C HAPTER

Binomial Theorem and
Mathematical Induction

SYNOPSIS

The process of mathematical induction is an indirect meth-
od which helps us to prove complex mathematical formu-
lae, that cannot be easily proved by direct methods.

The Principle of Mathematical Induction
If P(n) is a statement such that,

(i) P(n)is true forn =1
(ii) P(n) is true for n = k + 1, when it is true for n =
k, where k is a natural number then the statement
P(n) is true for all natural numbers.
O  An algebraic expression containing only two terms is
called a binomial expression.

x+y)'=x+y
(x+y)P=x"+2xy+y*
(x+7y)?=%x+3x%y + 3xy* + y*

(x + y)'=x'+ 4%’y + 6X7y* + 4xy° + y*

In the above examples, the coefficients of the vari-
ables in the expansions of the powers of the binomial
expression are called binomial coefficients.

When the binomial coefficients are listed, for
different values of n € N, we see a definite pattern
being followed. This pattern is given by the Pascal
Triangle.

Pascal Triangle

The exponent The coefficients of the

of the binomial terms in the expansion
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1
5 1 5 10 10 5 1

This pattern, shown above, can be used to write the bino-
mial expansion for higher powers.

O Binomial theorem: If n is a positive integer,
(x+y)="C,x"+"C x"y +"C,x"?y* + ... + "C
XY +"C y"

T

Important Inferences from the above
Expansion

1. The number of terms in the expansion is n + 1.

2. From left to right, in every successive term of the
expansion the exponent of x increases with simul-
taneous decrease in the exponent of y by 1.



3. In each term of the expansion, the sum of the expo-
nents of x and y is equal to the exponent (n) of the
binomial expression.

4. The coefficients of the terms that are equidistant
from the beginning and the end have numerically
equal values, i.e,, "C ="C;"C, ="C_;"C,="C_,
and so on.

5. The general term in the expansion of (x + y)* is
givenby T  ="C x""y"

6. On substituting -y’ in the place of 'y’ in the expan-
sion, we get
(x - y)n — nCo X" — nCl X1 y+ nCz X2 Yz _ nC3 xn-3 y3
+...+(-1)Cy
The general term in the expansion (x - y)"is T, =
(-1)r "C x"y

Middle Terms in the Expansion of (x + y)"
Depending on the nature of n, i.e., whether n is even or

odd, there may exist one or two middle terms.

Case 1: When n is an even number, then there is only one
middle term in the expansion (x + y)", which is

th
n
[— + 1] term.
2

Case 2: When n is odd number, there will be two mid-
dle terms in the expansion of (x + y)", which are

(n+1\th d (n+3\th
LTJ an LT) terms.

Solved Examples

1. Provethat1+2+3+....+n= —n(n+l) .
2
& Solution: LetP(n):1+2+...+n= n(n+1) be
the given statement. 2
Step 1: Putn=1 1141)
Then, LH.S. =1and RH.S. = =1.

. LHS.=RHS.
= P(n) is true forn = 1.

Step 2: Assume that P(n) is true for n = k.

k(k+1)
v 1+2+3+....+k=—-

O Term independent of x: In an expansion of the form
1 n
[xp +—q] , the term for which the exponent of x is
b'
0 is said to be the term that is independent of x or a
constant term.

. . A
For example, in the expansion | x+—| is
X

1
=X’ + 2+ —, the 2nd term is independent of x’.
X

O The greatest coefficient in the expansion of (1 + x)"
(where n is a positive integer):
The coefficient of the (r + 1)th term in the expansion
of (1 +x)"is"C.
"C, is maximum when r = n/2 (if n is even) and
n+1 n-1

r= or
2

(if n is odd)

Numerically Greatest Term

The numerically greatest term in the expansion of (1 + x)"
is found out using the following process. We calculate the

(n+1)|x]|
value of ———:
[x|+1
mDlx_ «
If —————— = an integer, say 'K} then k" and (k + 1)*
[x|+1
terms are numerically greatest terms.
(n+1)|x], )
f ||—115 not an integer, say k + a; where 0 <
X[+

a <1, (k+ 1) term is numerically greatest term.

Adding (k+1) on both sides, we get

1+2+3+....+k+(k+1):M

=(k+ 1)(§+1]

C(k+1)(k+2)
B 2

_ (k+1)(k+1+1)
2

+(k+1)

= P(n)istrueforn=k+1



". By the principle of mathematical induction
P(n) is true for all natural numbers n.

n(n+1)

Hence,1+2+3+....+n= for all nEN

. Provethat1+3+5+....+(2n-1)=n?

Solution: LetP(n):1+3+5+...+(2n-1)=
n* be the given statement
Step 1: Putn =1

Then, LH.S. =1
RHS.=(1)*=1
L.H.S.=R.H.S.

= P(n)istrueforn=1.

Step 2: Assume that P(n) is true for n = k.
1+3+5+....+(2k-1)=k?

Adding 2k+1 on both sides, we get
1+3+5+...+2k-1)+(2k+1)=k*+
2k +1) = (k + 1)
1+3+5+...+2k-1)+2k+1)-1)
=(k+1)?

= P(n)istrueforn=k+1.

By the principle of mathematical induction
P(n) is true for all natural numbers ‘n’.
Hence,1+3+5+....+(2n-1)=n?foralln € N

. Prove that 3™! > 3(n + 1).

Solution: LetP(n):3"*'>3(n+ 1)

Step 1: Putn=1

Then, 3% > 3(2)

= p(n)istrueforn=1

Step 2: Assume that P(n) is true forn = k

Then, 3! > 3(k + 1)

Multiplying throughout with ‘3.
3% 3>3k+1)x3=9k+9=3k+2)+
(6k +3)>3(k+2)

= 3" S 3(k+1+1)

P(n) is trueforn=k + 1

". By the principle of mathematical induction,
P(n) is true for alln € N.

Hence, 3" >3(n+1), Vn EN

. Prove that 7 is a factor of 2> — 1 for all natural

numbers n.

Solution: Let P(n): 7 is a factor of 2*"— 1 be the
given statement

4
1
. Find the term independent of x in (x+—j .

Step 1: Whenn = 1,

23W_ 1 =7and 7 is a factor of itself.
. P(n)istrueforn=1

Step 2: Let P(n) be true for n =k.

= 7isafactor of 2%— 1.

= 2%-1=7M, where MEN.

= 2X=7M+1—(1)

Now consider 23D _ 1 =233 _ 1 =2%23_]
= 8(7M+1) - 1 (using (1)) = 56M + 7 (As 2%
=7M + 1)

261 =7(8M + 1)

= 7 isafactor of 2°¢*V_ 1

= P(n)istrueforn=k+1

". By the principle of mathematical induction,
P(n) is true for all natural numbers n.

Hence, 7 is a factor 2°" -1 for all nEN.

. Find the middle term in the expansion of (2x +

3y)8.
8 th
Solution: Since n is even number, [5+1j

term i.e., 5th term is the middle term in (2x + 3y)®.

T, =T, =*C, (20" (3y)' = °C, (2%)* (3y)*

. Find the middle terms in the expansion of (5x -

7y).

Solution: Since n is an odd number, the expan-
sion contains two middle terms.

(7+1\" (7+3\" _
LT J and LTJ terms are the two middle

terms in the expansion of (5x - 7y)’.

T,=T,, =(-1)"C, (5x) (7y)’
=-"C, (5x)* (7y)®

T,=T,, =(-1)')"C, (5x)* x (7y)*
= -7C, (5x) (7y)"

X

Solution: LetT_  be the term independent of x

in the given expansion.

X47r

1 r
Tr+1 = 4Cr X47r [_) = 4Cr r
X X

— 4Cr X4—2r

For the term independent of x the power of x
should be zero.



4-2r=0o0rr=2.
= T, = T, is the independent term of the
expansion.
Note: If r is not a positive integer, then the expan-

sion does not contain constant term.

6
1

. Find the coefficient of x? in [xz +—3J .
X

Solution: LetT _ be the term containing x*.
T =6C (Xz)sfr (Ljr
r+l r 3
X
6 —-2r — 51
Cr XlZ 2 — GCr XIZ 5
X

As the coefficient of x is 2
12-5r=2=r=2.
. Coefficient of x* = °C, = 15.

1 n
. If the expansion (xz + —J is to contain an inde-
X

pendent term, then what should be the value of n?

& Solution:

10.

General term, T . ="C_-x""-y/,

r+l1

for (x +y)"

1 n
= general term of [xz + —J is
X

“Cr . X2n—2r . 1 — nC .XZn—Sr

For a term to be independent of x, 2n - 5r
should be equal to zero, i.e., 2n - 5r = 0.

2 .
= r= s n, since r can take only integral values,
n has to be a multiple of 5.

Find the sum of the co-efficient of the terms of the
expansion (1 + x + 2x?)S.

Solution: Substituting x = 1, we have (1 + 1 +
2)5, which gives us the sum of the co-efficients of
the terms of the expansion.

. Sum = 4°



PRACTICE EXERCISE 11 (A)

Directions for questions 1 to 40: Select the correct alterna-
tive from the given choices.

1.

The sum of the first ‘n’ even natural numbers is
(1) 2n? (2) n(n+1)
(3) n(n+1)? 4) (n+1)°

n’+n+1isa/an number foralln € N

(1) even (2) odd

(3) prime (4) None of these
1+54+9+...... + (4n - 3) is equal to

(1) n(4n-3) (2) 2n-1)

(3) n(2n-1) (4) (4n - 3)?

For all n € N, which of the following is a factor of
2% _ 12

(1) 3 2 5
3) 7 (4) None of these

e . (n-1)"
The smallest positive integer n for whichn! < ———

. 2

holds is
(1) 4 2 3
(3) 2 (4) 1

In the 8th term of (x + y)", the exponent of x is 3, then
the exponent of x in 5th term is

(1) 5 (2) 4
(3) 2 (4) 6
The third term from the end in the expansion of
9
[4—X—3—y\ is
3y 2x
35 y5 ~ 35 y5
ey @ Cre

33 5
(3 °C L
X

(4) None of these

For what values of n is 14" + 11" divisible by 5?
(1) when n is an even positive integer

(2) For all values of n

(3) When n is a prime number

(4) When n is a odd positive integer

1 n
If the expansion of (x3 +—2j contains a term inde-
X

pendent of x, then the value of n can be

10.

11.

12.

13.

14.

15.

16.

17.

1) 18
(3) 24

(2) 20
(4) 22

6
If the third term in the expansion of (x+ xl%x) is
960, then the value of x is

(1 2 (2) 3
(3) 4 4) 8
If "C,="C,, then ZOCH is

(1) 18 (2) 380
(3) 19 (4) 300

In (x + y)" - (x - y)" if the number of terms is 5, then
find n.

(1) 6
(3) 10

2 5

4 9

If the sum of the coefficients in the expansion (4ax -
1 - 3a%x?)"% is 0 then the value of a can be

(1 2 (2) 4

31 4 7

Find the coefficient of x* in the expansion of

7
(2){2 +i3] .
X

(1) "C, 253
(3) 'C,3°2

(2) ’C,2°3?

(4) 'C,2°3

Find the sum of coefficients of all the terms of the
expansion (ax + y)".

(1) "Ca"+"Ca™'x"'y +"Ca"x"%y* +....... +"Cy"
(2) "Ca"+'Ca'+"Ca"?+........ +1C
(3) 2

(4) None of these

Find the coeflicient of the term independent of x in

12
5

the expansion of (6){3 ——sj .
x

1) 12C4 58 G4
(3) 12C4 6854

(2) 12C4 5863
(4) 12C4 6853
In the expansion of (a + b)", the coefficients of 15th

and 11th terms are equal. Find the number of terms
in the expansion.

(1) 26
(3) 20

) 25
(4) 24



18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

If ¥C_and “C_ are in the ratio 2: 3, then find “C.
(1) 91 (2) 81
(3) 71 (4) 61

If sum of the coeflicients of the first two odd terms of
the expansion (x + y)" is 16 then find n.

(1) 10 () 8

3) 7 “4) 6

The number of terms in the expansion of

[2x + 3y)* (4x - 6y)*]° is
(1) 36

(3) 10

Q) 37
(4) 40

Ifp(n)=(n-2) (n-1)n(n+ 1) (n+2), then greatest
number which divides p(n) for alln € N is

(1) 12 (2) 24
(3) 120 (4) None of these
1 1 1 .
—+—+— . + is equal to
1.2 23 34 n(n+1)
1 2
o 5 n+
n+1 n(n+1)
n+3 n
4 —
n(n+1) n+1

The inequality (2n + 7) < (n + 3)*is true for

(1) All negative numbers.
(2) All whole numbers.

(3) All natural numbers.
(4) None of these

Forn € N, a! + b>! is divisible by

(1) a+b (2) (a+b)

(3) a®+b’ (4) a2+b?

The greatest number which divides 25" - 24n - 1 for
alln € Nis
(1) 24
(3) 27

(2) 578

(4) 576

Find the coefficient of the independent term in the
1 1 10

expansion of LXE +7X75J .

(1) 10C474
(3) 10C675

() 10C6 76
(4) 10C4 77

Find the term which has the exponent of x as 8 in the

5 10
> 3
expansion of | X* — .
P [ ©x ]

28.

29.

30.

31.

32.

33.

34.

35.

36.

1) T,
3) T,

(2) T,
(4) Does not exist

In the expansion (1 + x)" if the coefficient of the 8th
term is 4 times the coefficient of the 9th term, then
find the total number of terms in the expansion.

1 9 (2) 10

3) 8 (4) None of these
The remainder when 9% + 7* is divided by 64 is
(1) 24 () 8

(3) 16 (4) 38

If ‘p’ and ‘q are the coefficients of x* and x" respec-
tively in (1 + x)**®, then
(1) 2p=q
(3) p=q

(2) p+q=0
(4) p=2q

The number of rational terms in the expansion of

1 1 45

Lxg -i-yE is
(1) 5 () 6
(3) 4 4) 7

If three consecutive coeflicients in the expansion of
(1 + x)", where n is a natural number are 36, 84 and
126 respectively, then n is

(1) 8 ) 9

(3) 10 (4) Cannot be determined
16

Z 16 Cr —

r=2

(1) 2¥-15 2) 2%-16

(3) 216-17 (4) 27-17

Find the value(s) of k such that the term independent
6
ofxin (3){2 + Lj is 135.
2x

(1) 2
(3) x4

2) %1
4) £3

Find the value of (51)* by using binomial theorem.

(1) 6765021 (2) 6765201
(3) 6765211 (4) 6765101

Number of non-zero terms in the expansion of
(5v/5%x +7)° + (55x —~[7)° is

(1) 4 (2) 10

(3) 12 (4) 14



37.

38.

39.

Find the two successive terms in the expansion of
(2 + 3x)® whose coefficients are in the ratio 1: 3.

(1) 2nd and 3rd terms (2) 3rd and 4th terms

(3) 4thand5thterms (4) 5th and 6th terms

The ratio of the coefficients of x* to that of the term

18
independent of x in the expansion of (xz + —zj is
X

(1) 1:6
(3) 1:10

Q) 3:8
(4) 1:8

Find the value of r for which t_ is the independent

m

. . a
term of x in the expansion of [alxk‘ +— ] .
X 2

PRACTICE EXERCISE

40.

) mk, 5 mk,
) "7k 4k, ) "7k, +k,
k k

3) r= —4 (4) r=—20
kl_kz kz_kl

Find the coefficient of a® in the expansion of

( 1)”
(1) 2C
(2) 2C
(3) 2C
(4) 2C

4
6
8

10

11 (B)

Directions for questions 1 to 40: Select the correct alter-
native from the given choices.

1.

The sum of the first ‘n’ odd natural numbers is

(1) 2n-1 (2) n2n-1)
(3) n? (4) n’
n?-n+ 1 is an odd number for all

(1) n>1

(2) n>2

(3) n=>1

(3) n=5

Forn €N, 2° +1 is divisible by

(1) 3n+11 (2) 3n—11

(3) 3n+1 (4) 3n+111

2" - 1 gives the set of all odd natural numbers for all
n € N. Comment on the given statement.

(1) True for all values of n

(2) False

(3) True for only odd values of n

(4) True for only prime values of n

The inequality 2" > n is true for
(1) all whole numbers

(2) all positive integers

(3) all negative integers

(4) all integers

In the 5th term of (x + y)", the exponent of y is 4, then
the exponent of y in the 8th term is

10.

11.

1 1
3) 5

2) 7
“4) 9

The third term from the end in the expansion of
(B3x-2y)"is

(1) _15C1331322X13y2
(3) 15C232213X2y13

(2) 15C1331322X13y2
(4) —15C232213X2y13
771 + 3+ is divisible by

(1) 10 for all natural numbers n

(2) 10 for odd natural numbers n

(3) 10 for even natural numbers n
(4) None of these

The elements in the fifth row of Pascal triangle is
(1) 1,5,10,10,5, 1

(2) 1,6,15,20,15,6,1

(3) 1,4,6,4,1

(4) 1,7,21,35,35,21,7,1

If the coefficients of 6th and 5th terms of expansion
(1 + x)*are in the ratio 7: 5, then find the value of n.

(1) 11 ) 12

(3) 10 4 9
3 11

Find the sixth term in the expansion of (2){2 —F) .
X

. 2°F 2°3°
(1) HCS 75 X3 (2) HCS 75 X3
2°3°
3) "cC, = x> (4) None of these



12.

13.

14.

15.

16.

17.

18.

19.

20.

Which term is the constant term in the expansion of

6
1
[ZX——] ?
3x

(1) 2nd term
(3) 4th term

(2) 3rdterm
(4) 5th term

The number of terms which are not radicals in the ex-
pansion (ﬁ + 4) ¢ +(\/; - 4) %, after simplification is

(1) 6
(3) 4

(2) 5
4) 3

The sum of the coefficients in the expansion of
(x+y)is

(1) 119 (2) 64
(3) 256 (4) 128
3 8
The coefficient of x* in the expansion of (4){2 + —] is
X
(1) *C 128 (2) *c,12*
(3) *C,12} (4) *C 128

Find the sum of the coeflicients of all the terms in the
expansion of (3x* + y)°.
(1) 4096
(3) 4003

(2) 4005
(4) 4004

The term independent of x in the expansion of

10
: J
3 .
X —— 1S
( X2

1) 10C6
(3) 10C9

(2) 10C7
(4) 710C6

If the 20th and 2Ist terms in the expansion of
(1 + x)* are equal, then the value of x is

20 21

(1) o1 (2) P
1

(3) 25 (4) E

If 11[“'1(33} = 24[“C2J, then the value of n is

(1) 12
(3) 10

(2) 11
(4) 13

The sum of the elements in the sixth row of pascal
triangle is
(1) 32
(3) 128

(2) 63
(4) 64

21.

22.

23.

24,

25.

26.

27.

28.

29.

The number of factors of the greatest number
that divides any number of the form p(n) where
pn)=nn+1)(n+2)(n+3)(n+4) (n+5)is

(1) 10 (2) 20

(3) 30 (4) 40

2 2 2 .

—t—F+— e +—————isequalto

3 15 35 (2n-1)(2n+1)
2n 2n

1 2

) 2n—-1 @ 2n+1
2n 2n

3 4

(3) 2n—3 ) 2n+3

2.37+1 + 3.2™! (where n € N) is divisible by

(1) 2 (2) 3
(3) 6 “4) 7
Foralln € N, x" + 1 is divisible by
1) x+1

2) x-1

(3) Both (1) and (2)
(4) None of these
Foralln € N, 41" - 40n - 1 is divisible by
(1) 41 (2) 40

(3) 300 (4) 500

Find the number of terms of the expansion
(I-x*+y°)°.
(1) 15

(3) 21

) 6
(4) 81

Find the coefficient of x° in the expansion of

.3 15
11x +—5 .
X

(1) C,11%3" ©)
(3) ©C,3711° (4)

ISC3 111035
ISC:12 111233

Find the independent term in the expansion of
10
7
[2)(2 +—5j .
X

(1) 10C2 2872 2)
(3) 10C8 2873

IOC:3 2773
(4) Does not exist.

If sum of the first 3 coefficients is 16 in the expansion

1 n
(x+—3) , then find n.

X
(1) 10 () 8
(3) 5 4) 4



30.

31.

32.

33.

34.

35.

The value of middle term in the expansion of
(100 - 2)* by using the binomial theorem is

(1) -240000

(2) 240000

(3) -3200

(4) 3200

Find the coeflicient of the term which contains the

(Lt 1)
10th power of x in the expansion of | x* + .
P P ST
(1) 870 (2) 680
(3) 780 (4) None of these

2 2
If m and n are the coefficients of x* and x” respec-

tively in (1 + x)az +bz, then

(1) n=2m 2) m+n=0

(3) 2n=m (4) m=n

The number of rational terms in the expansion of
( 1 7\\ 18

sz +y3J is

(1 5 2 2

3) 3 (4) 4

If three consecutive coefficients in the expansion of
(1 + x)™are 495, 220 and 66 respectively, then n =

(1) 15 2) 12
(3) 13 4) 14

Find the coefficient of x’ in the expansion of

[7 . 2 )13
X+—| .
X2

ANSWERKEYS

PRACTICE EXERCISE 11 (A)
1. 2 2. 2 3.3 4. 3 5.1
11. 3 12. 4 13. 3 14. 2 15. 2
21. 3 22. 4 23. 2 24. 1 25. 4
31. 1 32. 2 33. 3 34. 1 35. 2

PRACTICE EXERCISE 11 (B)
1. 3 2. 3 3.3 4. 2 5. 4
11. 3 12. 3 13. 3 14. 4 15. 2
21. 3 22, 2 23. 2 24. 4 25. 2
31. 3 32. 4 33. 4 34. 2 35. 3

36.

37.

38.

39.

40.

16.
26.
36.

16.
26.
36.

(1) 78x 8% x4
(3) 78x 7" x4

(2) 78 x 7° x 42
(4) 78 x 711 x 42

Find the two successive terms in the expansion of
(3 + 4x)” whose coeflicients of x are in the ratio 1: 1.

(1) T, T, () T,T,
(3) T,T, (4) Does not exist

Find the value of k for which the term independent

k 12
of xin (x2 +—) is 7920.

X
1 1
1) — 2) =
()\5 ()2
3) V2 4) 2

If the coefficients of x in the 4th and 7th terms of the
expansion (1 + x)" are in the ratio 4: 7, then find n
(1) 8 ) 9

(3) 12 (4) 10

The total number of terms in the expansion of
x+y)P+x-y)is

(1) 51

(2) 26

(3) 102

(4) 25

The value of (\/g + 2)6 + (\/g - 2)6 is

(1) apositive integer

(2) anegative integer

(3) anirrational number

(4) arational number but not an integer

4 7. 2 8. 4 9. 2 10. 1
3 17. 2 18. 1 19. 4 20. 2
2 27. 4 28. 2 29. 3 30. 3
1 37. 2 38. 3 39. 2 40. 1
2 7. 4 8. 3 9.1 10. 1
1 17. 1 18. 1 19. 2 20. 4
3 27. 4 28. 4 29. 3 30. 2
4 37. 3 38. 4 39. 2 40. 1




