = 3 -x and so f'(x) = -1< 0. Also to the right of 0, f(x) = 3 +x and
so f'(x) =1> 0. Therefore, by first derivative test, x = 0 is appoint of local minima of f and local minimum value of f is
f(0)=3.



§29. (b): We have f(x)=2x3 — 15x% + 36x + 1

f'(x) = 6x%—30x+ 36 =6(x—3)(x—2)

Note that f'(x) = 0 givesx=2and x =3

We shall now evaluate the value of f at these points and at the end points of the interval [ 1, 5] ,i.e.,atx =1,x=2,x=3

and at x =5. So, f(1) =2(1) - 15 (1) +36 +1 =24

f(2) = 2 (8) — 15(4) +36(2) +1 =29

f(3) = 2(27)-15(9) +36(3) +1 =28

f(5) = 2(125) -15(25) +36(5)+1 = 56

Thus, we conclude that absolute maximum value of f on [1,5] is 56, occurring at X =5 .
S30. (b): Consider the two positive numbers are x and y.

x+y=16

>y=16—x

Consider z = x3 + y3

z=x3+4 (16 —x)3

z=x3+(16)3 —x3 — 48x(16 — x)

= (16)® — 768x + 48x?

dz _ d?z
== —/68+96xand — =96
=0

dx
—-768+4+96x=0=>x=8

d?z

Atx =8 e 96 >0

x = 8is a point of local minima and z is minimum when x = 8.
>y=16—-8=8

"the required numbers are " 8" and " 8"."

I SUBJECTIVE QUESTIONS I

S1. Given that
_ 2at? _ 2at?
1+¢2 Y=
att =, x=2, y ==
L dx _ 4at dy _ 2at?(3+t?)
atso gt ()2 qt . (14622

dy/dt
ay - A1
dx dx/dt 2
=14 _11 A
when t = 2 dx 22(3+4) ~ 16
The equation of the tangent when t = % is

:y—%zc—z)(x—z?a) =13x — 16y = 2a

and the equation of the normal is (y—%) (ﬁ) + X - 25_a= 0
= 16x + 13y = 9a

S2. Equation of line joining A & Bisx +y =4

Solving this line and curve we get

c
4 - x=—
x+1

=x*-3x+(c-4)=0 . (i)
For tangency, roots of this equation must be equal.
Hence discriminant of quadratic equation = 0

=9 = 4(c - 4) = §=c—4

9
:>C=Z+4 = c=—

9 3 9 9 9
=x*-3x+-=0 = X?-2.>x+-— +-=0



s3.

s4.

S5.

s1. (27)
s2. (11)

:>(x—§)2=0 =

3
2

X =
. 35
Hence point of contact becomes (5,5)

Here, m = g—i
x=0

ﬂ=3x2+6x+4

dx

=>m=4

and, k =y(0)

= k=-1

1
r= KL+ =
m

1 V17

(= (D] 1+—= =
= (=D T

4
Let at some time t, the length of edge is x cm.
v =x3
= IV oz X put AV = 7)
dt dt dt
= X - 7 cm/sec.
dt 3x?
Now, S = 6x?
dS _ o 9
dt dt
S dS _qg 7 .28
dt 3x? X

when x = 4 cm, ?j_s =7 cm?/sec.
t

No, f(x) = [x] is increasing (monotonically increasing) (non-decreasing), but not strictly
increasing function as illustrated by its graph.

*——

*—0

I NUMERICAL TYPE QUESTIONS I

Extreme values basically mean maximum or minimum values, since f(x) is differentiable function so
fi(-1) =0="f(c) f'(x) =3x>+ 2ax + b
f(c)=27+6a+b=0 f(-1)=3-2a+b=0

= a=-3,b=-9,ceR
= Product of a and b = 27

The possible points of maxima/minima are critical points and the boundary points.

For x € [~ 1, 3] and f(x) = x3 - 12x x | f(x)
x = 2 is the only critical point. 1111
Examining the value of f(x) at points x = -1, 2, 3. We can find greatest and least —f——
values. 2_ -16
S Minimum f(x) = - 16 & Maximum f(x) = 11. 3| -9




S3. (3) fi(x) =5x2(x = 1) (x = 3)

function increases from —oo to 1 and decreases from 1to 3 I

hence, x = 1 will be point of local maximum 0

1
function decreases from 1 to 3 and increases from 3 to « max.

hence, x = 3 will be point of local minima

S4.(60) x+y =60

=X =60 -y
= xy® = (60 - y)y*
Let f(y) =(60 -y)y® ; y € (0, 60)

for maximizing f(y) let us find critical points

f(y)=3y? (60 -y) -y°=0

f'(y) =y* (180 - 4y) = 0

= y=45

f'(45") < 0 and f'(45°) > 0. Hence local maxima at y = 45.
So x =15 and y = 45.

~ X+y=15+45=60

S5. (0) For tangent , we have to find % .

S1.

S2.

S3.

S4.

So,xy=4
We have to differentiate above equation , we get
>xZy y=0
dx
So,%=2

dx x
Here , x can not be zero .So, for point ( 0, 1) tangent can’t be drawn.

So, the number of tangents is zero .

I TRUE AND FALSE I

(False) f(x) = x2 (x — 2)?
=) =4x(x -1 (x - 2)
observing the sign change of f'(x)

0 1 2
Hence increasing in [0, 1] and in [2, ©) and decreasing for x € (- o, 0] and [1, 2]

(True) f(x) = x2 (x — 2)? R S -+
f'(x)=4x (x -1 (x - 2) 0 1 2
f(x) = 0 - x=0,1,2 Minima Maxima Minima

examining the sign change of f'(x)
Hence x = 1is point of maxima, x = 0, 2 are points of minima.

(True) f(x) =x3 - 6x2+12x - 8

3l
>

f(x))ZGXZH 2x-8

f'(x) = 3(x% - 4x + 4) f'(x) = 3(x - 2)2
f'(x) =0 =>x=2
But clearly f'(x) does not change sign about x = 2. f'(2*) > 0 and f'(27) > 0.

2

So f(x) has no point of maxima or minima. In fact f(x) is a monotonically increasing function for x e

R

(False) Atx=0 y%:x-#’l
=>y=e’=1 .
4 e

dx ___~°n

dy
_ 2

dX x=0
Hence equation of tangentis1(x — 0) =(y - 1)

=1




=>y=x+1

S5. (True) Let y = x"*
Let x = 27 and Ax = -2
Now Ay = (x + AX)"3 — x/3 = (25)"3 - 3

dy Ax = 257 - 3
dx

At x = 27,25"3 = 3 - 0.074 = 2.926

I ASSERTION AND REASONING I

S1. (c): Assertion:y = xe*
2B = xe* 4 ex
dxd
Put ﬁ =0, for maxima or minima
=>xe*+e*¥=0
>x= -1
2
Now , d—’; = 2e* + xe*
) dx
ay —o-1(2 _
> (dxz)x:—1 =e12-1)>0
Hence, at x = -1, y is minimum.
Thus , A is true but R is false.
S2. (a): Sincey = x%e™*
=Y _ Jxe — x2e*
dx
dy

Function will be increasing , if = 0
s 2xe* —x%e ¥ >0 > e *(—x2+2x)>0
= —x2+2x>0 =>x€(0,2)

Both A and R are individually true and R is the correct explanation of A.

S§3. (a): Given that, the tangent to the curve , curve y = x3 —x2 —x + 2 at (1,1) is parallel to the x — axis .
LAY o 2
w—=3x*—-2x—-1

dx
(%)  =3-2-1=0

dx (1'1)
~ The equation of tangent at (1,1) is given by (y —1) = (d—y) (x—-1

dx/(1,1)
y—1=0
=>y=1
Which is parallel to x- axis and (ﬂ) =0
dax/(1,1)

~ Both A and R are true and R is the correct explanation of A.
1
S4. (a): Given that, f(x) = x»
1
= f'(x) = iz(l —logx). xx

X
= f'(x) >0,if 1 - log x>0
=logx <1
>x<e
~ f(x) is increasing in the interval ( -o0,e).
~ Both A and R are true and R is the correct explanation of A.

S5. (a): We have, v?=2-3x
On differentiating w. r. t. t . we get

d dx
>2v—=0-3—
gt dt
v
=>2v—=-3v
dt
dv _ -3
dat 2

~ Required acceleration = _73
~ Both A and R are true and R is the correct explanation of A.



HOMEWORK

[ e |

S1. (a): The point of intersection is (Tt / 4,1/ V2)
y =sin x
dy / dx = cos x
mi = (dy / dX)/a1/ve) =1/ V2
y = cos X
dy / dx = = sin x
Mz = (dy / dX)w/a1/v2) = =1/ V2
tan 0 = |m2 - m1| / [1 + m1m2]
= 2V2
8 = tan™ (2V2)

s2. (b): f(x)=x+ i

S =1-3
Now , f'(x) >0
Gives 1> x—lz orx?>1
Or |x| > 1 for f(x) to be an increasing function ,
Or x € (—oo,—1) U(1, )
S3. (d): f(x)=2x>—9x2+12x—6
f'(x) = 6x% — 18x + 12
f'(x) =6(x*—3x+2)
frf)=6(x—-2)(x—1)

For critical point

ffx)=0
56(x—1Dx-2)=0
=>x=1,2

= f'(x) >0 forallx € (—o0,1)U(2, )
So, f(x) monotonic increasing in (—oo,1) U(2, )

S4. (b): Given function f(x) =a sin x + gsin 3x
Then, f'(x) =acosx + 3 Xg(cos 3x)

f'(x) = acosx + cos 3x
We know that the maximum value or global maxima of any function occurs at the critical point

which is given as f'(x) = 0.Also , it is given that the maximum value of f(x) = a sin x + %sin 3x occur
_r r (T _

atx—s.So,f (3)—0

= acos (n) + cos (3 g) =0

3
=22-1=0
2
>a=2
S5. (b): If f’(c) <0 then x = c is a point of maxima
S6. (a): In triangle AOB, A0? + AB? = OB?
= (h—k)?>+r2=R?

Volume of cone = im"zh
= V = én[Rz —_ (h — R)Z]h, ........ (2)
For maximum value of V

av
Z—o
dh



S7. (d):
S8. (c):
S9. (b):
$10. (a):
S1.

Z—Z=§n[—2(h—R)h+R2—(h—R)2] =0
= —3h+4R =0

h_4—

ko
. h
-.5

3
2
3
Given , f(x) = = +2

2 X

For extremum f'(x) =0
1

e =:-3

T2

For local minima f"”(x) >0
fr@ =5

> f"(2)>0,atx=2

f(x) = x3 — 3x
flfx)=3x*-1)

For maxima or minima, f'(x) =0

>x=-1,1
= x =1 ( since -1 does not belongs in the given interval )
= f"(x) =6x

= f"(1) =6 >0, so f(x) has a minimum at x =1.
Now we will find the value of function at end points
f(0) =0, f(2) = 8-6 =2

So, maximum value is 2.

f(x) = kx®* —9x% + 9x + 3 is monotonically increasing for all x € R
= f'(x) = 3kx? — 18k + 9

= f'(x) =3kx?—6x+3)>0

For the equation

ax?>+bx+c tobe +ve = a>0andD <0

~ k>0and b?—4ac<0

12k > 36

~ k > 3 for f(x) to be monotonically increasing in R.

The function f(x) = x?e~* increases in the interval
ffx)=0
> 2xe ¥ —x%e*=0
> e *2x—x%)=0
=2>x=0,x=2
f is increasing in the interval (0, 2)

I SUBJECTIVE QUESTIONS I

Let x be the radius of cylinder and y be its height v = nx%y
X, y can be related by using similar triangles
(as shown in figure).

y _h

r—Xx r

—y="(r-x
r

= Vv(x) = mx? h (r — x)
r

x € (0,r)



= v(x) = =h (rx? = x3)
r

V'(x) = 7h (2r = 3x)
r
, (2 0 dv 2r <0
vi=|—| = and v' | —
3 3
. : 2r h
Thus volume is maximum at x = 3 andy = 3

f(x) = sin2x - x
f'(x) = 2cos2x - 1

f'(x) =0
:>cost=l
2
—~x=1 5"
6 6

f'(x) = = 4 sin 2x

T
1= |<0
4
T

= Maximaatx= Z
6

5n
f"l—1|>0
%)

— Minima at x = 273,

f'(x) =12(x2 = x - 2) =12(x = 2) (x + 1)

f'(x) =0

=>x=-"Tor2

(i) if x € [0, 3], x = 2 is critical point.

(ii) if x € [- 3, 3], then we have two critical points x = - 1, 2.

(iii)If x € [- 1, 2], then no critical point as both x =1 and x = 2 become boundary points.

f'(x) =3 [x*+2(a - 7)x + (a2 - 9)]

Let a, B be roots of f'(x) = 0 and let a be the smaller root. Examining sign change of f'(x).
+ - +

o B

Maxima occurs at smaller root a which has to be positive. This basically implies that both roots of
f'(x) = 0 must be positive and distinct.

. 29
()D>0 3a<7
(i) - b so = a<7
2a
(iii) f'(0) > O =a e (- o, - 3) U (3, o)

from (i), (ii) and (iii)
:>ae(—oo,—3)u(3, ?j

f(x) =e* - (a+1) e+ 2x
fiix)=2e>*-(a+1)e*+2
Now, 2e* — (a+1) e +2>0 forall x e R



1
:>2(ex+e—xJ -(a+1)=>0 forall x e R
« 1
:>(a+1)52(e +e—xj forall x e R

1 .
—a+1<4 ( e +— has minimum value 2]
e

=>ac<3

I NUMERICAL TYPE QUESTIONS I

s1. (J_ri) % = peP + p at point (0, 1) = 2p
X
d
subnormal = ‘y—y‘
dx

subtangent = yd_x
g = dy

LSS
dx
= 2p =1
1
= =+ =
P 2

S2. (-2) f(x) =x>+kx +1
for f(x) to be increasing, f'(x) > 0
-4 x*+kx+1)>0
dx
= 2x+k>0
=k>-2x
for x € (1, 2) the least value of k is -2

S3. (9) We have,s = 15t— 2¢t?
On differentiating w.r.t t, we get

Velocity = % =15—4t

= (g)(mo) =15

d (g)(m) =15-12=3

1543 _

9

~ Average velocity =

S4. (89) Given, f(x) = 2x3 — 24x + 107
f'(x) = 6x% — 24
For maximum or minimum , put f'(x) =0

=>6x2—-24=0
= x?2=4
>x= 12

But x = -2 ¢ [1,3]
~ x = 2 is the stationary point.
Now , f(1) = 2 — 24 +107 = 85
f(2) = 2(2)% — 24(2) + 107 = 75
f(3) = 2(3)° — 24(3) + 107 = 89
Hence , the maximum value of f(x) is 89 at x = 3.
S5. (4) Let the first number be 3 -x, then the second number will be x .
According to given condition,



Let f(x) = (3-x)x2

= f'(x) = 6x — 3x2

For maximum or minimum , put f'(x) = 0
=>x=0,2

Also, f"(x) = 6 —6x

At x =2,

f"x)=-6<0

~ f(2)=(3-2) (2?2 =14

TRUE AND FALSE I

S1. (True) Let f be a differentiable a\real function defined on an open interval (a, b) . If f(x) > 0 for all x €
(a,b) ,then f(x) is increasing on (a, b).

S2. (False) Given,y = tan™lx —x
On differentiating w.r.t x , we get
dy 1 —x2

dx  1+x2 T 14x2
d
= £< 0,forallx €R
Hence , function is always decreasing.

S3. (True) Since, f(x) = 2x3 —9x? + 12x + 4
= f'(x) = 6x2 —18x + 12
For function to be increasing , f’(x) <0
26(x*-3x+2)<0
>x-2)(x—-1<0
>1<x<?2

S4. (True) Let y =x(1—x)?, then for maximum / minimum

4y _ — )2 ) —
dx—l.(l x)2—2x(1—-x)=0

>50-x)(1-x—-2x)=0
>(1-x)(1-3x)=0

=>x=1,x=§
NOW%=(—1)(1—3x)+(1—x)(—3)=(—1)(1—3)+(1—1)(—3) =2atx=1
=250

~ At x =1,y is minimum
d%y _ 1 1 _
m_(—1)[1—3><§]+(1—5)(—3)_ 2
. 1 d?y
Maximumat x =-,—=<0
3 " dx
sy is maximum

y=30-3 -2

S5. (True) Given equation y =x?—-5x+6
Differentiating the equation w.r.t x

% =2x-5
Finding slope from given point.

Slope of tangent to the curve at (2,0) is

(%)(2’0) =2(2)-5=-1

m; =-—1
Slope of tangent to the curve at (3, 0) is

m, =1



S1.

S2.

S3.

S4.

(d)

(c)

(a)

(b)

Therefore angle between the tangents to the curve at (2, 0) and (3, 0) is g

I ASSERTION AND REASONING I

Assertion (A)

f(x) =In x a fl(x) = i
Here, f'(x) > 0 in the interval (0, ).

~ f(x) is increasing function in (0, o)

Ais not correct

Reason: f(x) = e* — xln x

f'(x) =e* —lnx—x.i =e*—Inx—1

Here, f’(x) > 0 in the interval ( 1, o).

- f(x) is decreasing function.

R is correct.

Assertion(A)
x2-1
We have, f(zx) = o 2
, _ (x%+1) 20— (x%-1)(2x)
= f10) = (x2+1)2

7 _ 4x
> f0)= o
For critical points, put f'(x) =0

4x
(x2+1)2 =0
=>4x =0
>x=0
A is true
Reason (R)
0-1

f(0)= 2= -1

0+1 =
R is false.

Assertion(A)

We have , f(x) =x2 —5x +6

f'(x) =2x-5

For decreasing f'(x) <0

2x -5 <0

>x < ;

>x€ (—»,2.5) 0rx € (—x,2)

A is true ,R is true and correct explanation of A.

Assertion (A)

y—x=1

y:=x

Differentiating w. r. t x
dy

ZyE =1

v_1_q

dx 2y

1 1
Y= Ta
Tangent at G ;)

1 1 1

y=13(x+3)
1

y=x+

1

4

vz

3v2

Distance = =

A is true.



Reason (R)

4

y=x+ )

-1 2

dx x3

Since , tangent is parallel to x- axis, i.e., Z_Z =0
8

0=1- poc

x3=28

>x=2

Substitute in the equation of the curve
y=2+5=2+1=3

Equation of tangent is givenas y—3 =0 (x —2)
>y—3=0

R is true ,but R is not correct explanation of A.

(a): Assertion (A):

Critical point of f(x) = x3 — 3x2 + 3x — 100
= f'(x) = 3x%2 —6x + 3 =3(x — 1)?

=>f'(x)=0
=>3(x—1)2=0
>x=1

Reason (R): Definition of critical points.
Thus, both A and R are true and R is correct explanation of A.



