CHAPTER 1

Vector Algebra

Algebra of Vectors

A vector quantity has both magnitude and direction
where the magnitude is a distance between the
initial and terminal point of the vector. Let's
assume a vector starts at a point A and ends at a
point B. Therefore the magnitude of the vector is

denoted by ‘1@‘ .

OA =r = xi+yJ + zk is the position vector of any
point A(x, y, z) having a magnitude equal to

Jx2 + 92 + 22 . Where O is the origin (0, 0, 0) and

P is any point in the space.

The angles «, B, yare known as the direction angles
which are made by the position vector and the
positive x, y, z — axes respectively and their cosine
values (cosa, cosp, cosy) are known as direction
cosines, denoted by I, m, n respectively.

The projections of a vector along the respective
axes are represented by the direction ratios which
are the scalar components of the vector. They are
denoted by a, b, ¢ respectively.

The direction cosines, direction ratios, and
magnitude of a vector are related as:

a b c
l=—m=—,n=—
r r r

In general, 2+ m?2+n?2=1buta?+b2+c%2= 1.

Zero vector (also known as a null vector) is
symbolized by (. Its initial and terminal points
coincide.

A unit vector has a magnitude equal to 1 and is
denoted by a .

If two or more than two vectors have the same
initial points, they are called as co-initial vectors.
The vectors which are parallel to the same line
are known as collinear vectors.

The vectors having equal magnitude and same
direction are called equal vectors.

A vector having the same magnitude as the given
vector but opposite direction is known as the
negative of the given vector.

Triangle law of vector addition: Let's say that
A, B, and C are the vertices of a triangle then

C

A "B
AC = AB + BC
Parallelogram law of vector addition: If two
vectors are represented by the two adjacent sides
of a parallelogram, then their sum is represented

by the diagonal of that parallelogram through their
common point. For example, the

a

OC =O0A + OB

=0C=a+b

Vector addition is commutative as well as associative
in nature and also has zero vector as an additive
identity.

The multiplication of any vector ¢ by a scalar 1is

denoted by Aq and has the same direction as the
original vector if 1 is positive and opposite direction

if 1 is negative. Its magnitude is ‘la‘ = M”c;‘ .



The unit vector of any vector , in its direction is

—

written as a = —;a
a

The unit vectors along the positive x, y, z axes are
denoted by Z,}‘,/Ae respectively.

Component form of a vector: The component
form of any vector is r=uxi+ yJj+zk where x,,2

are called as the scalar components and x, y}',z k

as the vector components of r.x, y, z is also called
the rectangular components.

If two vectors are in their component form as

a=ai+agj+agk and b=byi+byj+bgk,then

> The sum of the vectors ¢ and & is given by
a+b=(a;+by)i+(ag+by)j+(ag+b3)k.

> The difference of the vectors ¢ and b is given
by a-b=(a; —b)i+(ag —by)j+(ag —bs)k

and p
ap = bl,a2 :bz anda3 :bg.

» The multiplication of a vector 5 by scalar 1 is

> The vectors a are equal if

given by Aa = (Aay )i+ (Aag)j+ (Aa3)l% .
Vector joining two points: The magnitude of a

vector A; A, joining two points Kl(xl,yl,zl) and

Iz(xz,yQ,Zz) is

AjAy = \/(x2 —x1)? + (yg = 31)? + (29— 2¢)?

Section Formula: The position vector of a point
C dividing the line segment joining two points A

and B (having position vectors E,B respectively) in

the ratioof m : n

» Internally: r= mb+na
+n
- mb-na
> Externally: r = ——
m-n
. o - a+b
» If C is the midpoint of A and B, then r = 2

Product of Two Vectors,
Scalar Triple Product

Scalar (or dot) product of two vectors q

and b: The scalar product of two vectors having

an angle Obetween them is denoted by a-b andis
defined by

a-bz‘aHb‘cose

= cosf = (—_Z:{;,
2l
or 6= cos_l[g'?}
a9

If a-b=0salb
Properties of scalar product:

> Let @,band ¢ be any three vectors then

-

a(5+7)-abeai
> Let ¢ andb be any two vectors, and 1 be any
scalar. Then (,18)5 = A(EB) = &(AB)

Projection of a vector ¢ on another vector b is
(G
given as L J .

a

Projection of a vector & on another vector a is

Vector (or cross) product of two vectors

and b : The vector product of two vectors having

an angle 0 between them is denoted by @ x5 and
is defined by:

axb= ‘a”b‘sin on
‘ax b‘

sin@—W

—||>

allb
Ifaxb=0<alb
If the vectors are in their component form as

a= aji+asj+azk and b= byi+byj+bgk, then
their cross product is given by



ik
(_i XB =lja1 a9 ag

by by b3
The dot product is given by
8'5: albl +(12b2 +03b3

Properties of vector product:

> Let a,band ¢ be any three vectors then

ax(b+c)=a><b+a><c,

> Let ¢ andb be any two vectors, and A be any
scalar. Then (,1&) xb= /1(52 x 5) =ax (15)

Scalar triple product of three vectors [A, B, C] is

given by X(EXé) which is the volume of a

parallelepiped whose sides are given by vectors

A,Band C.

Exercise

~

1. The value of m for which the vectors a =1i- j

and b = -21 +mj are collinear, is

(@) % ®) 2

(c) 3 d-3

. If the position vectors of A and B are (Si - 83)

and (—61 + 43) , then a unit vector in the direction
of AB is

@ —%(31 + 43’) ®) é(—si + 43)

1 - i)
(© E(31 - 4J) (d) None of these
. The unit vector parallel to the resultant of the

vectors (21-&-43—51;) and (i+23+3f{) is.

i+2j-8k 3i+6j-2k
e e Y ot
49 49
© (1+2J—8k) (31+6J—2k)
7
. If 6 is the angle between the vectors
a =(i+23+3f{) and Bz(—3i+23+f{), then cos
0="
2 3
(@) 5 ®) 7
2 3
) 7 ) 5

5.

A~

If 5:(§+3),B=(3+k) and E=(§+1A<), then a

unit vector in the direction of (5 ~2b+ 36) is

@ ﬁ(ﬁﬁ—ﬁ) ®) ﬁ(ﬁ—m})
() %(41 -3+ f{) (d) None of these

. If (2§ ~3j+ fi) and (i -j- 1;) are the position

vectors of the points A and B respectively, then

the unit vector along AP is
(i—zj+2f<) . (—i+23—2f<)

(@)

(—i+23—212)

(c) (d) None of these

.If a=4i-j+k and b=4i-2j+k, then find a

unit vector parallel to the vector g + .
61-3j+ 2k 8i-3j+2k

(@ 7 ®) Nizi

8i-3j+2k

(c) 9

(d) None of these

Find the sum of three vectors a =i-3j+4k,
b=2i+j-k and ¢=3i-6j+3k is
@ 2i+5j-8k (b) 51— 8j -6k

() 6i-8j-6k (d) None of these



9. If a line has direction ratios 3, -2, —4 then what
are its direction?

1 -3 -2 3 -2 -4
N TN 5 RN RGN GT RN G AN T
2 -1 -2
(@) 333 (d) None of these

10. What is the positive vector of the mid-point of
vector joining the points P(3, 8, 4) and Q(5, 2, -2)
?
@ 4i+5j+k ®) 3i+5j+k

() 2i+j+5k (d) None of these

11. The angle between the vectors (; +3j+ 21;) and

(21-43-K) is
(@) sin! [gj (b) sin”! (g)

. ~1(3 . 1(4
(C) sin 1(3] (d) sin 1(7)

12. If 0 is acute and the vector (sin 9)i+(cos 9)3 is

-~

perpendicular to the vector (i - \/§J) then 6 =7?

T T
(@) 5 @ 5
T T
() 1 @ 3

13. The projection of 5=(21+33+31A< on
B:(i—2j+f{) is
@ i-2j+k ®) -i+2j-k
1/ ~» =~ 1/ ~ A~ A
(549 k (95—

© \/g( 1+2] ) d 6( i +2j k)

L2 a2 - _
14. If |a><b| +(a. b) =144 and |a|= 4,then |b| =7?

15.

16.

17.

18.

19.

20.

If |§ x B| -a.b , then the angle between g and j

18

n n
(@ s ®) 1
T T
(© 3 ()] P
The length of projection of the vector

a= (71 +j- 41;) on the vector b = (21 +6]+ 31;)

is

6
(@ 7 ®»1
8
(©) 7 (d) None
The value of A for which the vectors

a=21-3j+k, b=1+2j-3k and ¢ = j+ 2k are

coplanar, is

(@1 b -1

(c) 2 d)-3

If ab and ¢ be any three vectors, then
ax(5+d) =2

(@) 5><B+::1><6 (b)z;.B+r:1.E

(©) axb+a.c (d) None

If a=2i+3j+3kb=-4i+2j+k and

¢ =3i+j+4k, then find 5.(5 xE)

(@) 33 ®) 39
(c) 41 (d) None of these
The vector of magnitude 3 and perpendicular to

each one of the vectors (41—3+3f<) and
(—2i+3—212) is

@ (i-2j+2k| (®) (-1 +2]+2k]

(@) 16 ®)8 A A A
-3i+6j+6k
(c) 12 3 () Q (d) None of these
V3
Answer Keys
1.(d) 2.(b) 3.(d) 4.(c) 5.(b) 6.(b) 7.(b) 8.(d) 9.(b) 10.(a)
11.(a) 12.(d) 13.(d) 14. (d) 15.(b) 16. (c) 17. (b) 18.(a) 19. (c) 20. (b)



Solutions

1. Since 5 and ], are collinear, we have g = tp for and |5 B 25+3E| _ \/(4)2 +(_1)2 +(1)2

some scalar t.
=J16+1+1 =418 =32

3= i(-2i+m (i-3+8)
i-j+

= (_Zt)i + (mt)j = (i - 3) . Required vector = T
= ~#t=lmt=-l 6. AB = Position vector of B — position vector of A
: 1 -1 . .
=2 andm:—(_lj:2 :(I_J_k)—(21—3J+k)
2

- (—i +2]-2k|
2. AB = position vector of B — positive vector of A

o (A= (-1 4 22 (2

= (-61+ 4j) (31 - 8j)
~J1+4+4=+9=3

= 61+4]-31+8] (_§+23_21A{)

=-9i+ 123’ . Required vector = 3
|AB| = J(-9)? +(12)? = 81+ 144 = 225 = 15 7. a+b=4i-j+k+4i-2j+k
—9i+12i -3i+4j = 8i-3j+2k

. Required vector =

1 R
1 ° ° and |a + b| = \/(8)2 +(_3)2 +(2)2
:__3’.‘ 4’:
5( A —J64+9+4 =77
3. Let a =2i+4j-5k and B:{+23_31‘{ .. Unit vector parallel to
S4B = (3546 ok - o\ 8i-3)+2k
Resultant = b] =(31+6j-2k pj=22—2d T4
esultan (a+ ) (1+ j ) (a+ ) =
|§+B|=\/m 8. Given, a =1-3j+4k
=\9+36+4=-/49="7 b=2i+j-k and C=3iA—6j+3k A
. (3i+63—21}) (a+b+c)=(1—33+4k)+(21+3—k)+
o ReQulredvectorzf (3§—63+31}) =6§_83~+6f{
4, |§1|:\/12+22+32 =J1+4+9=414 9. Givena=3,b=-2andc=-4

s NaZ+bZic? = \/(3)2 +(—2)2 +(—42)

. Direction cosines are

and |l—)|:\[(—3)2+22+12 -J9+4+1=414

a.b= (i+23+3f<).(—3i+23+1§)

=[1.(-3)+2.2+3.1]1=[-3+4+3]=4 1= 3 m = -2 e -4
a.b 4 2 V29T 29T V29
0059:‘5|B|‘:mﬂ:7 10. Given P=(3, 8,4) and Q = (5, 2, -2)
3i+8j+4k|+(51+2j-2k
5. (5—2B+35):(i+j)—2(3+f{)+3(§+f{) OR:( )2( )
434k _8§+103+21:( A A oa
=4i-j+k =————— =4i+5j+k

2



11. Let a =i+3j+2k and b=2i-4j-k 15. '-'|E:1><B|:€:1.B:> ab sin 0 = ab cos 0

i j k& _ sin0

o o =1
~axb=[1 3 2|=51+5j-10k cos 6
2 4 -1 = tan0=1=tan 0 = tan%
3 |£1XB|=,/52+52+(—10)2 =/25+25+100 16. ab =(7i+]j-4k).(2i+6]+3Kk)
_ _ 56 =14+6-12 =8
- T 2 2 2
Also, |a| = V1% +3% +2% = J1+9+4 =14 and [b] = /(2)” +(6)" +(3)° =V4+36+9 =49 =7
. _ ab 8
and |b|=\/22+ —42)+(—1)2 =J4+16+1=+21 - Length of projection of a onb = H:7
o |a><b| 56 5 17. --a,b and ¢ are coplanar.
o 8inf = ==
T V1421 7 2 -3 1
5 1 2 -3=0
" 9=sin_1[?) 0 1 A

= 2@A+3)+31+1=0
= 4A+6+31+1=0
alb=a.b=0 = A+7=0=>TA=-7

= [(sin@)i+(cos9)ﬂ.(i—\/§3)=0 ;_;L:_T'?:_l

18. ajlx(l—)+(—:):f;xl—)+z—1x6.

12. Let a :(sin9)§+(cos6)j and b = i—+/3j, then

= sin0—+/3¢cos0 =0
= sin0 —+/3cosd =tand = /3

2 3 3
— tan® - tan ™ 19 a(b+e)=|4 2 1
3 3 14
. ezg On expanding along R,
e =2(8-1)-3(-16-3) +3(—4—6)
13. ab=(2i+3j+3k|.(i-2j+k) =2-6+3=-1 2 xT—3x(-19)+3x (~10)

B} =144+ 57-30=14+27=41
B =02+ (2p(p=144+1=6 * +

20. Let a=4i-j+3k and b=-2i+j-2k, then a

o o (A.B)B
. Projection of 3 on p = |B|2 vector perpendicular to both aandb is (éx B)
. i j k
6(1_2J+k) 6( 1+2_]—k) (QXB) 4 -1 3 =(—Ai+23+2f<)
-2 1 -2

14. [axB +(ab) = |a [ (We know)
_ |5|2|B|2 Cm and [ax B = (-1 +22+2? =V1+4+4 =9 =3

-, Unit vector perpendicular to g3 and p

2 —12
(4)[b[” =144 A
(—1+2J+2k)
|b| 144 _9 :T
| | \/_ . Required vector
s |bl=49=3

= —3(_i ! zj ! Zk) = (—{ + 23 + 212)
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