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I< (:)/) Learning Objectives

After studying this chapter, the students
will be able to understand

* trigonometric ratio of angles

* addition formulae, multiple and
sub-multiple angles

e transformation of sums into products
and vice versa

*  basicconcepts ofinverse trigonometric

functions

* properties of inverse trigonometric
functions
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Brahmagu'pta.

Introduction

The word trigonometry is derived
from the Greek word ‘tri’ (meaning three),
‘gon’ (meaning sides) and ‘metron’ (meaning
measure). In fact, trigonometry is the study
of relationships between the sides and angles
of a triangle. Around second century A.D.
George Rheticus was the first to define the
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trigonometric functions in terms of right
angles. The study of trigonometry was
first started in India. The ancient Indian
Mathematician, Aryabhatta, Brahmagupta,
Bhaskara I and Bhaskara II

obtained important results.

Bhaskara I gave formulae

to find the values of sine
functions for angles more
than 90 degrees.The earliest
applications of trigonometry were in the fields

TANEOB

of navigation, surveying and astronomy.

4

- "iow?
= Currently, trigonometry is used in
many areas such as electric circuits,
describing the state of an atom,
predicting the heights of tides in the
ocean, analyzing a musical tone.

Recall
, side opposite to angle 0
1. sinf = Hypotenuse
Adjacent side to angle
2. cosd = Hypotenuse
_ side opposite to angle 0
3. tanf = Adjacent side to angle
Adjacent side to angle
4 cotd = "G opposite to angel 0
B Hypotenuse
5. sech = Adjacent side to angle 0
B Hypotenuse
6. cosect = G, opposite to angle 0
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Relations between trigonometric ratios

. 1 ~
1. sinf6 = cosec B °F cosecO= sin 0
1 !
2. cosO = sech OF secO= cosd
3. tanf = sin 0 or cotf= cgs@
cos® sin®
4. tanf = 1 or cotf= 1
cotd tan @

Trigonometric Identities
1. sin*6+cos’d =1

2. 1+tan’0=sec?0

3. 1+ cot’d= cosec?0.

Angle

Initial side

Angle ZAOB

b /

Fig. 4.1

Angle is a measure of rotation of a
given ray about its initial point. The ray
‘OA is called the initial side and the final
position of the ray ‘OB’ after rotation is
called the terminal side of the angle. The
point ‘O’ of rotation is called the vertex.

If the direction of rotation is
anticlockwise, then angle is said to be
positive and if the direction of rotation is
clockwise, then angle is said to be negative.
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Measurement of an angle

Two types of units of measurement
of an angle which are most commonly used
namely degree measure and radian measure.

Degree measure
If a rotation from the initial position

to the terminal position <3é0>th of the
revolution, the angle is said to have a
measure of one degree and written as 1°.
A degreeis divided into minutes and minute
is divided into seconds.

One degree = 60 minutes (60")
One minute = 60 seconds (60")

Radian measure

The angle subtended at the centre of
the circle by an arc equal to the length of
the radius of the circle is called a radian,
and it is denoted by 1¢

B

=

Fig. 4.2

The number of radians in an angle
subtended by an arc of a circle at the
centre of a circle is
length of the arc
- radius

ie, 8= %, where 6 is the angle
subtended at the centre of a circle of radius

rbyan arc of length s.

Trigonometry
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Relation between degrees and radians

We know that the circumference of
a circle of radius lunit is 2m. One complete
revolution of the radius of unit circle subtends
2n radians. A circle subtends at the centre an
angle whose degree measure is 360°.

1t radians = 180°

180°
T

27t radians = 360°

lradian =

Example 4.1

Convert: (i) 160° into radians

(ii) 4 radians into degree
5 g
(iii) L radians into degree
4 g
Solution

) 160° = 160 X (&5 radians =57

ii) 4Tﬂ'mdians = i:rx 12;? = 144°
iii) g radian = %—178;)
1 7 o re=rr
= ZX 180Xﬂ:14 19'5
4.1 Trigonometric Ratios
4.1.1 Quadrants:
Ay
II I
b 0 X
11 1Y
vyY
Fig. 4.3
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Let X'OX and Y'OY be two lines
at right angles to each other as in the
figure. We call X’OX and Y'OY as X axis
and Y axis respectively. Clearly these axes
divided the entire plane into four equal
parts called “Quadrants”.

The parts XOY, YOX', X'OY’ and
Y’ OX are known as the first, second, third
and the fourth quadrant respectively.
Example 4.2

Find the quadrants in which the
terminal sides of the following angles lie.

(1) —70° (i) —320° (iii) 1325°

Solution (i)

(i) The terminal side of —70° lies in IV
quadrant.

AY

Fig. 4.4

Y
Y'

(ii) The terminal side —320° of lies in I
quadrant.

AY

Fig. 4.5

A
R 7

A
ot
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(iii) 1325° = (3 X 360)+180°+65° the
terminal side lies in III quadrant.

AY

7

Fig. 4.6

Y

A
&)
S

\f Y/

4.1.2 Signs of the trigonometric
ratios of an angle 0 as it varies
from 0° to 360°

17

IT Quadrant I Quadrant
sin & cosec All

P —_—
e —

b 0 b

IIT Quadrant IV Quadrant
tan & cot cos & sec

VY

ASTC : All Sin Tan Cos
Fig. 4.7

In the first quadrant both x and y
are positive. So all trigonometric ratios
are positive. In the second quadrant
(90° < 0 <180°) x is negative and y is
positive. So trigonometric ratios sin 0
and cosec O are positive. In the third
quadrant (180° < 6 < 270°) both x and y
are negative. So trigonometric ratios tan
0 and cot O are positive. In the fourth
quadrant (270° <60 <360°) x is positive
and y is negative. So trigonometric ratios
cos 0 and sec 0 are positive.

A function f(x) is said to be
odd function if f(—x) = - f(x). sin0,
tan &, cot @ and cosec @ are all odd function.
A function f(x) is said to be even function
if f(—x) = f(x). cos@ and secf are even
function.

4.1.3 Trigonometric ratios of allied
angles:

Two angles are said to be allied angles
when their sum or difference is either
zero or a multiple of 90°. The angles -0,
90° + 0, 180° £ 8, 360° + 0 etc .,are angles
allied to the angle 0. Using trigonometric
ratios of the allied angles we can find the
trigonometric ratios of any angle.

90°—@ 90°+6 180°—0 180°+ 8 270°— 60 270°+ 0 360° — G 360° + 8

Angle/

Function ot or o
20 2+0 -6

Sine —sinf cos@ cosf  sind

Cosine cosd sinf —sinf —cosf

tangent —tand cotd —cotd —tand

cotangent —cotf) tanf —tand —cotf

secant secld cosecl —cosecl —secl

or or or or or

a+0 -0 219 2m—0 2w+6

—sinf —cosf —cosf@ —sinf sinf
—cosf —sinf sinf  cos@  cosf
tanf  cotd —cotd —tanf tand
cotd tand —tanf —cotd coth
—sec —cosecl cosecl secld  secl

cosecant —cosecl secl  secld cosecl —cosecl —secl —secl —cosecl cosecl
Table : 4.1
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Example 4.3

Find the values of each of the following
trigonometric ratios.

(i) sin 150°
(iii) cosec 390°
(v) secl485°

(ii) cos(—210°)
(iv) tan(— 1215°)

Solution
(i) sin150° = sin(1x90° +60°)
Since 150° lies in the second quadrant,

we have

sin150° = sin(1x90°+ 60°)
o1

= cos60° = D)
(ii) we have cos(-210°) = cos210°

Since 210° lies in the third quadrant,
we have

c0s210° = cos(180° + 30°)

/3

= —c0s30° = 5
(iii) cosec390° = cosec(360° + 30°)
= cosec30° =2

(iv) tan(-1215°)= -tan(1215°)
= —tan(3x360° + 135°)

= —tan135°
= —tan(90° + 45°)
= —(-cot45°) =1
(v) sec1485° = sec(4 x 360° + 45°)
= sec45° = \/5
Example 4.4
Prove that

sin600° cos 390° + cos 480° sin 150° = -1

Solution
sin600° = sin(360°+240°) = sin240°

/3

= sin(180° + 60°) = — sin 60° = — )

- 80 ‘ 11t Std. Business Mathematics and Statistics

‘ ‘ 04_11th_BM-STAT_Ch-4-EM.indd 80

€0s390° = cos(360° + 30°)

= c0s30° = @

c0s480° = cos(360° + 120)
= cos120°
= c0s(180°-60°) = —c0s60°
1

=3
sin150° =sin(180°-30°)
= sin30° = 3

Now, sin 600° cos390° + cos480° sin150°

() )H1)3)

Example 4.5

Prove that

sin(—0)tan(90° — 0)sec(180° —6)
sin (180 + &) cot (360 — ) cosec(90° — ) ~

1

Solution

L.H.S
_ sin(—=6)tan(90° — 0)sec(180° — 0)
~ sin (180 + &) cot (360 — &) cosec(90° — 8)

_ (—sinf)cotf(—secl)
~ (—sinf)(—cotO)secd

1. Convert the following degree measure

1

into radian measure
(i) 60° (ii) 150°
(iii) 240° (iv) -320°

2. Find the degree measure corresponding
to the following radian measure.

0 § (i) 5"

(iii) -3 (iv) 1o
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3. Determine the quadrants in which
the following degree lie.
(i) 380° (ii) —140°  (iii) 1195°
4. Find the values of each of the following
trigonometric ratios.
(i) sin300°
(iii) sec390°
(v) cosecl125°

(ii) cos(-210°)
(iv) tan(-855°)

5. Prove that:
(i) tan(-225°) cot(-405°) -
tan(-765°) cot(675°) =0

(i) 2sin® % + cosec” 7% cos’ % = %

(iii) se<:<377r — (9>sec<(9 — 5%)
+ tan<57ﬂ-7L (9>tan<l9 —5777> =1

6. If A, B, C, D are angles of a cyclic
quadrilateral, prove that :

CcoSA + cosB + cosC + cosD =0

7. Prove that:

6 sin(180° — &) cos(90° + 8) tan (270 — 6) cot (360 — 0)
sin (360 — &) cos (360 + 8)sin (270 — 0) cosec(—0)

-1
(ii) sin® - cos 9{sin<% - 9) - cosect

+cos<%—t9>-sect9} =1

8. Prove that : cos510° c0s330° + sin390°
cos120°=-1
9. Prove that:
(i) tan(T +x)cot(x — )

—cos(2m —x)cos (2 + x) = sin’x

(ii) sin(180° + A)cos(90° —A)tan(270° — A)
sec(540° — A)cos(360° + A)cosec(270° + A)

=—sin A cos’A

10. If sin@ =2, tang =7 and 5 <0<

T<¢Q <37 then find the value of

8tand — /5 sec ¢

4.2 Trigonometric Ratios of
Compound Angles

4.2.1 Compound angles

When we add or subtract angles,
the result is called a compound angle. i.e.,
the algebraic sum of two or more angles
are called compound angles

For example, If A, B, C are three
anglesthen A+ B,A+B+C,A-B+ Cetc,
are compound angles.

4.2.2 Sum and difference formulae
of sine, cosine and tangent

(i) sin(A+B) = sinA cosB+ cosA sinB
(ii) sin(A —B)
(iii) cos(A + B)

(iv) cos(A—B)

sinA cosB - cosA sinB

cO0SA cosB - sinA sinB

CcOSA cosB + sinA sinB

tanA +tan B
1—tanA tanB

tanA —tan B
1+tan A tanB

(v) tan(A+B)

(vi) tan(A-B)
Example 4.6

4 12
If cosA = 5 and cosB = 13>

3T7T < (A, B) < 2, find the value of

(i) sin(A-B)
(ii) cos(A+B).
Solution
Since 37” <(A,B)< 27 ,both Aand B
lie in the fourth quadrant,
..sinA and sinB are negative.
Given cosA = % and cosB = %,

Therefore,

sinA = —y/1—cos’A
__ /i_16
- 25

Trigonometry
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1 /3
/169 — 144 V3
- 169 .
s (iv) cos 165° = cos(180°-15°)
- 13 = —cos 15°
(i) cos(A + B) = cosA cosB - = —cos(60° — 45°)
sinA sinB = —(c0s60° cos45° + sin60°
_ 4><12—<_3>><(_5> sin 45°)
5713 5 13
1,1 ,¥V3 1
_ 48 15 _ 33 S\20 22 02
~ 65 65 65
(i) sin(A - B) = sinA cosB - _(1+/3 )
c0sA sinB 22
—3\(12)_(4)(=5 2/2
=175 13) " \5 13 . —secl65° =
1+4/3
¢ _ —36,20 _ —16 ®
65 65 65 _2v2 1-v3
Example 4.7 1437 1-43
Find the values of each of the following =v2(v/3-1)
trigonometric ratios.
Example 4.8
N 1m0 . 1nco
(%').sm15 . (%l) cos( 105: ) If tanA = m tanB, prove that
(iii) tan75° (iv) —secl65 sin(A + B) _m+1
Solution sin(4=8) = m—1
(i) sin15° = sin(45°-30°) .
'—
= sin45° cos 30° — cos 45° sin 30° "

S cos cosEo sin Componendo and dividendo rule:
= Xﬁ—l XL—\E—l tb _ctd
B 2 2 L C G =

V2 J2 242 If =7, then -~ —p = —/

(ii) cos(-105°)
— c0s105° Solution
— COS(600 + 450) Given tanA = m tanB
inA in B
= c0860° c0s45° - sin60° sin45° gg;A = m zlor;B
1,1 V3,1 _1-v3 sinAcosB _
=~ X — X = - = m
2 \5 2 ﬁ 2ﬁ cosAsin B

- 5
Sin B= —/1 — cos’B

__ /144
- 169

® [T [ [

(iii) tan75°
= tan(45° + 30°)

_ tan45° +tan30°
~ 1—tan45°tan30°

1+-L
= ﬁ—ﬁ+1=2+ﬁ

- 82 ‘ 11t Std. Business Mathematics and Statistics
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Applying componendo and dividendo
rule, we get

sin A cos B+ cos Asin B m—+1
sinA cosB — cosAsinB -

sin(A+B)  m+1
sin(A—B) ~ m—1°

which completes the proof.

4.2.3 Trigonometric ratios of
multiple angles

Identities involving sin2A, cos2A, tan2A,
sin3A etc., are called multiple angle
identities.

(i) sin2A = sin(A+A)=sinAcosA+
cosAsinA = 2sin A cos A.
(ii) cos2A = cos(A+A) =cosAcosA—
sinAsin A = cos’A-sin’A
(iii) sin 3A =sin(2A+A)
= sin2A cos A + cos2Asin A
= (2sinAcosA)cos A+ (1 —2sin*A)sin A
= 2sinAcos’A +sinA — 2sin’ A
= 2sinA(1 —sin®A)+sinA —2sin’ A
= 3sinA— 4sin’A
Thus we have the following multiple
angles formulae

1. (i) sin2A = 2sinA cosA

2tan A
1+ tan’A
2. (i) cos2A = cos’A - sin’A

(ii) cos2A = 2cos?A-1
(iii) cos2A = 1-2sin’?A

(ii) sin2A =

. _ 1—tan’A
(iv) cos2A = L+ tan® A
__2tanA
3. tan2A = | — tan’A
4. sin3A = 3sinA —4sin’A
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5. cos3A = 4cos’A—3cosA

3tanA —tan’ A
1—3tan’A

(i) COS2A = %(1 +cos2A) (or)

cosA =+ /1+c5)52A

(ii) sin’A = %(1 —cos2A) (or)

sinA ==,/ 1= cosza _CSSZA

6. tan3A =

Example 4.9
sin28
Show that 1T+ cos2ld = tan @
Solution

sin20 _ 2sinfcosd _ sinf _ . o
1+ cos20 2cos’d cost

Example 4.10
Using multiple angle identity, find tan60°

Solution
_2tanA
tan2A = | — tan’ A
Put A = 30° in the above identity, we get
o_ _2tan30°
tan60” = 4 an30°
L 2
A

Example 4.11

If tanA = % and tanB = %, show
that cos2A = sin4B

Solution

1
cosoA = 1-tan’A _ 1749 48 49

1+tan’A 1_,_4179 49750

24

Trigonometry
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Now, sin4B = 2sin2B cos2B

_ 2tan B ><1—tan2B
1+tan’B "~ 1+tan’B

m Exercise 4.2

. Find the values of the following:

1 1
s =g gy 2) (i) cosecl5e (ii) sin(-105°) (iii) cot75°
= Xx—= = — cee
1+; 1+; 25 . Find the values of the following

From(1) and (2) we get, cos2A = sin4B.

Example 4.12

(i) sin76° cosl6° + cos76° sinl6°
(ii) sin% cos% + cos% sin%

(iii) cos70° cos10° - sin70° sin10°

If tanA = % then prove that (iv) cos®15° -sin*15°
tan2A = tanB . If sinA= %, 0<A< % and cosB = ;1%,)2 ,
Solution 5 T<B< 37” find the values of the
— 2sin* 5 -
Consider 1 sircl(;i%SB _ 3 2 5 following:
2sin5-cos > (i) cos(A+B) (ii) sin(A-B)
sing B (iii) tan(A-B)
= =tan>5
2
COs 5 . If cosA = % and cosB = % where A, B
tanA = 1;%53 are acute angles prove that A-B = %
B . Prove that 2tan80° = tan85° —tan 5°
tanA = tan>- 1 —5
B . If cot a = 5 sec B = 3 where
A =5 3r b4
2 n<oc<7and7<[)’<7r,findthe
24 =B value of tan(« + f3). State the quadrant
.. tan2A = tanB

Example 4.13

If tana=% and tan,@Z% then
T
prove that (2a+ )= i

in which « + f3 terminates.

. If A+B = 45°, prove that

(1+tanA)(1+tanB) = 2 and hence
deduce the value of tan 2217

. Prove that

Solution (i) sin(A +60°) 4 sin(A —60°) = sin A
tan(2a + §) = 2n2ettanf (ii) tan4A tan3A tan A + tan 34
1—tan2¢ - tanf3 +tan A — tan4A =0
1
_ 2tane _2*%3 _3 . (i) If tanf = 3 find tan36
tan2a = —— 5 = 1 =1 12
1 —tan"a 1-g (ii) If sinA=ﬁ, find sin3A
it7 % fsinA = o, find the values of
tan(2a + B) = 43 71 — %g . If sinA = %, find the values of cos3A
1=-3 X5 5% and tan3A
s P that sin(B—C)  sin(C—A)
=1=tan"g - rrove that c5sBcosC " cosC cos A
_ T sin(A—B) _
20t =7 cosAcosB

- 84 ‘ 11t Std. Business Mathematics and Statistics
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12. Iftan A—tanB = xand cosB — cosA =y Also
1 1
that cot(A—B) =+,
prove that cot( ) x )y sin’A - sin’B = sin(A + B)sin(A — B)
13. If sina+sinff=a and cosa tc_:_)if =b, cos*A —sin’B = cos(A + B) cos(A—B)
then prove that cos(a—f8) = %.

4.3.2 Transformation of sum or

. T
14. Find the value of tan 3 - difference into product

1 . _ 1 o
15. If tane =+, sm,@—im Prove that §inC + sinD = 28in<c—i2_D>cos<C 2D>

a+2,6’=% where 0 <a < % and

P sinC - sinD = 2cos<C§D>sin<C;D>
o< B <7.

C+D C—D
cosC + cosD = 2cos 3 CoS )
4.3 Transformation formulae

.(C+D\. ([C—D
The two sets of transformation formulae cosC - cosD =—2sin|~ 5 |sin{— >

are described below. Example 4.14

4.3.1 Transformationofthe products

: ) Express the following as sum or
into sum or difference

difference

sinAcosB+cosAsinB =sin(A+B) (1) (i) 25in 20 cosd (ii) 2 cos 30 cosd

sinA cosB —cosAsinB =sin(A—B) (2
® in(4~B) (2) (iii) 2sin40sin20  (iv) cos76 cos50 @
cosA cosB—sinAsinB = cos(A+B) (3) 54

3A . .
=57 C08 5~ 96 sin 60
cosA cosB+sinAsinB = cos(A—B) (4) (v) cos=5"cos™3 (vi) cos 9 sin

ii) 2 13A sin 15A
Adding (1) and (2), we get (vii) 2cos 134 sin 15

2sin A cos B=sin(A + B) +sin(A — B) Solution
i) 2si = sin(20 +0)+
Subtracting (1) from (2), we get (i) 25in26 cosd s?n( ; 0)
2cosA sinB = sin(A +B)—sin(A — B) sin(260 —0)
= sin30 +sin 0
Adding (3) and (4), we get sin sin
2cosA cosB = cos(A+ B) + cos(A—B) (ii) 2 cos 36 cos O = cos(3g Jrg)—i-
3 —
Subtracting (3) from (4), we get Cosig . )2(9
2sinA sinB = cos(A — B) — cos(A + B) = cos cos
Thus, we have the following formulae; (iff)  2sin40sin20) = cos(40 ~20) -
) i ) cos(40 +20)

2sinA cosB = sin(A + B) + sin(A — B)

cos 260 — cos 60
2¢cosA sinB = sin(A + B) —sin(A — B)

(iv) cos76 cos50 %[cos(7(9+5l9)+

2cosA cosB = cos(A+ B)+ cos(A—B) cos(760 —50)]
2sin A sinB = cos(A — B) —cos(A + B) :%[cos 120 + cos 26]

Trigonometry
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(v) cos%cosi = Lcos<—3A +—5A )
2 2 2 2 2

<3A B SA)
2 2

+ cos
A

1] 8A, (=24
ZCOSZ COS 2

%[cos 4A + cos(—A)]

(S

[cos 4A + cosA]

(vi) cos960sin6l = %[sin(9l9 +60)—
sin(90 —60)]
= %[sin(l5t9) —sin30]
(vii) 2cos13Asin15A = sin(13A +15A)
—sin(13A —15A)

=sin28A + sin2A
Example 4.15

/3

Show that sin20°sin40°sin 80° = 8

Solution
LHS = sin20°sin40° sin 80°
= sin20° sin(60° —20°)sin (60" +20°)
= sin20°[sin*60° — sin”20°]

sin 20°[% — sin” 20°]
_ .2 o
sin20°[3 4z1n 20 ]
35in20° —4sin’20° _ sin3(20°)
7] ALV
sin60” _ V3/2 3
-4 4 8 -
Example 4.16

Show that sin 20° sin40° sin 60° sin 80° =

[u—
c\““

Solution
L.H.S = sin20° sin40° sin 60° sin 80°
=sin 60° sin 20° sin (60" —20°)sin (60° + 20°)

V3

= ~5sin 20°(sin*60° — sin*20°)

11t Std. Business Mathematics and Statistics

_ ()(i)@ §in 20° — 4sin°20°)

(5 pmeo =[N0

Example 4.17
Prove that cos?’A + cos®(A+120°)+

cos>(A—120°)_ %

Solution
cos?A + cos? (A +120°) + cos? (A — 120°)
= cos’A + cos? (A+120°) +

(1 — sin® (A — 120°))
(Since cos’A =1—sin’A)
= cos’A+ 1+ cos* (A + 120°)

—sin? (A —120°)

cos’A+ 1+ cos[(A+120°) +
(A— 1200)] cos[(A+120")—(A—120%)]

(Since cos’A —sin’B =
cos(A+ B) cos(A—B))

= c0s?A +1 + cos2A cos240°

= cos’A+1+(2cos*’A—1)
cos(180° +60°)

(since 2cos’A =1+ cos2A)

= cos’A+ 1+ (2cos’A—1)(—cos60°)

cos’A+1+(2cos’A— 1)(—%)

2 ) 1_3
cos“A+1—cos A+2—2

Example 4.18

Convert the following into the product
of trigonometric functions.

(i) sin9A +sin7A  (ii) sin70 — sin46

(iii) cos8A + cos12A (iv) cos4a — cos 8«
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(v) c0s20° — cos30°

(vii)

(vi) cos 75° + cos 45°

Solution

(iii)

cos 55° + sin 55°
(i) sin9A +sin7A = 25in<w>
<9A — 7A>
0S 2
4. (16A 2A
= 2sin 5 Jcos{
= 2sin8A cos A
(ii) sin 760 — sin 46 = 2cos<7€—54‘9>
. <70—40>
sin{ 5
B 1160\ . (30
= 2co0s 5 Jsin{
cos8A + cos12A
<8A+12A> <8A—12A>
2cos 3 coS )

®
Il

(iv)

(v)

(vi)

20A —4A
2cos I )

2cos 10A cos(—2A)
2cos10A cos2A

cos4a — cos 8a
. <4a/+8&>. (4&—8&)
—2sin 3 sin )

. (12a\ . (4a
2 sin —5 Jsin| >

2sin 6 sin 2

c0s20° — cos 30°
i 20°+30°\ . [(20°—30°
sin 3 sin 3

9 s 50°\ . (10
sin{ =~ Jsin(
2sin25°sin5°

cos75° + cos45°

<75°+45°> <75°—45°>
2cos ) coS )

<120°> <30°>
2cos 5 Jcos|

2c0s60° cos15°

ZX%COSISO = cos15°
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(vii) cos55°+sin55°
= c0s55°+ cos(90° —55°)
= c0s55° + cos35°

55° + 35° 55° —35°
2cos 5 Jeos|T 5

1
= 2c0s45°cos10° = 2<ﬁ)~cos 10°

= V2cos10°

Example 4.19

If three angles A, B and C are in
arithmetic progression, Prove that

sinA —sin C
cosC —cosA

cotB =

Solution

sinA —sin C
cosC —cosA

. (A—C A+C
B 2s1n< o) )cos( 3 )
B Zsin<A42_C>sin<A;C>

COS<A+C>
= TZC = cot<A3C>:c0tB
Sin( 2 >

(since A, B, C are in A.P, B= A —2i_ ¢ )

Example 4.20

sin 5x — 2sin 3x + sinx
coS5x —cosx

Prove that = tanx

Solution

sin5x — 2sin 3x + sin x
COS5X —Ccosx
_ sin5x +sinx —2sin 3x
CcOS5x —cosx

_ 2sin3x cos2x — 2sin 3x
B COS5X — COS X

_ 2sin3x(cos2x—1) _ 1—cos2x

—2sin 3x sin 2x sin 2x
_ 2sin’x tan x
T 2sinx cosx
Trigonometry
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Example 4.21

Find sin105° + cos105°

Solution

sin105° + cos105°

= sin(90° + 15°)+cos105°

= c0s15° + cos105°

= c0s105° + cos15°

2c¢co

o

Example 4.22

Prove that

(cosa +cos B) +(sina +sinf) = 4cosz<a/_

Solution

cosa + cosff =

5 a+p a—
COS 2 + COS 2

sina +sinf8 =

a;ﬁ)c

2 sin(

(105 +15°

<120> <
2cos ~5 Jcos

= 2¢c0s60° cos45°

(105 —15° >

)

_ 1
-2

a/—,8>

OS( 2

2

..(2)

Squaring and adding (1) and (2)

(cos@ +cos ) +(sina +sin B

a53>+

_|_

= 4cos? <¥> cos? <
_+_

4 sin? <%) cos? <

_ 2( &
= 4cos < 3

+ sin’ (#)]

_ (a—RB
—4cos< 3
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N ,
\(E) Exercise 4.3

Express each of the following as the

sum or difference of sine or cosine:

(i) sin A sin 34
8 8

(ii) cos(60°+ A)sin(120° +A)

(iii) cos“5— 74 sin—5 54
3 3

(iv) cos 70 sin30

Express each of the following as the
product of sine and cosine

(i) sinA + sin2A

(ii) cos2A + cos4A

(iii) sin 66 — sin 20

(iv) cos28 —cos6

Prove that

oo|—

(i) co0s20° cos40° cos80° =
(ii) tan20° tan40° tan80°=+/3

Prove that

(i) (cos@ —cos B +(sina —sin B
_ a2 (228
= 4sin ( 3 )

(ii) sin Asin(60° + A)sin(60° — A)
= %sin 3A

Prove that

(i) sin(A —B)sin C +sin(B— C):
sinA +sin(C—A)sinB=0

(ii) 2cosv4 13 cos ?3 + cos 31§
+cos%r=0

21-04-2020 12:10:49 PM ‘ ‘



6. Prove that

(i) <o8 2A —cos3A =t
sin2A +sin3A ~ 12

cos7A + cos5A

(if) sin7A —sin5A

7. Prove that

A

cotA

cos 20" cos 40° cos 60" cos 80°= %

8. Evaluate

(i) cos20 + cos 100 + cos 140°

(ii) sin50 —sin70° +sin 10’

9. IfcosA +cosB = % and sinA + sinB = %,

prove that tan<

1

2

10.  If sin(y+z—x), sin(z+x—y), sin(x+y—z),
are in A.P, then prove that tan x, tan y

and tan z are in A.P

11. If cosecA + secA = cosecB + secB
+
® prove that cot(AzB> = tan A tan B

4.4 Inverse Trigonometric Functions

4.4.1 Inverse Trigonometric Functions

The quantities such as sin'x, cos’x,

tan'x, etc., are known as inverse trigonometric

functions.

ie., if sin@=x, then 6 =sin 'x.

The domains and ranges (Principal value

branches) of trigonometric functions are

given below

X Yy

sin 'x -1, 1]
cos 'x [-1, 1]

tan 'x R=(—00,00) <_
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—T T
cosec 'x R-(-1,1) [T’ 7], y#0

sec 'x

cot 'x

R-(-1,1) [0, 7], y# 5

0, )

4.4.2 Properties of Inverse

Trigonometric Functions

Property (1)

(i)

sin ! (sinx) = x

(ii) cos '(cosx)=x

(iii) tan ' (tanx) = x

(iv) cot '(cot x)=x

(v) sec '(secx)=x

(vi) cosec! (cosec x) = x
Property (2)

() sin ()= cosec”! (x) ®

(ii) (3)=sec @

(iii) - ( ) = cot ' (x)

(iv) +)=sin )

(v) = cos ! (x)

(vi) = tan "' (x)
Property (3)

(i) sin '(—x) =—sin ' (x)

(i) cos ' (—x) =7 —cos ' (x)

(iii) tan™'(—x)=—tan '(x)

(iv) cot'(—x) =—cot ! (x)

(v) sec ' (—x)=m —sec ' (x)

(vi) cosec ' (—x) =— cosec ! (x)

Trigonometry
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Property (4) Solution
. . -15
(i) sin'(x)+cos ' (x) =T (i) Let (Sm 13) =0 (1)
(ii) tan ' (x)+cot '(x) = % sinf = %
(iii) sec ' (x)+ cosec ' (x) = % cosf = /1—sin’0
Property (5 _ _ 25
perty (5) - S1-2
If xy<1, then 12 )
. -1 gy — a1 [ XY 13
(i) tan™ (x) +tan  (y) = tan (1 - xy) From (1) and (2), we get
.. _ _ o x— . -10 12
(i) tan"'(x) —tan"' (y) = tan 1<1+)3;> Now cos(sm 13> =cosf = 73

. 8\
Property (6) (ii) Let (cos 17) -0

sin ' (x) +sin () cosf = 17

=sin_1(x\/1—y2+ym) sinf = 4/1—cos*6

Example 4.23 =./1— %
Find the principal value of _ 15 2)
® (i) sin”'(1/2) (i) tan"' (—v3) v ®
From (1) and (2), we get
Solution Now tan(cos_ W) =tanf = Sing
_ - T T 0s
(i) Let sin (1/2>:ywhere—2 Sys<9 5.
_ 17 1o
_ T Example 4.25
Y= 6
T Prove that

The principal value of sin” ' (1/2) i
e principal value of sin ' (1/2) is - tan_l(;>+tan_1(113)Ztan_1<g>
(ii) Let tan ' (=//3) = y where —%Syﬁ

Sotany = —\B = tan<—73r>

- Solution
y=-3 (i) tan1<%>+tanl<%>
The principal value of tan* (—v/3) is —% .
- w[ i)

Example 4.24

Evaluate the following

Il

—

o

=}
T
[\ RN o]] \S]
[e>){en]
~——

. . -1 5\ .. 1.8
(i) cos(sm 13> (ii) tan(cos 17)
- 920 ‘ 11t Std. Business Mathematics and Statistics
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.. (4 _ 4 2x*—4 T
(ii) Let cos <5>—0.Thencost9— s —3 =tany =1
= sinﬁZ% wi—4 =_3
3 (3 = 2x*-1=0
ctanf =7 = O=tan <Z> S
cost(4) = tan(3) 2
neos 5T 4 Example 4.28
_ _ . . . —1(1 . —1(2
Now, cos 1<%>+tan 1(%) Simplify: sin 1<§>+sm 1<§>
3,3 We know that
= tan ‘| —2 s
B 1—3 X3 sin”' (x)+sin"' (y) =
= tan”' (1) sin”[xy/1— 2 + yv/1— ]
Example 4.26 ~.osin”! <%>+ sin”' (%) =

(1
Find thevalueof tan|  — tan”'(§ | /
indthevalueof tan| 4 —tan™' | g sin 1[ 1_7_,_7 1_]
Solution
.l /5.2 /8
Let tan_1<é> Sm [3 9+3\/;]

=0
® ®
1
Then tand = 3 _ Sin—1<\/§‘|‘94\/§)
T —1(L ] T
*. tan|“f —tan = tan| — 0
! <8 ) < ) Example 4.29

tan % —tand . _
= xt2)+ '2—x) =
1+ tan” tan 0 Solve tan " ( )+ tan™ ( )

-1 ;>
B 1_% _Z tan <3
=TT =9
L+ Solution
Example 4.27
(x—1 i(xt1\_7m | (x+2)+(2—x) 12
SOlVC tan <x 2>+tan (x+2>—4 tan 1_(x+2)(2_X) = tan (3)
Solution 4
= tan_1< —(4— 2)>= tan_l<%>
a(x—1 af(xt1 1 X
tan x—2 + tan x+2
. = 2x*-6=12
+ 2
=tan "' 1_(,? 1)9(;2“) Ztan_1<2x_34> = x*=9
x+2 X = i3
Given that
¢ 1<x_1>—|—t 1<x+1>—l Example4.30
an - \'x—2 an \x+2)" 2 .
, If tan(x + y) = 42 and x = tan™'(2),
. tan! <2x—4> - then find y
-3 4
Trigonometry
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Solution
tan(x+y) = 42
x +y=tan"'(42)
tan~1(2)+y = tan"'(42)
y =tan!(42) - tan"!(2)

422
an |y 1 (42X2)

tan ! <§g>

y=tan ' [%]

) Exercise 4.4

0

1.  Find the pricipal value of the following
(i) sin”* <—%> (ii) tan ' (—1)
(iii) cosec ! (2) (iv) sec ! (—\5)

2.  Prove that

(i) 2tan '(x)=sin"’ (1 _2'_xx2 )

(i) tan”! (%) —tan ! <%> = %
3. Show that

tan ! <5> + tan ! <121> =tan ! <i>
4. Solve tan '2x+tan '3x = %

5. Solve
tan '(x+ 1)+ tan ' (x—1)=tan™" (%)

6. Evaluate (i) Cos[tanil(%ﬂ
(i) sin[ 3 cos (5]
12

7.  Evaluate: c:os(sin_1 <%> +sin”! <ﬁ>>

8. Prove that

—-1({m\ __ -1f{m—_n\_ T
tan (n) tan <m+n>_4

9. Show that

- _i>_ . —1(_§>_ -184
sin 5 sin 17 = COS 85

- 92 ‘ 11t Std. Business Mathematics and Statistics
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10.  Express
-1(_cosx | T 37 .
tan [l—sinx]’ 2 Sx<7 ,In

the simplest form.

m Exercise 4.5

.

(28 Choose the correct answer

1. The degree measure of % is

(a) 20°60’
(b) 22°30
(c) 22°60
(d) 20°30 L e L
TAXTRY
2. The radian measure of 37°30" is
51 3
(a) 54 () 54
77 or
() 54 (d) 54

3. If tanf = \% and @ lies in the first

quadrant then cos@ is

(@) g ® J¢

(©) % @
4. The value of sin 15° is

(a) @gl (b) fﬁl

(©) g (d) 2%
5. The value of sin (—420°) is

@ 5 (b) —>

() 5 (d) S5+
6. The value of cos (—480°) s

(@) V3 (b) —?

© 3 @) S
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10.

11.

12.

13.

14.

15.

The value of sin28° cos17° + co0s28°
sinl7°is

1
— 1
(a) /2 (b)
-1
(c) \/5 (d)o
The value of sin15° cos15° is
(a) 1 OF;
3
(0 L2 ) &

. The value of secA sin(270° + A) is
(a) -1 (b) cos?A
(c) sec’A (d) 1
If sinA + cosA =1 then sin2A is
equal to
(a) 1 (b) 2
(c) 0 (d) 5
The value of cos?45° - sin?45° is

3
(a) § () &
1
(c)0 (d) /2
The value of 1-2 sin?45° is
(a) 1 (b) %
© § (d) 0
The value of 4cos?40° —-3cos40° is
3
(a) { (b) -5
1 1
() 1 @
2tan30° .
The value of 1T+ tan230° is
1 1
(a) 2[ (b) /3
3
(©) 5~ d) v3
If sin A= % then 4cos®A —3cosA is
(a)l (b) 0
V3 1
© % @ &
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16.

17.

18.

19.

20.

21.

22.

The value of

3tan 10° — tan’10° s

1 —3tan’10°

1 1
(a) /3 (b) 5

/3 1
(0 2 @
The value of cosec' (%) is
(a) 7§ b 5
() 5 (d) %
sec_l%-l-cosec_l% =
(a) 5= b 5
(o) 7 (d)-m

If @ and /3 be between 0 and % and if

cos(a+p) = % and sin(a— )
then sin 2 @ is

(a) 12

(c) 22

If tanA=+

5
(b) 0
(d) & ®

and tanB= % then

tan(2A + B) is equal to

(a) 1 (b) 2
(c)3 (d) 4
tan(%— ) is
1+ 1—
@ (Fianx)  ® (15inx)
(c) 1—tanx (d) 1+tanx
sin(cos_1 %) is
(@) 2 (b) 3
(o) & () 5

(a) ;%
() V2

1 .
. The value of cosec(—45%) is

(b) \%
(d) —v2

Trigonometry
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24. If psec50°=tan50° then p is

(a) cos50° (b) sin50°
(c) tan50° (d) sec50°
COS X . .2 _ 2 .
25. (cosecx) \/1 sin x\/l cos”x 18

(a) cos’x —sin’x  (b) sin’x — cos’x

()1 (d) o

Miscellaneous Problems

1. Prove that
cos4x + cos3x+ cos2x _ t3
sin4x + sin 3x + sin 2x cotox

2. Prove that /3 cosec20° — sin20° = 4

3. Prove that cot4x(sin5x =+ sin 3x)
= cotx(sin5x —sin 3x)

4. If tanx= %, T<x< 37” then find

the value of sin% and cos%

® Ifinacircleofradiusr, anarcoflength
| subtends an angle of 0 radians, then

=i (e)
® sin‘x+cos’x=1
® tan’x+1=sec’x
® cot’x+1=cosec’x
® sin(a+ ) =sinacos P+ cosasinf
® sin(a—f)=sina cosf - cos asinf
® cos(a+ p)=cosa cosf-sinasinf
® cos(@—pB)=cosa cosB+sinasinf
o unlatf)= I
® tn(a—f)=- tana —tan

1+tana tan 8

sin2@ = 2sin ® cos Q.

cos2a = cos’a - sin’«a

=1—2sina =2cos’a—1

Prove that
23in23T7T+ 2cosz%+4sec23Tﬂ. =10
Find the value of (i) sin75°
(ii) tan15°
If sinA = %, sinB = % then find the

value of sin(A+B), where A and B
are acute angles.

Show that
cos ! (%) +sin! (%) =sin" <%)

If cos(cH—B):% and sin(a—ﬁ’):%

where a+f and «a— Bare acute,
then find tan2a

CcOSX —sinx

cosx+sinx>’0<x<”

Express tan ' (

in the simplest form.

-

2tanQ
1—tan’a

tan2a =
sin3@ =3sina — 4sin’ @

cos3@ = 4cos’@ — 3 cosa

3tana —tan’ @

RS 1—3tan’e

. . L Xty x—y

sinx +siny = 2sin 5 COs—>
52 aF X—

sinx —siny = 2 cos zysin 2}’
x+ X—

cosx + cosy = 2 cos 2ycos 2)’
x+ X—

CosX — cosy =— 2sin zysin 2)/

sinxcosy = %[sin(x +y)+sin(x—y)]
cosxsiny = %[sin(x +y)—sin(x—y)]
cosXcosy = %[cos(x +y)+cos(x—y)]

sinxsiny = %[cos(x —y)—cos(x+y)]

- 94 ‘ 11t Std. Business Mathematics and Statistics
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GLOSSARY (s696080FTmas6ir)

Allied angles
Angle

Componendo and dividendo.

Compound angle
Degree measure
Inverse function
Length of the arc.
Multiple angle
Quadrants

Radian measure

Transformation formulae

Trignometric identities

Trignometry Ratios

Step -1

the QR Code.

Step - 2

Browse in the link
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ICT Corner

Expected final outcomes

Open the Browser and type the URL given (or) Scan

GeoGebra Work book called “11h BUSINESS

MATHEMATICS and STATISTICS” will appear.

In this several work sheets for Business Maths are given, Open the worksheet named
“Inverse Trigonometric Functions”

Sin~'(—0.72) =238 (—1<=<1)
Cos (0.96) =1.28 (-1 <x<1)

Tan~'(1.84) =

INVERSE TRIGONOMETRIC FUNCTIONS

§ »
| F .o s ox o fIE - et 0

Inverse Trigonometric Functions page will open. Click on the check boxes on the Left-hand side
to see the respective Inverse trigonometric functions. You can move and observe the point on
the curve to see the x-value and y-value along the axes. Sine and cosine inverse are up to the max
limit. But Tangent inverse is having customised limit.

11" Business Mathematics and Staistics: https://ggbm.at/qKj9gSTG
(or) scan the QR Code

"
Bi184_11_BM_EM
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