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DIFFERENTIATION
(Marks with option : 09)

=

Remember :
1. Definition : If x and x + / belong to the domain of f'and
hlimo W exists, then this limit is called the derivative of /'
at x and is denoted by f'(x). Thus, f'(x) = lim w
h—0
2. Derivatives of Standard Functions :
4 (k) = 0, (where £ is a constant); 4 (") = nx"—1;
dx d
d d d 1
—(e") =e";— (a") =a*loga; — (logx) =—;
dx( ) dx( ) g dx( gx) .
d , . d .
— (sinx) = cosx; — (cosx) = — sinx;
o (sinx) o ( )
4 (tanx) = sec3x; 4 (cotx) = — cosec?x;
dx dx
d d
— (secx) = secx - tanx; — (cosecx) = — cosecx - cot x;
dx d
d . 1 d . —1
— (sIn X)=—F—; — ( COS X) = 5
dx( ) V1 —x2 dx( ) J1 =2
d 1 d —1
Z (tan—'x) = ; — (cot~lx) = 5
dx( ) 1+ x2 dx( ) 1+ x2
i(sec*lx)zé; i(cosec*lx)zil.
dx x/x2—1 dx x/x2—1

DERIVATIVES OF COMPOSITE FUNCTIONS |

‘ Theory Question ‘ 3 or 4 marks each ‘

Q. 1. If y=f(u) is a differentiable function of # and u=g(x) is a
differentiable function of x, such that the composite function y = f [ g (x)]
& _dy du
du dx
Hence, find % if y=+/x2+5. (Sept. °21)

is a differentiable function of x, then prove that



Proof : Given that y =f(u) and u = g (x).

We assume that u is not a constant function.

Let ou and oy be the increments in u and y respectively, corresponding to the
increment ox in x.

Now, y is a differentiable function of # and u is a differentiable function of x.

-_@: lim » and du _ lim ou .. (1)
du  u—0 ou dx  ox—0 Ox

Also, lim Ju= Ilim <5—u.5x>
ox

ox -0 ox -0

=< lim 5—”)( lim 5x>=@><0=0
Sx—0 OX ox—0 dx

This means that as ox — 0, du — 0 .. (2)

oy 5y ou
Now, = = . (Ou#0
ow ox 5u ox (Ou #0)

Taking limits as ox — 0, we get

, ) < oy _ du >
lim — = lim —_— X —
x—0 0x ox—0 \ ou ox

ou
= lim —yX lim —
Sx—0 Ou Sx >0 OX

oy Su
= lim — lim — ... [By (2
Su—0 Ou Xéxﬂo ox [ y( )]

Now, both the limits on RHS exist .. [By (1)]

. lim % exists and is equal to d_y
ox—0 Ox dx

". y is differentiable function of x and
d_dv du
dx du  dx’

To ﬁnd , ify=./x2+5
Let u=x2+5. Then y=+/u

dyd _ 1
(f)zfz

- By (D]




andﬁzi(x2+5)=2x+0=2x
dx dx
dy dy du 1 X

. = —= X 2x .
dx du dx 2. /x*+5 X2+5

‘ Solved Examples ‘ 2 marks each ‘

Ex. 1. Differentiate the following w.r.t. x :

1) /x+4x—7 (2) /tan/x
(3) cot2 () @) log [tan <§>}

Solution :

(1) Lety=+/x2+4x—7
LY _d AT

dx dx
2;-£(x2+4x—7)

2 /x2+4x —7 dx

1
- X (2x+4x1-0)
2/x2 +4x —17
2x+4 _ x+2

:2\/);2+4x—7_\/;2+4x—7

(2) Lety=+/tan/x

Differentiating w.r.t. x, we get

dy d ( tan )

:m— (tan \/_)

1 2 d
2\/WXSGC\/ (\/)

1
tan \/_
_ secz\/);
4\/); 4/ tan \/); .

(3) Lety=cot? (x3)
dy
" dx

X sec?y/x X
\/

_d 3112
o [cot (x)]



=2 cot (x3) di [cot (x3)]
X

=2 cot (x3)- [ — cosec?(x?)]: di (x?)
x

= — 2 cot (x?) cosec?(x3) x 3x2

= — 6x2 cot (x3) cosec?(x3).

(4) Lety=log [tan <§>}

Differentiating w.r.t. x, we get

o= x| 5]
dr dx B2

I 2<x>. d <x>
- <x> N2) w2
tan | —
2
)
2 11
= : —x1
in( 2 cosz<f> 2
Sin E 2
B 1
(e (5)
sin (5 ) cos | 5
1
=-——— = COSec X.
sin x

Ex. 2. Differentiate the following w.r.t. x :
M) xt 'y Q) ¥ rxita et (3) loga.
Solution :
(1) Lety=xtan~'x
. logy =log (xa~'¥) = (tan—" x)(logx)
Differentiating both sides w.r.t. x, we get
ldy_4d

Ve [ (tan—1 x)(logx)]



= (tan—'x) 'i(logx) + (logx) 'i(tan—lx)
dx dx

1 1
=(tan~lx) x =+ (logx) x ——
(=" 2) x~ +(log) X

. Q:y[tanlx_{_ logx}
dx x 1 +x2

:xtan_lx[tanlx_i_ logx }
X 1 +x2

2) Lety=x"+x9+a*+a“

Let u =x~.
Then logu =logx* =x logx
Differentiating w.r.t. x, we get
Ldu = 4 (x logx)

dx

u dx

d d
=x— (lo + logx —
xdx( gx) +logx T (3]

=x><l+(10gx) x 1
x

. @zu(l + logx) =x*(1 + logx)
dx
Now, y =u +x*+a*+a“
dy du

d a d X i a
.. a—a a(x)—'_dx(a)—i_dx(a)

=x*(1 +logx) + ax*~ '+ a* loga + 0
=x*(1 + logx) + ax*~ ! + a* loga.

(3) Lety=logua= loga

logx
. @:i<loga>
" dx dx\logx

— (loga) - (logx)~!
dx

— (loga)(— )(logx)~2- L (logx)
dx

—10ga><1 —loga

- (logx)>  x  x(logx)?’



‘ Examples for Practice ‘ 2 marks each ‘

Differentiate the following w.r.t. x :

1. (3—2x—1)° 2.cos(x*+a? 3. /sinx?

4. COSX + +/ COS \/; 5. sin(logx)
6. log (x> +4) 7. tan (xeY) 8. (4)°%2 (9 4 (gylogy (cosn)
9. x~ 10. x* 11. (sinx)*
12, x¢ 4 x"+e" + e°.
ANSWERS
1. 53x2 —2)(x* —2x — 1)* 2. —2xsin(x? + a?)
3, 3x?cosx3 4, _—Sinx sin \/x
2/sinx? 2/cosx 4 \/;m
5, 08 (logx) 6. 5x*
x xS +4
7. ¢ (x+ 1) sec? (xe¥) 8.0
9. xli <1 ~log x> 10. x4 4{ L4 (logx)(log 4)}
x? X
11. (sinx)*[xcotx + logsinx] 12, ext—1 +x%(1 4+ logx) + €.

| Solved Examples ‘ 3 or 4 marks each ‘

Ex. 3. Find 2, if
dx

3
22 Ax)2 2 2
() y=log { exé/(: — :;C) } @) y=log [x« /—;2 +xa2+—ax>

(3) y =log [tan3x-sin‘x- (x2 + 7)7].

3
(5 — 4x)2:|
3T —6x
3 1

=log e + log (5 — 4x)2 —log (7 — 6x)

Solution : (1) y=log|:

=x? log e+% log (5 —4x)—§ log (7 — 6x)

=x2+%10g(5—4x)—%10g(7—6x) . [ loge=1]
Differentiating w.r.t. x, we get
dy d

3 1
L1242 log (5 —4x)—~ log (7—6 }
T dr [X 5 0g (5 —4x) 3 og (7 — 6x)



_4d 2,34 a4 _
=— )+ o [log (5 — 4x)] 3 [log (7 — 6x)]

dx 2
=2x+§>< ! -£(5—4x)—1>< ! -i(7—6x)
2 5—4x dx 3 T7—6x dx
D (0 —4xD—— 0 —6x1)
2(5—4x) 3(7—60)
=2x— 6 + 2
5—4x T—6x
x4+ +d
(2) y=log 5 }
LV X~ +a —x
Rationalizing the denominator, we get
[P+ +x x2~|—a2+x}
y=log X
LVX2+a?—x X2+a®+x
:log_(«/xzﬁ-az-i-x)z}
L (2 +a?) —x2
1 [ (V22 +a®+x)?
_Og_—aZ
=2log (/x> +a*+x) —loga®
@=2i[log(«/x2+a2+x)]—i(logaz)
dx dx dx
N S -i(\/x2+a2+x)—0
VXt at+x dx
2 [ 1 d
= X -—(x2+a2)+1}
VX2+a?+x L2/x*+a? dx

2 1
= ’2x+1
X+a?+x\2/x2+a?

_ 2 <x+ x2+a2>
X+at+x\ Jx2+a2

3) y =log [tan3x-sin*x- (x2 + 7)7]
= log tanx + log sin*x + log (x> + 7)”
=3 log tan x + 4 log sin x + 7 log (x> + 7)



Differentiating w.r.t. x, we get

d d
g_c [3 log tan x + 4 log sin x + 7 log (x> + 7)]
dx dx

d d d
=3 — (log tan x) + 4 — (log sin x) + 7 — [log (x* + 7)]
dx dx dx

d 1
—(smx)+7>< —(x2~l—7)

1 d
=3 x -— (tan x) + 4 x —
tan x dx sin x

1 1 1
=3 x “sec?x + 4 x “COS X+ T X——— (2x+0)
tan x sin x X2

CcoS X 1 14x
, X +4cotx+————
sinx = cosx X247

6 +4 cot x + 14x
= cot x
2 sin x cos x X247

=3 x

14x

6
= 4 cot
sin o +4cotx+——= 247
14x

=6 cosec 2x+4 cot x + —— .
x2+7

Ex. 4. Differentiate the following w.r.t. x :
) o2+ 3)2-3/(x3 + 5)2 @ x5 - tan34x
/2x? + 1) sin23x
Solution :

(2 + 323/ + 57
1) Lety=
(1) Lety V(232 + 1)

3
(2 +3)2- (¥ + 5)?

Then log y =1lo 3
gy=os (2x2 4 1)?

2 3
=log (x2 + 3)2+log (x> + 5)° —log (2x2 + 1)?
=2 log (x2 + 3)—1—3 log (x* + 5)—— log 2x2 + 1)
Differentiating both sides w.r.t. x, we get

d
- [2 log (x2 + 3) + log(x3 + 5)—— log (2x2 + 1)}
y dx d



d 2.d 3d
=2—1l 2 2 [log(x3 —Z " log (2x2 + 1
dx[og(x +3)]+3dx[0g(x +5)] 2a,x[og(x + 1)]

d 3
- 3 L @52 4 et
+3d +)+ s et e et
2 x (2x+ 0)+ 2 (3x2 4 0) 3 x (2 x2x+ 0)
= — 7>< —_—
213 315 20222+ 1) *
dy I: 4x 2x? 6x :|
L=y + -
dx 2+3 (FP+5 2x2+1
_(x2+3)2\3/(x3+5)2[ 4x 2x2 6x }
N /22§ 1) X+3 (P+5 2x2+1]
5. tan3
@) Letyzx .tan 4x
sin?3x
5 . 4an3
Then logy = log[“ﬂ}
sin?3x

=logx® + log tan®4x — log sin?3x
= 5logx + 3 log (tan4x) — 2 log (sin 3x)

Differentiating both sides w.r.t. x, we get

1.& 5 — (log x)+3 q [log (tan4x)] — 2 4 [log (sin 3x)]
vy dx dx dx

=5><—+3>< ! —(tan4x) 2 X ! ~i(sin3x)
X tandx dx sin3x dx
=§—|—3x xsecz4x~i(4x)—2>< .1 xcos3x~i(3x)
X tan 4x dx sin 3x dx
—§+3~C?s;4xx#x4—2cot3xx3
X sindx  cos?4x
Sy ¥ Geotn
x  2sin4x-cos4x

. sz[§+,2—4—6cot3x]
dx x sin8x

5 3
xmn4x[ + 24 cosec 8x—6cot3x}
sin?3x X

Ex. 5. Find @, if :
dx

x2
(1) y=sinx* (2) y=<x+ 1).



Solution :
(1) y=(sinx")

. % = di;c [(sinx*)]

dy d
L —=cos(x¥) —(x* . (1
o ()= () M
Let u =x*
Then logu =logx* =x - logx

Differentiating both sides w.r.t. x, we get

1 du d
——=—{(x-logx
u dx dx( &)

d d
=x-—(I +(1 L
x dx(ogx) (logx) dx(X)
=x><l+(logx)><l
X
. @=u(1 + log x)
dx

B i(xx) =x*(1 + logx) .. (2)
dx
From (1) and (2), we get

& = cos (x¥) - x*(1 + logx).
dx

A (o) =lo =xlo
&Y & x+1 & x+1

=x[logx* —log (x + 1)] = xlogx? —xlog (x + 1)
=2x logx —xlog (x + 1)

Differentiating both sides w.r.t x, we get

ldy . d d
~ Y2 (xlogx) — L [xlog (x + 1
Vi la (x logx) o [x log (x + 1)]

=2[x d% (logx) + logx-d% (x)} — {xd%[log (x+1)]+log(x+ 1)-%@)}



1
=2|x x -+ (logx xl:l—{xx
[ X (logx) x+ 1 dx

=2(1 +logx) — —>— (1 +0)—log(x + 1)
x+1

X
=2+2logx——————log(x + 1
gx = g ( )

X
=(2— + logx?—log (x + 1
< x+1> £ g ( )
_ 2
:<2x+2 x>+log< X )
x+1 x+ 1
el ) e ()
== + lo
dx Y x+1 & x+1
20\ 2
() G ) e ()
x4+ 1 x4+ 1 x+1

S 1)+10g(x+1)~1}

Ex. 6. Differentiate the following w.r.t. x :

1) x°* + (logx)sinx (2) (sinx)tanx — xlogx,

Solution :
(1) Let y=x¢" + (logx)sin~
Putu=x¢ and ©v=(logx)sn~
Theny=u+v
dy du  dv
T nta
Take u = x¢* . logu =logxe" = e*-logx
Differentiating both sides w.r.t. x, we get
1 du

d
— (e¥l
u dx dx( 0g)

d d
=e"—(logx) + logx — (&*
dx( gx) + log dx( )

=e- 1 + (logx) (e¥)
X

. du |:e‘ :|
. —=y| —+e¢e - logx
dx X

=e - x° [l+ logx}
X

(1)

)



Also, v = (log x)sin *
.. logv =log (logx)sin* = (sinx) - (log log x)
Differentiating both sides w.r.t. x, we get

1 dv = 4 [(sinx) - (loglogx)]
dx

v dx
. d d, .
= (sinx) - —[(loglogx)] + (loglogx) - — (sinx)
dx dx
. 1 d
=sinx x — - —(logx) + (loglogx) - (cosx)
logx dx
. dv sinx 1
. —=v| —= x—+ (cosx)(loglogx)
dx logx x
= (logx)smx[ﬂ + (cos x)(log logx)} .3
xlogx

From (1), (2) and (3), we get

d_ e xex[l + logx] + (logx)smx[ﬂ + (cosx)(log logx)}
dx X xlogx

(2) Let y=(sin x)an* — ylogx
Put u = (sin x)?" ¥ and v = xlog ¥
Then y=u—v

Cdy_du dv

== (1
dx dx dx M

Take u = (sin x)@n*
.. log u=log (sin x)"" ¥ =tan x - log (sin x)
Differentiating both sides w.r.t. x, we get

1 du d .
— -~ =—"Ttan x - log (sin x
u dx dx[ gl )

=tan x- a [log (sin x)] + log (sin x) - a (tan x)
dx dx

=tan x X L 4 (sin x) + log (sin x) x sec? x
sinx dx

. du =u [tan X X L cos x + log (sin x)- seczx}
X sin x

= (sin x)@n ¥ [1 + sec?x - log (sin x)] -2
Also, v =xlogx

.. log v =log x!°¢* =log x - log x = (log x)2



Differentiating both sides w.r.t. x, we get

1 dv d
—-—=—(log x)?
v dx dx( g

=2 logx-i(logx)=2 10gx><l
dx X

. @:v [2 logx} _ logx [2 log x]
dx X X

_ 2xlogx - Jog x

. (3)

X
From (1), (2) and (3), we get

logx .
% = (sin x)®" ¥ [1 4+ sec? x - log (sin x)] — 208t logx .
X

| Examples for Practice | 3 or 4 marks each ‘

Find Q, if :
dx

2
3

_ - (3x—4) :| _ |: acos x :|
(1) y log[e O @) y=tog| 5=

3) y:10g|:x+\/x2+25:|

JX2 425 —x ]

Find ﬂ, if :
dx

_3 4x +1 _ G+ DI+
W= E 2 @ 2

2
3) y— e* (t}anx) .

1+ xz)E - cosx

Find ﬂ, if :
dx

xCOs x (COS x)x
)y=—-—"— ) y=——"-—".
)y X2+4x+5 @) I+x—x2
Differentiate the following w.r.t. x :
(1) x5~ x4 (sin—lx) (2) xsin* 4 (sinx)*

(3) X" + e 4) (log x)* — (cos x)eot¥,



ANSWERS

2 2 . 6x 1
1. (1) 3+ — 2) —(sinx)(loga) — —
) 3x—4 32x+5) (2) —(sinx)(loga) x2—3 xlogx
2
B) —-
VX2 +25

2 (1) 4x—1|:4_2+4:|
) Qx+3)5—2x2 3 @x—1) 3(Q2x+3) 3(5—2%)

@) (3x2+13;/1+x2[ r  x g}

3241 1422 x

3) _ e (tanx)” 2x + x cosec 2x +110g tanx—3—x+ Jtanx
3 2 1 +x?

(1 +x2) - cos’x

XxC0s ¥ CcOSX . 2x+4
3. (1 — (sinx)(logx) — ——
()x2+4x+5[ x (sinx)(logx) x2+4x+5}
(cosx)* [ 2x—1 }
2 —xtanx + log cosx
@ l+x—x2L14+x—x? &
L1 | sinTlx log x
4. (1) xsin ‘x[ + }
x V1—x?
+ (sin— ) [+ + log (sin~—'x) }
1 —x%-sinlx

(2) xsinx [ Sy (log x)(cos x)} + (sinx)* [x cotx + log sinx]
x

3) x”x~xx'logx|:l+10gx+ j|+e"x~xx(l+logx)

xlogx

4) (logx)x[ﬁ + log (log x)} +(cos x)°°t* [1 + (cosec?x) (log cos x)].

DERIVATIVES OF INVERSE FUNCTIONS |

‘ Theory Question ‘ 3 or 4 marks each ‘

Q. 2. If y = f(x) is a derivable function of x such that the inverse function

x = f~1(y) is defined, then show that de_ 1 , where @ # 0.
dy  (dy/dx) dx




OR
If y =f(x) and x =g (), where g is the inverse of f; i.e. g=f "1 and if

dy and — dx both exist and — # 0, show that — dy 1
dx " dy dy dx  (dx/dy)’
d
Hence, (1) find &(tan—lx).
(nimmqm—w,—1<x<1,—§<y g then show that

dy =;, where |x| < 1.

dx /1 —x?

@B) ify=seclx, |x|>1,0<y<my# g, then show that
y__ 1
dx  x/x*—1
Proof : Let dy be the increment in y corresponding to an increment ox in x.
. as ox — 0, oy —» 0.

Now, y is a differentiable function of x.

. lim 5)/ dy
x>0 Ox  dx
Now, 5_;VX@: 5_x:71
ox oy oy <5y>
ox
Taking limits on both sides as ox — 0, we get
, X . 1 1
lim 5— = s hm0 — | =
ox—0 X —
4 5_)/ lim 5_)/
ox ox =0 Ox
o X1 . [as 6x — 0, 3y — 0]
oy —0 5)/ . 5y
lim —
x>0 Ox

Since limit in R.H.S. exists, limit in L.H.S. also exists and we have

ox _dx
lim —
oy -0 5)} dy
de 1 dy

L —= , where — # 0.
dy (dy/dx) dx




OR
Let ox and Jy be the corresponding increments in x and y respectively.

. as ox = 0, oy —» 0 and as dy — 0, ox — 0.
Now,é—x—=1. [ dx#0,0y#0]

Taking limits as ox — 0, we get

lim <@x§>=l . lim Qx lim 5x_1

Sx—>0 \ Ox 5)} Sx—0 OX 6x—>05_
Y% - ox
lim == X lim —=1 ..[as x>0, 0y—0]
x—00x dy—0 5)/
" @~@:1 [ Qandd—xboth exist}
dx dy dx dy
d__1 as@;éo.

Cdx (d/dy) T dy

d
1) To find — (tan—1x) :
@ abc( )

Let y=tan—!x. Then x = tan y, where xe R and T o y < g

Differentiating w.r.t. y, we get

ﬁzseczyz 1 +tan?y =1 +x2

dy
" @= L , if dx #0
dx (dx/dy) dy
dy 1 d 1
== C. —(tan—1x) = .
dx  14+x% dx( ) 1 +x2

2) Let y =sin~ !x. Then x =siny, where —1 <x < 1 and —E< <E.
( y y <3

. cosy >0
Differentiating w.r.t. y, we get
dx

T =cosy=+/1—sinly=/1—x2
dy

S it 20

Cdx  (dx/dy)  dy

y__1 if x| < 1.




(3) Let y=sec'x. Then x =secy
Here |[x| >1and 0 <y < m, y # 7/2
Also, secy and tan y are of the same sign in the first and the second quadrants.
", sec y-tan y is positive.

Differentiating w.r.t. y, we get

?zsecy'tanyzsecy'\/seczy— l=xyx*—1
'y

L iy o 1
dx  (dx/dy)  dy Udx xJ/x2—1

‘ Solved Examples ‘ 2 marks each ‘

Ex. 7. Differentiate the following w.r.t. x :

(1) cos—1(1 —x?) (2) cot—1 <$ >
Solution :
(1) Lety=cos~'(1—x?)

Differentiating w.r.t. x, we get

@zi[cos*1 (1—x%)]
dx

dx
=_—1'£(1—x2)
V1= —x*?% dx
—1
= (0 —2x
V1= —=2x2 +x% ( )
_ 2x
2x% —x*
2x 2

(2) Lety=cot™! < 1 > = tan— a2
2

Differentiating w.r.t. x, we get
d_ i[tan—1 x2]
dx dx
=Py
1+ (x?)? dx
= L X 2x = i .
1 +x* 1 +x*
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Ex. 8. Differentiate the following w.r.t. x :

1) cos—'< /%) (2) cosec—! (sec 5%) (Sept. 21)
3) tan1< 1—cos3x >

sin 2x
Solution :

) Lety=cos1< /#)

o )]

Differentiating w.r.t. x, we get
@_i<f>:li(x):l «1 :l.

dx  dx\2

(2) Lety=cosec~!(sec 5%)

=cosec ! [cosec <§ — 5)‘)}

T &

Differentiating w.r.t. x, we get
dy _ i< L >
dx dx\2

d( = d .
m(z)%“’

=0—5"log 5= —5%log 5.

3) Lety=tan1<ﬂ>
sin 3x

2 sin2<3—x>
2
25in<3x>cos<3x>
2 2

=tan—!




=tan—'|:tan<3—x>j|=3—x
2 2

Differentiating w.r.t. x, we get

b_d () 34,
dx dx\ 2 2 dx

.4 2x > _,<3x—x3>
(1) sin <—1+x2 (2) tan 3

Solution :

(6)) Lety=sin"< 2 2>

1 +x
Put x =tan 0. Then 0 = tan—lx
. 2tan 0 . .
L y=sin"![ ——— |=sin"!(sin 20
Y <l+tan26) ( )
=20=2tan"Ix

Differentiating w.r.t. x, we get

& _ 2 i(tanflx)
dx dx

3
Q) Letyztan1< 3x—x >

1 —3x2
Put x =tan 0. Then 0 = tan—'x
© y—tan-! <3tan9 —tan30>
1 —3tan20
=tan—!(tan30) =30 =3 tanlx
Differentiating w.r.t. x, we get

_ 3 i(tanflx)
dx dx

1 3

“Ix—— =2
1+x2 14+x2



| Examples for Practice | 2 marks each

Differentiate the following w.r.t. x :

1. (1) sin~!(x3)  (2) cot1<\/L;>
(3) sin=1(2*)  (4) sin* [sin—!(/x)].
2. (D sec[cosl<z>} (2) cos~![sin(4%)] (3) tan—!(cot4x).
x

3tan—! a1 cos1x
3. (1) Ptan—'x  (2) 5%sec2x  (3) I
4. (1) sin~'(2cos’x — 1) @ tan“(W)
1 —cosx
(3) cos~!(4cos’x —3cosx) 4) tan <a+btanx>
b—atanx
-1 1—72%) 1( >
s oG55 ® e
(2 |
(3) tan— < l_eZJr) (4) cot~ < >
(5) cosec1< 1 >
3x—4x3 )
ANSWERS
L (1 3x2 9 1 3 2%-log2 "
- (M ﬁ 2 m 3) Ji—# (4) 2x.
2 ()] @ —4-logd () —4

3. x—3+3x2tan*1x
' 1 +x2

1
2 X
@ 3 [x\/4x2—l
3) _[(x2+1)+2x\/1—xzcoslx}
m.(x2+1)2

4. (1) =2 2) —% 3) 3 @1

+ (sec12x) (log 5)}

5. () ——o _ Pusx=tan0  (2) — . Put\/x=tan0

1 +25x V(1 +x)



2¢*
3) _—ezx’PUt e =tan6

3

1
4) —
()2\/£(1+x)

(5) ———-Putx=sin0.

1 —x2

‘ Solved Examples | 3 marks each ‘

Ex. 10. Differentiate the following w.r.t. x :

(1) tan—1(secx + tanx) ?2) sin1<

4sinx + 5cosx )

/4

3) sin_1<5x—i- 12./1 —x2>
13 '

Solution :

(1) Lety=tan—! (secx + tanx)

1 1 sinx
=tan—! | — + =
COSX COSX

— tan—! <1 +sinx>
cosx

=tan

=tan—!

=tan—!

=tan—!

cos? <f> + sin? <£> 2 sin <E> cos <)—C>
2 2 2 2
cos? <£> —sin <)—C>
L 2 2
2
X .X
COS —+ SIn—
< 2 2)
X .Xx X .X
cos=—sin= || cos = +sin=
_< 2 2 > < 2 2)

cosic + sinf
2 2

X .X
cos— —sin—
2 2

1+ tan>
2
1—‘[anf
2

[Dividing numerator and denominator by cos )2—6}



tan +tan—
=tan—!
1 —tan— tan =
n
4

=tan—!| tan n+{ =
4 2

Differentiating w.r.t. x, we get

dy d x\ d(m 1 d
+ = )+=-—()
dx dx\4 2 dx 4 2 dx

+X
2

4sinx+5 cosx)

J41

(2) Lety=sin—!

r—|/—\

=sin~! | (sin x) <i> + (cos x) <L>}
Ja Ja
) 4 5 \* 16 25
Since < > + <—> =—+—=1, we can write
41 V41 41 41

——=cos « and =sin o.

5
v Jat

. y=sin—! (sin x cos & + cos x sin )

=sin~! [sin (x + )]
=x+ o, where o is a constant

Differentiating w.r.t. x, we get

dy d
d———( x + o)

Za (x)+a (o)

Put x =sin 0. Then 0 =sin—!x

. y_sin1(55in0+12\/1—sin20>

13



—sin“(SSin0+ 120059>
13

_sint| sinoy( 2 2}
sin [(sm9)<13>+(0059)<13>

. 5NV (12 25 144 .
Since| — | +{ — | =——+—=1, we can write
13 13 169 169

5 12 .
—=cosa and — = sin«
13 13

. y=sin—!(sin 0 cos o + cos 0 sin o)
=sin~![sin(0 + )] =0+«

=sin—!x + o, where o is a constant

Ldy _d . d
. —=—(sin +—
dx dx( ») dx(a)
_ 1 _ 1
1 —x2 J1—x2

Ex. 11. Differentiate the following w.r.t. x :

) tan1< /;%) () sin—'2x+/1—2).
X

Solution :
3—x
1) Lety=tan—!
M Y ( 3+x>
Put x =3 cos 20. ;—C=c0s20

20:C051<E> 0:10051<£>
3 2 3

y=tan—1< 3—300520>=tan_1< 3(1—c0520)>
3+ 3cos20 3(1 + cos20)

in2
=tan1< 25in*0 >=tan1(\/tan20)

2 cos20

=tan~(tan0) = 0 = lcosl<x >
2 3

Differentiating w.r.t. x, we get

dyzld[cosl<x>}
dx 2dx 3



(2) Lety=sin—! (2x/1 —x?)
Put x =sin 6. Then 6 =sin~Ix.
Sy =sin—! (2 sin 0 \/1 —sin?0)
=sin—! (2 sin 0 cos 0) =sin—! (sin 20)
=20=2sin"1x
Differentiating w.r.t. x, we get

d d d
d_z = (2 sin~x)=2 o (sin~ 1)

V1I-x2 J1-x2
We can also put x = cos . Then 0 =cos~! x.
. y=sin"! (2 cos 0 /1 — cos20)
=sin~! (2 cos 0 sin ) =sin—! (sin 26)

=20=2cos lx

Differentiating w.r.t. x, we get

Y _ 4 cos 1) =2 L (cos— 1)
dx_dx COS X)= d_x COS X
P B
J1=x2 J1—=x2
dy 2
Hence,a=im.




Ex. 12. Differentiate the following w.r.t. x :

10x2
(6)) tan“( * )—i—cot—‘(ﬂ)
1+ 6x2 Tx

5—x
2) tan— ! ——— ).
@ <6x2—5x—3>

Solution :

1 — 10x2
m Lety=tan*1< * >+cot*1< x>
1+ 6x2 Tx

o (g () - [ 1)
tan <1+6x2>+tan <1—10x2 S cot™' x=tan <

B 3x —2x B 5x + 2x
= tan”"! [ 1+ (3x)(2x)} +tan~! [ 1— (5x)(2x)}

=tan~! 3x —tan—! 2x +tan—! Sx +tan—! 2x
=tan—! 3x +tan—! 5x

: @:i [tan—! 3x + tan—! 5x]
dx dx

d d
== (tan—! 3x) + o (tan—! 5x)

d
(5%)

1 d (o) + _
% 1+ (5x)* dx

T1+0Gx)? dx

1
e i 3x14—— x5x1
o 2 X T s 2%

3 N 5
Tl 49x2 1 425x2°

5—x
2) Let =tan—'<7>
@ Y 6x2 —5x—3

gEc==1
=tan
1+ (6x> —5x —4)
~fan- ! [ Qx+1)—(Bx—4) }
1+ 2x+1)(3x—4)
=tan~'(2x+ 1) —tan—!' (3x — 4)
Differentiating w.r.t. x, we get

dy d 1 d _
="t 2x +1)] — —[tan—! (3x — 4
dx dx[ an” v+ D] dx[ an” (Gx—4)]




Tl A Qe 12 dr

EY T

1

1

2

d(2x+1)—

3

2x1+0)—

TIrQx 1?2 1+Gr—42

I d

b Y3y

[T Grdp @Y
]

B N R )

[ Gx_ap X170

| Examples for Practice ‘ 3 marks each ‘

Differentiate the following w.r.t. x :

. 2cosx + 3sinx [ /3 cosx —sinx
s (B (e
NiE 2
2 10
(3) sin—! <%> ) cosecl[ 6 sin (25) — 8 cos (29) }
2. (1) tan—!(cosecx + cotx) ) tanl[jlli_:;z;t\\//llis;ii}
. m—i-x . Vitx—y1l—x
3. (1) tan 7\/ﬁ (2) cos 5
+x-—x
B 1—x [ VxB =)
(3) tan l< 1+x> (4) tan l<ﬁ>
: 1 ﬂ)}
®) sm[2tan < ) |
4. () tan"(l - 2) @ cot—1<1+235x2>
—15x X
3) tan—l<12}r/3; > ) cot_'<a25_ Ox? >
X ax
B Sx+1 (4 —x—2x2
5. (1) tan l(m) (2) cot l<w>
ANSWERS
LMm1 @1 3 —\/IITxZ (4) 2°-log2.
1 1
2. () 5 (2) 5
(1) m Put x =tan 6 2) —#\/fxz.Putx=cosﬁ



1 3
3) ————. Putx=cosf) (4) ————.Put/x=tanf
21 —x2 2/x(1 4+ x)
(5) — X Putx=cosd.
1—x2
5 3 7 5
1 + 2 —
M 14+25x2 1+ 9x2 @ 1 +49x2 1+ 25x2
1 3 1 3a 2a
3 — 4 +
()2\/;[1+9x 1+x:| ()a2+9x2 a* + 4x?
5. (1) 34 1 o—2 L1
92+ 12x+5 2x*—2x+1 I+2x+3)2 1+@x—1)7?

DERIVATIVES OF IMPLICIT FUNCTIONS |

‘ Solved Examples ‘ 2 marks each ‘

Ex. 13. Find % in the following cases :

M) x/x+y/y=aya (2) ax?+2hxy+by* +2gx +2fy +¢c=0
Q) xy =log (xy).

Solution :

(M) x/x+y/y=aa
22 2
LR+ P =
Differentiating both sides w.r.t. x, we get
_1 _1
z x 3 +% y 3 @ =0
3 3 dx

2) ax? +2hxy +by* +2gx +2fy + ¢ =0
Differentiating w.r.t. x, we get

2ax+2h<x@+y>+2byﬁ+2g+2f@+0:0
dx dx dx

Cancelling 2 throughout, we get



ax+hxj +hy+byj +g+fdy 0

(hx+by+f)@=—ax—hy—g
dx

Ldy_ (ax+hy+g)
" dx hx +by+f°
() xy =log(xy)
.o xy=logx + logy
Differentiating both sides w.r.t. x, we get

d 1d
LiyLw=—r+ D
dx x ydx
x@+y><1=l+1'@

dx x ydx

(e,
y/dx x

. <xy—l>@:1—xy: —(y—1)

y dx X X
Dl 1 Ay
" ydx X T odx x

Ex. 14. Ify:\/cosx—i-\/cosx—i- €OS X + ... 00, then

h thtdy sin x
sho at — = .
WAt T1 2y

Solution:yz\/cosx—f-\/cosx+«/cosx+...oo
C 2= /
Lyt = cosx+\/cosx+ COS X + «.. OO

LyP=cosx+y

Differentiating both sides w.r.t. x, we get

d d
Y —smx—i—l

2y ==
d dx

dy .
. (1—-2y) —=sinx
dx

. dy sinx
Tde 1=2y°




X3 d 99,2
Ex. 15. Iflogm( » > e ~

—2, show that ¥ — _ .
By SHOW I e ™ T 1012

3,3
Solution : log;, <u> =2

X3 +33

3.3
T 2 =100

X3 +y3
L x3 =33 =100x3 + 100y3

99

10 = —9983 e —
. 101y X y 101x

Differentiating both sides w.r.t. x, we get

dy 99
2 77 i 3y2
VT 101
Cdy 992
Tde 1012

| Examples for Practice ‘ 2 marks each ‘

1. Find j—i in the following cases :

(1) Vx+y=+/a @) x+Vw+y=1
3) ¥ +xy+x?+)* =381 4) siny=1log (x +)
(5) xe¥ +yer=1 (6) y=sin(x+y)
(7) cos (xp)=x+y (8) xp+ysec”x=1.

dy  sec’x
2. Ify:\/tanx—i-\/tanx-i-\/tanx—i—...oo,then show thatd—yz2 T
x 2y —

1

d
3. Ifyz\/logx—i-\/logx—i—\/logx—i-...oo,then show that—y
X

dx xQy—1)
o Xy n dy x*
4. Ifsin l<x5+y5>:g’ShOWthatE_3_y4.
ANSWERS
L. M -/ 7 = Y 2 /x+/Y)
- (D )
* \/)—C(\/;"'Z\/J—’)
— (352 2
3) (3x* +2xy +)°) ) 1

X2+ 2xy + 3)? (x+y)cosy—1



e+ ye* (x+)

% _[ i +y s?n () }
-+ x sin (xy)

2 ;]
®) y|:1+x — |

‘ Solved Examples ‘ 3 marks each ‘

2
Ex. 16. If /1—x2 +/1— )2 =a(x—y), showthat%: /%.
—X

Solution : /1 —x2 4+ /1 —)2=a(x—y)

Put x =sinf, y =sin¢
. O=sin~lx, o =sin"ly
", (1) becomes, /1 — sin?0 + /1 — sinp = a (sin 0 — sin ¢)
". cosf +cos®=a(sinf —sinP)

" ZCOS<0+¢>'COS<0_—¢>:a><2COS<0+¢)~Sin<0_—¢>
2 2 2 2
" cos<0_¢>:asin<0_¢>
2 2

L 0—op=2cot"la
osinT!x—sin~ly=2cot"a
Differentiating both sides w.r.t. x, we get
1 dy _
VI1I—=x J1—)? dx
. I dy 1
1= dx J1—x2
dy_ 1=y

T odx 1 —x2

(1)




Ex. 17. If ¥ = =, show that & — _ 1°8%
dx (1+logx)?

Solution : ¥ = e~ ;. logx’ =loge ™Y
. ylogx=(x—y)loge
Lylogx=x—y . [ loge=1]
L y+ylogx=x Sy +logx) =x
. X
IR + logx

Differentiating both sides w.r.t. x, we get

d d
1 +1logx) L (x) —xL(1+1o
dy_( gx) dx(x) x dx( gx)

dx (1 + logx)?

(1 +logx) (1) —x <l>
_ X logx

(1 +logx) (I +logx)?

¥ +)3
¥y

2 tan2
>= 2a, then show that d_y =X tan‘a
dx »?

Ex. 18. If sec1< , where a is a

constant.

3.3
Solution : sec—1<x3 +y3>:2a
X=y

313
. cos—‘<u>=2a |: sec“x=cos‘1<l>:|
X3 +33 X

BB
"3 4y3

=cos2a

. x3 =¥ =x3cos2a +13cos2a
. x> —x3cos2a =%+ cos2a
. x3(1 —cos2a) =y (1 + cos 2a)
s y3=< 1 —cos2a >x3

1 4 cos2a

L2
y3 = <M >x3 = (tanza) x3
2 cos?a

Differentiating w.r.t. x, we get

dy _x*tan’a

dy
24 _ (tan? 2
3y a—(tan a) x 3x 5

T )




Ex. 19. If x7-)5 = (x +»)'2, then prove that (Sept. °21)

ﬁ@
e

Solution : x7-)° = (x + y)!2
“. (log x7-y%) =log (x + )2
" log x” 4 log y° =log (x +y)!2
. 7Tlogx+5logy=121log (x+y)

Differentiating both sides w.r.t. x, we get

1 1 dy

Tx—+45x——=12x —
X + Xy e P e (x+y)

dy 12 dy)
< + dx

dy 12 12 dy
X x4y x+y dx

) < > 12 7
' x+y x+y X
[ x+5y—12y} dy_ 12x —T7x—"Ty

vty Jde x(x+y)

) [5x—7y} y  S5x—Ty
Ly ey dde x (v +y)
1dy 1 Q_X

"y odx x e x

20 _ 4,20
Ex2&lfMgQE——L—>:2mﬂwnﬂwwﬂmﬁgzz.
x20 4320 dx x

. x20 _y20
Solution : 10g<‘)Wy20 > =20

20
A S/ Ny ... (Say)

L x20 20 — 20 4 20
SRy =1 = k)X
Ly _ 1k

a0 14k

1/20
" - (%}i) , a constant
X



Differentiating both sides w.r.t. x, we get —

=)

L
.

(2)-
dx\ x

| Examples for Practice l 3 marks each

Find Z—i in each of the following cases :

(a) (1) /X +)y’=2axy 2) ¥ +x+xy+yt=4.
() (1) xPy*=(x+yyH,peN (2) (@ +y)7=x%"
(©) (1) x¥=2x (2) 28429 =2x +v

(3) yY=xsiny (4) y=xev.

292 B
If tan ! <ﬂ>:a, show that & = X (1 —tana) -
X+ 2y2 dx 2y (1+tana)

_ 2
Ify\/l—xz-l-x\/l—yz:l,showthatQ=— 1=y
dx 1 —x?

If ¥+ e =e* +7, show that;l—yz —e
X

2
If xsin(a + y) + sina-cos (a + y) = 0, then show thatgzw.

dx sina
. Ifx™.y" = (x 4 y)" 7, then prove that & _—
dx x
ANSWERS
(@ (1) 800 =3 @ _< 534 4 2xy 47 >
3y? — 8a’x?y X2 +3x02 +43
2
® (1) P
X X
©) (1) xlog2 —y Q) —-x
xlog2x
3 1 4 y( +xy)

x (1 +logy —coty) x(1 —xp)’



IEXN DERIVATIVES OF PARAMETRIC FUNCTIONS

| Theory Question ‘ 3 or 4 marks

Q. 3. If x=f (9 and y =g (¢) are differentiable functions of 7, so that y is

differentiable function of x and — 750 then prove that dy (dy/dr)
dx (dx/df)
Hence, find Zx’ if x =sin t and y = cos . (March °22)

Proof : Given : x=f(¢f) and y =g (¢)
Let ox and Jy be the increments in x and y respectively corresponding to the
increment o¢ in ¢.

Since x and y are differentiable functions of ¢,

@— lim 0% and @— lim %

= _ = 1 — . 1

dt  ot—-0 Ot dt -0 Ot M

Also, as 0t > 0, ox > 0 .. (2)

Now,(s—yzM . [0t #0]
ox  (0x/dt)

Taking limits as dtr — 0, we get
lim 5—')/ = lim (5y/5t)
5t—0 ox -0 (dx/5f)

5)/ bthm (5_)//(51) (dy/dl)

;
%0 Ox im (Bx/01)  (dx/di)
t— 0

.. [By (1) and (2)]

* the limits in R.H.S. exist

. lim % exists and is equal to &
ox—0 Ox

. d_y_dy/dt _75
“dx de/de’ T di

To findix,lfx—smtandy—cost

X=sint, y=cost
Differentiating x and y w.r.t. 7, we get

ﬁzi (sin f)=cos ¢ and @:i (cos f)= —sin ¢t

dt dt dt dt
Cdy (dy/di) —sint
“dx (dx/df)y cost

= —tan t.



Solved Examples ‘ 2 marks each ‘

Ex. 21. Find 2, if :
dx’
1) x=at',y =2at? 2) x=+/a® +m?, y =log (a* + m?)
Solution :

1) x=at*, y=2at*
Differentiating x and y w.r.t. £, we get
dx

—=— —a— I

PP ( ) ()

=a><4t3=4at3

dy d d

d==—Q2a)=2a— ("
and = g (2ar) =24 ()

=2a x 2t =4at
dy _(dy/dy) _A4ar _ 1

Cdx  (dx/d)  4daP 2

2) x=/a*+m?, y =log (a* + m?)
Differentiating x and y w.r.t. m, we get

& _ S

dm dm

(a® +m?)

2\/az—i-m2 dm

x (0 +2m) =

m
:zm N

dy d
d—=—1II 2+ m?
an 7 7 [log (a )]

1

T2+ m? dm (a> +m?)

5% (0 +2m) =

T a4 m a? + m?

2m
. dy _ (dy/dm) <a2 + m2> B 2

“dx o (de/dm) m JaE+m
(x/az—i-mz)




d m
Ex. 22. If x=cosec?0, y = cot30, find D ato=".
dx 6
Solution : x = cosec?0, y = cot30
Differentiating x and y w.r.t. 0, we get

dx

d
2 al
20= 40 (cosec 0)?> =2 cosec 0 (cosec 0)

=2 cosec 0 (— cosec 0 cot 0)
= — 2 cosec?0 cot 0
d (cot 0P’ =3 cot20 — (cot 0)
d@ d@
=3 cot20 - ( — cosec20)
= — 3 cot?0 cosec?0

. dy _ (dy/d0) _ —3 cot’0-cosec?
“dx (dv/d0)  —2 cosec - cot 0

3
=3 cot 0
L (dy 3 tn_S\/§
. aatG——_Eco g— 5
‘ Examples for Practice l 2 marks each |

1. Find Y, if:

(1) x=af, y=2at (2) x=sin/t, y=eV"

@) x=t—/t,y=1+-/1 (4) x=a(l —cos0), y=b(0—sin0)

B) x=+/1—-£ y=sin"!11.

2. (1) Ifx=2cost+cos2t,y=2sint—sin2t, ﬁnd?att=§.
X

(2) If x = sec?0, y = tan30, find & at 0 = g
x

1 1 dy 1
3) Ifx=t+-, y=—,find —att=—.
) YT x 2



ANSWERS

1. (1) 1 ) 2\/7t+1 3) ﬂ 4) <b>tan<9>
t 2./t—1 sin (log?) a 2
) -1
t
2 () 1-42 (D% OES

‘ Solved Examples ‘ 3 or 4 marks each

Ex. 23. Ifx:esin 3t, y:ecos 31’ then show that ﬂ: _legx

xlogy'

Solution : x = esin 3 y) = goos 3¢

. logx =loges" 3 logy = log e ¥

.. logx = (sin3r)(loge), logy = (cos 3¢)(loge)

.. logx =sin3t, logy = cos 3¢ W () o[ loge=1]
Differentiating both sides w.r.t. 7, we get
1 dx = i(sin 3f) =cos3t- i(?at)
x dt dt dt

=cos 3¢t x 3 =3cos3¢
nd 1d = i(cos 3= — sin3t'i(3t)
y dt dt dx
= —sin3t x 3= —3sin3¢
. @: 3xcos 3¢t and b = —3ysin3¢
dt dt
. dy _(dy/dr)  —3ysin3¢
“dx (dx/dfy  3xcos3t
—ysin3t logx
-4 = 298 % . [By ()]
xcos 3t xlogy
d; ver—1

Ex. 24. If x =log (1 + ), y =t — tan—! #, show that Ey =5

Solution : x =log (1 +#),y=¢—tan~' ¢

Differentiating x and y w.r.t. ¢, we get



dx d

d
—=—[log (1 +7)]= — (147
=llog (14 A =15~ (1+7)
2t
= 0+2)=——
1+ﬂx(+_) 147

@ _d 4 an-t
and — = 7l 6] 7l (tan=! ¢)

1 1+£2—1 2
142 142 142

{
or_wm_(ive)
T dx  (dx/dr) 2t 2

<14—ﬂ>

Now, x = log (1 + %)

Sl 2=e

SP=e—1

Cot=Je—1
Cdy el

T 2

Ex. 25. If x2 4+ )? =t—% and x* +y* =27 +t12, then show that x3yj—i= 1.

. 1
Solution : Given : x2 4+ )2 =1 — p

andx“—i—y4=t2-i-tl2

2
. (x2+y2)2=<t—%>

'.ﬁ+y*+h%%=ﬂ+l—2
tZ

Soxt 22 =xt 4t =2
2= =2
Lox?=—1

Differentiating both sides w.r.t. x, we get
d d
x2 . 2 + 2. xZ — 0
wOW y ﬂ()

. xZXZyQ—}—yZXZx:O
dx

(1)

- [By (1]

- (2)



2x2yd—y 2x)?
dx
_x< _i>

o dy —x? x2
Y 2)’ _ . .. [By )]

dx  x% X2y
P y_1 x3y@=l

dx x3y dx

Ex. 26. Find the derivative of

X 1
1 1 _
(1) tan <\/1—x2> W.rL.t. sec <2x2 — 1>

(2) 3° w.r.t. log, 3.

x
Solution : (1) Let u = tan—! <17—x2> and

—sec!
v =sec <2x2—1

di
>. Then we want to find —u.
dv

Put x = cos 0. Then 0 = cos~ !x.

e 71< cos 0 >—t 1<cos€>
T A T —eo0) T \sing
=tan—! (cot §) =tan—! [tan <g—0>}

i T
= — — = — — —1
5 0 7 coslx

du d (m d

S _ (22 -1

T dx dx<2> dx(cos *)

1

=0

—1
S J1-2 J1-2

v=sec ! <

202 —1
=cos~! (2 cos?0 — 1) =cos~! (cos 20)

=20 = 2cos™ x
dv d -2

S, Bl —1y) =
dx dx (cos™'x) 1 —x2
~du  du/dx 1 ><\/l—xz_ 1

“dv dvldx /T _ 2 _2 2

>=cos*1 (2x2—1)




(2) Letu=3" and v=1log,3.

Then we want to find @
dv

Differentiating « and v w.r.t. x, we get

du d

—=—(3")=3""log3

dx dx( ) 8

and@=i(logx3)=i<loi3>
dx dx dx \ logx

=log3- i(logx)—1
dx

— (log3)(— )(logx)~2- L (log)
dx

_ —log3 o 1_ —log3
(logx)> x x(logx)?
du_ (duldy) 3% log3

" dv o (dvldx) [ _logs}
x (log x)?

= —x(logx)?- 3.

‘ Examples for Practice | 3 or 4 marks each

1. Find?,if:
dx

(1) x=a(cos 0+ 0sinf), y=a(sinf — O cos 0)
(2) x=sin"1(3t—48), y=cos~ ' (\/1—7)
(3) X = /asin_lt,y: /acos_lt

(4) x=3cos0 —2cos?0, y=3sin0 — 2 sin30 at0=§.

), show that Q =1.

dx

. t 1
2. Ifx=sm1< >,y=cos‘<
V142 V147

3. (1) If x=2 cos* (1 + 3), y =3 sin* (¢ + 3), show thatﬂz — 3—y
dx 2x

(2) If x=sin~!(e’), y=+/1— e*, show that sinx +? =0.
X



_ £ 2
@) Ifx=22 ,y=a<1 ’>, show that &= 7
147 1+ fy a’x

1

3
(4) If x = acos’t, y = asin’t, show that b_ _ (y > .
x x

4. Differentiate :

) tanl<7”l+xz_l>w.r.t. sin1< 2 >

X 1 4+x2

2

2) cos—! I—x w.r.t. tan—!x.
142
X

(3) xsinx w.r.t. tanx.

4) cos~lx wrt. /1 —x2.

ANSWERS
1. (1) tan0 @ 1 3) -~ @) 1.
3 X
4 (1) i @) 2 3) xcosx—zksmx
SeC“x
@ 1
X

HIGHER ORDER DERIVATIVES |

‘ Solved Examples | 3 or 4 marks each ‘

&
Ex. 27. If x = a? and y = 2at, then show that xy EJ; +a=0.

Solution : x = af?, y = 2at . (D
Differentiating x and y w.r.t. £, we get

e _d o d
dt_dl(a )_adt()
=a X 2t =2at .. (2)

dy d d
and E = E (Zat) =2a E ([)

=2ax1=2a



. dy (dy/dt) 2a 1

“dx (dx/dty 2at t
&y d /1N d dt
)= —1y.___
and 5 =% <t> AR

1 —1 1
:(_1) t72. — R
X

 2a8’

A1
T2 (@deay

a

Xy

dy

" Xyﬁ— —da

d’y
. xyﬁ—i-a:O.

- [By )]

- [By (D]

Ex. 28. If ax? + 2hxy + by* = 0, show that

Solution :
ax?> + 2hxy + by =0
ax?+hxy + hxy + by =0
x(ax+hy) +y(hx+by)=0

Laxthy  —y
T hx+by  x

Differentiating (1) w.r.t x, we get
2ax+2h<x@+y> +2by@=0
dx dx
. 2ax + 2hx@ + 2hy + Zby@ =0
dx dx
; 2(hx+by)?= —2(ax + hy)
X

Lody _<ax+hy>=)_/
" dx hx + by X

v _y,
dxz

(1)

o)

- [By (2)]



Py d(X)_ %—y—(x)
x> dx\x X2
Y
x{=|—yQ
<x> y(1) vy 0,
X2 2 2

— mtanflx 2 @ o d_yz
Ex. 29. If y=e , show that (1 +x)dx2+(2x m)

(March °22)
Solution : y =¢™ tan =1 x .. (1)
. dy d mtan lx
" dx dx( )

—1
— e/ tan x._x (m tan—! x)

1
1 +x2

—emtan Xy o

d
(142 y=my
dx

- [By (1]

Differentiating again w.r.t. x, we get
dy\ dy dy
1 2N | AR 2y — -
(145 <dx>+dxd (LHx)=m
dy dy dy
B e R 2x)=m —
( +x)dx2+dx(0+ X)=m e

. dy dy
(1 + ) +2 . mdx

d%y
(1+x2) +(2 —m) 5=

Ex. 30. If x =sint, y = ¢™, then show that (1 —xz)dz— xd—y

2,
—m?y=0.
dx
Solution : x =sint, y =e™

. s msin— Ly

. t=sin"xandy=e

(D)
dy _ i msin— lx
’ dx_dx(e )



Differentiating again w.r.t. x, we get

2 2

dx \ dx dx ) dx dx
. dy d <dy>2 dy
(1= 2L LY (D) (0 — o) =m2 x 2y
(=9 dx dx*  \dx ( x)=m Y dx
dy

Cancelling 2 I throughout, we get
X

L =m2y

&y  dy
1 -4 _ 2
0= e

dy _dy
ORGP =) S g )
( X)dxz xdx "y

~ [By (1]

Ex. 31. Find the n™® order derivatives of the following :

(1) log (ax + b) (2) sin (ax + b)

)

3x—5"
Solution :
(1) Let y=1log (ax + b)
d
Then 4
X

d
o [log (ax + b)]

a
= 1+0)=——
ax+b><(a>< +0) ax+b

dy d < a
d® dc\ax+b

d
=q — -1
) a—- (ax +b)

=a(—1) (ax+b)—2~i(ax+b)
dx



IC Y I G N

" (ax + b)? (ax + by
dy dJ (—1d? d B
Wza[(aﬁb)z}:(_l)l @ g @

d
=(—=D' @ (—=2)ax+b)=3— (ax + b)
dx
_(_ 1)2.1.2.a2
 (ax+b)
(— 122! a3
(ax + b)?

x(ax1+0)

In general, the nth order derivative is given by

d"y_ (=Dt (n—=1a"
dx" (ax + b)"

(2) Let y =sin (ax + b)

dy d .
Then ol [sin (ax + b)]

d
=cos (ax+b)~d—(ax+b)
X

=cos (ax +b) x (ax1+0)

=a cos (ax + b)

=a sin[g—i-(ax—i-b) }

&y d
T2 [a cos (ax + b)]

d
=a — [cos (ax + b)]
dx
—a[—sin (ax+b)]‘dii (ax + b)

=a[—sin (ax+b)] x (@ x 1 +0)
=a?[ —sin (ax + b)]
=a?-sin [n + (ax + b)]

2
=a2-sin[7n+(ax+b) }



&y d 5
%—a[—a sin (ax + b)]

d
= —a? — [sin (ax + b)]
dx
d
= —a?-cos (ax + b) — (ax + b)
dx
= —a?-cos (ax+b) x (ax 1+40)
=a’[ —cos (ax+b)]
3
=a3sin [7n+ (ax + b)}
In general, the n'h order derivative is given by

dl’l
dxf =a"-sin [%+ (ax + b)}.

— 1Ly
dx

—1
= x(3x1-0)

(3x—5)
_(=D'3
T (Bx—5)?

dy d [(—1)1-3}
a2 dx | (3x—5)?

d B
=(=1)"3 - (Gx—5)2

=(— 1)1-3-(—2)(3x—5)*3-i(3x—5)
dx

= Grosyp <Cx1=0="555
d3y_d[(—l)2'2!~32}
a3 dx | (3x—5)

d
= (= 1?2003 (3x—5)
X



=(—1)2-2!-32-(=3) (3x—5)*4-i(3x—5)
dx

(= 1P %320 x32
B (3x — 5)

x(3x1-0)

_(=1)31-3]
- Bx—=5)7
In general, the nth order derivative is given by

dy (=1)r-n!-3"
"t Bx—5y+1°

‘ Examples for Practice ‘ 3 or 4 marks each ‘

Fmdﬂﬂﬂ
dx?
(1) x=2a%, y =4at (2) x=a(0 —sinf), y=a (1l —cosb)

(3) x=acos’0, y = bsin’0 at 9=§.

2
(1) If 2y = x+1+«h—4,mmwmm4@1—n%%+4fQ—yzo
X

X
dx

2
(2) Tfx = cos 1, y = ™, show that (1 —x2) %2 —x D _ 2, 0,
dx? dx

. ndy _ dy
(3) If y = cos(mcos™'x), then show that (1 —x?)— —x—+m?y=0.
dx>  dx

(4) If y = (tan—'x)2, show that (x2 + 1) + 2x (x2+1) & =2.
dx

dy
dx

2
(5) If y =log (x + /x? + a?)", show that (x> + aZ)% =0.
X

Ifxm-yt=(x+yyr+n showthatd—zo.
dx?
Find the n order derivatives of the following :

(1 1 (2) cos x (3) log (2x+3)
X

4)

ax-l—b



ANSWERS

L 1 osect [ 0 4\/2b
1. (1) 2ar 2) o cosec <2> 3) 32
4. (1) (_xl# ) cos<”2” +x>
(=11 (m—1)!2" (=1 nla
©) (2x +3)" @ (ax+by +!

| MULTIPLE CHOICE QUESTIONS | 2 marks each

Select and write the most appropriate answer from the given alternatives

in each of the following questions :
L Let f()=3, f(D =~ g()= —4and g/ (1) = .

The derivative of </ [f(x)]*? +[g(®)]* wrt. x atx =1 is

29 7 31 29
(a) 15 (b) 3 () G (d) I
2. Iff(x)=x"+2x—3,then (/1) (=3)=........
@) 0 b) —3 © —% (d)% (March *22)
3. Ify=sin(2 sin*lx),then—yz .........
X
2 —4x 2 +4x2 452 —1 1—2x2
b d
(a) — (b) o () e (d) =
4. Ify=loga, —=.....
loga 1 1
(@) (log x)? (b) xloga ¢ log.a @ xloga
5. Ify=x ",—y— .........
2 +logx b \/;|:2+10ng|
(a) N (b) x NG
\/;[2+10gx} d \/;[l+logx}
© x| 578 @ x|



10.

11.

12.

13.

14.

The derivative of log;ox w.r.t. log, 10 is

log x)? log,10)? log x)?
(log 10) (log 10) log 10
Ifx2+y2=t+l,x4+y4=t2+l,thenxQ= ......... )
t 2 dx
1 1 1 1
(@) — b — ©) - &) —-
X X X X

Let f(x) —2f< >=x, then f'(2) =......... .

1
x
2 1 7
= b) — 2 d) -
(a) ; ()2 (c) ()2
34— n+ 1 dy _ -
fxy*=x+y) andd———,thenn— .........
x

(@) 3 (b) 4 () 6 (d) 7

o . T .
Derivative of tan30 with respect to sec0 at 0 = 3 is

3 V3 1 V3
2 b) M2 - 4 -2
(a) 5 (b) 5 (c) 5 (d) 5
Ifx= elog(cos4())’ y= elog(sin4())’ then @ is
dx
(@) —= (b) = © 2 (@ f
y Y X X
Ify= \/logx—i-\/logx—i-\/logx—i- . 00, then?is
X
1 1 1 1
a b) —— c d) -
O O O @,
If x=a (cos 0 + Osin6), y =a(sin @ — O cos ), then @ A= e
dxz ()7Z
8./2 8.2 4./2
@ &2 o -2 g @ B2
an an 8ﬂ am
If g is the inverse of function f and f'(x) = %, then the value of g'(x)
X
is equal to :
1
(@) 1+ () ————= () I+[g™] (d) 7x°
1+[g®T

10/Navneet 21 M. L. Q. Sets : Mathematics & Statistics — Std. XII (Science) | D0217 | (2023)



29
1. (d) =
) 33

—loga

@) log?

7.(0) ~

10. (b) ?

13. (a) M

arm

ANSWERS

1 2 —4x2
2@ 3@ S
N 2+logx} _ (logx)?
5. (c) x [42 N 6. (a) (log 10
8. (b) % 9. (¢) 6
(@ -2 12. (b !
11. (a) ’ (b) Y@ —1)

14. (¢) 1 +[g®].




