EXERCISE # 8

GEOMETRY

1 MARK

Point P is outside circle C on the plane. At most
how many points on C are 3 cm from P ?

H1 @2 33 OX

In the adjoining plane figure, sides AF and CD are
parallel, as are sides AB and FE and sides BC and
ED. Each side has length 1. Also,
/FAB = /BCD = 60°. The area of the figure is

5 A C

(1)7
@)1
33
()2

@ 3 E
Triangle ABC has a right angle at C. If sin A
=2/3, then tan B is

3 J5 2 J5
1) — 2) — 3) = 4) —
€] 5 2 3 3) J5 “) >
Figure ABCD is a trapezoid with AB || DC,

AB = 5, BC = 3./ , /BCD=45° and
/CDA =60°. The length of DC is

A 5 B
3
80 45N\ ~
(1) 7+243 () 8
3) 9% 4) 8++/3

A right triangle ABC with hypotenuse AB has side
AC =15. Altitude CH divides AB into segments
AH and HB, with HB = 16. The area of AABC

is
C

A q 6 B
(1) 120 (2) 144 (3) 150 (4) 216

In an arcade game, the “monster” is the shaded
sector of a circle of radius 1 cm, as shown in
the figure. The missing piece (the mouth) has
central angle 60°. What is the perimeter of the
monster in cm ?

1 r+2

(2) 2n
3 ir o
4) 3n+2

In the figure, AABC has a right angle at C and
/A =20°. If BD is the bisector of ZABC, then

/ZBDC =

B
M
A <£—Tc

(1) 40° (2) 45° (3) 50° (4) 55°

In AABC, AB =13, BC =14 and CA = 15. Also,
M is the midpoint of side AB and H is the foot of
the altitude from A to BC. The length of HM is -

)<T7\
B i C

1)6 (2) 6.5
3)7 “ 75
In AABC, AB =8, BC =7, CA =6 and side BC
is extended, as shown in the figure, to a point

P so that APAB is similar to APCA. The length
of PC is

y C
ﬁ\
A 3 B
(H7 2) 8
39 4 10




10.

11.

12.

13.

14.

As shown in figure, a triangular corner with
side lengths DB = EB =1 is cut from equilateral
triangle ABC of side length 3. The perimeter of
the remaining quadrilateral ADEC is

(1) 6

A
1
2) 65 3 .
3) 7 C va 5
4) 8

In the figure the sum of the distance AD and BD
is

D 3 C
- O
4
.
A 13 B
(1) between 10 and 11

2) 12
(3) between 15 and 16
(4) between 16 and 17

Triangle ABC and XYZ are similar, with A
corresponding to X and B to Y. If AB = 3,
BC =4 and XY =5, then YZ is

3
M 35 @6

1 2
3) 6 ) 65

Four rectangular paper strips of length 10 and
width 1 are put flat on a table and overlap
perpendicularly as shown. How much area of
the table is covered ?

I_D_

m—

(1) 36 (2) 40
(3) 44 4) 96

A quadrilateral is an equiangular parallelogram if
and only if it is a

(1) rectangle

(2) regular polygon
(3) thombus

(4) square

15.

16.

17.

18.

19.

In one of the adjoining figures, a square of side
2 is dissected into four pieces so that E and F
are the midpoints of opposite sides and AG is
perpendicu-lar to BF. These four pieces can then
be reassembled into a rectangle as shown in the
second figure. The ratio of height to base, XY/YZ
, in this rectangle is

X w
A F D
G
B E C Z
Y
(1) 4 2) 1423
(3) 245 4) 5

A circle of radius r goes through two
neighboring vertices of a square and is tangent
to the side of the square opposite these vertices.
In terms of r, the area of the square is -

8 »
(1) gr (2) 2r? (3) r? (4) 3r?
Two congruent 30° - 60° - 90° triangle are
placed so that they overlap partly and their
hypotenuses coincide. If the hypotenuse of
each triangle is 12, the area common to both
triangle is -

(D) 63 2) 83

(3) 93 @ 1243

In AABC with right angle at C, altitude CH and
median CM trisect the right angle. If the area
of ACHM is K, then the area of AABC is -
(1) 6K (2) 43K

(3) 33K (4) 4K
A sector with acute central angle 0 is cut from

a circle of radius 6. The radius of the circle
circumscribed about the sector is -

(1) 3 cos 6 (2) 3 sec O

(3) 3 cos (gj (4) 3 sec (gj



20.

21.

22,

23.

24.

25.

Given a quadrilateral ABCD inscribed in a circle
with side AB extended beyond B to point E. If
ZBAD = 92° and ZADC = 68°, find ZEBC -
(1) 66° (2) 68° (3) 70° (4) 88°

In the adjoining figure TP and T 4 P

\

TQ are parallel tangents to a

TH
circle of radius r, with T and
T' the points of tangency. ‘
PT"Q s a third tangent with T" T 9 Q

as point of tangency. If TP = 4 and TQ =9, then
ris -

(1)25/6 (2)6

(3) 25/4  (4) a number other than 25/6, 6, 25/4

In parallelogram ABCD of the accompanying
diagram, line DP is drawn disecting BC at N
and meeting AB (extended) at P. From vertex
C, line CQ is drawn bisecting side AD at M and
meeting AB (extended) at Q. Lines DP and CQ
meet at O. If the area of parallelogram ABCD
is k. Then the area of triangle QPO is equal to-

D C
M ) N
Q A B P
() k (2) 6k/5 (3) 9k/8 (4) 5k/4

If the side of one square is the diagonal of a
second square, what is the ratio of the area of
the first square to the area of the second ?

1) 2 @2 12 @) 22
In the adjoining figure triangle ABC is such that
AB =4 and AC = 8. If M is the midpoint of BC
and AM = 3, what is the length of BC ?

(1) 2426 A
@ 231

3)9
4 4+2\13

The sum of the distances from one vertex of a

M C

square with side of length two to the midpoints of

each of the sides of the square is -
(1) 245 2) 2443
3) 2+23 @ 24245

26.

27.

28.

29.

30.

31.

In triangle ABC, D is the midpoint of AB;E is
the midpoint of DB and F is the midpoint of BC.
If the area of AABC is 96, the area of AAEF is
(1) 16 (2) 24 3) 32 (4) 36

The measures of the interior angles of a convex
polygon are in arithmetic progression. If the
smallest angle is 100° and the largest angle is
140°. Then the number of sides the polygon

has is-
(H o6 2) 8

In the adjoining figure.

(3) 10

4) 11

AB is tangent at A to
the circle O; point D is
interior to the circle;
and DB intersects the

circle at C. If BC=DC = 3, OD = 2 and
AB = 6, then the radius of the circle is -

(1) 3++/3 (2) 15/n
(3) 972 4) 22

Which one of the following statements is false?
All equilateral triangles are

(1) equiangular

(2) isosceles

(3) regular polygons

(4) congruent to each other

In triangle ABC, AB = AC and £A = 80°. If
points D, E and F lies on sides BC,AC and AB
respectively and CE = CD and DF = BD. then
ZEDF equals

(1) 30° L

(2) 40° 5 F

(3) 50°

4)65° € D b

In the adjoining figure ZL = 40° and arc AB,
arc BC and arc CD all have equal length. Find
the measure of ZACD.

(1) 10°
(2) 15°
(3) 20°

45\’
) (7) O

B
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32.

33.

34.

3s.

36.

Each of the three circles in the adjoining figure
is externally tangent to the other two and each
side of the triangle is tangent to two of the
circles. If each circle has radius three, then the

perimeter of the triangle is

(1) 36 +9V2
(2) 36+63

(3) 36+93

4) 18+18y3

Opposite sides of a regular hexagon are 12 inches

apart. The length of each side in inches is

(1 7.5 (2) 642
3) 52 @ 43

If B is a point on circle C with center P, then
the set of all points A in the plane of circle C
such that the distance between A and B is less
than or equal to the distance between A and any
other point on circle C is-

(1) the line segment from P to B

(2) the ray beginning at P and passing through B
(3) aray beginning at B

(4) a circle whose center is P

In AADE, ZADE = 140°. Points B and C lie on
sides AD and AE, respectively, and points
A,B,C,D,E are distinct. If lengths AB,BC,CD and
DE are all equal, then the measure of ZEAD is-
(1) 5° (2) 6°

3) 7.5° (4)10°

If rectangle ABCD has area 72 square meters
and E and G are the midpoints of sides A D and

CD. respectively, then the area of rectangle

DEFG in square meters is :-

1) 8 A B
@9 E F

3) 12

(4) 18 G ¢

37.

38.

39.

40.

In the adjoining figure, ABCD is a square, ABE
is an equilateral triangle and point E is outside

square ABCD. What is the measure of
ZAED in degrees ?

(D10 D A
2)12.5

E
(3) 15
420 C B

A circle with area A | is contained in the interior
of a largest circle with area A +A,. If the radius
of the largest circle is 3 and if A}, A,, A+ A,
is an arithmetic progression, then the radius of

the smaller circle is :-

NG

3 2
D — ® 5 4 3

Points A, B, C and D are distinct and lie, in the

2) 1

given order, on a straight line. Line segment
AB, AC and AD have lengths x, y and z
respectively. If line segments AB and CD may
be rotated about points B and C. respecticely,
so that points A and D coincide, to form a
triangle with positive area, then which of the

following three inequalities must be satisfied ?

1 X<E 11 <X+E T11 <E

. 5 MLy 5 <3

(1) I only

(2) T only /' ‘\

(3) I and II only ; N
A C D
(4) II and III only

In the adjoining figure. CDE is an equilateral
triangle and ABCD and DEFG are squares.
The measure of ZGDA is :-
(1) 90°

A G
(2) 105°
(3) 120°

(4) 135° C E




41. If AB and CD are perpendicu]ar diameters of | 46. In a triangle with sides of lengths a. b and c.
) R (@a+b+c)a+b-c)=3ab.
circle Q. and ZQPC=60°. then the length of The measure of the angle opposite the side of
PQ divided by, the length of AQ is :- length c is :-
B3 B C (1) 15° (2) 30° (3) 45° (4) 60°
(D B () 5 ’A. 47. The perimeter of a semicircular region,
A B measured in centimeters. is numerically equal
3) ﬁ (4) 1 ‘v to its area, measured in square centimeters-
2 2 L The radius of the semicircle, measured in
42. Sides AB,BC,CD and DA of convex centimeters, is :-
quadrilateral ABCD have lengths 3, 4, 12 and K (2) 2/n 3)1 (@) %+2
13 respectively and ZCBA is aright angle. The | 48. If sum of all but one of the interior angles of
area of the quadrilateral is :- a convex polygon equals 2570°. The remaining
angle is :-
(1) 32 . (1)90°  (2) 105°  (3) 120°  (4) 130°
(2) 36 . N 49. In the adjoining figure, points B and C lie on
B line segment AD, and AB, BC and CD are
(3) 39 D — A3 diameters of circles O, N and P. respectively.
(4) 42 Clrcles O, N- and P all have radius 15. and the
. . . line AG is tangent to circle P at G. If AG
43. Point E is on side AB of square D ¢ intersects circle I%I at points E and F, then chord
ABCD. If EB has length one 5 EF has length
and EC has length two. then the F G
area of the square is :- A E 1 B M\
A L D
O B N P
MB DB B3 4) 243
44. In trapezoid ABCD, sides AB and CD are (1) 20 (2) 1512 (3) 24 4) 25
parallel, and diagonal BD and side AD have | 50. The area of a square inscribed in a semicircle
equal length. If /DCB = 110° and ZCBD = 30°, to the area inscribed in a quadrant of the same
circle is as :-
then ZADB = (H2:1 (3:2 (3)5:3 48:5
(1) 80° 51. If in the figure AB = 4, BC 6, CA = § then
(2) 90° AZ + BX + CY is :- A
(3) 100° (1)18
P ) )9 2 Y
4) 110° 3) 6 5 .
45. In AABC, M is the midpoint of side BC. AN 4 12 X
bisects /BAC.BNL AN and 0 is the measure | 52. A triangle has sides of lengths 6, 8 and 10. find
of /BAC. If sides AB and AC have lengths 14 the distance between its incentre and
and 19. respectively, then length MN equals :- circumcentre.
(1) 2 N MHJViIo @25 B2 @5
(2) 572 , 53. A triangle (non degenerate) has integral sides
5 ) N and perimeter 8. If its area is A then A is :-
3) 5" sin@ i N i (1) less than 2
5 1 - M (2) Greater than 2 but less than 3
“4) E—ESine (3) Greater than 3 but less than 4
(4) None of these
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2 MARKS

Segment AB is both a diameter of a circle of radius
2 and a side of an equilateral triangle ABC. The
circle also intersects AC and BC at points D
and E, respectively. The length of AE is

2 22

M 3 @ 3
3

<3)§ @ 3

Point D is on side CB of triangle ABC. If
Z/CAD =/DAB=60°, AC =3 and AB =6,
then the length of AD is

(1)2 2)2.5

33 “4) 3.5

In the adjoining figure the five circles are tangent
to one another consecutively and to the lines L,
and L,. If the radius of the largest circle is 18 and

radius of smallest circle is 8 then the radius of the
middle circle is

L,

L,
(1) 12 (2)12.5
3)13 (4)13.5
How many non-congruent right triangles are there

such that the perimeter in cm and area in cm?
numerically equal ?

(1) none 21
3)2 (4) infinitely many

are

A large sphere is on a horizontal field on a sunny
day . At a certain time the shadow of the sphere
reaches out a distance of 10 m from the point
where the sphere touches the ground. At the same
instant a meter stick (held vertically with one end
on the ground) casts a shadow of length 2m.
What is the radius of the sphere in meters ?
(Assume the sun’s rays are parallel and the
meter stick is a line segment).

(1) 52 @ 9-445

(3) 8/10 -23 4) 104/5-20

Triangle ABC in the figure has area 10. Points
D, E and F all distinct from A, B and C are on
sides AB, BC and CA respectively, and AD = 2,
DB = 3. If triangle ABE and quadrilateral DBEF
have equal areas, then that area is

C
E
A 2 D 3 B
(1) 4 @) 5
3)6 ) 2@

Distinct points A and B are on a semicircle with
diameter MN and center C. The point P is on
CN and /CAP=/CBP=10°. If MA = 40°,
then BN equals

(1) 10° (2) 15°

(3) 20° (4) 25°

A rectangle intersects a circle as shown :

AB =4, BC =5 and DE = 3. Then EF equals

A 4 B 5 C

[ \

D 3 E F
1)6 @27 (3) 20/3 4) 8

In the obtuse triangle ABC, AM =MB, MD L BC,

EC L BC. If the area of AABC is 24, then the area
of ABED is

A
E
W
B D C
(9 (2) 12
(3) 15 (4) 18




10.

11.

12.

13.

14.

In AABC, D is on AC and F is on BC. Also,
AB 1 AC,AF 1 BC,andBD=DC=FC=1.Find AC

A
D
B F C
M @B B 3 @

Pegs are put in a board 1 unit apart both horizontally
and vertically. A rubber band is stretched over 4 pegs
as shown in the figure , forming a quadrilateral. Its
area in square units is

(1) 4 (2)4.5 35 4 6
Exactly three of the interior angles of a convex
polygon are obtuse. What is the maximum
number of sides of such a polygon ?

(14 @5 36 @7
Diagonal DE of rectangle AECD is divided into
three segments of length 1 by parallel lines L
and L’ that pass through A and C and are
perpendicular to DE. The area of AECD,
rounded to one decimal place, is

A N\ E

1
! 1
DTN I\
(H4.1 2)4.2 3)4.3 444

In a circle with center O, AD is a diameter, ABC

is a chord, BO = 5 and ZABO=CD=60°.
Then the length of BC is

AT

5

60° 5
D

(1) 3 ) 3+3

3) 5-L )5

15.

16.

17.

18.

A park is in the shape of a regular hexagon 2k
on a side. Starting at a corner, Alice walks
along the perimeter of the park for distance of
5 k. How many kilometers is she from her
starting point ?

(1) 3 2 J1a
3) 15 @) 16

In the configuration below, 0 is measured in
radians, C is the center of the circle , BCD and
ACE are line segments, and AB is tangent to
the circle at A. E

4

A

B

A necessary and sufficient condition for the
equality of the two shaded areas, given 0 < 0
< m/2, is

(1)tan 6 =6 (2) tan 6 = 260

(3) tan 6 = 460 (4) tan 26 = 6

In the adjoining figure, AB is a diameter of the
circle , CD is a chord parallel to AB, and AC
intersects BD at E, with /AED = ¢ . The ratio
of the area of ACDE to that of AABE is

(1) cosa
(3) cos?a
ABCDE is a regular pentagon. AP, AQ and AR
are the perpendiculars dropped from A onto
CD, CB extended and DE extended,
respectively. Let O be the center of the
pentagon . If OP =1, then AP + AQ + AR equals
3

2) 1++5
3) 4

@) 2445




19.

20.

21.

22,

23.

Two of the altitudes of the scalene triangle ABC
have length 4 and 12. If the length of the third
altitude is also an integer, what is the biggest
it can be ?
1) 4 25 (3)6 )7
A long piece of paper 5 cm wide is made into a
roll for cash registers by wrapping it 600 times
around a cardboard tube of diameter 2 cm,
forming a roll 10 cm in diameter. Approximate
the length of the paper in meters. (Pretend the
paper forms 600 concentric circles with diameters
evenly spaced from 2 cm to 10 cm.)
(1)36n (2)45n (3) 60n 4) 72n
There are two natural ways to inscribe a square
in a given isosceles right triangle. If it is done
as in figure 1 below, then one finds that the area
of the square is 441 cm?. What is the area (in
cm?) of the square inscribed in the same AABC
as shown in figure 2 below ?

A A

(1) 378 (2) 392 (3) 400 (4) 441
In the figure, AABC has ZA =45°and ZB =30°. A

line DE, with D on AB and ZADE = 60°, divides
AABC into two pieces of equal area. (Note : the
figure may not be accurate ; perhaps E is on CB
instead of AC.) The ratio AD/AB is

C
E

45° _ 60° 30N p
D

A

1 2 1 1
W5 @55 OF @ 3n
ABC and A’B’C’ are equilateral triangles with
parallel sides and the same center, as in the
figure, The distance between side BC and side
B’C’ is 1/6 the altitude of AABC. The ratio of
the area of AA’B’C’ to the area of AABC is

nLt ol
D3 @5

1 V3
& 4 -

24.

25.

26.

27.

28.

29.

The six edges of tetrahedron ABCD measure
7,13,18,27,36 and 41 units. If the length of
edge AB is 41, then the length of edge CD is
(1 7 (2) 13

(3) 18 4) 27

An isosceles trapezoid is circumscribed around
a circle. The longer base of the trapezoid is 16,
and one of the base angles is arcsin(.8). Find
the area of the trapezoid.

(1) 72 2) 75

(3) 80 4) 90

In the figure, AB L BC,BC LCD and BC is
tangent to the circle with centre O and diameter
AD. In which one of the following cases is the
area of ABCD an integer?

(1) AB=3,CD=1 A
(2) AB=5,CD=2 (
(3) AB=7,CD=3
N P
(4) AB=9,CD=4 B C

If the sum of all the angles except one of a
convex polygon, is 2190°, then number of
sides of the polygon must be -

(1) 13 ) 15

3) 17 “ 19

A cowboy is 4 miles south of a stream which
flows due east. He is also 8 miles west and 7
miles north of the cabin. He wishes to water his
horse at the stream and return home. The
shortest distance (in miles) he can travel and
accomplish this is -

(1) 4+185 (2) 16

3) 17 4) 18

A circular grass plot 12 feet in diameter is cut
by a straight gravel path 3 feet wide, one edge
of which passes through the center of the plot.
The number of square feet in the remaining
grass area is -
(1) 36n — 34
(3) 36m — 33

(2) 30w - 15
) 30m-93



30.

31.

32.

33.

In the unit circle shown in the figure to the right.
Chords PQ and MN are parallel to the unit
radius OR of the circle with center at O. Chords
MP,PQ and NR are each s units long and chord

MN is d units long. Of the three equations.
Lds=1 1ILds=111d*-s=.5

those which are necessarily true are -

(1) I only
(3) 1II only

(2) II only
(4) I, II and III

A circle of radius r is inscribed in a right
isosceles triangle, and a circle of radius R is
circumscribed about the triangle. Then R/r

equals -

(1) 1442 ) 2+2ﬁ
J2-1 142

3) > 4) >

In the adjoining figure ABCD is a square and
CMN is an equilateral triangle. If the area of
ABCD is one square inch. then the area of CMN

in square inches is -

D C
(1) 23-3 y
(2) 1-4/3/3
3) 374
@ 273 A N B
In the adjoining figure A B D C

and BC are adjacent sides
of square ABCD : M is
the midpoint of A B; N is o N
the midpoint of BC : and
AN and CM intersect at
O. Ratio of the area of
AOCD to the area of ABCD is -

(1) 516 (2) 3/4 (3) 2/3

A M B

4) J3/2

34.

3s.

36.

37.

In triangle ABC. ZC = 0 and ZB = 20. Where
0° < 6 < 60°. The circle with center A and radius
AB intersects AC at D and inersects BC.
extended if necessary at B and at E(E may
coincide with B). Then EC = AD

(1) for no values of 6

(2) only if 6 = 45°

(3) only if 0° < 0 < 45°

(4) for all 6 such that 0° < 6 < 60°

In acute triangle ABC the bisector of ZA meets
side BC at D. The circle with center B and
radius BD intersects side AB at M; and the circle
with center C and radius CD intersects side AC
at N. Then it is always true that -

(1) ZCND + ZBMD = ZDAC = 120°
(2) AMDN is a trapezoid
(3) BC is parallel to MN

3(DB -DC)
2
In triangle ABC shown C

(4) AM-AN=

in the adjoining E
figure, M is the mid-

point of side BC.AB =

12 and AC = 16. Points G

E and A F B

F are taken on AC and AB, respectively, and
lines EF and AM intersect at G. If AE = 2AF
then EG/GF equals -

(1) 372 (2) 4/3
(3) 5/4 4) 6/5

In triangles ABC and DEF, lengths AC,BC,DF
and EF are all equal length. AB is twice the length
of the altitude of ADEF from F to DE. Which of
the following statements is (are) true ?

I. ZACB and ZDFE must be complementary
II. ZACB and ZDFE must be supplementary.

III. The area of AABC must equal the area of
ADEF.

(1) II only
(3) IV only

(2) 1II only
(4) II and III only



38.

39.

40.

Given an equilateral triangle with side of length

s. consider the locus of all points P in the plane

of the triangle such that the sum of the squares

of the distance from P to the vertices of the

triangle is a fixed number a. This locus -

(1) isacircle if a> &

(2) contains only three points if a = 2s and is
a circle if a > 2s?

(3) is a circle with positive radius only if
s?<a<2s?

(4) contains only a finite number of points for
any value of a

In the adjoining figure,

circle K has diameter

AB; circle L is tangent to

circle K and to AB at the

center of circle K and A K B

circle M

is tangent to circle K;

to circle L and to AB. The ratio of the area of
circle K to the area of circle M is -

(1) 12 (2) 14

3) 16 4) 18

In the adjoining figure, every point of circle O'
is exterior to circle O. Let P and Q be the points
of intersection of an internal common tangent

with the two external common tangents. Then
the length of PQ is-

N0
(1) The average of the lengths of the internal

and external common tangents.

(2) Equal to the length of an external common
tangent if and only if circles O and O' have
equal radii

(3) Always equal to the length of an external
common tangent.

(4) Greater than the length of an external
common tangent.

41.

42.

43.

44.

Let E be the point of intersection of the diagonals
of convex quadrilateral ABCD and let P, Q, R and
5 be the centers of the circles circumscribing triangles
ABE, BCE, CDE and ADE respectively. Then

(1) PQRS is a parallelogram

(2) PQRS is a parallelogram if and only if
ABCD is a rhombus

(3) PQRS is a parallelogram if and only if
ABCD is rectangle

(4) PQRS is a parallelogram if and only if
ABCD is a parallelogram

Let a, b, c and d be the lengths of sides MN,

NP, PQ and QM respectively, of quadrilateral

MNPQ. If A is the area of MNPQ, then -

a+c) b+d
(1) A= 5 || 75| ifonly if MNPQis convex

a+c ) b+d
Q) A= 5 || 75 ] if an only if, MNPQ

is a rectangle

a+c ) b+d
(3)AS( J(—j if only if MNPQ is a

2 2
rectangle
a+c ) b+d
4) A< > S if and only if MNPQ

is parallelogram
Vertex E of equilateral triangle ABE is in the
interior of square ABCD and F is the point of
intersection of diagonal BD and line segment

AE. If length AB is /14+/3 then the area of

AABEF is-
D C
2 E
(D1 (2) %
E
3
3) % 4) 4-23
A B

In AABC,AB=10. AC=8and B

BC = 6. Circle P is the circle

with smallest radius which R

passes through C and is tangent

to AB. Let Q and R be the C 0

points of intersection, distinct from C of circle
P with sides AC and BC respectively. The
length of segment QR is-

2)475 2)48 (35 @ [



45.

46.

47.

48.

49.

If AA,A,A, is equilateral

A,
and A, is the midpoint
of line segment A A, A, A,
for all positive integers n, A
then the measure of Al Y A,
ZA A A, equals -
(1) 30° (2) 45° (3) 60° (4) 120°

Sides AB, BC, CD and DA, respectively, of
convex quadrilateral ABCD are extended past
B,C,D and A to points B', C', D' and A', Also
AB=BB'=6. BC=CC=7,CD=DD'=8 and
DA = AA'=9; and the area of ABCD is 10. The
area of A'B'C'D' is -

(1) 20 (2) 40 3) 45 4) 50

If P, P,P,P,P. P, is aregular hexagon whose
apothem (distance from the centre to the
modpoint of a side) is 2, and Q, is the midpoint

of side P, P, fori =1, 2, 3, 4. then the area of
quadrilateral Q, Q, Q; Q,is :-
(1) 6 (2) 26
83
3) Tf 4) 343

In the adjoining figure, CD is the diameter of
a semi-circle with centre O. Point A lies on the
extension of DC past C; point E lies on the
semi-circle, and B is the point of intersection
(distinct from E) of line segment AE with the semi-
circle. If length AB equals length OD, and the

measure of ZEOD is 45°. then the measure
of /ZBAO is :-

E
B
450
A
C o) D
(1) 10° (2) 15°
(3) 20° (4) 25°

The length of the hypotenuse of a right triangle
is h, and the radius of the inscribed circle is r.
The ratio of the area of the circle to the area of
the triangle is :-

Tr (2) Tr (3) Tr (4) 7'[1‘2
h+2r h+r 2h+r h? +12

6]

50.

51.

52.

53.

The edges of a regular tetrahedron with vertices
A, B, C and D each have length one. Find the
least possible distance between a pair of points
P and Q. where P is on edge AB and Q is on
edge CD.

Do 22
M 3 @ -

2 5
3 ORs

Sides AB. BC and CD of (simple*)
quadrilateral A BCD have length 4. 5 and 20,
respectively. If vertex angles B and C are obtuse
and sinC = —cosB = 1/5. then side AD has length
(1) 24 (2) 245

3) 24.6 4) 25

Circle with centers A, B and C each have radius
r, where 1 <r < 2. The distance between each pair
of centres is 2. If B' is the point of intersection
of circle A and circle C which is outside circle
B, and if C' is the point of intersection of circle
A and circle B which is outside circle C. then
length B'C' equals
(1) 3r-2

2)r

(3) t+ J3(r-1)
@ 1+ 3¢2-1)

Let C,, C, and C,, be three parallel chords
of circle on the same side of the centre.

The distance between C,, and C,, is the same
as the distance between C, and C,. The lengths
of the chords are 20, 16 and 8. The radius of
the circle is :-

1) 12 @47 0O “)




54.

55.

56.

57.

In triangle ABC, ZCBA = 72° E is the midpoint
of side AC. and D is a point on side BC such
that 2BD = DC : AD and BE intersect at F. The
ratio of the area of ABDF to the area of
quadrilateral FDCE is :-

ey

3)

A ray of light originates from point A and
travels in a plane, being reflected n times
between lines AD and CD. before striking a
point R (which may be on AD or CD)
perpendicularly and retracing its path to A (At
each point of reflection the light makes two
equal angles as indicated in the adjoining
figure. The figure shows the light path for
n=3)If ,cDA = 8°. what is the largest value
n can have ?

(o (2) 10

(3) 38

(4) 98

Equilateral AABC is inscribed in a circle. A
second circle is tangent internally to the
circumcircle at T and tangent to sides AB and
AC at points P and Q. If side BC has length 12,
then segment PQ has length 4 A

1) 6

) 63 . 0

3)8 B C

4) 83 U
T

In triangle ABC in the adjoining figure. AD and

AE trisect /BAC . The length of BD, DE and
EC are 2, 3 and 6, respectively. The length of
the shortest side of AABC is :-

(1) 210 A
)11

(3) 6.6
) 6 5 D

s}
@

58.

59.

60.

61.

In the adjoining figure traingle ABC is
inscribed in a circle. Point D lies on AC with
DC = 30°. and point G lies on BA with BG >
GA. Side AB and side XC each have length
equal to 10 the length of chord DG.

and ZCAB =30°. Chord DG intersects sides AC
and AB at E and F. respectively. The ratio of
the area of AAFE to the area of AABC is :-

1 —_—

3

(3) 7/3-12

(4) 3435
In the adjoining figure, the triangle ABC is a

right triangle with ZBCA = 90°. Median CM is
perpendicular to median BN, and side BC = s.
The length of BN is :-

(1) s2 A

2) %sﬁ

3252 " M A

s\/6
4) 22
@ =
The lengths of the sides of a triangle are
consecutive integers, and the largest angle is
twice the smallest angle. The cosine of the
smallest angle is :-

3 7 2 9
D 5 @ 1 G 3 @
In the figure, quadrilateral PQRS is formed by
the points of intersection of trisectors of the

angles of the rectangle ABCD. The
quadrilateral PQRS is a :-
(1) Square

(2) Rhombus
(3) Rectangle

(4) Parallelogram



62.

63.

Let ABC be a triangle and the points D, E, F
are in the plane of the triangle such that :-
(1) B and E are separated by AC

(i) D and C are separated by AB

(iii)A and F are separated by BC

(iv)AADB ||| ACEA ||| ACFB (similar)

Then the quadrilateral AFED must be :-

(1) a parallelogram (2) cyclic

(4) a rhombus

Let ABC be a triangle with BC = 5, CA = §,
AB = 7. If G is the centroid of AABC then
GA? + GB? + GC? is :-

(1) 46 (2) 138

(3) 69 (4) 40

(3) a rectangle

64.

65.

The quadrilateral ABCD is inscribed in a circle.
The diameter of the circle is :-

BC

AWD
14 3
(1) 387 @) 315
(3) 65 4) 55

O, and O, are the centres of two circles with
radii 9 cm and 3 cm respectively. The length
of the shortest rope that could be wound
around the circles is of length (in cm.)

(2) 14n+1243
4) Tn+1243

(1) 127 + 1443
(3) 6m+6+/3



GEOMETRY SOLUTION
1 MARK ZH = £C = 90°
ZA = ZA (common)
A AAHC ~ AACB by AA similarity
3cm A_H_£ s 0 [90-0
AC AB
P AH__AC - ace Nc =) =5
— s iven =
3cm Circle(C) AC AH+16
B AH _ AC = AH=9 A
15 AH+16
Since we know from any external point two AAHC ~ ACHB
tangents are drawn which are of equal lengths. AH  HC
So Atmost 2 points on circle (C - T~ ~5n  Given (HRZ16) C
Area of equilateral AABF = ﬁx(l)z i:H—C: HC=12
4 HC 16

B3
4
So area of Figure = 4 x Area of AABF
= 4x£: 3
4
Sin A = 2 A
in A =7
3
AC=+3-2% =5
_ AC cH B
then tan B = BC 2
¥5
2

Draw a perpendicular from A & B on line CD
Let DT = x A > B

CQ=y i
In ABQC o A

x T 5 Q
Sin 45° = B9 BQ =3
in = 3c = Q=

In AADT AT =BQ =3
AT
tan60° = ﬁ = DT(x) = \/5

o Length of DC=x+5+y=8+ .3

Area of AABC = % x 25 x 12
= 150

r =1 cm (given) 9=% (given)

l T L T
0 =— —=—=/l=—

" = 3 3
Total perimeter = 2nr = 2n(1) = 2=

Now Perimeter of the monster = 2n —¢) + 2r
=27-% 42
3

=5—ﬂ+2
3

ZC =90° & ZA = 20° (Given)
- /B =180° —(90° +20°) = 70°
Since BD is bisector of £ ABC
.~ ZABD = ZCBD = 35°
Now ZBDC = 180° - (£BCD + ZCBD)
= 180° — (90° + 35°)
= 55°
Since AAHB is right angle A & AB = 13
(Given)
Length of median from right angle A is half
the length of hypotenuse. A

1
So HM = —(AB) M




10.

11.

12.

APAB ~ APCA

PC_6__PA
PA 8 PC+7
N S

PA =2 PC (1)
PA 3

PC+7 4
From (1) & (2)

. (2)

PC

PC+7

[SSHINN

3
4

16

- PC=3PC+21 = [PC=9

ADBE ~ AABC
Let DE = x AB=BC=CA =3

(Given)

W | =

3
~DE=x=1
CE=CB-EB=3-1=2
AD=AB-DB=3-1=2
Perimeter of quadrilateral ADEC is
=3+2+2+1
=38
Using Pythagoras theorem

BD =+/3?+4% =5
AD =+/(13-3)> +4% =116

Thus the sum is AD + BD = 5 + 116 and
as 100 < 116 < 121 = 10 < /116 < 11

so that the sum is between 15 and 16.
AXYZ ~ AABC

X
_ AB_BC A
XY YZ
Y Z
4
=3V B C

3
5 Yz
vz=-2_62
3003

13. We first observe that the paper strips cover up
part of the others. Since the Width of the
overlap is 1 and the length of overlap is 1 and
the area of the each of strips with the overlap
is (10 x 1) — 1 = 9 Since there are 4 strips so
area of table covered is = 4 x 9 = 36

14. The definition of an equiangular parallelogram
is that all angles are equal and that pairs of
sides are parallel. It may be a rectangle,
because all the angles are equal and it is a
parallelogram. It is not necessarily a regular
polygon, because if the polygon is a pentagon,
it is not a parallelogram. It is not necessarily
a rhombus, because all the angles are not
necessarily equal. It may be a square, since it
is a parallelogram and all the angles are equal.
It means it could be a square or a rectangle.
but A square is a rectangle. A rectangle is not
necessarily a square. So the most accurate
answer is rectangle.

15. -+ AD = AB = 2 (given)

AF =1

S BFE= 2012 =5
1 1
Now Area of AABF = EXBFXAGZEXABXAF

J5xAG =2x1

AG=—=-YZ

J5
Now the rectangle must have the same area
as the square, as the pieces were put together
without gaps so its area is 22 = 4

Area 4
— L L SR NS <
Thus the vertical side WZ = YZ 2/45

Then th ired ratio = —~—==95
cn (] requlre ratio 2/\/5

16. In ABQP
A~ Q> \B

2
a
rr=(a-1)72+ (Ej

2
a
> =a’+r2 —2ar+7



17.

18.

2
Zarzsi
4
a(2r—2]:0
4
az0 2r—2:0
4
:>5—a=2r3a:§r
5
4 5
So area of square (a?) = 55"

We observe that the altitude of the shaded
region bisects the hypotenuse of the original
two right triangles.

Now by using 30°—60°-90° triangles the altitude

s X
length is 2./3 (tan30 :g)

1
The area of shaded region is 5><12X2\/§

1243

-

A H M B

Since CM is a medium

So AM = BM

Also By ASA congruency
ACHA = ACHM

So AH = HM

1 1
_ -+ AM = —AB
HM = (AB) ( > ]

Since ACHM and AABC has same altitude
.. Area of AABC = 4 (Area of ACHM) = 4K

19.

20.

21.

Let Q be the centre of the circle and P, R be
two points on the circle such that ZPQR = 0.
If the circle circumscribes the sector, then the
circle must circumscribe APQR.

Drawn the perpendicular bisectors of QP and

QR and mark the intersection as point S and

draw a line S to Q. By congruency and CPCT.
ZPQS = ZRQS = 6/2

Let R be the circumradius of triangle

3
cos 0/2 = ®

R= 3 =3sec(0/2)
cos@/2

Since ABCD is cyclic, sum of opposite angle
must be 180°

A B _.E

D C

Therefore ~ ADC + 2 ABC = 180°
ZABC = 180° - ZADC
= 180° — 68°
=112°
Also ZABC + ZEBC = 180°
ZEBC = 180° — £ZABC
Z/EBC = 180° - 112°
ZEBC = 68°

T 4 P




22,

23.

24.

PT = PT" =4
QT'=QT" =9
In right angle APRQ

PR =+/(13)*-5% =12

~ TT' = PR = 12

TT'=2r=12 =r=6

Area of triangle QPO = Area of AQAM + Area of
APBN + Area of AMONB

= Area of AMONB + Area of MDC
S e

—_——

+ Area of NOC + Area of DOC
\——\/g—/

Area of ABCD + Area of DOC

1
K + 1 (Area of DCMN)

iz

=K+ 7
9K
T8
a
A B
X
F a E a
X
D C

Area of first square = a’
In AAED x? + x? = a?

2
a
Area of second square = 5

Areaof first square a’

=2

Ratio of

Area of second square B at/2

Use Stewart Theorem

25.

26.

b'm + ¢’n = a (mn + d2)
8%x + 42x = 2x(x.x + 3?)
64x + 16x = 2x(x2 + 9)

x? =31
X = 31
So length BC = 2x
=231
A 1 F 1 B
1 1
X
Ee X G
1
D ] H C
In AABG 22 4+ 12 =%

X =45

Sum of distances from one vertex to midpoints
of each sides of square is
= AF + AE + AH + AG

=1l+1+ 5+ .5
=2+ 25

g :: F # C
Area of AABC = 96 (Given)
Since F is midpoint of BC
Area of AABF = Area of AACF
= 48

Similarly D is midpoint of AB

.. Area of AADF = Area of ADBF = 24
Similarly E is midpoint of DB

.. Area of ADEF = Area of ABEF = 12

.. Area of AAEF = Area of A ADF + Area
of ADEF

=24 + 12 = 36



27.

28.

29.

30.

Smallest angle (a) = 100°
largest angle (¢) = 140°
Because Interior angle form A.P. so
¢ =a+ (n-1)d
140 = 100 + (n — 1)d
(n — 1)d = 400 —(1)
Sum of interior angles of a polygon is (n — 2)nt

(n - 2)m = g[2a+(n—1)d]

(n — 2)180 = %[2X100+4O] put the value of
(n — 1)d from equation (1)
(n—2)180:%[2><100+40]

180n — 360 = n(120)
60n = 360
n==6

(AB)* = (BC) (BP)
36 =3.(3 + x)

9
O is centre so PQ = CQ = 5 = 4.5

0Q =r* —(4.5)* = (2)* — (1.5)?

rr=22
r=+22

Equilateral triangles can be is different sizes
therefore they are not congruent to each other.

31.

32.

ZA = 80°, AB = AC (Given)

~ /B = «2C = 50°

Since CD = CE (Given)
/CED = #CDE =

BF = BD (Given)
/BDF = #DFB = a
In ACED 50°+ B + B = 180° = B = 65°
In ADFB 50°+ a + a = 180° = a = 65°
ZCDE + ZEDF + /FDB = 180°
B + ZEDF + o = 180°

ZEDF = 50°

Now

Since arc AB = arc BC = arc CD (Given)
Angle made by chord AB
ZBCA = ZBDA =«
Similarly by chord BC ZBAC = ZBDC = «
Similarly by chord CD ZCBD = ZCAD = «
ZEAD = ZEDA = 180° - 2a
ZE = 40°(Given)

180° —40°

. ZEAD = =70°

ZEAD = 180° — 2o = 70° = a = 55°
In AACD
. ZACD = 180°-30a. = 180°-3(55°)
= 180° — 165° = 15°

Since triangle is equilateral

3
Now tan 30° = =

X = 33



33.

34.

2x + 6
2(3\/§)+6
633 +6

Now perimeter of triangle is = 3(side length)

3(6\/§+6)

Side length of triangle

18 + 183

In AOAP
cos30° :g
a
ﬁ—gz 3a=12
2 a
a=43
B

For each point A, other than P, the point of
intersection of circle(C) with the ray beginning
at P and passing through A is the point on circle
(C) closest to A. Therefore the ray beginning
at P and passing through B is set of all point
A such that B is the point on circle(C) which
is closest to point A.

3s.

36.

37.

38.

-+ ZADE = 140° (Given)
let £CDB =x So ZCDE = 140 — x

Assume Z/DAE =y = ZAED =40 -y
In ACDE 40 -y + 140 - x + 40 —y = 180
X +2y =40 ..(1)

In AABC £ZBAC =y

Z CBA =180 - x = ACB = x-y
- AB=BC
. LACB -ZBAC

X—-y=y=>x=2y ..(2)
from (1) & (2) y = 10°
Since the dimensions of DEFG are half of the
dimension of ABCD

Area of DEFG = (Area of ABCD)

N | =

L
>
1

= —.(72
4()

= 18
Since AABE is equilateral AB = AE
Each angle is 60°
ABCD is square AD = AB

- AD = AE

ZADE = ZAED = 0
In AADE 6 + 150° + 6 = 180°

20 = 30°

0 =15°
The area of the large circle is A, + A, = 9
Then A, 91 — A, 9 are in arithmetic

progression
In - O -A) =0 -A) - A,
A =9 - 2A,

3A, =91= A, =3=n
The the radius of smaller circle is /3



39. Using Triangle Inequality

°,

l\\
foN LY
XS
l' \
‘ s,

A X B y-X C z-y D

X+y-—-XxXx>z-y=2y>z
y-X+Z-y>Xx=>12z>2X
X+Z-y>y-—-X=>2x+2z>2y
So obviously I and II statements are correct.
40. ZGDA = 360° — (90° + 90° + 60°)
ZGDA = 120°
41. Let PQ =x CQ = AQ = radius

X
In ACPQ tan30 —6

CQ = X 5 = \/gx
tan30

L AQ = (3x

PQ X 1 3

TAQ ax B3
42. Join A and C
Now A ABC is right angle A
So AC =5

Now AACD is also right angle A because side

length are 12, 5, 13

Now area of quadrilateral = Area of AABC
+ Area of AACD

:l><3><4+l><12><5
2 2

=6 + 30
=36
D
43. -
2
A E 1D
In AEBC

BC=+2"-1 =3

.. Area of square = (\/5)2 =3

44.

45.

46.

47.

In ADCB
ZCDB = 180° — (110° + 30°) = 40°
Since side AB and CD are parallel
So ZCDB = ZDBA = 40°
Diagonal BD = side AD
~. In AADB

Z DBA = ZDAB = 40°
. ZADB = 180° — (40° + 40°) = 100°
AANB = AANQ

Thus AQ = 14

(Given)

o M
A BNM ~ ABQC
NM_BN_BM_BM _1
QC BQ BC 2BM 2

BQ = 2BN
QC = 2MN
- QC =19 - AQ
2MN = 19 — 14
MN=E
2

We will try to solve for a possible value of
the variables. First notice that exchanging a
and b is the original equation must also work.
Therefore a = b will work.
Now simplifying the original equation
(2b + ¢) (2b - ¢) = 3b’

4b* — ¢* = 3b?
b? = ¢?
b=c

Therefore, it is an equilateral triangle
.. Angle opposite the side of length ¢ is 60°
Perimeter of semi-circular region

=2r + mr

<—r—>C
2
. . T
Area of semi-circular region = —

Perimeter = Area

7rr2

2r + r = —

2
4r + 2nr = nr?
nr? — 2nr —4r =0
rnr = 2n - 4) =0

2r+4
rz0 r=

T

r=i+2
T



48.

49.

50.

Sum of interior angles of a polygon = (n — 2)nt
Let remaining angle is x

So (n — 2) 180 = 2570 + x

180 n — 360 = 2570 + x

_ 2930 +x |
n= "% ..(1)
Now 0 < x < 180°
When x = 0 then n=222%0_16277
2930 +180
When x = 180 then n:T:17.27

So possible value of n = 17
Now put the value of n in equation (1)
2930+ x
180

x = 180 x 17 — 2930 = 130°
Since GP = 15, AP =75 (Given)

ZAGP = 90° AG =+/(75)* —(15)

17=

AG=15\24
Now drop an altitude from N to AG at point H
AN = 45
and AAGP ~ AAHN

45 _NH
75 15
NE = NF = 15

=NH=9

In AEHN EH=+EN?-HN2 =+/152 -9 =12
Then length of chord EF = 2(EH) = 2(12) = 24

S
S
S Ly S r S
d
S22 S/2 S
%
r Z(S)ZJ{EJ 2=82+8§2
2
rr=9S5%+ s rr =282
4
2
rzzﬁ Szzr_
4 2

S1.

52.

53.

4
:—r2
5
Hence ratio of the area of the square inscribed
in a semicircle to that inscribed in a quadrant

of the same radius is ﬂ:ﬁ

5
Since AZ = AY, BZ = BX & CX = CY
(AZ + ZB)+(BX + XC)+(AY + YC)=AB+BC
+CA
(AZ + BX)+(BX + CY)+(CY + AZ) =
2(AZ + BX + CY) = 18
© AZ + BX + CY =19

mN

SZ

4+6+8

S—/

c—i b&

B(0,0)[¢—a=6 —>\6 0)

ax; +bx, +cx; ay; +by, +cy; ]

Incentre = (

a+b+c a+b+c

6x0+10x0+8x6 6+8+10x0+8x0
= 6+10+8 6+10+8

= (2, 2)
Circum centre is at midpoint of hypotenuse of
right angle triangle

6+0 0+8
Circum centre = (TT) =(3,4)

Distance between incentre and circumcentre

=J3-22+4-2) =1+4 =5

Integral sides means side length are integer
Let a, b, c are sides lengths a + b+ ¢ =8 ...(1)
We know that :-

Sum of two sides of a triangle is greater than
third side

Absolute value of difference of two sides of
a triangle is least than third side
Considering this, only possible values of side
length can be

24+3+3
2,3, 3 =>s= > =4

. Area = \[4(4-2)(4-3)(4-3)

A= 2J2¢2,3)



2 MARK

Since AB is a diameter

. ZAEB = 90°
AB =14 (Given)
In AAEB

AE
cos30° = AB

N3 _AE
2 4

60°160

2bc A
Length of Bisector (AD) = b+CCOS[?j
2(3)(6
= ;j(6) cos(60°)
=2
C
ananvah)
S T
P Q R

Consider three consecutive circles, observe
their centres P, Q and R are collinear by
symmetry. Let A, B and C be the points of

tangency and let PS and QT be segments
parallel to the upper tangent (L,). Since PQ is
parallel to QR, PS is parallel to QT as both are
parallel to L, due to tangent being perpendicular
to radius

APQS ~ AQRT

Now if we let x, y and z be the radii of the
three circles (from smallest to largest) then
QS=y-xand RT =1z -y.

Thus from the similarity

QS_RT:>y—x=z—y

2 y_~2
=— Sy =Xx=>—=—
PQ QR X+y y+z Xy

So the ratio of consecutive radii is constant
forming a geometric sequence. In this case first
radius is 8 and last radius is 18 so the constant

14
18
ratio is (E] . Therefore the radius of middle

1 2

circle is 8 [%)4 =J8A18 =144 =12

Let the triangle have legs a and b and

hypotenuse is /532 1 p2

Perimeter = Area (Given)

> - 1
a+b++/a’ +b :Eab

2va® +b” =ab-2a-2b
4a’b + 4ab? = a’b? + 8ab
As a and b are side lengths of a triangle so
they must be positive
Now divide by ab
4a + 4b = ab + 8
= b(a—-4) =4a - 8

_4@-2 44 8
a+4 a-4

b

So for any value of a other than 4, we can
generate a valid corresponding value of b
So there are infinitely many non congruent
right triangles.



Stick
Im

2 sin

(9) 1-cosO
tan| — [=

r=104/5-20
Let G be the intersection point of AE and DF
Area of quad DBEF = Area of triangle ABE
(given) Area of quad DBEG = Area of AEFG
= Area of quad DBEG + Area of AADG
.. Now area of AEFG = Area of AADG
Now Area of AADG + Area of AAGF = area
of AEFG + area of AAGF
.. Area of AADF = Area of AAFE
Now taking AF as the base of AADF and AAFE
(By using the fact that triangles with the same
base and same perpendicular height, have the
same area)
So we deduce that perpendicular distance from
D to AF is same as the perpendicular distance
from E to AF
This implies that
AF || DE(Since A, F and C are collinear)
AC || DE
Thus ADBE ~ AABC

BE_BD 3
BC BA 5

Since AABE and AABC have the same
perpendicular height (Taking AB as the base)

3
.. Area of AABE = 3 Area of AABC

= E><10=6
5

Since ZCAP = ZCBP=10°
quadrilateral ABPC is cyclic & angle inscribed
in the same arc are equal.
Since ZACM = 40°
ZACP = 140°

-----
- ~
- ~

M G N
So using the fact that sum of opposite angles
in a cycle quadrilateral is 180°.
. ZABP = 40°
. LABC = ZABP - ZCBP =40 - 100 = 30°
Since CA = CB .. AABC is isosceles
ZBAC = ZABC = 30°
Now /BAP= /BAC- ZCAP=30"—10°=20°
Z/BCP = ZBAP = 20° (Angles inscribed
in the same arc are equal)
Draw perpendicular from
B to DF, E to AC
C to DF, F to AC

A_4 GB S

(@)
—

D—gmH

Since AGED is a rectangle since it has 4 right
angles.
Therefore AG = DE = 3

. GB=4-3=1
Now GBHE is also a rectangle and
EH = GB =1 & BCIH is also a rectangle and
BC=HI=5

-+ BE = CF

SoIF =EH =1

Therefore EF = EH + HI + IF
=1+5+1=7



10.

A

B M E

AB.BC.sin0 c.a.sin0

Area of AABC =24 = 5 >

- AM = MB (Given)
MB:&;E
2 2

In ABDM BD = BM cosb = %cose

In ABCE CE = a tan®
Now note that CE is the height of triangle
BDE originating with vertex E so area of

ABED = % BD.CE

_L1 & o5, atan0
22

_1l(acsinb :l(Area of AABC)
2 2 2

_1(24)—12

= 2 -

Let AC =x and BF =y

AAFC ~ ABFA so AE _BE _AF_ 'y
FC AF 1 AF

So AF=.Jy

Also AD = x — 1 and using the Pythagoras
theorem on AABD AB= 2

Again apply Pythagoras Theorem on AAFB
2 2
= (y)2+(\/§) =(\/2x—x)

:y2+y:2x—x2

2X —X

Now substitute y = x'—1
-1+ X -1 =2x-x
o2+ 1+ x-1=2x-%x
x'—2x=0
x(x> =2)=0

x3=2:>x=3\/§

11.

12.

13.

First Join the points of perimeter

A? ------ Lo S SEEEEEE *----- * B

Now Area of ABCD =3 x 4 =12

1

Area of AEBF = 5x3x2=3
1

Area of AAEH :5><1><2=1

1 1
Area of AFCG :ExlxlzE

Area of AGDH = =lx3x1=i

2 2
Now Area of EFGH = Area of ABCD -
(Area of AEBF + Area of AAEH + Area of
AFCG + Area of AGDH)

=12- 3+1+l+i
2 2

=16
The sum of the interior angle measures of an
n sided polygon is 180°(n — 2).
Let the three obtuse angle be A, A,, A, and
n-3 acute angle measures be a, a,, a, ..... ,a

Since 90 < A, A,, A, < 180
2710 < A, + A, + A, <540 ..(1)
0<a,a, ... a, <90

Similarly 0 < a + a, + a, + ... + a_, < 90(n-3)

...(2)

Add (1) and (2)

270 < 180(n — 2) < 540 + 90 n — 270

270 < 180 n — 260 < 90 n + 270

=>n<7

So the largest possible value of n is 6
Let B be the intersection of line L and ED
because AB is the altitude on the hypotenuse
of right angle AAED we have

AB? = BD.BE

AB’=12 = AB = 3

1 3
Now area of AAED = E ED x AB = ﬁ

Now area of rectangle ABCD = 2 x Area of AAED

= 2[%J =32 45



14.

15.

16.

CD = 60°
So Z/COD = 60°

ZDAC = %ACOD =60°

/DAC =30°
OA = OC
Z0CA = Z0CB = Z0AC = 30°

ZBOC = 30° (£OBA = ZBCO + £ZBOC)
So ZBCO = ZBOC

ABOC is isosceles triangle

So BC =BO =5

Let Alice was on vertex A

B
2 200N\ 2
AR C
lll
X
T
F D
E
ZABC = 120°
2,42 2
0081200 = Mz__l
2x2x2 2
(AC)? = 12
AC = 23
In AACX
(AC)? + (CX)> = (AX)? =12+ 1
AX =13 km

Let Radius of circle is R

Lamyxac-Lor? = Lor?
2 2 2
(AB)(AC)
2
AC=R=CD=CE
AB
2

AB_ o
R

=0R?

=0R

AB
AC

tan® =20

=20

17.

18.

19.

AB || DC, AD=CB and

ACDE ~ AABE
4

ZADB =90° D

Thus in AADE
DE = AE cosa

DE Y 5
— =COS O
AE

Let side of pentagon is a

AreaA CDE
AreaA ABE

Draw AD, AB is
diameter so

D P C

Area of (AAED + AADC + AABC)
= Area of pentagon

%(AR)a+;(AP)a+ (AQ)xa
=5 x AODC
%(AR+AP+AQ)=5><%><1><a

AP + AQ + AR =5
Let P =4

1

P, =12

1 1 1
—Pa=—P,b=—P,c=A



20.

21.

2A 2A 2A
a="—b=""c=">
P1 P2 P3
a+b>c
2A  2A  2A
_+_ R
P1 P2 P3
. r.r
4 12 B3
Lt 1
b+c>a = P, 4 126
P; <6
So P, € (3, 6)
biggest possible integral Value of P, =5
Let d, , d,, d; d,,, are the diameters of

concentric circles. These d's form an AP with
d, =2cmandd,, =10 cm. If L is total length
of Tape then
L=mnd, + nd, + ...
=n(d, +d, + ..

= nﬁ()()(Mj
2

+ nd

600
+ d600)

=m. 600.2
2

= 3600 © cm = 367 metre
APCQ is isosceles A

X =a-X ax
2X = a R—| X Q
4x2 = a? X X
given that x*> = 441 0 h c
“——X—>Pe—po—>
x =21 <

AQRC and AASP are isosceles right triangle
So AS =RC =y
AC = 3y
(AC)? = 9y?
2a> = 9y?

) 2

_ 2,
Y=

=£x42x42
9

y? = 392

22,

Let E=C and CF =1

Area of AEAD AD 1+1/43 1 _1

- = = = > —
Area of AEAB AB  14+.3 3 2

Thus we must move DE to left and shrinking
the dimension of AEAD by a factor K so that

23.

1
Area of EAD = ) Area of CAB

SR = 1435)

NE

4
1

1+—
Thus EZK 3 K 1

AB 1+3) 3 42

Let AABC & AA'B'C' have height h and h'.

2
hl
Thus required ratio is [_hj

Let O is common centre and M & M' be
intersection of BC and B'C' with common
altitude from A

1

h h
So OM = — and OM' = —

3 3
MM' = h/6 so A
h h' h
—_— = —

3 3 6

h' 1
So —==
°h 2




24.

25.

26.

Taking care of Triangle inequalities

only above arrangement is constructible
So CD =13
Sum of opposite sides is equal

ZEE
0.8x

N

He—— Y —c—>

9.6x 16 0.6)(>
sin® = 0.8
cosf = 0.6
2y + 1.2x = 2x
y+12x =16
So y =4
x =10
1
Area = 5(4+16)8
Area = 80

Area = %BC(AB +CD)

NE D

ul r

B M C
BCDN is rectangle
BN = CD
(BM)> = BN.BA

BC = 2./(AB)(CD)

So Area = (AB + CD),/(CD)(BA)

for area to be integer AB. CD must be perfect
square since AB and CD are integer in all
cases.

27.

28.

29.

Let n denote the number of sides in convex
polygon. let the excepted angle is x then
180°(n — 2) = 2190° + x

2190  x
==+

=< 7780 180

for convex polygon
0° < x < 180°
2190

——<n-2<
180

2190 ‘1

12l<n—2<13l
6 6

14l<n <15l
6 6

so[n =15]

S denotes an arbitrary point on the stream SE
and C, H and D denotes position of cow boy,
his cabin and the point 8 miles north of C,
respectively. CS + SH = DS + SH which is least
when DSH is a straight line.

D

4
S o |

4
C

;

8 H
CSH = DSH = /8% +15% =17 miles

O is centre of plot and M is midpoint of the
side of walk not passing through O. If AB
denotes arc connecting opposite sides of walk. The
OMBA consist of 30° sector OAB and 30°-
60°-90° AOMB




30.

31.

area of walk =
2{%.%.62} +%x 62 x[%} —67+93
the required area is

n62—@n+9J§}:mm-9J§

each chord of length s substends an angle 36°
at centre 0 and MN of length d substends
3 x 36° = 108°

s = 2sin 18° and d = 2sin 54°

d = 2c0s36° = 2(1-2sin%18°) = 2—s?

s = 2sinl8° = 2c0s76° = 2(2c0s%36°—1)
s=d*-2 ..(1)

and d=2-¢2 ...(2)

(H+@)d+s=(d+s)(d--5s)
d-s=1
d=s+1

Substituting in (1)
s=(s+ 1)?-2
s2+s-1=0

J5-1

2

\/§+1

2

d:

P -s2=(d+s)(d-s)=.5
ds=1& d> - =[5

2R=x/§a
R=a/2

o

N |f

A §.a.a

S B 2a+\/§a

r =

32,

33.

_(2-2)a

T2

R_ 2 1 g5,

r \/E_la J2 -1 V2 +1
J2

Let DM = NB = x then
AM =AN=1-x
Area of ACMN = area ABCD — area AANM)

—Area ANBC — Area ACDB
D 1 C

M y

1-x y Y |!

:1——a—xF———%
3

Let side of equilateral ACMN is y
X+ I’=y*and (1x)’ + (1x)’=y’
oY U =y

2(1 = x)?=x2+1
X2 —-4x+1=0

X =2 - \/§
area of ACMN = g[@—\/g)z +1}

= 2J3-3
Diagonal AC and DB are drawn O is inter sections
of medians of AABC. Altitude of AAOB from

1
Ois g of altitude of AABC from C area of AAOB

1
= g(Area of AABC)



D C
P
N
O
A M B
(1) 1,
3\ 2 6
- 1.
Similarly area of ACOB = gs
Area of AOCD = 2 _ L2 _ 2.2
3 3
tio = =
ratio = 3
34. (1) If0°<0<45°
A

\ /26 2

20 = LEAC + 0
= Z/ZEAC =0
AEAC is Isosceles
hence EC = AE = AD
(2) If 6 = 45° then AABC is a 45° — 45° — 90°
triangle. Z/E = /B then EC=BC = AB = AD
(3) If45° <6 < 60°

180°-260

ZEAC = 180° — ZAEC - «ZC

= 180 — (180 - 20) - ©

=0

Thus AEAC is isosceles and EC = EA = AD

3s.

36.

Angular bisector theorem

C

A M ' B

BD _AB
CD AC
Since CN = CD
and BM = BD
BM AB

We have C_N:A_C

Which implies that MN || BC

Since only one choice is correct it must therefore
be option 'C'. It is easy to verify that A, B,
D are false if ZA = 90° — o, ZB = 60° and
ZC =30° + o. Where o is any sufficiently small
positive angle.

Extend BC and FE until they intersect at point
H. The collinear points A, G, M lies on sides
BF, FH, HB of AFBH. They also lies on
extension of sides CE, EH, HC of AECH.
Now apply Menelaus's theorem

H
C
E

M
A F B
HG FA BM
———=1 _.(1)
FG BA HM
HG EA CM
———=1 .2
EG CA HM

CM = BM and EA = 2FA

[0 EG_,BA _, 12

3
2) FG CA 16 2



37. Let G and H be the points at which altitudes
from C and F intersect AB and DE
AAGC = AFHD Since AG = FH and AC = DF
So Z/GAC = ZDFH
ZACG + ZGAC = ZACG + «4DFH = 90°
So ZACB + ZDFE =2/ACG + 2/DFH = 180°
and area AABC = 2 (Area AACG) = 2 (Area
ADFH)
= Area (ADEF)
C
/F\
A G B D E
38. Let coordinate of P(x,y) in which the vertices
. . s sv3
of equilateral triangle are (0,0) (s,0) (E,T]
then P belongs to the locus if and only if
2 3 2
S
a=x>+y +(xX—s)P+y*+ (X——j +[y—S—J
2 2
a= (3x? — 3sx) + (3y? — s\/3 y) + 2s?
2
a—2s’ ( sjz ( S 3) s’
= X—=| +|ly———| ——
3 2 6 3
2 2 2
Sy )
= X—— —+ y—_
3 2 6
Thus locus is empty set if a < s?
Locus is a single point if a = s?
Locus is a circle if a > s?
39.
Lig=/2
1/2 !
F t %VI
-
A K B

40.

41.

MF || AB

Let r, s, t be the radius of circles with centres
K, L and M respectively.

In AFLM and AFKM

oo 5] {5
2 2

(MF)? = (r —t)* - ¢
After solving RHS

I
t

=4

Therefore the ratio is 16

X, Y, V, W are point of tangency of external
tangents and R, S are point of tangency of
internal tangent

PR = PX, PS = PY
QS = QW, QR = QV
So
PR + PS + QS + QR = PX + PY + QW + QV
Thus
2PQ = XY + VW
Since XY = VW
PQ = XY = VW

R




42.

43.

The centre of a circle circumscribing a triangle
is the point of intersection of the perpendicular
bisector of the sides of triangle. So P, Q, R,
S are the intersection of the perpendicular
Bisector of line segments AE, BE, CE and DE
since line segments perpendicular to the same
line are parallel so PQRS is a parallelogram.
If MNPQ, is convex then A is sum of areas
of triangle into which MNPQ is divided by
diagonal MP so that

1 . 1 .
A=—absinN+—cdsinQ

2 2
Similarly dividing MNPQ with diagonal NQ.

1 1
A=5adsinM+ EbcsinP

In any case

a+c | b+d
(ab+cd+ad+bc):( ) j( 2 j

A<t
!

equality holds if
sin M=sin N=sinP=sinQ =1
If MNPQ is rectangle

N

Let FG be an altitude of AAFB and let x denotes
the length of AG

J1++/3 = AB = x(1+4/3)
1443 =% (1443)

44.

45.

x2 (1+\/§) =1

1
Area of AABF is = EAB - FG

_ %x2(1+\/§)\/§

NG

2
ZRCQ = 90° thus QR is diameter of P
ACBH ~ AABC
CH_8
6 10
So QR = CH = 4.8

6
A,
A, A
A,
A, A, A,
AA,A A, has 60° — 30° — 90°

2773774
Z AAA = 60°
and AA, = AA & AAAA,is equilateral
AA A A, has 30° — 30° — 120°
AA A A, has 30° — 60° — 90°
Finally ZA A A, = 60°
AA = AA and AAA A, is equilateral
So there is a cycle of A repeating in 4.
So AAA A, ~AA A A  with A and
A ., as corresponding vertex
So ZA A A= Z AAA = 120°

447245 243



46.

47.

AA' = AD and corresponding altitudes of
AA'A'B' has twice length of corresponding
altitudes of AABD

So Area AAA'B' = 2(area AADB)

Let Z/DAB =0

1
area of AAAB' = (AD) (2AB) sin (180° - 6)

= 2(%(AD) (AB) sin 9)

= 2 area of AABD

Similarly

area ABB'C' = 2 area ABAC
area ACC'D' = 2 area ACBD
area ADD'A' = 2 area ADCA

CV

So area A'B'C'D' = area (AAA'B' + ABB'C' +
ACC'D' + ADD'A") + area ABCD

= 2 area (AABD + ABAC)

+ 2 (area (ACBD + ADCA)

+ Area ABCD

5 (Area of ABCD)

=50

Let C is centre of Hexagon then area of

Q,Q,Q,Q, is sum of areas of three equilateral
AQQ,C, AQ,Q,C, AQ,Q,C each of has side
length 2

£ )

Area of Q,Q,Q.,Q,= 3(7

48.

49.

Draw line segment BO and
x = ZEOD and y = ZBAO
AB = OD = OE = OB

In A ABO

ZEBO = ZBEO = 2y

In AAEO

X=y+ 2y

3y = 45°

y = 15°

y—-r+x-r=h
Xx+y=h+2r

1
Area of AABC = Exy

1((x+y>2 —<x2+y2)]
2 2

i((h+2r)2 ~h?)

hr + 12

y nr? nr
ratio = =
hr+r> h+r




50.

51.

Let M, N be the midpoints of AB and CD.

We claim that M, N are unique choices for P
and Q. Which minimise the distance PQ. To
show this we consider the set S of all points
equidistant from A and B. S is the plane
perpendicular to AB through M. Since C, D
are equidistant from A and B, they lie in S, and
so does the line through C and D.

Now M is the foot of perpendicular to AB from
any point Q on CD.

Therefore is P is any point on AB

MQ < PQ unless P = M

Similarly the plane through N perpendicular to
CD contains AB. MN 1L CD thus MN < MQ
unless Q = N.

So MN < PQ unless P=M and Q = N
This proves the claim.

To compute the MN, MN is altitude of isosceles

B
’27

ADMC with side length = >

MN = /(MC)* —(NC)? =./%—%

V2o
MN = 7=—2: Minimal distance PQ
A
4
B
BN\S
1 6

E C 20 D

52.

Let E is intersection of line AB and CD
Let ZEBC =3 and ZECB = 0

cosf = —cosB = sinC = sinf

B+ 6 =90° so ZBEC is right angle
BE = BC sinf = 3

CE = BC sin} = 4

Therefore AE = 7, DE =
which is hypotenuse of AADE

AD = (/7% 424’

AD = 25

By symmetry

AABC and AA'B'C' are equilateral and have
a common centroid (say G) M be the midpoint
of BC

In AA'MC

24 and AD

A'M=+r"-1

B'C' A'G

Now ——=

BC AG

pe=2(A9)

AG {BC=2,AM = /3 }

So

A'G = AM + MG = \/r2—1+§

Thus

\/r2—1+\/17
B|C|=2 3

)

=[/3(*=1) +1




53.

54.

Let r be radius, x is distance from centre to
closest chord and y is common distance
between chords.

Now

2 =x>+ 10 (1)
rr=(x+y)?+ 8 ..(2)

rr=(x + 2y)* + 42 ..(3)

1) -(Q2)= 0=2xy+y2-36 ..4)
(2) - (3) = 0 =2xy + 3y*> -48 ..(5)
by & (5) ¥y =6= y=+6

X =

15
Jo

Line segment from E to G, the midpoint of DC
is drawn

2
Area AEBG = E (Ares of AEBC)

Area of ABDF

1
Z (Area of AEBG)

1
= g(Area of AEBC)
Now, EG||AD (Join of mid points)

5
Area of FDCE = ’ (Area of AEBC)

area ABDF 1

Area =~ FDCE 5

55.

56.

Let ZDAR, = 0 and let O, be the acute angle.
The light beam and the reflecting line form at
the i'" point of reflection. Applying theorem

of exterior angle of triangle to ZAR D then
ZR R,D and so on.

We get

0, =0+ 8°

0,=0 +8"=0+16°
0,=0,+8° =0+ 24°
0,=0 _,+8 =0+ (8n)°
90° =0 +8° =0+ 8n + 8°
0<6=90°- (8 + 8)°

82

n< —

8

n<I1I
The maximum value of n = 10 occur when
0 = 2°.
APQT is also an equilateral triangle

A
P )
Ry
T
AAPQ = APQT
AO = OT So

O is centre of larger circle

2
AO = gAH (O is centroid)

AAPQ ~ AABC
2
So PQ = g(BC) [BC = 12]

PQ =8



57. /BAC = 3a So CG= 180° and ZCDG = 90°
AC = AB = DG = 10

and AE = DE (AECD = AEFA)
Let x be their common length

2x
then CE:IO—Xzf

we get AE = x = 10(2\6—3)

c Now FG = FA and AFAE is isosceles EF= FA

1
y EF = FG = — (10 - x)
z = AE 2
- 1
b=AC Area of AAFE = — AE-AF sin 30°
By angle bisector theorem 2
I (10-x)1
e 2 4 1.1 = E'X( 02 X}E
z 3 % b 2
_X2x_ x —100x3—(7_4\/§)
Soz:%, b =2y 8 3 43 NG

=25\B(7—4ﬁ)=25(7£—12)

Cosine law in AADB, AAED and AACE

1 . .
ryio4 202+y2_9 202+4y2—36 Area of AABC = 5% AB - AC - sin 30
cos o= 5 -4 " —4 - 1 1
c c
’ ’ Y = Ex 10% x 5= 25
o = 3Gy = (i)
From (i) and (ii) Area of AAFE _78B-12
3¢2 - 2y* =12 ... (iv) Area of AABC
From (i) and (iii) 59. Let x = DN and 2x = BD
= 3¢ -4y?=-96 ...... )

From (iv) & (v)
= ¢2 =40, y* =54

So AB =c¢ = 2410

A
AC = b =2y = 2J54 =66 B
BC =11 Right triangle ABCN ~ ABDC
58. DC is drawn s 2x
. So 3—:—
AC = 150° X s
s? = 6x?
AD=AC-DC S
X = \/_
— 6
AD=150°-30° =120 BN = 3x
So ZACD = 60° 3
S/fce iC iDG = E
GA=GD-AD
svV6

= AC— 120° = 30° BN =—



60.

61.

62.

Apply sine rule

sinO sin20 2sinOcos0

n n+2  n4+2
0 - n+2
cos O = o

Now applying cosine rule
(n+1)?+(n+2)>—n?
2m+1)(n+2)
_(m+Dm+5)  n+5
T 2m+1)(n+2) 2(n+2)
n+2 n+5

2n  2(n+2)
n=+4%

cos O =

n+2 3
2n 4
By the result of trisectors.

cosO =

Isosceles AASD = isosceles ABQC and
Isosceles AARB = isosceles ADPC

Since AS = SD = QB = QC and

AR = RB = DP = CP and

ZSAR = ZRBQ = ZQCP = «4SDP = 30°
ASAR = ARBQ = AQCP = ASDP (SAS)
Therefore SR = RQ = QP = PS

|So PQRSisarhombus|
We know that in a AABC

m’ +m; +m’ =%(a2 +b’ +c?)

9

4

|GA” + GB? + GC? = 46|
A

(GA2 +GB? +GC2)=%(52 +8 +72)

ma=AD=3x
2x = AG

3
m, = AD = = (GA)

63.

64.

We can observe
252 + 602 = 522 + 392
= 4225
AABD and ABCD
are Right angle A
(BD)? = 4225

* QOther wise we can use A + C = 180°
So cosA + cosC = 0 and Apply cosine Rule
In AO,0,X
6

ind = _
N 12

N | —

0 =30° =

o la

Length of common
tangent = /122 —¢@>
=+/108

=63

47 2n
o= and 0=

Length of shortest rope
90, + 30, + 2(6+/3)

9.4—3"+3(2?“j+12\5
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