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| IRE LT JEE Advanced/ IIT-)EE
. (a) variableradiiand a fixed centre at (0, 1)
C MCQs with One Correct Answer (b) variableradii and a fixed centre at (0, 1)

Differential
Equations

1. A solution of the differential equation (1999 — 2 Marks) (¢) fixedradius 1 and variable centres along the x—axis.
’ (d) fixedradius 1 and variable centres along the y—axis.
(Zx_y) —x % +y=01is 9.  The function y=f(x) is the solution of the differential equation
4
@ y=2 (b) y=u L =2 2% 4 (-1, 1) satisfying £(0) = 0. Then
() y=2x-4 d y=2x"-4 dx  x* -1 \]1_x2
2. Ifx2+y*=1, then (2000S)
@ w"-20'*+1=0 ®) W'+ +1=0 B3
© w'+0)*-1=0 @ »"+20)*+1=0 o
x)d(x) is (JEE Adv. 2014)
3. Ify(r)is a solution of (1+t)%—ty =1 and y(0) =-1, then :[/gf( ) ( )
(1) is equal to (2003S) 2
@ -172 (b) e+1/2
© e-12 @ 12 @ B o -8B
2+sinx( d 32 3 4
4. Ify=yx) and—(—y) = —cosx, y(0) =1,
y+1 \dx T 3 d T 3
. © 4 @ §73
then y(g) equals (2004S)

@ 13 ®) 23 © -13 @ 1 1 » Il MCQs with One or More than One Correct

5. Ify=y(x) and it follows the relation x cosy + y cosx =7

then " (0) = (2005S) 1. The order ofthe differential equation whose general solution

is given by

(@ 1 (b) -1 () -1 (d) —= is _glven y

6.  Thesolution of primitive integral equation (x2 +y2) dy =xy y=(C+ C,Z) cos (x+C3)— C4ex 5, where C}, Gy, C3, Cy,

dxisy=y(x). Ify (1)= 1 and (x,) = e, then x, is equal to Cs, are arbitrary constants, is (1998 — 2 Marks)
(2005S) @ 5 ) 4 © 3 @ 2

2.  Thedifferential equation representing the family of curves

(@) 2(® -1) () y2(e* +1)

y2=2c (x ++c ) , where ¢ is a positive parameter, is of
2

e +1 (1999 — 3 Marks)
© \/E € @ 2 (@ orderl (b) order2 (c) degree3 (d) degree4
7. For the primitive integral equation ydx + y2dy = x dy; > Acurvey=f () passes through (1,1)and at P(x,y), tangent
x €R,y>0,y=y(x),y(1)= 1, then y(-3) is (2005S) cuts the x—axis and y—axis at 4 and B respectively such that
(@ 3 (b) 2 () 1 @ 5 BP:AP=3:1, then (2006 - 5M, -1)
(@) equation of curveisxy'—3y=0
. . _dy A1-)? , , (b) normalat(l,1)isx+3y=4
8.  Thedifferential equation o 5 determines a family (c) curve passes through (2, 1/8)

d tion of curve is xy' + 3y =0
of circles with (2005S) () equation of curve s xy'+ 3y
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4.

If y(x) satisfies the differential equation y' — ytanx

= 2x secx and y(0) =0, then (2012)
T n2 (Y 2

o (55 o 3%
T n2 (T 2n2

© y(§)=7 @ ¥ (§J=?+ﬁ

T
A curve passes through the point [l,g)- Let the slope of

. y y
the curve at each point (x, y) be ;+ sec [;) ,x>0.

Then the equation of the curve is (JEE Adv. 2013)

- y 1 y
=1 =1 2
(a) Sin [ ) 0gXx + (b) Ccos€cC [ ) 0g X

2y
X

2y 1
(© sec[;)=logx+2 @ cos[ )=logx+5

Let y(x) be a solution of the differential equation
(1+e*)y"+ ye* =1.1fy(0)= 2, then which of the following
statement is (are) true? (JEE Adv. 2015)
@ y4=0 (b) »(-2)=0

(¢) y(x)hasa critical point in the interval (—1, 0)

(d) y(x)hasno critical point in the interval (1, 0)

Consider the family of all circles whose centers lie on the
straight line y = x. If this family of circle is represented by

the differential equation Py"+Qy'+1=0, where P, Q are

( d d2y)
— y ”n y
functions of x, y and y' Lhere y _E’y = dsz , then

which of the following statements is (are) true?
(JEE Adv. 2015)

@@ P=y+x (b) P=y-x

€ P+QO=1-x+y+y+(0f¥ (d P-QO=x+y-y' 0¥

Let f: (0, ©) —> Rbe a differentiable function such that
f(x)

f'(x)=2 —— for all x € (0, ) and f{1) # 1. Then

(JEE Adv. 2016)
. 1
lim xf [—) =2
x—0+ X

(d) [fx)<2forallx €(0,2)

@@ lim f'(l) =1 ()

x—0+ X

© lim x*f'(x)=0

x—0+

9.

o
.

Topic-wise Solved Papers - MATHEMATICS

A solution curve of the differential equation

d
(x% +xy +4x 2y + 4) d—i —y?=0, x>0, passes through the

point (1, 3). Then the solution curve  (JEE Adv. 2016)
(a) intersects y=x + 2 exactly at one point

(b) intersects y=x + 2 exactly at two points

(c) intersectsy=(x+2)?

(d) does NOT intersect y=(x +3)2

E Subjective Problems

d? d
If (a + bx) ¢%= x, then prove that x° dx_; = (x Ey - J’)
(1983 — 3 Marks)
A normal is drawn at a point P(x, y) of a curve. It meets the
x—axis at Q. If PQ is of constant length £, then show that the
differential equation describing such curves is

d
yay=i\/k2—y2

Find the equation of such a curve passing through (0, k).

Let y = f(x) be a curve passing through (1, 1) such that the
triangle formed by the coordinate axes and the tangent at
any point of the curve lies in the first quadrant and has area
2. Form the differential equation and determine all such
possible curves. (1995 — 5 Marks)
Determine the equation of the curve passing through the
origin, in the form y = f(x), which satisfies the differential

(1994 — 5 Marks)

Cdy
equation o sin (10x + 6y).

7 (1996 — 5 Marks)

Let u(x) and w(x) satisfy the differential equation % +p(x) u
X

= f{x) and ? +p(x) v = g(x), where p(x) fix) and g(x) are
x

continuous functions. If u(x;) > v(x,) for some x, and
Six)> g(x) for allx> x|, prove that any point (x, y) where x>
x|, does not satisfy the equatons y = u(x) and y = v(x).
(1997 — 5 Marks)
A curve passing through the point (1, 1) has the property
that the perpendicular distance of the origin from the normal
at any point P of the curve is equal to the distance of P from
the x—axis. Determine the equation of the curve.
(1999 — 10 Marks)
A country has a food deficit of 10%. Its population grows
continously at a rate of 3% per year. Its annual food
production every year is 4% more than that of the last year.
Assuming that the average food requirement per person
remains constant, prove that the country will become self—
sufficient in food after n years, where n is the smallest integer

] In10-1n9
bigger than or equal to m .(2000- 10 Marks)
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8. A hemispherical tank of radius 2 metres is initially full of 9. A right circular cone with radius R and height H contains a
water and has an outlet of 12 cm? cross—sectional area at liquid which evaporates at a rate proportional to its surface
the bottom. The outlet is opened at some instant. The flow area in contact with air (proportionality constant = £ > 0).

. . Find the time after which the cone is empty.

through the outlet is according to the law w(1)=0.6 ./ 2gh(1), (2003 — 4 Marks)

where v(¢) and A(t) are respectively the velocity of the flow  10. A curve ‘C’ passes through (2, 0) and the slope at (x, y) as

through the outlet and the height of water level above the 2

outlet at time t, and g is the acceleration due to gravity. Find G +p-3) . Find the equation of the curve. Find the

the time it takes to empty the tank. (Hint : Form a differential x+1

equation by relating the decrease of water level to the area bounded by curve and x—axis in fourth quadrant.

outflow). (2001 - 10 Marks) (2004 — 4 Marks)
11. If length of tangent at any point on the curve y = f{x)

intecepted between the point and the x—axis is of length 1.

Find the equation of the curve. (2005 — 4 Marks)

F Match the Following

Each question contains statements given in two columns, which have to be matched. The statements in

Column-1 are labelled A, B, C and D, while the statements in Column-11I are labelled p, q, v, s and t. Any P qQr s t

given statement in Column-I can have correct matching with ONE OR MORE statement(s) in Column- A @ @@ o 0
II. The appropriate bubbles corresponding to the answers to these questions have to be darkened as
illustrated in the followin le : B ®@o®®
g example :
Cl@OOOO®
If the correct matches are A-p, s and t; B-q and r; C-p and q; and D-s then the correct darkening of D|®@OO®
bubbles will look like the given.
1. Match the statements/expressions in Column I with the open intervals in Column II. (2009)
ColumnlI Column IT
T . .. T T
(A) Interval contained in the domain of definition of (p) (_5’ 5]

non-zero solutions of the differential equation
(x=3P2+y +y=0

(B) Interval containing the value of the integral

5
j(x —-D(x-2)(x-3)(x—4)(x—S)dx
1

(C) Interval in which at least one of the points of local maximum of

2

cos“x + sin x lies

(D) Interval in which tan™! (sin x + cos x) is increasing
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Assertion & Reason Type Questions

Let a solution y = y(x) of the differential equation

xx? —1dy—y\y* ~1dx=0 satisfy -
y

&lv

STATEMENT-1: y(x)=sec (sec'1 x— %) and

STATEMENT-2 : y(x)is given by 1 & - ’1 - LZ
y X x

(2008)

Topic-wise Solved Papers - MATHEMATICS

(@) STATEMENT - 1 is True, STATEMENT - 2 is True;
STATEMENT - 2 is a correct explanation for
STATEMENT - 1

(b) STATEMENT - 1 is True, STATEMENT - 2 is True;
STATEMENT - 2 is NOT a correct explanation for
STATEMENT - 1

(¢) STATEMENT - 1 is True, STATEMENT - 2 is False

(d) STATEMENT - 1 is False, STATEMENT - 2 is True

| Bl Integer Value Correct Type

Let y'(x) + ¥(x) g'(x) = g(x), g'(x), ¥(0)=0, x e R, where f"(x)
denotes @ and g(x) is a given non-constant
X

differentiable function on R with g(0) = g(2) = 0. Then the
value of y(2) is (2011)
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il Section-B

The order and degree of the differential equation

2/3 3
(1+3Z) —4d—are

2002
% [2002]
2
@ (1,3) b G0
© 33 @ 1,2
. : d 2y -2x
The solution of the equation ? =e [2002]
e—2x -2x
(@) (b) +ex+d
(© %e_zx +ex+d ()] le_4x +ex+d

The degree and order of the differential equation of the
family of all parabolas whose axis is x - axis, are respectively.

[2003]
@@ 23 (b) 2,1 © 12 @ 32
The solution of the differential equation
-1
1+ )+ (x—e™ y)%:O, is [2003]

-1 -1 -
(a) xe2tan Y _an Y g (b) (x—2)=k62tan 'y

-1 -1
() 2xe®™ V=2 Y L f (d) xe' Y —tanly 4k
The differential equation for the family of circle

—2ay = 0, where a is an arbitrary constant is
[2004]

x2+y2

®) 22 +y*)y =xp

@ 2:2-y*)y' =xy

@ (2+y%)y =2x

© -y =2x

Solution of the differential equation ydx + (x + x? Y)dy =0

is [2004]
(@ logy=Cx (b) —i+logy=C
xy
1
1 ——=C
(©) E+logy=C @ x

The differential equation representing the family of curves

y2 =2c(x+ Je ) , where ¢ >0, is a parameter, is of order and
[2005]

(b) order 1, degree 1

(d) order2, degree 2

degree as follows :
(a) order 1, degree 2
(c) order 1, degree3

10.

11.

12.

13.

14.

If x% =y (log y — log x + 1), then the solution of the
X

equation is [2005]

(a) ylog[ﬁj =cx (b) xlog (X) =cy
y X

(©) log (%) =cx (d) log [%] =cy

The differential equation whose solution is Ax? + By2 =1

where A and B are arbitrary constants is of 12006]
(a) second order and second degree

(b) first order and second degree

(c) first order and first degree

(d) second order and first degree

The differential equation of all circles passing through the
origin and having their centres on the x-axis is 12007]

d
D e ean 2o ®
@ y x+2xydx b y =x xydx

22 ay 2_ 2.3 dy
) x =y +xydx d x =y +xydx.

The soluton of the differential equation

dy x+y

d_y = satisfying the condition y(1) =1 is |2008]

(@ y=lnx+x ®) y=xInx+x?
(¢ y=xe&-D (d) y=xInx+x
The differential equation which represents the family of

curves y = ¢ e“2", where ¢, and c, are arbitrary constants,

is [2009]
(@ y"=yy ®) w"=y'
© w'=0" @ »'=»

Solution of the differential equation

cosxdy=y(sinx—y)dx,0<x<g is [2010]

(b) ytanx=secx+c
(d) secx=(tanx+c)y

(@ ysecx=tanx+c

(c) tanx=(secx+c)y

dy .
Ifa=y+3>0andy(0)=2,theny(ln2)1sequalt0:

[2011]

@ 5

(c) -2

b) 13
@ 7
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15.

16.

17.

Let I be the purchase value of an equipment and ¥ (¢) be the
value after it has been used for ¢ years. The value ¥(¢)
depreciates at a rate given by differential equation

av() _
dr

total life in years of the equipment. Then the scrap value
W(T) of the equipment is [2011]

—k(T —t), where k> 0 is a constant and T is the

2 2
1_kL ®) I_k(T—t)

2 2

@)

© e @ g

The population p (¢) at time t of a certain mouse species
dp(t)

=0. — 450.

i 0.5 p(t) — 450

If p (0) = 850, then the time at which the population becomes

Zerois: [2012]

satisfies the differential equation

@ 218 (b) In9

At present, a firm is manufacturing 2000 items. It is estimated
that the rate of change of production P w.r.t. additional

1
© m18 @ 18

dP
number of workers x is given by I 100 - 12/x . Ifthe

firm employs 25 more workers, then the new level of
production of items is [JEE M 2013]

@ 2500  (b) 3000 (c) 3500 (d) 4500

18.

19.

20.

Topic-wise Solved Papers - MATHEMATICS

Let the population of rabbits surviving at time ¢ be governed

. . _dp(t) 1
by the differential equation ” =5p(t)— 200. If

p(0)= 100, then p(¢) equals:
(@) 600-500¢"

[JEE M 2014
(b) 400-300 ™

(c) 400-300¢" (d) 300-200¢"
Let y(x) be the solution of the differential equation

d
(xlog x)d—i+ y=2x logx,(x 21). Then y (e) is equal to:

[JEE M 2015]
(@ 2 (b) 2e (© e d o
If a curve y = f(x) passes through the point (1, —1) and
satisfies the differential equation, y(1 + xy) dx = x dy, then

1
f(_EJ isequal to : [JEE M 2016]

2 4 2 4
@ 3 (®) 5 © -3 (®) 3
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Differential
Equations

Section-A : JEE Advanced/ IIT-JEE

C 1. (o 2. (b 3. (@ 4. (a) 5. (¢ 6. (¢ 7. (a)
8 (0 9. (b
D 1. (¢ 2. (a,c) 3. (c,d) 4. (a,d) 5. (a) 6. (a,c) 7. (b,c)
8 (a 9. (a,d)
1 _1( Stan 4x ]
= = " =—|t — -5
E 3 x+y=2and xy=1, x,y>0 4. vy 3[an YT x}
l4n 5 . 4 .
1 2.2 5. 1= ] 10)° units 9. Hk 10. — sq. units
6. x4y -2x=0,x-1=0 827\@() 3 54
[=al=y?
11. 10g7y +\ll—y2:ix+c
B
F (A) = p.qrs.t (B) = p.t (C) = p.g.rt; (D) —=s
H 1. (¢
I 1. 0

Section-B : JEE Main/ AIEEE

L © 2 B3 @4 © 5 © 6 B 7 @ 8 @ 9 (@ 10. @ 1. d 12.
13. d 14. (d) 15. @ 16. (@ 17. (c) 18. (c) 19. () 20. (b)

| LYW JEE @dvanced/ IIT-JEE

C. MCQs with ONE Correct Answer Giventhat y(0)=-1 = -1=-1+C = C=0
2
dy dy . . 1 1
1. (C) (E) —X.E'Fy:(). e y=—m o y(1)=_m=_§

By actual verification we find that the choice (c),

; . - . ; . @) dy(2+sinx)
i.e. y=2x—4 satisfies the given differential equation. e

J =—cosx,y(0)=1

dx\ l+y
2. () Given x2+)/2 =1.Differentiating w.r.t. x, we get dy  —cosx
2x+2yy'=0 or x+yy'=0. Again differentiating w.r.t. x, = (1+y) 2+sinx
weget 14'p'+ 3" =0 or 1+(y')2 =0 Integrating both sides .
3. (@ Thegiven differential equation is = In(l+y)=-In2+sinx)+C
dy t 1 Put x=0andy=1 = In(2)=-In2+C = C=In4
— _y [ —
dt 1+t" 1+t 1
( 1 ) Pu’t;c:% ln(l+y)=—ln3+ln4=ln% = y=3
t
—dt 1-— |dt
ILF. =¢ j“’ =e / bt/ gm(t-log(l+1) 5. (c¢) Giventhat y=y(x)
=7 £°80*) = (14 1) .. Solution is and xcosy+ycosx=n )
For x=0in(l)weget y="n
yel(l+1)= J' 1 e (+0)dt+C Diﬁ'c?rentiating (1) with respect tc? x, we get
(1+2) —xsiny.y'+cosy+y'cosx—ysinx =0
! 1 —
= yel(+n=-e'+C » yo—_L ,E¢ o 1o 2SImX-Cosy Q)

y -
1+t 1+¢ COSx—Xxsiny

EBD_7202
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6. (©
7. @
8 (o

= y'(0)=1 (Using y(0) =)

Differentiating (2) with respect to x, we get
(¥'sinx+ ycosx+siny.y')(cosx—xsiny)

_ —(=sinx—sin y—xcos yy")(ysin x—cos y)

"

y B
(cosx—xsin y)2

> =" r

The given D.E. is (x* + y*)dy = xydx st.y(1)=1and

y(xg)=e
The given eq” can be written as
Y__
A x21y?
Put y=wx, .. v+xﬂ= v2
a 1+v
dv - 2
> x—= 7 = j—”v dv+_|‘ﬂ=0
dx 1+v v3 X

1
= ———=+log|v|+log|x|=C
52 glv|+log|x]|
2
= logy=C+— (usingv=y/x)
2y

Also, y)=1 = logl=C+3 = C=-=

2
2 2
logy=x 2y , But given y(xg)=e

2y

2 2
- 2 2

= loge=x°2 2e = xp =3 = x0=\/§e

e

The given eq” is
ydx+y2dy =xdy;xeR,y>0,y() =1

ydx — xdy d{x)
= +dy=0 —| = |+dy=0
= y2 Ty = deyJ 4

- . x
On integration, we get ;+J’=C
y)=1 = 1+1=C = C=2
£+y=2
y

Now to find y(-3), putting x=-3 in above eq”,
we get

_24_ =2 2_ 2 =31
yy = y°-2y-3=0 = y=3,

But given that y >0, y=3
2
d 1- -2
DN Y i2de=0
dx y 1_y2

)

Topic-wise Solved Papers - MATHEMATICS

= 2132 +2x=2c = JI-)? +x=c

= (Jc—c)2 +y2 =1

which is a circle of fixed radius 1 and variable centre
(¢, 0) lying on x-axis.

Given D.E. can be written as

d_y_ x y_x4+2x
dx 1-x% 1 52
I_x dx +—llo l—x2
If e 15 =e2 () _ 1-x?

.. Solution is given by

4
y\/l—x2 =J‘\/1—x2.L2xdx
1—x?

=

S

y 1—x2=%+x2+c
f(0)=0=>Atx=0,y=0
se=0
5
1-x2 =2 452
INi=x 5
5
?+x2
o y=f0)=F—
l1-x
NER
o 4x?
I= | S—uax
B 1-x?
2
B3

put x = sin® = dx = cos6 dO
T T

3 3
<. I=2['sin” 0d6 = | (1-cos 20)d0
0 0

T
_ (e_sinZGJE m 3

2 )y 3 4

D. MCQs with ONE or MORE THAN ONE Correct

©

The given solution of D.E. is

¥ =(c +cy)cos(x+cy) = cye S

=(c +cy)cos(x+c3)—cye5.€"
= Acos(x +c3)— Be”

[Taking ¢; + ¢y = 4,c4e° = B]
Thus, there are actually three arbitrary constants and
hence this differential equation should be of order 3.
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Differential Equations

L ] M-S-319

2. (a,0) 2y =2c = c=y
Eliminating, ¢, we get,

¥ =29 (x+ ) or (y—2x01)* =4yp}
It involves only Ist order derivative, its order is 1 but
its degree is 3 as y} is there.

3. (¢, d) Tangent to the curve y = f(x) at(x, y)is

Y—y=%(X—x)
(9, ) .
4 0l: ( & ]
& B| 0, xdx+y
dx
3(x@—y)
N 0
dy
BP:PA=31= x=— & y

o Ligyg = [Dafat

= logy=-3logx+logc = y= %
X
As curve passes through (1, 1),c=1

curve is x3y= 1, which also passes through

23
8
4. (ad)
The given differential equation is

dx —y tanx = 2x sec x,

ILF = e_I tanxdx _ o x

y.cosx=.[2xdx= x% +c y(0)=0= ¢c=0

y=x%secx
Now atx= — —ﬁx 2——n2
owatx= 4 Yy 16 82
2 2
T T 2n
Atx=—, y=—x2=——
¥y Ve T
i 21c 2 Tt2 T
Atx=—,y’ X2+ Xl = b ——
4’ 4 &/‘ 82 2
T 2n 2n? 272 4n
At x=—,y =""x24+"" %3 =
377 3 V3 = 3J_ 3
dy _y y
g L =2 4sec =
S @ dx x X
Puttin —vxandd—y—v+xﬂ we etxﬂ—secv
gy dx e g dx

x+y'—

dx

Icosv dv = j—

X

= sinv=logx+c ¢-x>0)
= sin% = logx+c

It passes through (l, %) =C =%

sin = logx+l
x 2

( )dy+ e 1
a,¢) —— =
dx 1+e*"  1+¢€*

LF=1+¢

S Sol": y(1+e¥)=x+c
W0)=2=>c=4
- =0
Y= x YT
dy _(e"+D)-e"(x+4)
dx (€* +1)2

. dy
F el voint 22 =
or critical point i 0

= (x+3)=1 =>x+3=¢7
Its solution will be intersection point of y=x+3andy=¢e™>

Clearly there is a critical point in (-1, 0).
(b, ¢) Let the equation of circle be
X2+ +2gx+2gy+c=0
= 2x+2p'+2g+2g)'=0
=> x+ty'+tgt+g/=0 A1)
Differentiating again,

1+(yl)2 +W"
L+ + (P4 =02 g=-| T

Substituting value of g in eqn. (i)

L+ + " _(1+<y'>2 +yy") =0

yll yll
= 9y = 10023 -y - - Yy =0
= (@)Y=
o (=X + 14y + )y +1=0
Py"+Qy+1=0

s P=y—x,0=1+y +(/)?
Also P+Q=1-x+y+y +(')?
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fx)

8. @ f()=2-—

1
=f(x) + —f(x) =2
If=elogx=x
- fx= [2xdx =x2+C
C
or f(x) = X+;,C¢0 asf(x)=1
I f’[l)— I 2)=1
(a m L) = lim 1-Cx*%) =

x—>0 x—0"

(b) lim xf[l)= lim x(l+CxJ lim 1+Cx? =1

X

X/ x>0t x—0"

x—0"

(©) lim x*f'x

x—0*
- &im x2[1-C | = lim x*-C=-C
x—0" x2 x>0t

(d) for C =0, f(x) is unbounded as 0 <x <2

C C
= —<—<OD>—<X+—<®
2 X 2 X

9. @d[x+2P+yx+2) Z—Z =y

= yzg—(x+2)y=(x+2)2
dy

1 dx 1 1
= T ==
(x+2)°dy (x+2)y y
Let -1 i 1 dx du
e = il

X+2 (x+2)* dy dy
.. Eqn becomes
du 1 1
—+—U.=—2
dy 'y y
LF. =elogy=y

.. 1
.. Solutionis:uxy= IyX—zdy= logy+C
y

-y
—— = +
= — ) logy+C
As it passes through (1,3) = C =-1-1log 3

. ¥ =logy—-1-log3

X+2
= logy=1-—Y_
3 X+2

Intersection of (1) andy=x +2

log % =0=>y=3=>x=1

. (1, 3) is the only intersection point.
Intersection of (1) and y = (x +2)2

(D

Topic-wise Solved Papers - MATHEMATICS

2 2
log &Y _1_(x+2)or 1og(x+32) +(x+2) =1

’ 3
-~ LHS>2, v x> 0= no solution.

>%>1,Vx>0

E. Subjective Problems

¥y
@ (a+bx)e* =x

Y
= e¥=

X (1)
a+bx
Diff. w.r. to x, we get

y [(x)%—y]

o _a+bx—bx

2 (a+bx)?

Y 2
or (xd—y—y) er = ax—z -2
dx (a+bx)

Y
From (1) using e* =

, weget
a+bx

o) ©

Differentiating (3) w. . to x, we get
xd_2y+d_y_d_y= (a+bx)a—axb

dx? dx dx (a+bx)?

d’y B a?
YT 0

dx®  (a+bx)

2 2
- x3ﬂ=( ax ) (4
a2 \a+bx

Comparing (3) and (4) we get

or

2 2
dx? dx

The length of normla PQ to any curve
y = f(x) is given by

2
dy]
1+ (—
i dx
According to question
length of PQ =k

d 2
- (2 s

Ya

P(x, )
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which is the required differential equation of given curve. dp
On solving this D.E. we get the eq” of curve as follows If o 0, thenp=cwherec<0[-- p <0]
J‘ ydy I+dx - _l 2 /k2 y —+x+C Putting this value in (3) we get
o N @
\/kziz txaC This curve will pass through (1, 1) if
— — y =+x
As it passes through (0, k) we get C=0 I=c+2V-c = —c-2J-c+1=0
Eq" of curve is = (W-c-1)%=0
—‘/kz—y2=ix or x2+y2=k2 oo J-c=1= —c=lorc=-1
3. Equation of the tangent to the curve y= f(x) at point Putting the value of ¢ in (4), we get
(x.y)is Y-y =f (X% ...(1> yEoxd o xty=2
( Next, putting x = (— p)_l/ 2or— p= x%in (3) we get
The line (1) meets X-axis at PLx - 0 J and Y-axis in
'( )’ —x (1) 1
y="+2|=]==
0(0, y —xf"(x)) * Vo

; = xy=1(x>0,y>0)

\ Thus, the two required curves are x+y =2 and
xy=1(x>0,y>0).

4. Put10x+6y=v

dy dv L dv

10+6— . —=10=6sinv
, dx  dr dx
o X d d
v v
Area of triangle OPQ is 6sinv+10 12sin 2 cos > +10
2 2

o ](y—xf )

_1 0Q) = -
LoPy0o =1+ e

.. v
Divide numerator and denomenator by cos? (5) and put

_ -y ;
We are given that area of AOPQ =2
. 2dt dt B
- @) 2 T o) E T s
= T=2 = (y=xf'(x))"+4f'(x)=0 12¢+10(1+¢7) 5t +6t+5
X
) dt S
= (y-px)"+4p=0 -(2) N2 2°
(+3) ()
where p= f'(x)—_y 5 5
5. 51+3_ _15t+3
Since 00> 0,y—xf"(x) >0. Also note that or tan T—5x+5c or tan T=4x+c
p=S'(x)<0 Atorigin x=0,y=0
Wecan vt 22 - ps =25 © vm0rmumdno
? V=P Xt 2}’ —P ~G) Hence, from above
Differentiating (3) with respect to x, we get
tan_li—c = tan_l—5t+3—tan_l§=4x
-rotneorc 4 4
i N 5143 3
dp -1/2dp 4 4
= —x—(- —_—= or —%F % _ or =tan4
w P =0 533 tandx 25415
4 4

ap. 172 dp _ 12
= G ep =0 = o=0rx=(op) or 4=(5+3t)tandx or t(4—3tan4x)=>5tandx
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2 4-3tan4x LdyJ * T dy JE
Stan4x
or tan(5x+3y)= Ifé=0 thenx=c,when x=1,y=1c=1.
4—3tan4x dy b
or 5x+3y=tan_1( Stan 4x ) B x=1 D)
4—-3tan4x dx 2xy
When - (homogeneous)
l( _1( Stand4x ) ] dy y*—x
or y=-|tan"'|——F—|-5x
3 4—-3tan4x . . @_N_ i
o y= z{(x) and y = v(x) aresolutions of given differential Putting x = vy dy Y dy
) equations. ﬂ B 2y
(u) u(x;) > v(x)) for somex, V+J’dy 1,2
i) f(x) > g(x), ¥x >3 L
du - v _ v v-v+v vy
& T POW =S I T R T TN
i[u.ejpabc}=f(x)e P = —(l_vz)d":Q = {l‘ 2v2 jd‘):d_y
dx v14v?) Y v (1+v%) y

Similarly, %[v.ej P dx} = g(x)ej P

Subtracting, %[(u - v).ej p dx} =[f(x)- g(x)]eI P

From above since f(x) > g(x),"¥ x> x; and exponential
function is always +ive, then R H.S. is +ive.

%[(u—v).ejpdx}>0 or ‘;—F>O

X

. dx . . .
Hence the function F = (u—v)ej P s an increasing
function.
Again u(x) >v(x)) for somex,

F=@-v)e P s tiveat x = x

= F= (u—v)ejpdx is+ive Vx> x
(F being increasing function)
u(x) > v(x),¥x>x
Hence there is no point (x, y) such that x > x; which
can satisfy the equations.
y=u(x) and y =v(x).

Equation of normal is, jx()(_ X)+Y-y=0
y
P
dy 7
; = y|
1+[dx]
dy
z(dx]Z 2,5 de 2 2(ﬂ\2
= X E +y +2xy— =Y yLdyJ

= logv—log(1+v2) =logy+logc

xy

v—
1Y = 3

or =cy
1+v X +y2
al c
= =6
x2+y2

. . 1
Puttingx=1,y=1 gives c=5

Solution is x? + y2 -2x=0 -2
Hence the solutions are,

x? +y2 -2x=0,x-1=0.
Let X, be initial population of the country and Y, be its
initial food production. Let the average consumption be a
units. Therefore, food required initially a X),. It is given

90
Yy = aX, (—) =0.9aX, i
0 =ady 100 0 (1)
Let X be the population of the country in year ¢.

Then ‘ji_)t( = rate of change of population

=iX =0.03Xx
100

dx Y
= 0.03dr; Integrating j = j 0.03ds

= 10gX=0.03[+c = X=A.eO.03t

At 1=0,X = X, thus X, = 4, X = X"
Let Y be the food production in year ¢.

4 t
Th Y=Y[1 —) =0.9a X(1.04)
en 0 +100 aXy(1.04)

(since Y = 0.9aX, from (1))
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. . 9.
Food consumption in the year ¢ is a X 0e0'03t

Again Y-a X >0 (given)

1.04) _ 1 10
= 0.9a(1.04) > aXy% = (60—03), >
Taking log on both sides,

1[In(1.04)—0.03] > In10—1n9
In10-1n9
~ In(1.04)— 0.03

Thus, the least integral value of the year n, when the country
becomes self-sufficient, is the smallest integer greater than

In10-In9
In(1.04)-0.03 "
8.  Let the water level be at a height 4 after time ¢, and water

level falls by dh in time dt and the corresponding volume of
water gone out be dV.

= |dV|=|nrdh| (- dhisvery small)
L
dt dt

Now, velocity of water, v = % 2gh

or equal to

.- astincreases, & decreases)

Rate of flow of water = 4v (4 =12cm?)

(-

— R
) R
R-h
.
a2 l dh
h
Also from figure,

RP=R-1)?+r* = 2=24R-p?
So, %w/2g.\/ZA =—n(2hR- hz)%

2hR — h? 3
220 dh=-=[2g.Adt
N sp V8

Integrating,

0 T
j QRJA - 13'?)dh = —&.A.j dt
R 5t 0

300s5Y°

5m h2 A2
Y7 { 3 éJ
2 2

Sn ( 2 5/2 4R 3/2 Sn 14
3A,/ 3A,/ 15
56m 14w

(10)5 units.

— 5 05
s 0= o) =

10.

Let at time ¢, » and /4 be the radius and height of cone of
water.
.. Attime ¢, surface area of liquid in contact with air = mr?

/1117777777777777

av 2
ATQ —— < 7tr
0 dt
[ “—’ve sign shows that V decreases with time.]

= d—V=—k1tr2 = i{lrtrzh = —kmr?
dt dt 3

= ln—[rzh]_ —knr?
3 dt

[Using similarity of A’s ]

R
But from fi —
ut from figure I

>N

>

R

We get, li[ Z.ﬂ}=—kr2
3dt R

=

rzHﬂ k2
R at
£=—k—R = r=ﬂt+C
dt H H
Butat r=0,r=R = R=0+C = C=R
r=ﬂ+R
H
Now let the time at which cone is empty be T'then at T,
r=0 (no liquid is left)

—kRT H

0= +R > T=—"
k

According to question

+1D2 +(y-3
slope of curve C at (x,) _x+D)"+(y-3)

(x+1)
=> y=3
= Y_ ( L )y x+1—i
dex \x+1 x+1
1
R e L N

x+1
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] 3
Sol” is =||1-
Vil j[ (x+1)%

Y

]dx
—=x+i+C
x+1 x+1

y=x(x+1)+3+C(x+1) (1)
As the curve passes through (2, 0)
0=23+3+C3

= C=-3
. Eq". (1) becomes
y=x(x+1)+3-3x-3
y= x2 —2x (2)
which is the required eq” of curve.
This can be written as (x— 1)2 =(y+1)

[Upward parabola with vertex at (1, —1), meeting x-axis at
(0,0)and (2,0)]

r N

)
v
>

Area bounded by curve and x-axis in fourth quadrant is as
shaded region in fig. given by

_1f?.2 R
_UO(x —2x)dx’—{3—x}

_4 sq. units
3 5 .

2

0
=|——4
3

11. Weknow that length oftangentto curve y = f(x) is given

by
2
dy]
’1 i
4 +(dx

_‘8

. . - =1
As per question ( dy]

)

I\/I;)Tdy=jidx

= Puty=sin 0 sothat dy =cos0d0

= Icosecosede +x+c
sin@

- I(cosece—sine)de —tx+c

= log|cosecB—cotO|+cosO=xx+c

L L J—yz +\/1—y2 =tx+c
Y

F. Match the Following
1. A-pqnst Bpt; Cpqnt; D-s

A) (x—3)2y'+y=0

= log

= (x—3)2ﬂ=—y

1
= ——ldy= dx
IL I(x—3)2
or log|y|=—x13+logc, x#3

= log(zj=% ,X#3
c

x_
1 1

= Y_ex3 or y=ce*3 x#3
c

The solution set is (—o0,0)—{3}

T T T n 5w i
22102 £ 2r i
2’2)’( ’2)’ (8’ 4 ]’(O’s)am‘

(—=, ) contained in the domain
(A)—> p, q,r, s,t

The interval (_

®B) J'IS (x = 1)(x = 2)(x = 3)(x — 4)(x - 5)dx

Let (x-3)=t = dx=
Alsowhen x> 1,1 — -2

andwhen x > 5,1t >2
Integral becomes

j_zz (t+2)(t + 1)t = 1) —2)dt

= I_zzt(tz _1)¢? ~4)dt =0

as integrand is an odd function.
O is contained by(—%,%) and (-m,m)

(B)—> p,t.
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H. Assertion & Reason Type Questions
1. (¢) Thegiven differential equation is

x\/xz—ldy—y\/yz—ldx=0

© Let f(x)= cos® x +sinx

= f'(x)=-2sinxcosx+cosx

. . . 1
For critical point f'(x)=0 = sinx= 0 or cosx=0

d d.
:J \/ J2’ =I \/ ; = sec_ly=sec_1x+C
= x=£,5—, or x:E’_E NY -1 xVx© -1
6 6 252 | 5
Now f"(x)=-2cos2x—sinx = y= sec[sec x+C] yQ)= ﬁ
fr@|._ o =-ve fr"(x)|._ =—ve D) .
x=n/6 x=57/6 - T _ sec(sec 12+C) - SeC_li—SGC_l2=C
), pyp =Fve and fU(X)| __,,, =+Ve 3 B
_ T T _ E X _ _1 _E
% and S?n are the points of local maxima. =>C= 5 3 6 y= sec[sec x 6}

= Statement 1 is true.

Clearly all the intervals given in column I except (O, EJ 1 [ a1 n}
contain at least one point of local maxima. Y o
C@)->p,qr,t = Cos (cos'l l) cos 2 +sin (cos_1 l) sin 2~
X 6 X 6
D) Let f(x)= tan™! (sin x + cos x) 1 \/5 1 1 ]
= —=-_+7,/1=—5 . Statement 2 is false.
y 2x 2 x
-1 . b1
=tan [«/5 sm(x + Zﬂ
I. Integer Value Correct Type
e L©
. n 4
1+2sin (x+j . LAy
4 The given equation is I +8'(¥)y =g(x) g'(x)
For f(x) to be an increasing function,
£1x)>0 LF = el €% _ oo
= cos (x +§) >0 = —g <x +% < g <. Solution is , 8%)_ [eE@g(x).g'(x)dx
put g (x) =tso that g'(x) dx =dt
= _3_n <x< kid = |eftdr = ¢t
2 2 = [erar =et(t-1)+c
T 3n n S yesW=et®g(x)—1]+c
Clearly only (O,gJ C(_T’Z) Asy(0)=0andg(0)=0
o C=1

(D) s. y.e8%) = e8®) [g(x)— 1]+ 1

As g(2)=0, putting x = 2 we get
¥(2).e8D) =8 [g(2)- 1]+ 1=y (2)=0

il Section-B

-1, dy

2 (443 2 3, 4 © (+y)+@-e™ )X =0
1. (0 {1+3Z—y) =L—4d 3yJ 3(1+3Z—yJ =16[d—3;] dx
X dx X dx :£+ . _etan_ly
d2 N —-2x -2x d 1 2y 1 2
2 0 3= Ll o y=f it D )
dx e -2 4 LI |

_p eyl _ Y
3. © y?=da(x-h), 2yy, =4a= yy =2a IF=e =e

Differentiating, — y12 +37=0
Degree =1, order=2.
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5. (¢
6. ()
7. (¢)
8 (0

-1
-1 etan vy -1
x(etan y)=J‘ > etan ydy
I+y
2tan_'y
-1 e

- -1
L 2xe'™ Y =ty g

+C

x>+ y2 —2ay=0
Differentiate,

x+y'
2x+2yﬂ—2ad—y=0 =aq=2"2
dx dx y

!

Putin (1), <2 7 -2 F2
y

ydx + (x+x2y)dy =0
dx X 2 dx x 2
D—=-"-x"D>—+==-x",
dy y dy 'y
It is Bernoullis form. Divide by x?

x 2 ﬂ+x“l (lj =-1.
dy y

put x 1= t,—x'2 @ = ﬂ
dy dy

dt (1]
=>——|—|t=1
dy \y

_ e—logy _ y—l

dt [1]
We get, ——+¢| —|=-1
£ dy \y

Itis linear in ¢.

1
Integrating factor = ej _;dy

.. Solutionis #( y'l) = I( y'l )dy +c¢

11 1
=> - —=logy+tc=>logy——=c¢
xy Xy

y2 =2c(x+«/2)
2yy'=2clor yy'=c
=y =2y (x+y)

[On putting value of ¢ from (ii) in (i)]
On simplifying, we get

(y-2xp)? = 4yp°
Hence equation (iii) is of order 1 and degree 3.

xdy
— =y(logy—-logx+1
T v (logy—log )

& = Z(log(l] +l)
dx x X

dy xdv xdv
—C=VH—— Dyt = +
dx Y dx Y dx v(logv+1)

10.

11.

12.

13.

@

@

@

©

@
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1
Putlogv=z = —dv=dz > £=@
v z X
=Inz=lnx+Inc

or logv=cx or log (Z] =cx.
x

x=cx
A2+ =1 (1)
dy
Ax+By—=0 L 2
Y i @
2 2
PR ) R R ©)
dx dx
From (2) and (3)
d2y [dy]z dy
B2 || lipyZ =0
x{ Va2 N Y ix
Dividing both sides by —B, we get
2 2
dx? dx dx

Which is a DE of order 2 and degree 1.
General equation of circles passing through origin and
having their centres on the x-axis is

x*+y?+2gx=0..(3)
On differentiating w.r.t x, we get

2x+2y. % +28=0= g=- (x+yﬂ)

dx
}x=0

= x2+y?-2x*-2x %.y=0 = y2=x2+2xy%

. equation (i) be

x2+y2+2 {_(Hyjy]

X

dy_x+y_ .Y

dx x x
dv

Putting y = dd—y—v+x—
utting y = vx an dx i

we get

v+x§=1+v = ‘[%:Idv

X
Sv=lnx+c=>y=xlnx+cx

Asy(1)=1

sLoe=1 So solution is y = xInx + x

We have y = cje?*
= Y =cqaeP=cy
r ’ 2
y'y=(")
2
y
cosxdy = y(sinx—y)dx

Y 2
= ,Ta2= =0 = y'y=0"

dy 2
—=ytanx—y-secx
a0 Y
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A e ceex 17. (&) Given, Rateof changeis L =100 —124/x
y2 dx y A1) dx
: Ly at = dP=(100-12Vx ) dx
Let —=1=— 2 dxy = By integrating
S x [aP=[00-12Vx)ax
From equation (1)
i it P=100x-8x*2+C
—— —ttanx=-secx = —+(tanx)t =secx Given, when x = 0 then P = 2000
dx dx = C=2000
= Jtanxdx _ , .loglsecx| Now when x =25 then
IF-=e = ()" secx 1 P=100 x 258 x (2532+2000
=4500-1000
Solution : t(LF)= J (IF)secxdx = ;secx =tanx+c = P=3500
18. (¢) Given differential equation is
dy dpt) _1
14. = = =]dx o (n|y+3|=x+c == =—p(t)—200
@ Loyiz=[SH=la s ey )
Sincey (0)=2, . (n5=c By separating the variable, we get
= ﬂn|y+3| x+{n5 dp(t)=[lp(t)—200]dt
Whenx=/{(n2,then {n|y+3|={(n2+(nS 2
= (n|y+3|=(n10 N ap(t)  _ .
L y+3=£10 = y=7,-13 1 =
15. @ dt =kT-1) = -[ v = _kf (T'=nar Integrating on both the sides,
—1? d(p(t
v KT 0 __,,
2 5 p(t)—200
2 2
V(0)=]:>]=£+C C= ]—ﬂ 1 dp(t)
2 2 Let = p(1)-200 =5 = 20— gs
KT2 2 2
. V(T =]-——
=o0+C=1-7 so. [0~ Ja
16. (a) Given differential equation is (2 p(t) - 200]
W) _ o5p()-450
dt ——Idt = 2logs=t+c
dp(t) =1p(t)_450 _, 9p(t) _ p(t)-900
dt dt 2 p( ) 1
— 2log| T2 -200]=t+c = PO (f) _200=
= zd” () _ —[900-p(t)] = 2 _ap() __
900-p(t) Using given condltion p(t)=400— 300 e
Integrate both sides, we get d 1
19. @) Given Tl ——ly=2
: >dx xlogx

dp(
I 900p ;)(t) I at

Let900-p ()=u
= —dp(t)=du

We have, Zjd—u=jdt:21nu=t+c
u
= 2In[900—p()]=t+c

when t=0, p (0)=850
2in(50)=c

900 - p(t t
= 2[1"[5—5()]}1‘: 900-p(t)=50¢2  20- ®

t
= p(t)=900-50e2
letp(t,)=0

5
0 =900-50¢ 2

1

—d
LF.= ejxlogx X _ elog(logx) _ lng

y.logx=_[210gxdx+c
ylogx=2[xlogx—x]+c
Putx=1,y0=2+c =c=2

Putx=e

yloge=2e(loge—1) +¢c = y(e)=c=2

y (1 +xy)dx =xdy
M_xdx :J‘ d( }

2

» [xdx
2
XX e asy(l)=-1 :C=%
Hy 2y_ 2% :f(_l) i
ence, 211 2075

M-S-327
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