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QUADRATIC EQUATIONS
An equation of the form
ax*+bx+c=0 (1)

where a # 0, a, b, ¢ € C, the set of complex numbers, is
called a quadratic equation.

A root of the quadratic equation (1) is a complex number
a such that

ac +ba+c=0

The quantity D = b* — 4ac is known as the discriminant of
the equation (1).
The roots of equation (1) are given by the quadratic formula

L. VD
B 2a

NATURE OF ROOTS

1.If a, b, c € R and a # 0. Then the followings hold
good:
(a) The equation (1) has real and distinct roots if and
only if D > 0.
(b) The equation (1) has real and equal roots if and
only if D = 0.
(c) The equation (1) has complex roots with non-
zero imaginary parts if and only if D < 0.
(d) p+ig(p,qge R, g#0)is aroot of equation (1)
if and only if p — ig is a root of equation (1).
2. If a, b, c € Q and D is a perfect square of a rational
number, then equation (1) has rational roots.

3.Ifa,b,ce Qand p + \/E (», g € Q) is an irrational
root of equation (1) then p —\/5 is also a root of
equation (1).

4. If a =1, b, c € 1, the set of integers, and the roots

of equation (1) are rational numbers, then these
roots must be integers.

5. If equation (1) is satisfied by more than two distinct
complex numbers, then equation (1) becomes an
identity, that is a = b = ¢ = 0.

RELATION BETWEEN ROOTS AND
COEFFICIENTS

If o and S are the roots of the quadratic equation (1), then

o+ fp=- b and aff= <
a a

Note that a quadratic equation whose roots are o and s
given by

(x—0) (x-P)=0

QUADRATIC EXPRESSION AND ITS
GRAPH

Let f(x):ax2+bx+c, where a, b, c € Rand a #0.

‘We have

f)=a _xz +2x+£}
a a

F 2 ¢ b
=a|x"+—x+—+———
L a 4a> a 44>
(b dac—b?
=al|x+—| +——— 2
_( 20) 4a® } @

When is a Quadratic Expression always positive
Or always negative?

It follows from (2) that f(x) > 0 (< 0) Vx € R if and only if
a>0(<0)and D = b* - 4ac < 0. See Fig. 3.1 and (Fig. 3.2).
Also, it follows from (2) that f(x) 20 (£ 0) Vx € R if and
only if a > 0 (< 0) and D = b* — 4ac = 0. In this case f(x) > 0
(<0) foreachx e R, x#—b/2a. Also, in this case the graph of
vy = f(x) will touch the x-axis at x = —b/2a.
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v+ D=b—4ac<0 If D = b* — 4ac > 0 and a < 0 then
anda>0
<0 forx<Borx>a
x>0 f(x) >0 forﬂ<x<oc
VxeR =0 forx=q, 8
See Fig. 3.4
 A(- b2a, (4ac — b*)/4a) ¥
0  ba X A(= b/2a, (4ac — b)/4a)
Fig. 3.1 : o
> X
Y O B/ _pna
—bl2a X X y=fx)
. ) D=b"-4ac>0
* A(- b2a, (4ac — b*)/4a) and a <0
<0 Fig. 3.4
Note that if ¢ > 0, then f(x) attains the least value at x =
VxeR —b/2a. This least value is given by
2
D=b~dac <0 f(_£)=ﬂ
anda <0 2a 4a
Fig. 3.2 If a < 0, then f(x) attains the a greatest value at x = —b/2a.
Sign of a Quadratic Expression This greatest value is given by
If D = b* — 4ac > 0, then (2) can be written as 7 (_i) _dac-b?
[ 2 2a 4a
) =a ( . i)z _[ b7~ dac
2a 2a POSITION OF ROOTS OF A

2a 2a Let f(x) = ax* + bx + ¢, where a, b, c € R be a quadratic
expression and let k be a real number.

_ ‘(X b+ m] [x e MH QUADRATIC EQUATION

=a(r-o)@x-p Conditions for Both the Roots to be more than a Real
N _ —b—+b* —4ac 4 g —bb’ —dac Number k.
where = 2a and f= 2a If a > 0 and b* — 4ac > 0 then the parabola y = ax® + bx +

’ ¢ opens upwards and intersect the x-axis in o and 3 where
If D=b"-4ac>0anda >0 then

[,2
>0 forx<oorx>pf o B= —b*+\b" —4ac

f(x) <0 fora<x<p . 2a . .
In this case both the roots ¢ and 8 will be more than k if

=0 forx=a.p k lies to left of both o and f. See Fig. 3.5
See Fig. 3.3

Y
\ =/
[ =ax“+bx+c

v 1) se

! —b2a

0 B X ko /B *

D=b>—4ac>0 1
anda>0

a>0 b2—4ac>0
A(- bl2a, (4ac — b?)/4a)

. Fig. 3.5
Fig. 3.3



From the Fig. 3.5, we note that both the roots are more
than k if and only if

i) D>0 (i) k< _—b >iii) f(k)>0
2a

In case a < 0, both the roots will be more than k (see Fig.
3.6) if and only if

i D>0 (i) k< — (ii) f(k) <0

a —-bl2a B
Sx)
y
a<0,b>—4ac>0
Fig. 3.6

Combining the above two sets, we get both the roots of ax’
+ bx + ¢ = 0 are more than a real number £ if only if

i D>0 (i) k< ;—b (iii) af(k) >0
a

Conditions for Both the Roots to be less than a Real
Number k

Both the roots of ax’ + bx + ¢ = 0 are less than a real number
k if and only if

i D>0

| o |
1. Both the roots of ax” + bx + ¢ = 0 are positive if and only
if

(i) k> _—b >iii) af(k)>0
2a

D >0, —é>0and £>0
a a
2. Both the roots of ax® + bx + ¢ = 0 are negative if and only if

D3>0, -2 <0 and 50
a a

CONDITIONS FOR A NUMBER k£ TO

LIE BETWEEN THE ROOTS OF A
QUADRATIC EQUATION

The real number k lies between the roots of the quadratic

equation f(x) = ax® + bx + ¢ =0if and only if a and f(k) are
of opposite signs, that is, if and only if

i) a>0 (i) D>0 (i) f(k)<0 [See Fig.3.7]
or
(i) a<0 (i) D>0  (ii) f(k)>0 [See Fig.3.8]

Combining, we may say k lies between the roots of f(x)
:ax2+bx+c:Oifand0nlyif

Quadratic Equations 3.3
(i) af(k)<O0

a>0,b*—4ac>0
y=ax*+bx+c

i D>0

o k
: ! X
1),
Fig. 3.7
f (k)
a<o, b2 4ac>0
y=ax?+bx+c
Fig. 3.8

CONDITIONS FOR EXACTLY ONE
ROOT OF A QUADRATIC EQUATION
TO LIE IN THE INTERVAL (k,, k,)
WHERE k, <k,

If a > 0, then exactly one root of f(x) = ax* + bx + ¢ = 0 lies
in the interval (k,, k,) if and only if f(k;) > 0 and f(k,) < 0.
Also, exactly one root lies in the interval (k;, k) if and only
if f(k;) <0 and f(k,) > 0. See Fig. 3.9. Thus, if a > 0, exactly
one root of f(x) = ax® + bx + ¢ = 0 lies in the interval (k;, k,)
if and only if f(k,) f(k,) <O.

a>0
() =ax’+bx+c

f(kl)g gf(kz)

s \a k2 k B/ :
X
k k
1 f( k) S ( D 2
Fig. 3.9

Similarly, if a < 0, exactly one of the roots of f(x) = ax® +
bx + ¢ = 0 lies in the interval (k|, k,) if f(k,) f(k,) < O.

a<0
f)=ax*+bx+c

Fig. 3.10

Hence, if f(k;) f(k,) < O, then exactly one root of
f(x) =0 lies in the interval (k,, k,).
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CONDITIONS FOR BOTH THE ROOTS
OF A QUADRATIC EQUATION TO LIE
IN THE INTERVAL (k,, k,) WHERE

k, <k,.

If a > 0, both the roots of f(x) = ax* + bx + ¢ = 0 lie in the
interval (k,, k,) if and only if

i D>0 (ii) k1<—i <k,
2a
(iii) ftk;) >0 and fik,) >0
See Fig. 3.11

a>0
f()=ax?+bx+c

Fig. 3.11
In case a < 0, the conditions read as
i) D>0 (ii) k1<—i <k,
2a
(iii) fik,) <0 and fik,) <0
See Fig. 3.12

ky
X

k) -b2a B

k)
a<0
f()=ax®+bx+c

Fig. 3.12

Some Useful Tips

Let quadratic equation be
f(x)=ax2+bx+c=0 (D)
where a, b, c € R, a #0.
Let roots of (1) be a, B, and D = b* — 4ac.
1. Both the roots are positive

< D=0, —i=(x+ﬁ>0,
2a

2. Both the roots are negative

S=of>0
a

< D=0, _L =o+ <0, < =off>0
2a a
3. Both the roots lie in the interval (p, g).
& D20,p< —- <q,aflp) >0, aflq) > 0
a

4. If one of , B is real, then other must be real.

5. If sum of the coefficients of a quadratic equation is 0,
then 1 is a root of the quadratic equation.

| Illustration | 1 E

lisarootof (b—c)x>+(c—a)x+a—b=0
as(b—c)+(c—a)+(a—b)=0.

Finding Range of a Rational Function

Let fix) = ax’ + bx +c, glx) = px2 +gx+r
where a, b, ¢, p, ¢, r € R and one of a, p #0.
To find range of

R(x) = &,xe R, put
8(x)

ax’> +bx +c

px2 +gx+r |
= (a—py)x2+ b-qgy)x+(c—ry)=0.
Since x is real,

(b~ qy)’ ~4a~py) (c=ry) 20
We use this inequality to obtain range of R(x).

| Illustration | 2 E

Find range of
x> —2x+5
X +2x+7

(+2x+T)y=x>-2x+5
(y—D¥+2x(y+ D) +7y-5=0
As x is real,

4y +17 -4y -1) (Ty-5)20
O*+2y+ D)= (7y? =12y +5) >0
3y2—7y+2S0
Gy-1)(y-2)<0

1/3<y<2

Ly

L}

Some Useful Tips

ax’> +bx +c

Suppose range of is the set S and A(x) takes all

pxX~ +qx+r

a(h (x))* +b(h(x)) + ¢

5 is also S.
ph(x)” +q(h(x))+r

real values, then range of

Illustration | 3 E

2
tan x —2tanx +5
Range of is

1
tan? x + 2tanx + 7 3

<y<2.

sin> x —2sinx+5 .
However, range of — 5 ' is not
sin“ x+2sinx +7

[1/3,2] as — 1 <sin x < 1 will curtail its range. For
instance try y = 2.



CONDITIONS FOR A QUADRATIC
EQUATION TO HAVE A
REPEATED ROOT

The quadratic equation f(x) = ax’* +bx+c¢=0,a#0has o
as a repeated if and only if f(@) = 0 and f'(a) = 0. In this
case flx) = a(x — 05)2. In fact @ = — b/2a. See Fig. 3.13 and
Fig. 3.14.

a>0

[0 =a(x— 0)?

X
o
f(@=0, f(0)=0
Fig. 3.13
o
> X

—b2a

a<0

fx)=alx—a)?
f(@=0, f(0)=0
Fig. 3.14

CONDITION FOR TWO QUADRATIC
EQUATIONS TO HAVE A COMMON
ROOT

Suppose that the quadratic equations ax® + bx + ¢ = 0 and
a'x*+b'x+c" =0 (where a,a’#0and ab’ - a’b # 0) have
a common root. Let this common root be ¢. Then

ac? +boc+c=0 and dl+ba+c’ =0
Solving the above equations, we get

o o 1

bc’—b'c a’'c—ac’ ab’'—a’b

P bc,—b/c
ab’—a’b

’ ’
ac—ac

andot=——
ab’ —a'b

=

Eliminating o we get
(a@’c—ac’)? _bc’-b'c

(ab’ —a’b)? Cab —a'b

= (@’c—ac’)* =(bc’ —b'c) (ab’ — a’b)

This is the required condition for two quadratic equation
to have a common root. See Fig. 3.15

Quadratic Equations 3.5

y=ax’+bx+c y=ax*+bx+c
N/ X

y=dx*+bx+c

N

Fig. 3.15

|
How to Obtain the Common Root?
Make coefficients of x* in both the equations same and

subtract one equation from the other to obtain a linear
equation in x. Solve it for x to obtain the common root.

CONDITION FOR TWO QUADRATIC
EQUATIONS TO HAVE THE SAME
ROOTS

Two quadratic equations ax® + bx + ¢ = 0. and a’x> + b'x +
¢’ = 0 have the same roots if and only if
a b ¢

a'ZF c’

EQUATIONS OF HIGHER DEGREE

The equation
f)=apx"+ax" " +ax"*+ ... +a,_ x+a,=0

where ay, ay, ..., a,_;, a,€ C, the set of complex numbers,
and a, # 0, is said to be an equation of degree n. An equation
of degree n has exactly n roots. Let o, o, ..., &, € C be
the n roots of (1). Then

f)=a)x—0) x—0) ... (x— )

Also ozl+052+...+oc,l=—ﬂ
ay
and 0o, ... o, =(=1)" I
0]
CUBIC AND BIQUADRATIC
EQUATIONS

If o, B, yare the roots of ax> +bx* +cx+d= 0, then

a+fB+y=- S,ﬂy+ Yo+ aff = 2 and af3y=- g.
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Also, if a, B, ¥, 6 are the roots of the equation ax* + b’ +
cx® +dx + e = 0, then

(X+ﬁ+ Y+ o= _—b,(a+ﬂ) (7/+ 5)+aﬁ+ fJ/5= £
a a

—d
aB(y+ O+ (o+pB)= 7,0557/5: e

a

TRANSFORMATION OF EQUATIONS

We now list some of the rules to form an equation whose
roots are given in terms of the roots of another equation.

Let given equation be

1

agx"+a; X" +...+a,,x+a,=0 (1)

Rule 1: To form an equation whose roots are k(= 0) times

roots of the equations in (1), replace x by % in (1).

Rule 2: To form an equation whose roots are the negatives
of the roots in equation (1), replace x by — x in (1).
Alternatively, change the sign of the coefficients of
XL N, L etesin (1),

Rule 3: To form an equation whose roots are k more than
the roots of equation in (1), replace x by x — kin (1).

Rule 4: To form an equation whose roots are reciprocals of

the roots in equation (1), replace x by 1 in (1) and
then multiply both the sides by x".

Rule 5: To form an equation whose roots are square of the
roots of the equation in (1) proceed as follows:

Step I Replace x by Jx in (1)

Step 2 Collect all the terms involving Jx on one side.
Step 3 Square both the sides and simplify.

For instance, to form an equation whose roots are squares of
the roots of x° + 2x’—x +2 = 0, replace x by \/; to obtain

xvVx +2x—Jx +2=0
= Vx(x-1)==20x+1)
Squaring we get

x(x—1)? =4(x + 1)2
or X6 —Tx-4=0

Rule 6: To form an equation whose roots are cubes of the
roots of the equation in (1) proceed as follows:

Step 1 Replace x by x'°.

Step 2 Collect all the terms involving x'? and x*” on one
side.

Step 3 Cube both the sides and simplify.

DESCARTES RULE OF SIGNS FOR THE
ROOTS OF A POLYNOMIAL

Rule 1: The maximum number of positive real roots of a
polynomial equation

fo)=ay X" +a, X" +a, X"+ ... +a,_ x+a,=0

is the number of changes of the signs of coefficients

from positive to negative and negative to positive.

For instance, in the equation P +3+Tx-11=0

the signs of coefficients are

+ 4+ -

As there is just one change of sign, the number of

positive roots of x> + 3x* + 7x — 11 = 0 is at most 1.
Rule 2: The maximum number of negative roots of the pol-

ynomial equation f{x) = 0 is the number of changes

from positive to negative and negative to positive in

the signs of coefficients of the equation f{(—x) = 0.

SOME HINTS FOR SOLVING
POLYNOMIAL EQUATIONS
1. To solve an equation of the form

x-at+Gx-b*=A
a+b

put y=Xx-

In general to solve an equation of the form
(x-a)™+(x-b)"=A

. e a+b
where 7 is a positive integer, we put y = x - ——.
2. To solve an equation of the form 2
ap f)*" + ay ()" + a4 = 0 M

we put (f{x))" =y and solve a, y2 +ay+a,=0
to obtain its roots y; and y,.
Finally, to obtain solutions of (1) we solve,
()" =y,
and (f)" =y,
3. An equation of the form
(ax2+bx+ c)) (ax2+bx+ cy) ... (ax2+bx+cn) =A
where ¢y, ¢y, ..., ¢,, A € R, can be solved by put-
ting ax® + bx = y.
4. An equation of the form
(x—a) (x—b) (x—c) (x —d) = Ax*
where ab = cd, can be reduced to a product of two

. . . ab
quadratic polynomials by putting y = x + 5
5. An equation of the form
x—a)(x-b)(x-c)(x-d)=A

wherea<b<c<d,b—-a=d-c
can be solved by change of variable

(x—a)+(x=b)+(x—c)+(x—4d)
4

1
=x—Z (a+b+c+4d

y:

6. A polynomial f (x, y) is said to be symmetric if
f, ) =f0 x) ~ x, .
A symmetric polynomials can be represented as a
function of x + y and xy.



Equations Reducible to Quadratic

1. To solve an equation of the type ax* + bx* + ¢ =0,

put K=y

2. To solve an equation of the type

a (p(x)? + bpx) + ¢ =0

(where p(x) is an expression in x) put p(x) = y.
3. To solve an equation of the type

ap(x)+L +c=0
P

(x)

where p(x) is an expression in x, put p(x) = y.

This reduces the equation to

ay2+cy+b=0.

4. To solve an equation of the form

1 1
a(x2+—2] +b(x+—j +c=0
X X

put

and to solve

put

5. To solve reciprocal equation of the type
ax4+bx3+cx2+bx+a=0,a¢0
we divide the equation by x%, to obtain

a(x2+i2j +b(x+l) +c¢c=0
X X

1
X+ — =y.

and then put

1

X+ —=y

X

X —

1 1
a(x2+—2] +b(x——j +c=0
X X
1
X

X

6. To solve equation of the type

x+a)(x+b)(x+c)(x+d)+k=0
wherea+b:c+d,putx2+(a+b)x:y

7. To solve equation of the type

Vax+b =cx+d

or

ax’ +bx+c =dx+e

square both the sides and solve for x.

8. To solve equation of the type

=y

Quadratic Equations 3.7

\/ax+bi\/cx+d =e
proceed as follows.
Step 1 Transfer one of the radical to the other side and
square both the sides.
Step 2 Keep the expression with radical sign on one side
and transfer the remaining expression on the other side.
Step 3 Now solve as in 7 above.

USE OF CONTINUITY AND
DIFFERENTIABILITY TO FIND ROOTS
OF A POLYNOMIAL EQUATION

Let f(x) = ag X" + a; X"~ + a2

is continuous on R.

Since fis continuous on R, we may use the intermediate
value theorem to find whether or not f has a real root in an
interval (a, b).

If there exist a and b such that a < b and f(a) f(b) < 0,
then there exists at least one ¢ € (a, b) such that f(c) = 0.

Also, if lim f(x) and f(a) are of opposite signs, then at

X——co

+...+a, x+a,thenf

least one root of f (x) = 0 lies in the interval (—oo, a). Also,
if fla) and lim f(x) are of opposite signs, then at least one
X—>o0

root of f{x) =0 lies in the interval (a, ).
Result 1 If f(x) = 0 has a root ¢ of multiplicity r (where
r> 1), then we can write
fx)=(x- )" gx)

where g(a) # 0.
Also, f’(x) = 0 has « as a root with multiplicity r — 1.
Result 2 If f(x) = 0 has n real roots, then f’(x) = 0 has
(n —1) real roots.

It follows immediately using Result 1 and Rolle’s
Theorem.
Result 3 If fix) = 0 has n distinct real roots, we can write

) =a,x—0) x—0) ... x— )

where ¢, o, ... o, are n distinct roots of flx) = 0.

We also have

g

fx) & ox-o

SOLVED EXAMPLES
Concept-based

Straight Objective Type Questions

® Example 1: Solution set of

J3—x :—xz—x—l,xe Ris

(@) (=1, )
©) (-1, 3/4)

(b) (0, 1)
d ¢

Ans. (d)
Solution: Note that LHS = /3 - x>0 ~ x <3.

1V 5
andRHS=— |x—— | —— <0~ x.
2 4
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Thus, the given equation has no solution.

® Example 2: Number of solutions of

5 5
e x=2 _2_x—2 M)
is
(@) 0 (b) 1
()2 (d) infinite
Ans. (a)

Solution: The equation (1) is defined when x # 2. But
when x # 2. We can cancel 5/(x — 2) from both the sides of
(1) to obtain x =2

Thus, (1) has no solution.

® Example 3: The number of real solutions of X+ 5l +
4=0is

(@) 0 (b) 1
(c) 2 (d) 4
Ans. (a)

Solution: If x € R, then x* + 5lxl + 4 > 4.
Thus, the given equation has no solution.

C) Example 4: If is aroot of ax® + bx + ¢ = 0, (a, b,

3—4i
ce R, a#0), then
(@) b+6¢c=0 (b) b=6¢
(©) a+25¢=0 (d) b* =6¢
Ans. (a)
Solution: TIP: Asa, b, c< R, the othelrrootmust3 TR
+4i
Thus, + ! =—é,
3—4i 3+4i a
and .1 _¢
3—4i 3+4i a
6 b 1

= — =——an
25 a 25 a

Now, 6(5) b piee=o.

a a
Also, a—25¢=0

® Example 5: If 1 — p is a root of the quadratic equation
X+ px + 1 —p =0, then its roots are

(@) 0,1 (b) -1, 1
() 0,—1 d) -2, 1
Ans. (¢)
Solution: (1-p)>+p(1-p)+(1-p)=0
= A-p)[l-p+p+11=0=2(1-p)=0
= p=1

Thus, equation becomes X+x=0
= x=0or-1

® Example 6: Suppose p € R. If the roots of 3x* + 2x +
p(1 — p) = 0 are of opposite signs, then p must lie in the
interval

(@) (=<, 0) (®) (O, 1)
(¢) (1, ) (d) (2,0)
Ans. (b)

1
Solution: We must have 3P (1-p)<0
= pl-p<0=0<p<l1.

® Example 7: If o, Bare the roots of (x —a) (x—b) + ¢ =0,
¢ #0, then roots of (0B —c) x* + (o + B) x+ 1 =0 are

(a) l/a, 1/b (b) —1/a,-1/b
(¢) l/a,-1/b (d) -1/a, 1/b
Ans. (b)

Solution: ¢, B are roots of X - (a+bx+ab+c=0.
o+ f=a+b,aff=ab+c
The equation
(of-c) X +(a@+ P x+1=0
becomes
abx2+(a+b)x+ 1=0
= (ax+1) (bx+1)=0
= x=—1/a,-1/b

® Example 8: If «, 3 are roots X+ px + g =0, then value
of o + B is
(a) 3pq +p’
(c) 3pg
Ans. (b)
Solution: o+ B=-p, afi=q.
Now, o + B’ =(a+ B’ - 300+ B)

=-p’+3pq=3pq-p’

(b) 3pg -p’
(d p” -3pq

® Example 9: If a € R and both the roots of
X% — 6ax + 9a*> + 2a — 2 = 0 exceed 3, then a lies in the in-
terval

(@) (1, o) (b) (2,0)

(c) (1119, =) d ¢
Ans. (d)
Solution: Given equation can be written as (x — 3a)* =
2(1-a)

We musthave 1 —a=>0ora<1.

Also, x=3a £\V21-a.
Both the roots will exceed 3, if smaller of the two roots viz

3a —v2 J1—a exceeds 3, thatis, 3a— N2 \1—-a >3
= 3a-1)>2J1-a. (1)

For a = 1, this is not possible. For a < 1, we can write (1)

~3(Vi—a) >V2\i-a

which is no possible



Thus, there is not real value of a.

1
® Example 10: If x= /7 — 43 , then x + — is equal to:
X

(a) 2 b) 337
(c) 4 d) 7
Ans. (¢)
Solution: 7 — 4\/5 =22+ (\/5)2 —4x/§
= (2-v3)
x=47-4/3=2-3
1 1
and ; = 2_\/§—Z+\/§
Thus, x+ l =4
X

® Example 11: Suppose @, f3 are roots of ax’ + bx + ¢ =0
then roots of a(x — 2)* — b(x — 2) (x — 3) + c(x - 3)* = 0 are

2+a 2+ 240 3+
(a) ) P (b) ,
1+8 1+« 348 2+p
2+30 2+3 2+30c 2+3
(o 220 2038 ) 23 243D
2+0 2+ l+o 1+
Ans. (d)

Solution: Write the equation as

2
a _x22 +5) -2 2 +c=0
x-3 x-3

Now, - *=2 — ¢, B
-3
2+3a 2+3f
= = S
I+ 1+

® Example 12: If x, y, z € R then the least value of the
expression E = 3%+ 5y2 +422 —6x + 20y — 8z -3 is:

(a) - 15 (b) —30
(c) —45 (d) - 60
Ans. (b)

Solution: We can write
E=30"-2x+1D)+50°+4y+4)
+4(Z2-2z+1)-30
=3(x—-1)?+50+2)7>+4(z-1)"-30=-30
The least value is attained when
x=1,y=-2,z=1.

® Example 13: The number real of roots of
Jx—=3 (¥ +7x+10) =0, where x € Riis
@0 (b) 1
(©) 2 (d) 3
Ans. (b)

Quadratic Equations 3.9

Solution: For the equation to be defined, x = 3, and
x* + 7x + 10 > 40 ~ x > 3. Therefore, the given equation
has exactly one root, viz. 3.

® Example 14: Suppose a € R. If 3% + 2(a* + Dx + (&
— 3a + 2) = 0 possesses roots of opposite signs, then a lies
in the interval:

(@) (—eo,=1) (®) -1, 1)
(©) (1,2) d (2,3)
Ans. (c)

Solution: As the roots are of opposite signs, the product
of roots must be negative, that is,

2_
$<0:>(a—1)(a—2)<0
= ae (1,2)

® Example 15: Suppose a® =5a -8 and b* = 5b — 8, then
. a b .
equation whose roots are 5 and — is
a
(b) 8x*~9x+8=0
(d) 8x° +9x+8=0

(@) 6x°—5x+6=0
(c) 9x*-8x+9=0

Ans. (b)
Solution: a, b are roots of x* — 5x + 8 = 0.
a+b=5ab=8
2,42 2
Now., g_l_é:a +b :(a+b) 2ab
b a ab ab
B 5,0
8 8

. required equation is
X —(9/8)x+1=00r8*-9x+8=0

® Example 16: Sum of the roots of the equation
X +12x-31-4=0is

(a) 2 (b) =2
©) 2 @) -2
Ans. (¢)

Solution: Case 1: When x < 3/2
In this case the equation becomes
¥-(2x-3)-4=0

= ¥-2x+1=2
= x-1Y=2=x-1=+t2
= x:li\/i

As x < 3/2, we take, x=1 — /2
Case 2: When x > 3/2

In this case the equation becomes
X +2x-3)-4=0

= x+1)2=8=x+1+2V2
Asx>3/2, x=-1+ 232
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Sum of the roots is
A-V2)+1+2v2)=2

® Example 17: If the quadratic equation a(b — ¢) x> +
b(c —a) x + ¢ (a — b) =0, where a, b, c are distinct real
numbers and abc # 0, has equal roots, then a, b, c are in

(a) A.P. (b) G.P.
(c) H.P. (d) A.G.P.
Ans. (¢)

Solution:
e |
If sum of the coefficients of a polynomial equation is zero,
then 1 is a root of the equaiton.

As 1 is a root of the equation and equation has equal roots,
the other root must be 1. Thus we have

1 = product of roots = cla=b)
a(lb-c)
= ab-c)=c(a-b)
2
N b= 29
a+c
= a, b, c are in H.P.

C) Example 18: Suppose a, b, c € R, a # 0, and (a + 6)2
< b*. Then the quadratic equation ax® + bx + ¢ =0 has
(a) real and distinct roots  (b) real and equal roots
(c) purely imaginary roots (d) none of these
Ans. (a)

Solution:
o
Suppose f(x) = ax’ + bx + ¢, a, b, c € R, a # 0. If flo) fiP) <

0, then exactly one root of the equation f(x) = 0 lies between
o and fB and the equation f(x) = 0 has real roots.

Let fix) = ax’ + bx + c.
Thenfil)=a+b+c, i-1)=a-b+c.
We have f(1) fi—1) = (a + ¢)> = b*< 0

® Example 21: The number of real solutions of

x+Jx +x—2=3 (1)
is:

(@ 0 (b) 1

(c) 2 (d) 4

Ans. (a)

Thus, f(x) = 0 has exactly one root in (-1, 1). Hence, ax® +
bx + ¢ = 0 has real and distinct roots.

® Example 19: If both the roots of the quadratic equation
X+ 2(a+2) x+9a -1 =0 are negative, then a lies in the set

(@) [1, ) (b) (179, 1] U [4, o)
(©) (=2,4) U (6, ) d ¢
Ans. (b)

Solution: TIP: Both the roots are negative, if and only
if D = 0, sum of roots < 0 and product of roots > 0

Thus, 4(a + 2)* - 4(9a - 1) > 0,

-2@+2)<0,9a-1>0
a*-5a+420,a>-2,a>1/9
(a-1)(a-4)=20,a>1/9
a<lora=4anda>1/9

ae (1/9, 11U [4, =)

® Example 20: Suppose p € R and «, 8 are roots of

tuul

1 . .
x> — px + — =0, then the minimum value of or* + B* is

2p2
(@ 2 (b) 2_\n
) V2-2 d) -2

Ans. ()

Solution: o+ B=p, aff=1/2p*
= o+ =(a+p*-208=p>—1/p*

2
of + B = (0P + PO - 202 = (pz—ij L

p 2p
1 1
4
=pt+ ——2-—
p* 2p*
1
=p*+ — -2

1 1/2
> 2(,94-—) —2=+2-2

[+* AM > GM]

Thus, minimum possible value of ot + [34 1s x/E — 2, which
is attained when p = 1

LEVEL 1
Straight Objective Type Questions

Solution: For v/x, J/x—2 tobedefined x>0,x-2>0

= x2>22. Butforx=>2

x+\/§+~/x—2 >2++2 >3

Thus, (1) has no real solution.



® Example 22: In Fig. 3.16 graph of y = ax® + bx + c is
given. Which one of the following is not true?

(@ a<0 (b) ¢>0
(c) B> —4ac>0 (d) b<0
Ans. (d)

/N
fT A

Fig. 3.16

Solution: The given parabola opens downwards, a < 0.
Also, y(0) =¢>0.

As roots of ax® + bx + ¢ = 0 are distinct, b* —4ac > 0.
However nothing can be said about b. It can be positive, zero
or negative. For instance, consider equations — X —5x+6=
0,-x*+3x+4=0and —x*+9=0.

® Example 23: Let azand Bbe the roots of px*> + gx + r=0,

p#0.1If p, g, r are in A.P. and 1 +% = 4, then value of

a
loo— Blis
(@) Vel () 217
9 9
1 2
© §J3_4 d) 5@
Ans. (d)
Solution: 4 = a+p = L/Pz_z

op rip r
= q+4r=0

Also, 2g=p+r [ p, g, rarein A.P]
Thus, p=-9r,q=—4r
la— B? = (a+ ) - 4ap
_ (—_QJZ_ﬂ
p p
_ E_4(_1]=2
81 9/ 81
2
= lao— Bl = 5\/5

® Example 24: If tan 25° and tan 20° are roots of the
quadratic equation x* + 2px + ¢ = 0, then 2p — ¢ is equal to

(a) -2 (b) -1
© 0 (d 1
Ans. (b)

Quadratic Equations 3.11

Solution: We have
tan 25° + tan 20° = - 2p
and tan 25° tan 20° = ¢

Now, 1 =tan 45° = tan (25° + 20°)
_ tan(25°) +tan(20°) 2p
T - @n(25°)@n(20°) 1-g
= l-g=-2p=>2p—qg=-

® Example25: Suppose0<a<f,and2a+ B=m/2.Iftan c,
tan B are roots of ax® + bx + ¢ = 0, then

(a)tanor= £~ 94 (b) tan B= €+
b b
() tan o= 2 (d) tan f=— 7
c—a c+a
Ans. (a)
Solution: tan o + tan 8= — b/a and tan o tan 8 = c/a.
Now, tan (a+ﬂ): M
1 —tana tan 8
= tan (/2 - o = — 214
l1-cl/a
-b
= cot a=
a—c¢
Thus, tan o = c;a

® Example 26: The value of a for which one root of the
equation X - (a+1)x+ a* + a -8 =0 exceeds 2 and other
is less than 2, are given by

(a) 3<a<10 (b) a=10
(c)-2<a<3 (d)a<s-2
Ans. ()

Solution: As the roots are real and distinct
(a+ 1)’ -4 +a-8)>0
3a*+2a-33<0

= (3a+11)(a—3)<0=>—%<a<3 (1)

Y 4

0\2/”(

Also, for
222+ 1) +d*+a-8<0
= -a-6<0=(@-3)(@+2)<0
= -2<a<3 (2)

From (1) and (2), we get—2 <a < 3.



3.12 Complete Mathematics—JEE Main
® Example 27: The least integral value o of x such that
x—=5

- >

x“+5x—-14
@) o +30-4=0
©) o ~To+6=0

Ans. (d)

0 , satisfies the relation:

(b) -5a+4=0
(d) o +500—6=0

x-5 x=5
X +5x-14 (x+7)(x-2)
Sign of E in different intervals are shown below

Solution: 0 <

= E(say)

Sign of ! :
E _ : + : _ : +
7 2 5
Thus, x——S >0
x+7D(x-2)
= —-T7<x<2orx>5.

Therefore the least integral value « of x is — 6. This value
of o satisfies the relation o2 + S — 6 = 0.

® Example 28: Let p and g be two non-zero real numbers

and @, B are two numbers such that o + f* = —p, o =g,

then the quadratic equation whose roots are /B and B/t is
(a)pxz—qx+p2=0 (b)qx2+px+q2=0
(c)px2+qx+p2=0 (d)qxz—px+q2:0

Ans. (b)

Solution:

of q

N
o

o?
B
and (%)(%2) =aff=¢q

Thus, required equation is

xz—(—g)x +q=0
q

or qx2+px+q2=0.

® Example 29: The set of values of « for which the
quadratic equation

(0+2)x* - 20— a=0
has two roots on the number line symmetrically placed
about the point 1 is

(@ {-1,0} () {0,2}
() ¢ (@) {0, 1}
Ans. (c)

Solution: Let roots of the equation be
1—kand 1+ k, where k>0

20 o

Then :}1:
o+2 o+2

2=(1-k+(1+k=

This is not possible for any value of c.

® Example 30: Suppose k € R and the quadratic equation
X - (k—3)x + k =0 has at least one positive roots, then k lies
in the set:
(@) (=0, 0) U9, 16]
(€) (=2, 0) U [9, )
Ans. ()

Solution: Both the roots ¢, § will be non-positive if
D>0,0+B<0,08>0

(b) (==, 0) U [16, 8)
(d) (=0, 0) U (1, )

= (k=3 -4k>0,(k—3)<0,k>0
= k-1)(k-=9)>0,k<3,k>0
= 0<k<1.

Thus, quadratic equation will have at least one positive
rootifk<Qork>1land(k<1ork=>9)

= ke (=o,0) U [9, o)

® Example 31: Two non-integer roots of the equation
(F+30)> - (¥ +3x)-6=0 (1)
are

(@) %(—3+Jﬁ),%(—3—ﬂ)
) %(—3+ﬁ>,§<—3—ﬁ>

(©) %(—3 +21), % (=3 -+21)

(d) none of these
Ans. (c)
Solution: TIP: It is an equation which is reducible to
quadratic. Put x* + 3x = y.
The equation (1) becomes

Y-y-6=0 = (+2)(-3)=0

= y=-2,y=3
When y=2,
FH+3x=-2 = F+3x+2=0
= @+D)(x+2)=0 = x=-1,-2

When y=3,x+3x=3 = x*+3x-3=0
= x= %(—3i\/9+12)=%(—3i\/ﬁ)
® Example 32: Two non-integer roots of
4 2
3x—-1 s 3x—-1 +d=0 )
2x+3 2x+3
are
(a) =5/7,-2/5 (b) —2/5,7/5
(c) 517,715 (d) —2/5,3/5
Ans. (a)
Solution: TIP: It is an equation which is reducible to

-1
+3

2
quadratic. Put (;x j =y. The equation (1) becomes
X



V-5y+4=0=(-1)(y-4)=0=y=1,4
3x—1Y 3x—1
y:l’ E—— :1:
2x+3 2x+3
= x=4,-2/5
2
y=d. 3x—-1 N
2x+3
= x=-7,-5/7
Thus, required roots are — 2/5, — 5/7.

When

==+1

3x-1
2x+3

When

=+2

® Example 33: Sum of the roots of the equation
is 4 =302 +128=0 (1)
(a) 5 (b) 6
() 7 (d) 8
Ans. (¢)
Solution: Put 2" =y. Equation (1) becomes
Y -3@8y)+128=0 = y*-24y+128=0
= y-8(-160=0 = y=16,8
= 2'=16,8 = x=4,3
. Sum of the roots is 7.

® Example 34: The only real value of x satisfying the

equation is
4
6\/ X —2\/“ =11 (1)
x+4 X

(b) —4/35
(d) none of these.

where x € R
(a) 4/35
(c) 16/3
Ans. (d)
Solution: For (1) to be defined either x < — 4 or x > 0.
X
x+4

6y—2ly=11 = 6y’—11y-2=0

Put

=y. Equation (1) becomes

=  (6y+1)(y-2)=0 = y=-1/6y=2.

X 1
As = >0, werejecty=— —.
VS x4 Y=
Thus, y=2 = L:);2:4
x+4
= x=4x+16 = x=-16/3<-4

® Example 35: The number of real values of x satisfying
the equation

2(x2+xi2J —9(x+i) +14=0 (1)
(a) 1 (b) 2
(c) 3 (d) 4

Ans. (c)

Quadratic Equations 3.13

1 1
Solution: Putx+ — =1y, so that P y2 — 2. Then
X X

equation (1) becomes

20°=2)-9y+14=0
= 2P -9y +10=0 = Qy-5(-2)=0
= y=15/2,2

1 1
Whenx+ — = é,wegetx=2, —
X 2 2

1
Whenx+ — =2, we getx=1.
X

® Example 36: The non-integral roots of
K3 -2 4+ 3x+1=0 €))
are

(@) %(3+J§>,%(3—Jﬁ>
b %(3—@»%(—3—@)

(©) %(3+\/ﬁ),%(3—\/ﬁ)

(d) none of these.
Ans. (a)
Solution: Dividing (1) by x>, we get

1
)62—3x—2+g +—5 =0

X X
or (x2+i2)—3(x—1j—2:0 )
X X

Put x — 1/x =y, so that
1 1
X+ - —2:y20rx2+ - =y2+2
X X

Equation (2) now becomes
Y +2-3y-2=0 = ' -3y=0

= yy-3)=0 = y=0 or y=3
Wheny=0,wegetx—§=0 = x=zx1
Wheny=3,wegetx—§:3

= P-3x-1=0 = x=%(3ix/§)

® Example 37: Suppose a, b,c € Rand b #c. If o, B are

roots of x* + ax + b = 0 and ¥, & are roots of x* + ax + ¢ = 0,

then value of

(a-y)(a=9)

B-v)(B-96)
(b) b, c
(d) a, b, c

is independent of:

(a) a, b
(c) ¢c,a
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Ans. (d)
Solution: x2+ax+c=(x—}/) (x=9)
Thus,
(@—y)(@-8) o +ao+c
B-1(B-8 B +aP+c
-b+c
B —b+c:1

[ o, B are roots of > + ax + b =0]

® Example 38: Number of real solutions of

x-D@x+1)Q2x+1)(2x-3)=15 (1)
18
(@ 0 (b) 2
(¢ 3 @ 4

Ans. (b)

Solution: We write (1) as
x-D2x+DHx+1)2x-3) =15

= 2P -x-1)(2x*-x-3)=15 )
Put 2x* — x = y, so that (2) becomes

-Dy-3) =15 = Y —4y+3 =15
= Y -dy-12 =0 = (y-6)(r+2) =0
= y =6,-2.
Wheny:6,2x2—x:6 = 2%*-x-6=0
= 27— 4x+3x-6=0 = (2x+3)(x-2)=0
= x=-3/2,2
Wheny:—2,2x2—x:—2
or 2% —x+2=0

AsD=1-4(2)(2)=-15<0, we get 2x> — x + 2 = 0 does
not have real roots.

® Example 39: If p, g R and 2 + V3i aroot of x> + px +
g =0, then

(@ p=-2,¢=3 (b) p=-4,9=7
() p=3,9=2 (d) p=-4,9=2
Ans. (b)
Solution: Other root of the equation is 2 — 3i . Thus
—-p=(2+3i)+(2-3i) 2)
and q= (2+x/§i)(2—\/§i)
= p=- 4, q= 7

® Example 40: The number of solutions of

\/3x2+x+5=x—3,wherexeR (1)

(b 1
(d) 4

is:
(@ 0
(c) 2
Ans. (a)

Solution: Note that we must have 3x* + x + 5 > 0 and
x —3 20 or x = 3. Squaring both sides of (1), we get

3 +x+5=x"-6x+9
= 23+ 7x-4=0 = Qx-D(x+4)=0
= x=1/2,-4
None of these satisfy the inequality x = 3. Thus, (1) has no
solution.

® Example 41: The number of solutions of

NE=—x++Jx+9 =5 (D)

®) 1
@ 3

is:
(@ 0
(c) 2
Ans. (¢)

Solution: Note that4 —x>0andx+9>0=-9<x<4.

We can write (1) as \/xT =5- \/E
Squaring both the sides we get
x+9=25-10J4—x +4-x
= 10J4—x =20-2x = S5J4—-x =10-x

Squaring both the sides we get
25 (4 —x)=100 - 20x + x°

= x(x+5)=0 = x=0o0orx=-5
Both x = 0 and x = — 5 satisfy (1).

= X +5x=0

® Example 42: Suppose a € R and @, f3 are roots of x> —
4ax + 5a* — 6a = 0. The maximum possible distance between
o and Bis
(a) 6
() 3
Ans. (a)
Solution: (a— pB)>=(a+ B> -4 off
16a° - 4(5a° - 6a)
4(6a - a*)
=4[9-G-a]
Asae R, (a- ,LDZ is maximum when a = 3. Thus, maximum
possible distance between o and f3is 6.

(b) 5
(d 1

® Example 43: The value of a for which one root of the
quadratic equation.

(@-5a+3)x*+Ba-Dx+2=0 (1)
is twice the other, is
(a) —2/3 (b) 1/3
(c) —1/3 (d) 2/3

Ans. (d)

Solution: Let o and 2o be the roots of (1), then
(@*=5a+3) o +Ba-Da+2=0 )

and (@°-5a+3) @4+ Ba-1)Q2a)+2=0  (3)
Multiplying (2) by 4 and subtracting it form (3) we get



Ba-1)QRa)+6 =0
Clearly a # 1/3. Therefore, o=-3/B3a-1)
Putting this value in (2) we get
(@ -5a+3)(9)-Ba-13)+2Ba-1)*=0

= 94> —45a + 27 — (9a* —6a + 1) =0
N ~39a+26 =0
N a=2/3.

For a = 2/3, the equation becomes ¥ +9x+ 18 = 0, whose
roots are — 3, — 6.

2
® Example 44: Range of function f(x) = x2+—x+2
xe Ris x“+x+1
(@) (1, 0) (b) (1,3/2)
(c) (1,7/3] (d) (1,7/5]
Ans. (c)
2
Solution: Lety = x2+x+2 =1+ — !
x“+x+1 x“+x+1
=1+—12 >1
(x+1/2)" +3/4
1 2
= — =x2+x+1=(x+l) +§2§
y—1 2 4 4
Thus,y>landy-1<4/3=y<7/3
1<y<7/3

® Example 45: If f(x) = x* + 2bx + 2¢* and

glx)=— x* — 2¢x + b? are such that min f(x) > max g(x), then
relation between b and c, is:

(a) no relation
bl

(b) O<c<b/2

) lcdl< — ) lel> V2 1bl.
Ans. (d) V2
Solution: f(x) = (x + b)* + 2¢* - b*
= min f(x) = 2¢* - b*
Also g(x) =—xz—2cx+bz=bz+cz—(x+c)2
= max g(x) = b+ ¢*

As min f{x) > max g(x), we get 27 - > P+
= A>22=ld> V2 bl

® Example 46: If a, b are the roots of X+ px+1=0, and

¢, d are the roots of ¥+ gx + 1 =0, then the value of
E=(a-c)(b-c)(a+d)(b+d)

is:

@ p ¢ (b) ¢*-p°
©) ¢ +p’ (d) none of these
Ans. (b)

Solution: We have
x2+px+ l=(x-a)(x->b)
Thus,

Quadratic Equations 3.15
E=(c-a)(c-b)(-d-a)(-d-Db)
=(+pc+ 1) [(-d)*-pd+1]
[ a+b=-p]
=(+pc+ ) (d-pd+1)
But >+gc+1=0andd*+qgd+1=0
E=(-qc + pc) (- gd - pd)
=cd(q—p)(g+p)
=cd(@-p)=q’-p* [ cd=1]

® Example 47: If 4" — 32 = 35712 _ 221 then value
of x is equal to

(a) 572 (b) 2
(c) 372 @ 1
Ans. (c)
Solution: 4x_3x— 12 — 3x+ 12 22x— 1
N 45 42—l o g 12 gx- 2
= 4 + L 3*\3 +3—
2 NE)

SCRCE

® Example 48: If x% + 2ax + 10 — 3a > 0 for each x € R,
then

(@) a<-5 (b) —-5<a<?2
(¢c) a>5 (d) 2<a<5
Ans. (b)
Solution: x*>+2ax+ 10-3a>0 » xe R
= (x+a)2—(a2+10—3a)>03+xeR
= a®+3a-10<0
= (a+5@@-2)<0
= -5<ax<?

® Example 49: The number of solutions of

Jx+l—=yx—-1=1 (xe R)
is
(a) 1 (b) 2
(c) 4 (d) infinite
Ans. (a)

Solution: For the equation to make sense we must have
x+120andx-120=x>2-1,x>11ie. x2>1.
We rewrite equation as
Jx+1=1++/x-1
and square both the sides to obtain

x+1=1+x-1+ 2yx—-1
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L. x—1 :>l:x—10rx=

>
2 4 4
Also, x = 5/4 satisfies the given equation.

=

C) Example 50: If q, b, c are real and a # b, then the roots
of the equation
2(a—b)x2—11(a+b+c)x—3(a—b)=0 (D)
are
(a) real and equal (b) real and unequal
(c) purely imaginary (d) none of these
Ans. (b)

Solution: The discriminant D of the quadratic equation
(1) is given by
D=121(a+b +c)* +24(a - b)*
As a, b, c arereal, 121(a + b + c)2 >0
Also,as a#b, (a—b)*>0
Thus, D > 0.
Therefore, equation (1) has real and unequal roots.

® Example 51: Let a >0, b > 0 and ¢ > 0. Then both the
roots of the equation
2ax* +3bx +5¢=0 (1)

(a) are real and negative

(b) have negative real parts

(c) have positive real parts

(d) none of these
Ans. (b)
Solution: The discriminant D of the equation (1) is
given by

D = (3b)* - 4(2a) (5¢) = 9b* — 40ac

If D > 0, then both the roots of (1) are real.
Also, since ac >0, D < 9p>.

= VD <3b [ b>0]
Therefore, in this case both the roots _3b4;\/5 and
~3b+D . “
———  are negative.
a

If D <0, both the roots of (1) are imaginary and are given by

oo ~3bEiy40ac - 9b’

2

Both these roots have negative real parts.

® Example 52: If a, b, c are real, then both the roots of
the equation
x-b)(x-c)+x-c)x—a)+(x—a)(x-b)=0 (D)

are always

(a) positive (b) negative

(c) real (d) none of these
Ans. (c)

Solution: We can write (1) as

3x°=2(a+b+c)x+bc+ca+ab=0 )
The discriminant D of (2) is given by
D=4(a+b+c)*—4x3(bc+ ca+ ab)
= 4[a* + b* + ¢* + 2bc + 2ca + 2ab — 3bc — 3ca — 3ab)
:4[a2+b2+c2—bc—ca—ab]
=2[(b* + ¢* = 2bc) + (¢* + d® — 2ca) + (a® + b* — 2ab)]
=2[(b-c)*+ (c—a)* + (a- b
As a, b, c are real, we get D = 0. Thus, roots of (1) are real.

® Example 53: If the roots of the equation (4a — a’-5)x* -
(2a-1x+3a=0, a € R, are real and lie on opposite sides
of unity, then the a lies in the interval:

(@ (1,95) (b) (1,4)
(c) (3,00 (d) (=o,4)
Ans. (b)

Solution: TIP: If roots of a quadratic equation f(x) = 0
are on the opposite sides of a real number p, then fix + p) =
0 has roots of opposite sings.
Put y=x—1,sothatx=y+1
The equation now becomes:
(4a-a*-5) y+1-Qa-1)(y+1)+3a=0
= (4a-da* -5y +Ba-2a"-10-2a+ 1)y
+(@a-a*-5-2a+1+3a)=0
= (4a-d* -5y + (6a-2a*-9)y
+Ga-d*-4)=0
This equation must have roots of opposite signs. This is
possible if and only if

5a—a* -4
da-a* -5

Asad®—4a+5=@a-2"+1>0 ~ a,
weget(a-1)(a-4)<0=>1<a<4.

2_
<Oor¢<0
a —4a+5

® Example 54: If o, B are roots of ax’ + bx + ¢ = 0, then
roots of
a’x* + abex + ¢ = 0 are

(a) of, a+f (b) 2B, aff?
© of, o’f @ o, p’
Ans. (b)

b
Solution: a+ = —, ofi= <.
a a

Write a’+abex+ =0 as
x? +b—§x+(£)3 =0
a a
= r¥-(a+p ofc+f =0
= X — (2B + aff)x + (2P (af?) =0
= x-oP) (x-opH=0
= x=a’B, off



® Example 55: If P(x) = ax® + bx + ¢ and Ox)=- ax® + dx
+ ¢, where a, b, ¢ € R, then P(x) O(x) = 0 has

(a) no real root

(b) exactly two real roots

(c) at least two real roots

(d) none of these
Ans. (c)

Solution: Let D, = b* — 4ac and D, = d* + 4ac
We have D, + D, = b* +d* >0

= atleastone of D, D, =0

= oneof Px)=0 or Qx)=0

has real roots. Thus, P(x) Q(x) =0

has at least two real roots.

® Example 56: If the product of the roots of the equation
x* — Skx + 2¢"™ 1 = 0 is 31, then sum of the root is

(a) —10 (b) 5
(c) -8 (d) 10
Ans. (d)

Solution: We have product of the roots

=2¢M"% _ 1 = 31 (given)
Ak — 16
K=16=k"-16=0
(k=2) (k+2) (K +4)=0
k=2,-2

As k>0, we get k =2.

Sum of the roots = 5k = 10

L

® Example 57: Let o, 8 be the roots of the equation x* —

o .
px+r=0and R 2 be the roots of the equation x* — gx + r

= 0. Then the value of r1is :

2 2
(a) §(p—q)(2f1—p) (b) §(q—p)(2p—61)

2 2
(c) 5 (¢ —2p) (2q-p) (d) 5 2p-q) 2q-p)
Ans. (d)
Solution: o+ B=p, af=r

and %+2[5:q.

But o+ fB=pand x+4B=2qg
1 2
= B=3Qq-p)anda=2(2p-q)
Thus, aff=r
2
= 5(2p—q)(2q—p)=r
® Example 58: Sum of all the values of x satisfying the
equation
log,; logy, (Vx+11+\/;)=0 )
is:
(a) 25 (b) 36
(c) 171 @ 0

Quadratic Equations 3.17

Ans. (a)

Solution: Equation (1) is defined if x > 0.
We can rewrite (1) as

logy, (Vx+11+vx) =17"=1
= Jeril+x =11'=11
= Jr+11 =11-Jx
Squaring both the sides we get
x+11=121-22x +x

= 2Jx =110 = Vx =50rx=25

This clearly satisfies (1).
Thus, sum of all the values satisfying (1) is 25.

1 1
® Example 59: If —— and —— are the roots of the
Vo

equation ax®+bx+1=0 (a #0,a, b, € R), then the equation,
x(x + b3) + (a3 — 3abx) = 0 has roots:
(a) o and B> (b) of**and o' B
(c) JoB and aff (d) o and B?
Ans. (a)
Solution: The equation x(x + b3) + (a3 —3abx) =0 can
be written as
X+ (b =3ab)x+a’=0
‘We have
1.t _ 6 1 1
Vo B a'Nap a
o+ =—-b,Va =a
Vo b,
Now
— (b = 3ab) = (=b)* - 3a(-b)
= (Vo +JB) - 3(Na +JB)Va B
= (Vo) + (JB) = a2 + g2
and & = o2 [33/2

. The roots of the equation
x>+ (b = 3ab)x + a® = 0 are o, B2

® Example 60: If p, g are roots of X+ px + g =0, then

(a p=1 () p=1or0
(c) p=-2 (d p=-20r0
Ans. (b)
Solution: We have p+qg=—-p,pg=gq
As Pq4=q
we get qgp-1)=0
= g=0orp=1

Ifg=0,wegetp=0
Ifp=1,wegetp+g=—p=qg=-2.
Thus,p=1o0rp=0.

® Example 61: The equation
Jx+1-Jx—-1=4x-1,(xe R)




3.18 Complete Mathematics—JEE Main

(a) no solution
(b) one solution
(c) two solutions
(d) more than two solutions
Ans. (a)
Solution: The given equation is validifx + 1 >0, x — 1
>20and4x-12=0ie.ifx=>1.
Squaring both the sides we get
x+l+x-1-2{Jx+1)(x-1) =4x-1
= 1-2x=2J(x+1)(x-1)
Squaring again, we get
1 —dx +4x* = 4(x* - 1)
= 4x =5 or x =5/4.
Putting this value of x in the given equation, we get

= ———==2o0rl=2

which is not true.
Thus, the given equation has no solution.

® Example 62: The sum of all the real roots of the equation

-2 +1x—21-2=0 (1)
is
(@ 7 (b) 4
() 1 (d) none of these
Ans. (b)

Solution: Putting y = Ix — 2I, we can rewrite (1) as
y2+y—2=00ry2+2y—y—2=0

= Y+2)-(+2)=0=0((-D+2)=0

As y=x-2120,y+22>2

y-1=0=>y=1

x-2l=1=x-2=%1

x=2x1=x=3orl

I

Sum of the roots = 4

® Example 63: Let p and g be the roots of x> —2x + A = 0
and let r and s be the roots of x> — 18x + B=0.If p<g<r<
s are in A.P. then ordered pair (A, B) is equal to

(@ (=3,77) (b) (77,-3)

(©) =3,-77) (d) none of these
Ans. (a)
Solution: We have p + ¢=2,pg=A (1)
and r+s=18,rs=8B )

As p, g, r, s are in AP, we take
p=a-3d,gq=a-d,r=a+d,s=a+3d.
Asp<g<r<s,wehaved>0
Now, 2=p+qg=2a-4d
and 18=r+s=2a+4d

Solving above equations, we geta =5 and d =2
p=-1,g=3,r=7ands=11

Thus, A=pg=-3andB=rs=77.

® Example 64: In a triangle POR, /R = mi/2. If tan (P/2)
and tan (Q/2) are the roots of the equation at+bx+c=0
where a # 0, then
(@) a+b=c
(c) a+c=b
Ans. (a)

Solution: We have

tan (Ej + tan (2) = —b
2 a

(b) b+c=a
d b=c

2
and tan (5) tan (2) = ¢
2 2 a
NOW, P+Q:E:>1:tan (E):tan (£+2)
4 2 2
_ tan(P/2)+tan(Q/2)
~ 1—tan(P/2) tan(Q/2)
-bla -b
—4 1= =
l-c/la a-c
= a-c=—b=>c=a+b

® Example 65: If o and B (o < f), are the roots of the
equation x> + bx + ¢ = 0 where ¢ < 0 < b, then

(a) O<a<p (b) <0< f<lal
() a<B<0 d a<0<lal<f
Ans. (b)

Solution: We have o+ B=—b, afi=c
Asc<0,b>0,wegeta<0<f
Also, B=-b-a<-o=lal

Thus, a<0< f<lal

® Example 66: For the equation 3%+ px+3=0,p>0,if
one of the roots is square of the other, than p is equal to

(a) 1/3 (b) 1

(c) 3 (d) 2/3
Ans. (¢)

Solution: Let o, o be the roots of 3x* + px + 3 = 0.
Then ot + o =—p/3and at- o = 1

As a3:l,wegeta:1,a)ora)2.

If a=1,thenp=-3(oc+ ) =-6<0.
Not possible as p > 0.

Thus, o # 1.

We take Oc:a)andazzwz, so that _P —o+a’=-1
= p=3 3

® Example 67: Let o, Bbe roots of ax® + bx + ¢ =0, where
ac # 0. Roots of cx> — bx +a =0 are



(a) 1/a, 1/ (b) —1/o, — 1/
©) 1/Nea,1/B ) —1/Nea,-1/B
Ans. (b)

Solution: o+ =-bla, aff = cla.

Now, é :_b/_a__oc_—kﬂ

c cla  of

el

Thus, roots of cx* —bx + a =0 are —1/a,—1/B..

C) Example 68: If b > a, then the equation (x — a) (x — b)
—1=0has

(a) both roots in [a, b]

(b) both roots in (- e, a)

(c) both roots in (b, o)

(d) one root in (- oo, a) and other in (b, o).
Ans. (d)

Solution: Graph of y = (x —a) (x — b) — 1 is given in
Fig. 3.17.

It is a parabola which open upwards. Also, y <0 for x = a
and x = b.
sy =(x—a) (x—>b)— 1 meets the x-axis at two points
once in (— oo, a) and once in (b, ). Thus, one root lies in
(— o0, a) and one in (b, ).

\ ..

Fig. 3.17

y

X axis

® Example 69: Let o, Bbe the roots of x> —x+p=0and ¥,
8 be the roots of x* — 4x + ¢ = 0. If o, B, %, S are in G.P. then
the integral values of p and g respectively, are

(a) —2,-32 (b) —-2,3
(c) -6,3 (d) —-6,-32
Ans. (a)

Solution: We have
a+fB=1,aB=p,
Y+ 0=4,v0=¢q
Let r be the common ratio of the GP ¢, 3, ¥, 6. Then
a+f=1l=a+or=1=a(l+r=1

Quadratic Equations 3.19

y+0=d4=> o’ + o =4

= or’ (1+7)=4
ar’(1+7r)

ThuS, —:4:}’2:4:}]":i2
a(l+7r)

When }"=2,

we get ol+r)=1=>a=1/3

In this case p=oaf=alor)=clr

which is not an integer.

Thus, r=—2.Inthiscase, x(1+r)=1= ax=-1.
p=0’r=(-17>=2)=-2

and q=y5=(ar’) (ar)=oa’r’=-32

Hence, p=-2,g=-32.

® Example 70: If a, b, and c are not all equal and o and
be the roots of the equation ax> + bx + ¢ = 0, then value of

A+ o+ (1+ B+ is

(a) 0 (b) positive

(c) negative (d) non-negative
Ans. (d)

Solution: We have o+ = —bla, aff = cla

Now, (I1+o+add)(1+B+p)

l+a+B+a’+ B>+ af+o’B+af*+ a’p?

1+ (a+ P+ (a+ P> —2aB+ af[l + a+ B+ af)
b b* 2¢ ¢ cf b c?

1——+———+—+—(——)+—

a a2 a a a a Cl2

1
—2{a2+b2+cz—bc—ca—ab}
a

% [(b-cf +(c-a) +(a-b)"20
2a

® Example 71: If a, b, c are in A.P. and if the equations
b-o)x*+(c-ax+@-b)=0 (1)

and 2c+a)®+(b+c)x=0 )
have a common root, then

(a) a*, b, ¢ are in A.P.

(b) d*, % b are in A.P.

(¢) ¢, a* b*arein A.P.

(d) none of these
Ans. (b)

Solution: Clearly x =1 is aroot of (1). If ¢ is the other
root of (1), then

a=1-a= ﬁ [product of roots]

=1[a,b,carein A. P]
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Thus, the roots of (1) are 1, 1. Now, (1) and (2) will have
a common root if 1 is also a root of (2).
= 20c+a)+b+c=0
= 22b)+b+c=0=>c=-5b [
Also,
= a=2b—-c=2b+5b="17b
- a® = 497, ¢* = 25b*
This, show that az, c2, b* are in A.P.

® Example 72: Value of
x:\/6+\/6+\/6+---uptooo (D

(b) 2
(d) none of these

a, b, c are in AP]

a+c=2b

is

(@) 3

(©) 1
Ans. (a)
Solution: We can write (1) as

X = \/m S =6+x

= F-x-6=0=(x-3)(x+2)=0
= x=3,-2
As x>0, we take x =3

® Example 73: Two complex numbers « and J3 are such
that or+ B=2 and o/’ + B* = 272, then the quadratic equation
whose roots are ¢ and [ can be
(a) X*-2x-16=0
() ¥ -2x-8=0
Ans. (c)
Solution: o+ f=2= o + f* +2af =4
ol + B =4-208= (a*+ B>’ =16 - 1603 + 40> >
at+ B+ 20287 =16 - 1608 + 40° B>
272 + 2(af)* = 16 — 160B + 4(aB)*
2(af)* — 16(af) — 256 = 0
(of)* —8(af) — 128 =0
(ef-16) (B +8)=0
off=160or off=-8
Thus, required equation is either
X -2x+16=0
or ¥ -2x-8=0
. Required answer is (c).

® Example 74: If o# Band o® = 50— 3, B = 583, then

(b) ¥*-2x+12=0
(d) none of these

L A A

the equation whose roots are d and ﬁ is
o
(a) 3x2-25x+3=0 (b) x2=5x+3=0
() x*+5x=3=0 (d) 3x>-19x+3=0
Ans. (d)
Solution: ¢, f are roots of ¥=5x-3orx’—5x+3=

0. Thus,
o+ fp=5 aB=3.

Next, d +
B of of
25 19

OO

an —Il=]=1
BN\«
) ) oa B .
Thus, the quadratic equation whose roots are —, — is
a

x2—§x+1=0 or 3x2-19x+3=0.

® Example 75: If a # b and difference between the roots
of the equations ¥ +ax+b=0and x* + bx + a = 0 is the
same, then
(a) a+b+4=0
(c) a-b+4=0
Ans. (a)
Solution: Let o, B be the roots of x*> + ax + b =0 and ¥,

S be the roots of x*> + bx + a = 0.
We are given

(b) a+b-4=0
d a-b-4=0

lao— Bl =ly- 46l
= loe— BI? = ly— 617
= (a+ P -doB=(y+ 0 - 415
= a*—4b=b*-4a
= d-b+4a-b)=0
= (a-b)a+b+4)=0
As aztb,a+b+4=0.

® Example 76: Product of real roots of the equation
A +1x+9=0.1e Ris always
(a) positive
(c) zero
Ans. (d)

Solution: Note that *x* +IxI+9>0+9>9 » xe R,
Thus, £2x% + Ixl + 9 = 0 does not have real roots.

(b) negative
(d) does not exist.

2
® Example 77: Let fix) = w , x € R. The range
xXT+2x+
of f(x) is
(a) [0, ) (b) [1/3,3]
(©) [3,) (d) [0, 3]
Ans. (b)

X2 -2x+4  (x—1)7+3

Solution: Let y = = = ——>0 for
X" +2x+4  (x+1)+3

eachx e R.

= G- +2y+ Dx+4(y-1)=0

As x is real,

4y + 1P -16(y-1)>20



=>0+1+2y-2)(y+1-2y+2)20
=3y-13)(y-3)<0
= 1/3<y<3.

® Example 78: The values of a € R for which one root of
the equation f{x) = x* — (a + 1)x + a* + a — 8 = 0 exceeds 2
and the other is less than 2 are given by

(a) 3<a<10 () a>0
(c) —2<a<3 (d) a<-2
Ans. (¢)

TIP: If fix) = ax’> + bx + ¢, a, b, c € R with a > 0 and flor)
<0 for some o€ R then D = b*—4ac > 0, and hence f(x) =0
has real and distinct roots.

Solution: As one of the roots is less than 2 and other is
more than 2, f(2) <O0.

= 22 (a+1)(Q)+a*+a-8<0
= -a-6<0=(@+2)(@-3)<0
= —-2<a<3.

® Example 79: If one root of the equation x> + px + 12 =0
is 4, while equation K+ px + g = 0 has equal roots, then the
value of ¢ is

(a) 3 (b) 12
49
(c) T d) 4
Ans. (c)

Solution: 4°+4p+12=0 = p=-7
Since x* — 7x + ¢ = 0 has equal roots, we get 49 — 4g = 0

L. ¥
=7

® Example 80: Suppose a is an integer and x, and x, are
positive real roots of X+ 2a-1)x+ a* = 0, then value of
= | i
(a) 1
(c) a
Ans.(a)

Solution: Two real roots are positive implies 2a — 1 <0,
that is, @ < 1/2. As a is an integer, we get a < 0. Now,

= = (-
=X X 20X x,
=(1-2a)-24% =1-2a-21al
=1-2(a+la)=1
= | =
® Example 81: If a, b are two real number satisfying the

relations 2a° —3a—1=0and »* +3b—-2=0and ab # 1, then
ab+a+1 s

(b) 2
d) 1-4a

value of

Quadratic Equations 3.21

(@ -1 () 0
(© 1 d 2
Ans. (¢)
. ) 3 2
Solution: »" +3h-2=0 = 1+ e =0
2 3 b
= —-—-1=0
b- b
Thus, a and 1/b are roots of 2x*> —3x -1 =0
a+l=§and Ez_—l
b 2 b 2
Now, abta+l 1. a_3 1_,
b b b 2 2

® Example 82: If o, 8 are roots of x* — 2x — 1 = 0, then
value of 50t + 128 is

(a) 153 (b) 169
(c) 183 (d) none of these
Ans. (b)

Solution: We have o> =20+ 1
= od'=Qa+1)’=40*+4a+1
=4QRu+ 1)+4a+1=12¢+ 5, and
F=28+1= B =28+p=202B8+1)+p
=5B8+2
50 + 128°= (60 + 25) + (603 + 24)
=60(o+ B) +49 =60 (2) + 44 = 169

Thus,

® Example 83: Suppose a, b, ¢ are the lengths of three
sides of a AABC, a > b > ¢, 2b = a + ¢ and b is a positive
integer. If a+b*+c = 84, then value of b is

(a) 7 (b) 6
() 5 d) 4
Ans. (c)

Solution: We have
ac = % [(a+c)—(a*+A)] = % [4b% — (84 — bP)]

=5b%2 - 42
Thus, a and c are the roots of the equation
x* = 2bx + (5b*2 - 42) =0
As a and c are distinct real numbers the discriminant of the
above must be positive, that is, 4b* — 4(5b°/2 — 42) > 0

= 6b*>< 168 or b*<28.
Also, ac>0 = 5b° > 84.
84/5 < b* < 28.

As b is a positive integer, we get b = 5.

® Example 84: Suppose a, b e R, a#0and 2a + b #0.
A root of the equation
(a+ b) (ax + b) (a— bx) = (a’*x — b*) (a + bx) is
a+2b 2a+b
(a) (b)
2a+b a+2b
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a-2b a+2b
© = @D ah
Ans. (d)
Solution: We can write the quation as
[@*b + (a + b) ab]x* + [(@® = b®) — (a + b) (@® - bH))x
—ab*—ab(a+b)=0
= 2a+b)x* —(a—-b)x—(a+2b)=0

Since the sum of coefficients is O one of the roots is 1 and the
a+2b

2a+b

other root is —

® Example 85: Let p and ¢ be real numbers such that p
#0,p> #qand p° # — ¢. If oz and B are nonzero complex
numbers satisfying o + B = — p and o + ° = ¢, then a

. . . (04 . .
quadratic equation having — and é as its roots is
o

@ @+ @ +29x+ @ +q)=0

B @+ -’ =29x+ (P’ +¢)=0

© @ —gx* = (p’ -29x+ (P’ —q)=0

@) -’ = Ep* +29x+ (P —q)=0
Ans. (b)

Solution: g=o’ + = (a+ )’ -30B (a+ P

=—p>+30fp
= ofi= @
We have 3p
o B _o’+p?
B« op
_(@+B)-208 _(a+p)’
op of
__r
P +a)3p
_3p°-2p° =29 _p*-2g
Y I
and ﬂﬁ =1
B «
Thus, required quadratic equation is
3
X - M x+1=0
P tq
or (p3+q)x2—(p3—2q)x+(p3+q)=0

® Example 86: Suppose a, b € R. If the roots of X’ - ax
+ b = 0 are real and distinct and differ by at most 1, then 4b
lies in the interval
@ (@-1,d%
(©) (@1, )
Ans. (b)

(b) [a®>-1,d%)
(d) (@ )

Solution: As roots of x> — ax + b = 0 are real and dis-
tinct, a® — 4b > 0 = 4b < d°.

If o, B are roots of x> —ax + b =0, then
la-BI<1= (a-PP<1

= (a+ P’ -40B<1

= a’—4b<1=a*—1<4b.

Thus, a® — 1 < 4b < a*.

® Example 87: If a is the minimum root of the equation
x* = 3lx -2 =0, then value of - 1/a is

(@ (V17-3)/4 (b) (V17+3)/4

) 2 (d) -3
Ans. (a)
Solution: x* — 3lxl — 2 = 0 can be written as x> — 3lxl — 2
=0
. =1L (3:+17)

2
As  IxI>0, we getld = 1(3+Jﬁ)
2

(3 +\17 )

= xX==%

1 1.2 \17-3
a=- BT =TT

2 —
® Example 88: Let f(x) = x2—2x+3

,xe R—{-2,4}
x°=2x—

The range of fis

(@) (_—2,1} () R- (‘—2,1)
9 9

-2 -2
() (— oo, ?} (d) R- (? 1}
Ans. (d)

x> =2x+3

2 k]

Solution: Lety =
x°—2x-8

xe R-{-2,4}

Note that y # 1.
Now,

(- Dx®=2x(y - 1) -8y +3)=0
As x is real

4y-1P2+4(y-1)8y+3)20
= O-Dy-1+8y+3]=0.
= O-D+2/920
= y<-29ory>1.[y=#1]
Thus, ye R=(=2/9,1].

® Example 89: Suppose a, b, ¢ are three non-zero real
numbers. The equation



CH@+brox+@+b+cH=0 (1)
has
(a) two negative real roots,
(b) two positive real roots,
(c) two real roots with opposite signs,
(d) no real roots
Ans. (d)
Solution: Discriminant D of (1) is given by
D= (a+b+c)—4d +b*+ )
= —{(B*+=2bc) + (¢ +d* = 2ca) + (d® + b —
2ab) + (a* + b* + ¢%)}
=—[(b-c)+(c—a)+(a-by+ @ +b*+c*)]<0
Thus, (1) cannot have real roots.
® Example 90: Suppose a, b € R. If the equation
P —QRa+bx+Qd>+b—b+1/2)=0 (1)

has two real roots, then

1 1
a) a= —,b=-1 b) a=-—,b=1
@) a= 2 (b) a=-~-

() a=2,b=1
Ans. (a)

Solution: As (1) has real roots,
QRa+b’-4Qd>+b>-b+1/2)20

= 4a’> +3b* —4ab—4b +2<0

d) a=-2,b=—1

= (2a—b)2+2(b—1)2£0:>b:l,a:%

® Example 91: The equation €™ — ¢ """ = 4 has:
(a) no real roots
(b) exactly one real root
(c) exactly four real roots
(d) infinite number of real roots.
Ans. (a)
Solution: Put ¢*"* = y. Note that 1/e <y <e.
Also, the given equation can be written as

y=1/y=4 or y'-4y-1=0

= y=2+4/5.

As 1/e <y <e, none of the two values of y is possible.

® Example 92: If x* — 3x + 2 is a factor of x* — ax* + b then
the equation whose roots are a and b is
(@) ¥*-9x-20=0 (b) ¥*-9x+20=0
(€) X¥*+9x-20=0 (c) ¥*+9x+20=0.
Ans. (b)
Solution: Asx’—3x+2=(x—1) (x—2) is a factor of x*
—ax’ + b, x=1andx=2 are zeros of X —ax® + b, therefore,
l-a+b=0, 16-4a+b=0
= a=5b=4.
Thus, equation whose roots a and b is x* — 9x + 20 = 0.

Quadratic Equations 3.23

® Example 93: Let fora,a, #0,a #a,
foy=a+bx+c, gx)=ax’ +bx+c

and px)=flx) —gx). If p(x) =0 only for x = -1
and p(=2) =2, then the value of p(2) is

(@) 3 (®) 9

(c) 6 (d) 18
Ans. (d)

Solution: As a #a,, p(x)=f(x) — g(x) is a quadratic
polynomial.

As p(x) = 0 only for x = -1, we get

p(x) = k(x +1)*  where k=a —a,
As p(=2) =2, weget2=k(-2+ 1)* =k
Thus, p2)=22+1)* =18

C) Example 94: If a, b, ¢ are non-zero rational numbers
such that @ + b + ¢ = 0, then the roots of the equation
(b+c-a)xX*+(c+a-b)x+(a+b-c)=0
are
(a) both rational
(b) both irrational
(c) both purely imaginary
(d) one rational and one irrational
Ans. (a)

Solution: As a + b + ¢ =0, we can write the equation
2ax* +2bx +2c =0

or
ax*> +bx+c=0.

Note that x = 1 satisfies this equation and its other root is c/a.

® Example 95: If o and S8 are the roots of the equation
ax> +bx+c= 0, then roots of

ax* —bx(x— 1) +c(x-1)>=0 (1)
are 11
1
(@ —,— (b)) —
‘ a B a’ﬁ
o B 1
(c) m,m (d) OC,E
Ans. (c)

Solution: We can write (1) as

2
a(——f—) +b(_ﬂj)+c=0
x—1 x—1

g o e B
x—1 I+o 1+ 8

® Example 96: If 3p° = 5p + 2 and 3¢* = 5¢ + 2 then the
equation whose roots 3p — 2¢ and 3g — 2p is
(a) xX*=5x+100=0 (b) 3x*—5x—100=0
(€) 33> +5x+100=0 (d) 5x°~x+7=0
Ans. (b)

=
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Solution: Note that p, g are roots of

3x'=5x+2 or 3x*-5x-2=0
p+q =5/3, pqg=-2/3.
Let a=3p-2q, B=39-2p,

then a+B=p+qg=5/3
and af=(3p-2q) (3g-2p)
=—6(p* +¢*) + 13pg
=—6(p + q)* + 25pq = —100/3.
Thus, required quadratic equation is
X2 = (5/3)x = 100/3 =0
= 3x* = 5x—-100=0

® Example 97: The number of distinct real roots of the
equation

x+3)*+@x+35)*=16 1)
is
(@ 1 (b) 2
() 3 d 4
Ans. (b)

Solution: Putx+4 =1¢, so that (1) becomes
t-D*+@+D*=16

= 2+ 67 +1)=16
= fr6rrP-7=0
= P=1,-7 = t=+1J7i

Thus, the equation (1) has two real roots.

® Example 98: Ifa, b, c, € Rand the equation x” + (a + b)x
+ ¢ = 0 has no real roots, then c(a + b + ¢) more than

(a) 2 (b) -2
(c) 0 (d) none of these.
Ans. (¢)

Solution: We have f(ix)=x*+ (a+b)x+c>0Vxe R
Thus, f(0) > 0, (1) > 0
=cla+b+c)>0

® Example 99: The value of

® Example 101: Suppose a, b, c,pe Ra #0, c # 0 and
b* —4dac > 0.

Statement-1: If the Roots of fix) = ax’> + bx + ¢ = 0 are
symmetrically placed on the real line about the point p,
then p = b/2a and a(ap® + bp + ¢) <0

Statement-2: If the roots of ax® + bx + ¢ = 0 are equal in
magnitude but opposite in signs, then b = 0 and ac < 0.

1 1 1 [
y:6+10g3/2 \/4— \/4— 4— ceeey
32 32 32 32

is

(a) 2 ) 3
(c) 4 (d) 8
Ans. (c)

Solution: Let x =

1 1 1 1
3\/5\/4_3\/5\/4_3\/5 V' T3m T

1
then X b V4 —-x
= 18 +x-4=0
= Ox-4)(2x+1)=0
= x=4/9,-1/2
As x>0, wegetx=4/9.
Thus, y = 6+logs, (4/9)

=6 +logy, (312) 2 =4

® Example 100: The sum of the roots of the equation
x+1-2log, (2" +3)+2log, (10-27%=0 (1)
is

(a) log,11 (b) log,12
(c) log,13 (d) log,14
Ans. (a)

Solution: Put 2* =, then (1) can be written as

2 1
I +logyr—2log, (1+3) + EIng(IO—;) =0

= 1 +logyr—log, (t + 3)* + log, (10t — 1) — log,r = 0

= log,(10r = 1) / (1 + 3)* = -1

= 10z—1=%(z+3)2

= F—14r+11=0 )
If t,= 2%,1, =2" are roots of (2),

then,  tt,= 2%.2% =11

= x;+x,=log,11

Assertion-Reason Type Questions

Ans. (a)

Solution: If o, — o are roots of ax* +bx+c= 0,
then O=a+(-0)=-bla=b=0

Also, o(— o) =cla.

As ¢ #0, — o # 0 and therefore c¢/a = — o <0 = ac < 0.
Thus, Statement-2 is true.



If p— o and p + o are roots of f(x) = ax® + bx + ¢ = 0, then

o, — o are roots off(x+p)=a(x+p)2+b(x+p) +c=0,

that is, ¢, — o are roots of
ax2+(2ap+b)x+ap2+bp+c:0.

By Statement-2: 2ap + b = 0 = p = —b/2a and a(ap2 +bp +

c)<0.

® Example 102: Suppose a, b, c € R, a #0, b* — 4ac > 0.
Statement-1: If ¢, B are roots of f(x) = ax® + bx + ¢ =0, such
that < —1 and B> 1, thena + 1bl + ¢ < 0.

Statement-2: If ¢, 3 are roots of f(x) = ax’+ bx + ¢ =0 such
that < — 1, B> 1, then ac < 0.

Ans. (d)

Solution: If ¢<-1, 8> 1, then <0, >0

= ocB<O<:>£<O<:>ac<0.
a

Thus, Statement-2 is true.

b c
Asax’> + bx + c=0and x> + —x + — = 0 have the same
a a

roots, roots of

b c
P x4 — =0are o, S.
a a

g(x)=x2+ éx+E =x-a) x-p.
a a

Note that g(x) <O fora<x<and a<-1<1<f
: g-1)<0,g(1)<0

- PR R A
a a a a

= 1+ é+£<0.
a a

We cannot conclude a + |bl + ¢ < 0 unless a > 0.

® Example 103: Suppose a, b, c € R

Statement-1: If a > 0, b> — 4ac <0, and f(x) = \/a + bx + cx*
then domain of fis R

Statement-2: ax’> + bx + ¢ >0V xe Rifa>0and b*> — dac
> 0.
Ans. (a)

Solution: Statement-2 is true. See Theory.

Asax’ +bx+c>0V xe R, we get ¢ = a(0)* + b(0) + ¢ > 0.
Thus, cx* + bx+a>0V x e R.

Therefore, domain of fis R.

Hence, Statement-1 is true and

Statement-2 is a correct explanation for it.

® Example 104: Suppose a, b, ¢, d € R.

Statement-1: If a < b < ¢ < d, then the quadratic equation
(x—a) (x—c)+2(x—b) (x—d) =0 has real and distinct roots.
Statement-2: Let f(x) = ax* + bx + c:

If fla) f(B) < 0 for some ¢, B € R, then f{x) = 0 has real and
distinct roots.

Quadratic Equations 3.25

Ans. (a)

Solution: As f(x) = ax* + bx + ¢ is a continuous function
and f(a) f(P) < 0, there is at least one Y€ R lying between
o and f3 such that f{y) = 0. As a, b, ¢ € R and one root of
flx) =0 is real, other must be real. Also, roots are distinct.
Therefore, Statement-2 is true.
Now, letfix)=(x-a)(x—c)+2x->b)(x-d),
then fla) = 2(a — b) (a - d) > 0,

fb)=(b-a) (b-c)>0
Thus, fix) = 0 has a real root lying in the interval (a, b). As
coefficients are real and one of the roots is real, the quadratic
equation must have real and distinct roots.

® Example 105: Suppose a, b, c ae R
Statement-1: The quadratic equation

(x —sin @) (x — cos ) + V3 =0 has imaginary roots.

Statement-2: If a > 0 and b* — 4ac < 0, then the graph of
y= ax® + bx + c lies above the x-axis.
Ans. (a)

Solution: For truth of Statement-2, see Theory.
We can write

(x—sin @) (x—cos &) — V3 =0

as flx)=0

where fx) =x’- (sin & + cos @) + sin o cos o + NE)

coefficient of x* = 1 > 0, and

b* — 4ac = (sin a + cos Oc)2 —4(sin o cos o + V3 )
=(sin ot — cos oc)2 — 43

S(x/f)z — 43 <0

as maximum possible value of sin @ — cos ¢ is V2.

Thus graph of y = f(x) lies above the x-axis and hence
ftx) = 0 has imaginary roots.

® Example 106: Suppose a, b, c € Rand a #0.
Statement-1 If ac > 0, ab < 0, b* — 4ac > 0 the equation
ax* + bx* + ¢ = 0 has four distinct roots.

Statement-2 If ac > 0, ab < 0, then the equation ax® + bx +
¢ = 0 has distinct positive roots.

Ans. (¢)

Solution: Statement-2 is false as x* — x + 1 = 0 satisfies
the condition ac > 0 and ab < 0 but x* — x + 1 = 0 does not
have positive roots.

Statement-1 is true. Put x> = v, so that ay2 +by+c=0.

As b* — 4ac > 0. This equation has two distinct roots.

As —éz—%>0and£=

a a a a
+ ¢ = 0 are positive. If the roots are ¢, 8> 0, then ¥ =q, B

= x=+ Vo, +B.

ac

5 > 0 both the roots of ay2 + by
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Thus, ax* + bx* + ¢ = 0 has four distinct roots.

® Example 107: Suppose a, b, c € R, a # 0, and let f(x)
=ax’ +bx +c.

Statement-1: If f{x) = 0 has imaginary roots and a + ¢ > 0,
then fix) >0V x e R.

Statement-2: If f(x) > 0 V x € R, then g(x) = f(x) + f'(x) +
f7x)>0Vxe R

Ans. (b)
Solution: f(x)>0V x e R,
o a>0,b*—4ac < 0.

We have g(x) = ax* +bx +c+ (2ax + b) + 2a
:ax2+(b+2a)x+c+b+2a
Note that
(b +2a)* —4a (c + b+ 2a)
=(b* - 4ac) - 4a* <0
and a>0,thus g(x)>0Vxe R
.. Statement-2 is true.
As f(x) = 0 has imaginary roots, f{ix) >0V € Ror fix) <0
VxeR
We have f(1) + f(-1) =2(a + ¢) > 0,
therefore fix) >0 V x € R.
Thus, statement-1 is true but statement-2 is not a correct
explanation for it.

® Example 108: Suppose a, b, c € R are three distinct real
numbers.
Statement-1:

a(x—b)(x—c)+b(x—c)(x—a)

(a=b)la-c) (b-c)(b-a)
(x—a)(x=b) _
+ Cm =xVxeR.

Statement-2: If Ax’> + Bx + C=0forx=a, b, c, then A =
B=C=0.

Ans. (a)

Solution: If three distinct values of x satisfy a quadratic
equation, then it is identically equal to zero. Thus, State-
ment-2 is true.

Let
_ (x=b)(x-¢) (x—c)(x—a)
R P P R s e
(x—a)(x—b)
" e—a)c-b)
Then f(x) = 0 is a quadratic and f{a) = fib) = f(c) = 0.
Thus, fix) =0.

Therefore, Statement-1 is true and statement-2 is a correct
reason for it.

® Example 109: Suppose a, b, ¢ € I, a # 0 and f(x) = ax®
+bx +c.
Statement-1: If f{x) = 0 has no rational roots, then

{9

Statement-2: If o + \/B o, e Qand B0 is azero of
f(x), then its other zero must be o — \/E .

1
2q—2 Vp,gel g#0and

Ans. (b)
Solution: Statement-2 is true. (See Theory)
Let x=plg,p,qe Iand g #0.

1
Then f(g) =— (ap2 + bpg + cqz)
q

As f(x)=0 has no rational roots, fi(p/q) #0
= ap> + bpg +cq* #0

As ap® + bpg + ¢¢* is an integer, we get lap” + bpq + cg*1 > 1.
b p 1

(oer=p(5)
q q

>
® Example 110: Suppose a, b,c€ Randa<b<c.

Thus, qz 5
Let f: R — R be defined by

>1=

q

(x—a)x—c)
f=1 x-b
0 if x=b

ifxzb

Statement-1: Range of fis R.

Statemetnt-2: For each y € R, y = f{x) has exactly two
distinct solutions.

Ans. (c)
Solution: Statement-2 is false as fla) = fib) =f(c) =0
= f(x) =0 has three distinct solutions.

Note that Statement-1, put ¢ = x — b, so that

(t+b-a)(t+b-c)

fx) =
t
—i—(a+c—2b)+ w
=x—(a+c-b)+ w
x—b

note that fis continuous on (— o, b). Also, lim f(x)=—c0
X——oo0

and lim flx) =

x—b—

Thus, range of fis (—oo, o) = R.
.. Statement-1 is true.



® Example 111: Suppose a, b, ¢, d € R and 2ac = b + d.
Consider the quadratic equations x> + 2ax + b = 0 and x> +
2c¢x +d=0. Then
(a) none of these equations have real roots
(b) both the equations have real roots
(c) exactly one of the equation has real roots
(d) at least one of the equation has real roots
Ans. (d)
Solution: Let D, be the discriminant of x* + 2ax + b =
0 and D, be the discriminant of x* + 2cx +d = 0
Then
D, +D,=4(a*—b) +4(c* - d)
= 4(a2 + cz) - 8ac
=4(a - C)2 >0
= at least one of D,, D, is non-negative. Thus, at least one
of the equations has real roots.

® Example 112: If the roots of the equation
. M)

x+b ¢

xX+a
are equal in magnitude but opposite in sign, then their prod-
uct is

(a) %(a2 +b%) (b) — % (@® + b
(c) % ab
Ans. (b)

Solution: The equation (1) can be written as
cx+b+x+a)=x+a)(x+Db)

or x2+(a+b—2c)x+ab—ac—bc=0 2)

Let o and — o be the roots of (2) then

(d) —% ab

0=(x+(—oc)=a+b—2c:>c=%(a+b)

Also, 200(— o) = 2ab -2 (a + b)c = 2ab — (a + b)*
= —(@+b)
= a(-a) = —%(a2+b2)

® Example 113: If ¢, d are roots of ¥ = 10ax - 11b =0
and a, b are root of x>~ 10cx — 11d = 0, then value of a + b
+c+dis
(a) 1210
(c) 2530
Ans. (a)

®) -1
@ —11

Quadratic Equations 3.27

LEVEL 2
Straight Objective Type Questions

Solution: ¢ + d = 10a 1)
a+b=10c 2)
Subtracting (1) from (2) we get
(a-c)+(b-d)=10(c-a)

= b-—d=11(c—a) 3)
Ascisarootofxz—loax—11b=0,
we get

2~ 10ac-11b=0 (3)
Similarly, a*—10ac—11d = 0 4)

Subtracting (4) from (3), we get
—a*=11(b-d
= (c—-a)(c+a)={AD11l(c-a)
= c+a=121
a+b+c+d=10(a + c)
10(121) = 1210

[from (1) and (2)]

® Example 114: If ¢, 8 are the roots of the equation ax® +
bx + ¢ = 0, then the value of o + [33 is

3abc + b* 34+
(@) —— b) °
a 3abc
3abc — b° —(3abe + b
() 2 (d) #
a a
Ans. (¢)
Solution: We have
o+ = _—b off = <
a a
Now, o+ =+ p’-3afa+ P

_ (—_bT _x(—_b)_ 3abc - b’
a a a a3

® Example 115: Suppose a € I and the equation
(x —a) (x — 5) = 3 has integral roots, then the set of
values which a can take is:
(@ ¢
() {3,7}
Ans. (c)
Solution: Let m € I be a roots of (x —a) (x —5) =3,
then

) {=11,-13)
@ {-3,-7}

(m-a)(m-5)=3
Asm—aand m->5 are integers, m—5=xlorm-5=13
=>m=2,4,6,8.
Thus, a =3, 7.
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® Example 116: If the ratio of the roots of the equation
x> + bx + ¢ = 0 is the same as that of the ratio of the roots of
x2+qx+r=0, then

(a) br* = qc2 (b) cq2 = rb?
(©) q2c2 = b (d) bg=rc
Ans. (b)

Solution: Let o, 8 be the roots of the equation x* + bx
+c¢=0and ¥, dbe the roots of the equation x> + gx + r = 0.
We are given

a_y_o-B_y-6

B8 at+p y+o
- (B

a+pB) \y+6

(a+ B) — 40P ~ (y +8) -4y
- (@+p = (r+o
N af __y6

(a+B) (y+6)

¢ __ T cd® = rb>
K o g T

® Example 117: If a and b are the non-zero distinct roots
of x* + ax + b = 0, then the least value of x* + ax + b is

(a) 2/3 (b) 9/4

(c) —9/4 d 1
Ans. (¢)
Solution: Wehave a+b=—a,ab=b
As b#0,wegeta=1

l+b=-1=b=-2
Prax+b=x"+x-2

2
:(Hl) 9,92
2) 473

least value of x*> + ax + b is — 9/4 which is attained at
x=-1/2.

Thus,

® Example 118: If a + b + ¢ = 0, then the quadratic
equation 3ax” + 2bx + ¢ = 0 has

(a) atleast one root in [0, 1]

(b) one root in [2, 3] and otheris [ -2, — 1]

(c) imaginary roots

(d) none of these
Ans. (a)
Solution: Let f(x) = ax® + bx* + cx, x € [0, 1]. Since fis
a polynomial function, fis differentiable on the whole real
line and in particular on [0, 1].
Also, fl0O)=0andf(l)=a+b+c=0.

Thus, all the conditions in the hypothesis of the Rolle’s

theorem are satisfied. By the Rolle’s theorem there exists at
least one o € (0, 1) such that

f()=0

But fx)= 3ax® + 2bx + ¢
Hence, 3ax? + 2bx + ¢ = 0 has a root in [0, 1].

® Example 119: If a < b < ¢ < d, then the equation
3x—a)(x-c)+5(x-b)(x-d)=0
has
(a) real and distinct roots
(b) real and equal roots
(c) purely imaginary roots
(d) none of these
Ans. (a)
Solution: Letf(x) =3(x-a) (x—c)+5(x—-b) (x—d)
Since f is a polynomial, f is continuous on R. Also, since
a<b<c<d,
flay=5(a-b)(a-d)>0
fib)y=3(b-a)(b-c)<0
fley=5(c-b)(c-d)<0
fidy=3d-a)(d-c)>0

S S(d)

|
|
|
|
: b ¢
a

|
|
|
|
|
if(b) if(c) d
Fig. 3.18

As f'is continuous on R, y = f(x) crosses x-axis at least
once between a and b and once between ¢ and d. See
Fig. 3.18.

Thus, f has two distinct real roots, one lying between a and
b and one lying between ¢ and d.

(x—a)(x-c)

® Example 120: For real x, the function 5
x—

will assume all real values provided
(@) a<b<c (b) b<c<a
(c) c<a<b (d) none of these

Ans. (a)
_ _ 2
Solution: Lety= (x—a)(x C)zx (a+c)x+ac
x—b x—b
= y(X—b)=x2—(a+C)x+ac
= xz—(a+C+y)x+ac+by:0 (1)

Since x is real, the discriminant of (1)
(a+c+y)2—4(ac+by)20
= y2+2(a+c)y+(a+c)2—4ac—4by20
= YV +2a+c—2by+(@a—c)’*=0 )
Since y takes all real values, (2) is possible if and only if
da+c-2b’-4a-c)’<0
[ coeff. of y2 =1>0]
= (a+c-2b+a-c)(a+c-2b—-a+c)<0



(2a - 2b) 2c-2b) <0
(a-b)(c-b)<0

b lies between a and c. Thus, one of the
possibilities a < b < c.

to¢

Example 121: Leta, b, c € R and a #0. If ais a root of
X +bx+c=0,Bisarootof a’ x* —bx-c=0and 0 < &
< fB, then the equation a* x> + 2bx + 2¢ = 0 has a root Y that
always satisfies

(a) 7:%(a+ﬂ) (b) y:a+%[3

() y=a+p (d) a<y<p

Ans. (d)
Solution: By the hypothesis,

aa’+ba+c=0 (1
and A B -bB-c=0 )
where 0 < < 3, and a # 0.
Let f(x) = a® x> + 2bx + 2¢

Since f'is a polynomial function, fis continuous on R and

hence on [¢, f]. Also,

fla) =a® o® + 2bo+ 2c¢
=2(a*0’ + bo+ ¢c) - a* o
=2(0)-a* of =—da* a*<0
and f(B)=a* B>+ 2bB + 2c
=3a* B> -2(a* B*-bB-c)
=3a>B*-2(0)=3a*B*>0 [using (2)]
Since f is continuous on [¢, ] and fley) < 0, fAB) > 0, f
must vanish at least once in (¢, ).

[using (1)]

® Example 122: Suppose p, ¢, r, s € R and «, 3 be the
roots of x> +px+¢g=0and at, ﬁ4 be the roots of x> — rx + s
= 0, then the equation X - 4gx + 2q2 —r=0 has always

(a) two imaginary roots

(b) two positive roots

(c) two negative roots

(d) one positive and one negative root
Ans. (d)

Solution: We have
a+B=-p,of=q ot +B*=r, a*B*=s
Discriminant D of the equation
x2—4qx+2q2—r:0 (D
is given by D =16¢> — 424> — r) = 8¢ + 4r = 4[2¢* + 1]
=420’ B2+ at+ B =4 + H* 20
Thus, the equation (1) has real roots.
The roots of (1) are given by

x= @ =20+ (o + B?)
=(a+p’.~(a-p’

Hence, (1) has one positive and one negative root.

Quadratic Equations  3.29

® Example 123: The equation
x(3/4)(log2x)2+10g2x—5/4 _ \/E (1)

has
(a) exactly two real roots
(b) no real root
(c) one irrational root
(d) none of these

Ans. (c)

Solution: Taking log of the sides in (1), we get
[% (log, x)* +log, x — %} log, x =log, (v2)

(%y2+y—%jy=% log, 2 where y = log, x
3y +4y°—5y-2=0
3y3—3y2+7y2—7y+2y—2:0

-1 @y +7y+2)=0

(-1 3y +6y+y+2]1=0
O-DOG+2)@By+1)=0

y=1,-2,-1/3
log,x=1,-2,-1/3=x=2, i,z-”

L 2

Thus, (1) has one irrational root viz. 27153,

® Example 124: Let f(x) be a quadratic expression which
is positive for all x. If g (x) = f(x) + f'(x) + f”(x) then for all
real x,

(a) gx)<0 (b) g(x)>0
(c) gx)=0 (d) gx)=0
Ans. (b)

Solution: Let fix) = ax’ + bx + ¢

Asfix)>0V xe R, we must have a > 0 and b — 4ac < 0.
Also,  f’(x) =2ax+ b and f”(x) = 2a

Thus, g(x)=ax’+ Qa+bx+2a+b+c.

Since a > 0 and discriminant
Qa +b)*> —4aa+b +c)
=4a* + 4ab + b* — 8a* — 4ab — 4ac
=—4a* + (b* - 4ac) <0 [ b> —4ac < 0]

we get gx)>0VxeR

® Example 125: If ¢, B are the roots of the quadratic
equation ax® + bx + ¢ = 0, then the quadratic equation whose
roots are o, B is

(a) @’y + (b®—3abc)y + =0

(b) @ y* + Babc - by -c=0

(c) a* y2 + 2aby + ?=0

(d) none of these
Ans. (a)

Solution: Puty=o’ = a=y'".
As ais a root of ax’ + bx + ¢ = 0, we get
ayP +by"P+c=0=y" @y +b)=-¢ (H
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Cubing both the side, we get
yay'® + b’ =

= y[a3y +b3+ 3abyl/3 (ayl/3 +b)] =- e
= y[a3y +b>+ 3ab -ol=- & [using (1)]
= ay* + (b* = 3abc)y + > =0

® Example 126: If a, b, ¢ € R and the equations ax” + bx +
¢=0and x* + 3x* + 3x + 2 = 0 have two common roots, then

@ a=b=-c (b) a=-b=c
(c) a=b=c (d) none of these
Ans. (c)
Solution: x° +3x* +3x+2=0
= x+1)P=-1
= x+1:—1,—60,—(u2
= x=-2,-1,-m,-1- &

As a, b, c € R, the roots of ax® + bx + ¢ = 0 are both real or
both imaginary.
roots of ax® + bx + ¢ = 0 must be — 1 —a),—l—wz.

Thus, —1—w—1—w2=—2
a
and Cl-o)(-1-a) =S
a
= 122 ad1=S
a a
= a=b=c

C) Example 127: Let a, b, ¢ be non-zero real number such that

1
Jo (1+ cos® X) (ax2 + bx + ¢) dx

2 8 2
:J.O (1 +cos®x) (ax” + bx +¢) dx

Then the quadratic equation ax® + bx + ¢ = 0 has
(a) norootin (0, 2)
(b) at least one root in (1, 2)
(c) adouble root (0, 2)
(d) none of these
Ans. (b)

Solution: Let fix) = (1 + cos® x) (ax® + bx + ¢)
We are given

2
j; foyde= [ f) de

0

= j; A dx = jol F(x) dx +j12 Ax) dx
2

= jl fix)dx=0

If F00>0(f0) < 0) » xe [1,2],

jf fx) dx >0 (le f(x)dx< 0)

But | > fx)dx =0
1

then

. flx) is partly positive and partly negative on [1, 2].
= there exist a, B e [1, 2] such that
floy>0and f(P) <O0.
As fis continuous on [1, 2] there exists ¥ lying between
o and B (and hence between 1 and 2) such that f{y) =0
= (1+cos® ) (ay +by+c¢)=0
= ay +by+c=0 [~ 1+cos®y>1]
Thus, ax’ + bx + ¢ = 0 has at least one root in [1,2].

® Example 128: The number of real solutions of the
equation

271/x+ 121/){:2(81/)(?) (1)
is
(@ 0 (b) 1
(¢) infinite (d) none of these

Ans. (a)
Solution: We can write (1) as

1/x 1/x
ERCE
8 8
3/x 1/x
or (%) + (%) =2 (D)

As 32>1,3/2)>1ift>0
and (32)' < 1ift<0.
3/x 1/x
Thus, (é) + (E) <2ifx<0
2 2
3/x 1/x
and (Ej + (E) >2if x> 0.
2 2

Therefore, (1) is possible if 1/x = 0.
But this is not true for any real value of x.

® Example 129: If 0 < a < b < ¢ < d, then the quadratic
equation
ax2+{1—a(b+c)}x+abc—d:0 (D)
has
(a) real and distinct roots out of which one lies be-
tween ¢ and d.
(b) real and distinct roots out of which one lies be-
tween a and b
(c) real and distinct roots out of which one lies be-
tween b and ¢
(d) non-real roots
Ans. (a)

Solution: We can rewrite (1) as
ax2—a(b+c)x+abc+x—d=0

or ax-b)(x-c)+x-d=0

Let f)y=alx-b)(x—c)+x—d.

Asa>0,y=f(x) represents a parabola which open upwards.
See Fig. 3.19.
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Fig. 3.19

Also, fiby=b-d<0

floy=c-d<0,and fid)y=a(d—-b) (d—c)>0
Thus, f(x) = 0 has a root between —  and b and a root be-
tween ¢ and d.

® Example 130: If ax® + 2bx — 3¢ = 0 has no real roots and

4
c< 5 (a + b), then range of c is

(a) (0,b) () (-1, b)
(€) (= oo, — b*/3a) (d) (o0, —b/12a)
Ans. (¢)

=
.y

1. The number of real solutions of x> — 2x + 2 + Ix —

1l = 0 is:
(@ 0 (b) 1
(c) 2 (d) infinite

2. If roots of 7x* — 11x + k = 0, k # 0 are reciprocal
of each other, then k is equal to
(a) -1 (b) 7/11
) 7 (d) 11/7

3. If a + b # 0 and the roots of x* — px + ¢ = 0 differ
by —1, then p2 — 4q equals:
(@) -1 (b) 0
(© 1 d 2

4. If the equations x> —ax + b=0and x* + bx —a = 0
have a common root then
(@) a=b (b) a+b=-1
(c) a-b=-1 (d a-b=1

5. If both the roots of x> + x + a = 0 exceed a, then
a belongs to:

(@) (=eo,—1)
(¢) (0, 1)

(b) (=o0,-2)
(d) (1, 0)

Quadratic Equations 3.31

Solution: As f(x) = ax® + 2bx — 3¢ = 0 has no real roots,
fx)>0Vxe Rorfix)y<0Vxe R

Since 4a+4b-3c>0,£(2)>0.
f(x) =ax® + 2bx — 3¢ >0
= fl0)==3c>0=c¢<0
Also, a>0andb*>+3ca<0
= c<-b*3a= ce (—o,—b3a)

® Example 131: Suppose a, b, c € Rand a #b. If ax + b
X

+ ¢, x € R— {0}, assume all real values, then a and b satisfy
the relation

(a) ab<0 (b) ab=0
(c)ab=>1 (d)ab<l
Ans. (a)

b
Solution: Lety=ax+ — +c, then
x

ax2+(c—y)x+b=0.
As xisreal, (c — y)* —4ab >0
This is true for eachy € Rif ab <0

EXERCISE

Concept-based
Straight Objective Type Questions

6. The number of real solutions of x> — 4lxl — 2 = 0
18

(a) 1 ®) 2
(c) 3 @ 4

7. Suppose o and S are roots of the equation x* + px

+ %p =0.Ifla- Bl = V10, then p belongs to the

set
(@) {-2,5} (b) {-3,2}
(¢) {2,-5} (d {3,-5}

8. The number of solutions of /5+x +~+x =2
18

(a) 0 (b) 1
(c) 2 (d) infinite

9. Suppose a € R. The set of values of a for which
the quadratic equation x> — 2(a + 1)x + a* — 4a +
3 = 0 has two negative roots is
(@) (—oo,—1) (b) (1,3)
(©) (oo, DU@B,0) (d) ¢

10. Suppose o> 0, B> 0 and o + 8 = 4. If tan o,
tan f3 are roots of x* — ax + b = 0, then
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11.

12.

13.

14.

15.

21.

gt
‘N

Complete Mathematics—JEE Main

(@) a+b=1 (b) a+b=1,0<b<1
(c) a=b d) O<a+b<?2
If b > a, and ¢ > 0 then the equation (x — a) (x — b)

— ¢ = 0 has:

(a) both roots in (- e, a)

(b) both roots in (a, b]

(c) one root in (— oo, @) and other root in (b, <)
(d) one root in (- oo, a) and other root in [a, b]

If the quadratic equation x* + 2 (k + Dx + 9% —5=0

16.
has exactly one positive root, then k lies in the set
(@) [5/9, ) (b) (=20, 1) L (6, )
(€) (o=, 5/9] (@ [1, 6]
If k € R lies between the roots of ax’> + 2bx +
¢ = 0, then 17.
(a) ak®+2bk+c<0
(b) a*k* + 2abk + ac < 0
(c) a*k* + 2abk +ac >0
(d) ak® +2bk+¢>0
If both the roots of the quadratic equation x> — 4ax 8.
+2a’> — 3a + 5 are less than 2, then a lies in the set
(@) (972, )
(b) (=<, 9/2)

19.
(©) (=1, )
(d) (2, )
Fig. 3.20 Shows graph of y = ax* + bx + c. Then
which one of the following is not true.
(@) a>0
(b) c<0 20.
(¢) b*—4ac>0
(d >0

LEVEL 1

ol

In Fig. 3.21 graph of y = ax® + 2bx + ¢ is given.
Which one of the following is not true?
y
A
\451)(2 +bx+c
0 > X
Fig. 3.21
(a) a>0 (b) >0
(€) ¢>0 (d) b*<ac

22.

23.

x\Jz 7

Fig. 3.20
Greatest value of the expression ———— is
9x° —6x+5
(a) 2 (b) 5
1
() 85 (d) 9.2

If a, b € {1, 2, 3, 4} the number of quadratic
equation of the form ax® + bx + ¢ = 0 which have
non-real complex roots is:

(a) 27 (b) 35

(c) 52 (d) 56

The number of real roots of the equation (x — 1)?
+(x =22+ (x-37=0is

(@ 0 (b) 2

(c) 3 (d) infinite

Suppose 0 < a < b < c¢. If the roots a, B of ax’ +
bx + ¢ = 0 are imaginary, then

(@) lod = \ﬁ (b) 1Bl = \E
a C

() a+B=0 (d) - B=-0bl2a

If a > 0 and both the roots of ax®> + bx + ¢ = 0 are
more than 1, then
@ a+b+c>0
(c) a+b+c<0

(b) a+b+4c=0
(d) a+4b+c=0

Straight Objective Type Questions

Ifax2+2bx+c:Oandax2+2cx+b:O,b¢
a+b+c

¢ have a common root, then is equal to
a

(a) -2 (b) -1

(c) 3/4 (d) -1/4

Suppose a, b, c € R, a# 0 and 4a — 6b + 9¢ < 0.
If ax’> + bx + ¢ = 0 does not have real roots, then

b+c .
is less than

a
(@ 0 (b) 1
(c) —1 d -2



24.

25.

26.

27.

28.

29.

30.

31.

Suppose o, B are roots of 4x* — 16x + ¢ = 0, where
c € N, the set of natural numbers. The number of
values of ¢ for which 1 < <2< <3 is

(a) 2 (b) 3
(c) 4 (d) 9
Suppose a, b € R, ab # 0. If all the three quadratic

equations P +rax+ 12 = 0, 2+ bx+15=0 and
X+ (a + b)x + 36 = 0 have a common negative
root, then (a, b) is equal to

(@) (-7,-8) (b) (=8,-7)
(©) (7,8) ) (8,7)
Suppose a, b € R. If the equation 4 ! + 1

x x=-b x+b

is not satisfied by any real value of x, then

(@) O<a<b<2 (b) O<a<?2
(c) O<b<?2 (d O<b<ax<?2

Suppose a € R, a # -1/2. Let &, B be roots of
Qa+1)x*—ax+a-2=01If <1< B, then

@ 2(6-2v23)<a<i )2 (6-2V23)<a<

() % <a< %(6 + 2@) (d) none of these

Suppose «, B are roots of 8x* — 10x + 3 = 0, then

Z(Oz" + ﬂ”) is

n=0

(a) 7/4

(b) 3/7

(c) 6

@ 7

Suppose a, b, c € Ra #0.If a + 1bl + 2¢c =0,
then roots of ax®> + bx + ¢ = 0 are

(a) real and distinct
(b) real and equal
(c) purely imaginary
(d) non-real complex numbers
2

x° —bc
S ose 0 < b < c and =——— x€ R,
upp cad = o
then f(x) cannot lie in
(@ (b, o) (b) (=0, b)
(©) (c, ) (d ©,b)v b, c)
If o, fB are the roots of x*> + px + ¢ = 0 and ¥,

§ are the roots of x> + rx + s = 0, then value of
(- (-0 B-n(B-0is

@ (r—p)’—(q-s)

(b) (r—p)>+(q-s)

© (r=p) +(q—s)=2mp(r—p)(q-9)

(d) none of these

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

Quadratic Equations 3.33

The number of real solutions of x*> + 5lxl + 4 = 0 is

(a) 4 (b) 2
(© 1 (d 0
The number of real solutions of x* — 3lxl + 2 = 0 is
(a) 4 (b) 2
(© 1 @ 0

If2+ \/giisarootofxz—px+q:0wherep
and ¢ are real, then the ordered pair (p, g) is equal
to

(@ 4,9 (b) 9,4)

(©) (3,3) @ (2,3)

If the quadratic equation 2x* + ax + b = 0 and 2x°
+ bx + a =0, (a # b) have a common root, the
value of a + b is

(a) -3 (b) -2

() -1 (d 0

If a, b, ¢, d and p are distinct real numbers such
that

(@ + b* + Ap* + 2ab + be + cd)p +

B+ +d*) <0,
then a, b, ¢, d

(a) are in A.P.

(c) are in H.P.

The number of real roots of the equation sin (¢*) =
5"+ 5" is
(@ 0
(c) 2

The value of a for which the equations X +ax+ 1
=0 and x* + ax® + 1 = 0 have a common root is

(b) arein G.P.
(d) none of these

(b) 1
(d) infinitely many

(a) 2 (b) -2

(c) 0 (d) none of these

The roots of the equation x> — x — 6l = x + 2 are
(a) - 2’ 1’ 4 (b) 07 25 4

() 0,1,4 (d -2,2,4

The number of real roots of the equation

-3kl +2=0

(a) 4 (b) 1

(c) 2 (d) infinite

The least value of n € N for which (n — 4)x2 + 8x
+n+2>0Vxe R, is

(@) 11 (b) 10

(c) 8 d 7

Let fix) be a quadratic expression such that f(x) <
O0Vxe R If gx) = fix) + f/(x) + f”(x) then for
x € R.

(a) g(x)<0
(c) g(x)>0

(b) g =0
(d) gx)=0
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43.

44,

45.

46.

47.

48.

49.

50.

51.

52.
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If x + 1 is a factor of x* + - 3))c3 -@Gp - 5)x2
+ (2p + 9)x + 12, then value of p is

(a) -2 (b) 2

() 1 (d) -1

If both the roots of x> — (p — 4)x + 2¢°%P — 4 = 0
are negative, then p belongs to

@) (—/2,4) ) (v2,4)

(c) (4, ) (d) none of these

Let f and g be two real valued functions and S

= {xlfix) =0} and T = {xlg(x) = 0}, then SN T
represent the set of roots of

(a) flx) gx)=0 (b) flx)* +g(x)*=0
f(x)

O

(c) flx) +gx) =0 (d)

If domain of f(x) = y/x> +bx+4 is R, then maxi-
mum possible integral value of b is

(a) 2 (b) 3

(c) 4 (d) 5

If p € (-1, 1), then roots of the quadratic equation

(- D% +px+ Jl-p*> =0 are

(a) purely imaginary

(b) non-real complex numbers
(c) real and equal

(d) real and distinct.

If a, b, ¢ are positive real numbers, then the number
of positive real roots of the equation ax® + bx + ¢
=0is

(a) 0 (b) 1

(c) 2 (d) infinite

If the roots of the equation X+ p2 = 8x + 6p are
real, then p belongs to the interval

(@) [2,8] (b) [-3,2]

(c) [-2,8] (d) [-38,-2]

If sum of the roots of the equation (a + l)x2 + (2a

+ 3)x + (3a + 4) = 0 is — 3, then the product of
the roots is

(a) 1 (b) 4
(c) 2 d -2
If 3 — 4i is a root of x*> — px + g = 0 where p, ¢
€ R, then value 2p_—q is
ptq
(a) —12/31 (b) —13/31
(c) —15/31 (d) none of these
Ifx=1 +iisarootofx3—ix+1—i=0,then

the quadratic equation whose roots are the remain-
ing two roots of x> — ix + 1 — i = 0 is

53.

54.

55.

56.

57.

58.

59.

60.

@ *+(1+ix+1+i=0
® P+ +idx+i=0
) *+2(1+i)x-2=0
(d) none of these

If o and B be the roots of the equation X+ px —

1
— =0, where p € R. Then the minimum possible

2p2

value of o + B7 is

(a) 2 (b) 242

(c) 2+ V2 (d) none of these

The equation \/x+3—4\/x—1 +\/x+8—6\/x—1
=1

has

(a) no solution

(b) exactly one solution
(c) exactly two solutions
(d) more than two solution

The equation Ix — x* = 11 = 2x — 3 — x* has

(a) no solution

(b) exactly one solution

(c) exactly two solutions
(d) more than two solutions

If sin «, cos a are the roots of the equation ax’ +
bx + ¢ =0, (a # 0), then

(@) a®>—b*+2ac=0
(b) @*+b*-2ac=0
©) (a—c)=b*+c
(d) none of these

If x e R,andk:x_—x+1

x4l

(b) k=5
(d) none of these

, then

(a) 1/3<k<3
(c) k<0

If the equation x* + bx + ca = 0 and x* + cx + ab
= 0 have a common root and b # c, then their other
roots will satisfy the equation

(a) x2+(b+c)x+bc=0 (b) X —ax+bc=0
(©) X +ax+bc=0 (d) none of these

mx* +3x+4

If the inequality ——— <5
x* +2x+2

is satisfied for all x € R, then
(a) m<5 (b) m>5
(c) m<71/24 (d) m>71/24

If a, b, c are distinct real numbers, then the quad-
ratic expression

(x—b)(x—c)+(x—c)(x—a)
(a=b)(a=c) (b-c)(b-a)

is identically equal to




61.

62.

63.

64.

65.

66.

67.

68.

(@ 1 (b) x
(c) X (d) none of these
If ax® + bx + c,a,b,ce R, a#0 has no real zero

and a — b + ¢ < 0, then value of ac is

(b) zero
(d) non-negative

(a) positive
(c) negative

Suppose p € R. Let a, 3 be roots of x* — 2x — (p*

—1)=0and ¥, 6 (y< ) be roots of X - 2(p + 1)
x+plp-1)=0.1f o, Be (3 ), then p lies in
the interval

(@) (~1/4,1) (b) (-1, 1)
(©) (0, ) d) (V2,)

If o, B are the roots of the equation ax* + 2bx + ¢
=0 and a + h, B + h are the roots of the equation
Ax* + 2Bx + C = 0, then

2 —
(@ 279 8 ) B ac=B - AC
B--AC A
© h:bA—aB ) h:Ac+aC
2Aa Aa+ Bb
The quadratic equation X +7x=14 (q2 + 1), where

q is an integer has

(a) real and distinct roots
(b) integral roots

(c) imaginary roots

(d) none of these

Let a, b, c € R and a > 0. If the quadratic equation
ax® + bx + ¢ = 0 has two real roots o and 8 such

a

is

that o < — 1 and 8 > 1, then value of L
a

(a) lessthan 2 (b) less than 1
(c) lessthan O (d) lessthan -1

Let a, b, c € R and a # 0 be such that (a + ¢)* <
b, then the quadratic equation ax® + bx + ¢ = 0 has

(a) imaginary roots
(b) real roots

(c) two real roots lying between (- 1, 1)
(d) none of these

The integral values of a for which the quadratic
equation

(x —a) (x = 10) + 1 = 0 has integeral roots are

(a) - 1’ 3 (b) 2, 3

(c) 12,8 (d -8,-12

The number of real solution of 4°* 1 + 9*+05 =
(10) (6) is

(a) zero (b) one

(c) two (d) infinite

69.

70.

71.

72.

73.

74.

75.

76.

7.

78.
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The number of real solution of 2 "™ 4+ 5(2 COSZ")
=71s

(a) zero

(c) finitely many

() 1

(d) infinitely many

The number of values of k for which the equation
x* — 2x + k = 0 has two distinct roots lying in the
interval (0, 1) is

(@ 0 (b) 1

(c) 2 (d) infinitely many

If roots of the quadratic equation ax’ + bx + ¢ = 0

1

are real and are of the form L, &, then value
5 o-1 «

of (a+ b+ c)is

(a) 4ac - b* (b) b*—4ac

(c) ¢ +a*—-2b°
Let x be an integer and x* + x + 1 is divisible by
3. When x is divided by 3, it leaves remainder

(a) 0 () 1

(c) 2 (d) any of (a), (b) and (c)

If o, 3 are the roots of the equation Y+ax+b= 0,

(d) none of these

. 1
then maximum value of — x* + ax + b + Z(a -
2 .
By is

(@) i(a2—4b> ) i(b2—4a>

2
(c) a? (d) none of these

If both the roots of the equation ¥ +bx+c=0
lie in the interval (0, 1), then

(@ b=-1,c=2 (b) b>-2,c<1

(c) b=-5,c<?2 (d) none of these

Leta, b,ce Rbesuchthata+b +c¢<0,a—-b +
c¢<0andc>0.If o and S are roots of the equation
ax* + bx + ¢ = 0, then value of [a] + [B] is

(a) 2 (b) 1

(c) -1 (d 0

If roots of the equation X = 2mx+m?—1=0 lie
in the interval (- 2, 4), then

(a) —1<m<3 (b) 1<m<5

(c) 1<m<3 (d -1<m<5

The value of \/8+2\/8+2\/8+2\/8+~- is
(a) 10 () 6

(c) 8 (d) none of these

The number of solutions of the equation

. X 2 .
sin | — :x—2x/§x+41s
(2\/5)
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79.

80.

81.

are

82.

83.

84.

85.

86.

(@) 1 (b) 2

(c) 0 (d) infinite

The number of solutions of Ix + 2| = 2(3 — x) is
(@) 1 (b) 2

(3 d o

If the equation ax* + bx + ¢ = 0, a > 0 has two

distinct roots « and B such that & < — 2 and 8 >
3, then

(@ ¢c>0 (b) ¢c=0
(c) ¢<0 (d) c=a-b
Two non-integer roots of

(2 =5x)2-7(x*-5x)+6=0

(a) %(5+@),%(5—\@)

(b) %(—5+@),%(—5 ++29)

©) %(—5+\/ﬁ),%(—5 — 1)

(d) none of these

The number of real roots of

18

(a) 0 (b) 2
(c) 3 (d) 4
The number of negative roots of

9x+2_6(3x+l)+ 1 =O
is

(@ 0 (b) 1
(c) 2 @ 4
The number of rational roots of

4 2
81 (2270 _4s [2223) ya=0.x%13
3x+1 3x+1

is

(a) 1 (b) 2
(¢ 3 @ 4
The number irrational roots of

(X +3x+2)2 -8 +3x)-4=0
is

(@) 0 (b) 2
() 3 (d) 4
The number of roots of the equation

al + x-3 =§,x¢0,x¢3
x-3 X 2

is

87.

88.

89.

90.

91.

92.

93.

94.

95.

(a 0
(c) 3

(b) 2
(d) 4

The number of irrational roots of the equation

2
4()6_1] ; 8(x+lj =29
X X

(a) 0 (b) 2
(c) 4 (d) infinite

Irrational roots of the equation

2+ 98 + 82 +9x+2=0
are

(@) —2—+3,2+3 (b) 2-3,2+3
(©) —2+\/§,—2—\/§ (d) none of these

is

Sum of the roots of the equation

2
4()(—1) -4 (x—l) +1=0
X X

®) 1
@ -1

18
(a) 5
(c) =572

The number of irrational roots of the equation
x-DE-2)Bx-2)Bx+1)=21

is

(@) 0 (b) 2

(c) 3 (d) 4

Product of roots of the equation
x—+/3x—-6 =2

is

(a) 2 (b) 5

(c) 7 (d) 10

The number of real roots of

22x+1 =2x -1
is
(@) 1 (b) 2
(c) 3 d 4

Product of roots of the equation
JI3—x% =x+5

(a) -6 (b) 7
(c) 6 (d) -7

The number of roots of the equation

\/x2—4—(x—2) = \/x2—5x+6 is

(@ 0 (b) 1
() 2 @ 3

The product of the roots of the equation

18



96.

97.

102.

103.

gl
‘N

101.

i —4x+3+x% —Tx+12 = 3x—3 is

(@ 15 (b) —15
() 20 (d) -20
Suppose a and b satisfy the equations
184* + 77a + 2 = 0 and 2b* + 77b + 18 = 0 then
ab+a+1 .
value of ——— is
(@) =25 (b) —25/6
(c) 6/25 (d) —1/25
Suppose @, J are roots of x> — 7x + 8 = 0, with o
> B, then value of E+3ﬂ2 —198 is
o
(a) — 10 (b) 10
(c) —23 (d) 17

ol

Suppose a, b, ¢, o, Be Ra#0and 0 < o < f.

Let f(x) = a’* + bx + ¢, g(x) = a>x* —bx — ¢

Statement-1: If o is a root of fix) = 0 and S is a
root of g(x) = 0, then there exists y € (a, ) such
that 7y is a root of a*x* + 2bx + 2¢ = 0.

Statement-2: If a function 4 : [¢, ] — R is con-
tinuous on [a, B] and A(e) h(B) < 0, then there
exists Yy € (o, P) such that h(y) = 0.

Suppose p € R and fix) = X+ 2px + p
Statement-1: If fix) < 0 V x € [1, 2] then

p € (= oo, —4/5).

Statement-2: a lies between the roots of fix) = 0,
if and only if fla) < 0.

Suppose a € R.

Statement-1: The equation ya(2* — 2) +1=1-2"

has a real solution for all a € (0, 1].

Statement-2: ax’> + bx + ¢ = 0, a # 0 has two

positive roots if ab > 0 and ac > 0.

104 Suppose a, b, ¢ € R and f(x) = 2(a —x) (x + V¥ + b?)

105.

x € R
Statement-1: Maximum value of f(x) is a* + b

Statement-2: If a < 0, the maximum value of f(x)
=ax’> + bx + c is (b2 — 4ac)/4a.

Suppose a, b, c € R, a # 0.

98.

99.

100.

106.

107.

108.
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4

If ois artoot of x* + x> = 1 = 0, the value of

(@ + 20" is

(@ 0 (b) -1

() 1 (d) none of these

Sum and product of all the roots of the equation
(xz—x— 1) (xz—x—Z) (xz—x—?)) (xz—x—
2012) =0 is

(a) 2012, 2012! (b) —2012, 2012!

(c) —2012,-2012! (d) 2012,-2012!

Suppose three distinct non-zero real numbers satisfy
az(a + k) = bz(b + k) = c2(c + k), where k is some

real number, then value of l +l + l is

a C
(@) 0 (b) k
(c) —k (d) 2k

Assertion-Reason Type Questions

Statement-1: If ax’ + bx + ¢ = x does not have
real roots, then

a(ax2 + bx + c)2 + b(ax2 + bx + ¢) + ¢ = x has two
real and two imaginary roots.

Statement-2: If o + i3, where o, f € R, B#0 is
a root of ax’ + bx + ¢ = x, then its other root must
be o — i

Suppose a, b, ce R,a#0anda-b +c<0.

Statement-1: If ax’> + bx + ¢ = 0 has imaginary
roots, and

a(x2+zj+(b+l)x+c =|ax? +bx + | +]x + ]
a

then (x, y) lies in the half plane {(x, y)l x + y < 0}
Statement-2: la + bl = lal + 1l & ab =20

a, b, c e R and ¢ < min {a, b}.
(x+a)(x+b)
x+c ’

Let fix) = x> —c.

Statement-1: Minimum value of f is

(Ja=c+\b—cf

Statement-2: If a < 0, then ax> + bx + ¢ has no
minimum value.

Suppose a, b, ¢, p, g, r € R, a, p # 0.

Let fix) = ax®> + bx + ¢ and glx) = p)c2 +gx+r

Statement-1: If f(x) = g(x) for three distinct real
values of x then a = p, b = g and ¢ = r.
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109.

112.

113.

114.

115.

116.

117.

gt
‘N

111.
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Statement-2: If a # p, then f{x) — g(x) = 0 has two
real roots.

Suppose p € R.

Statement-1: If sin* x + psin® + 1 = 0 has a solu-
tion, then p € (— oo, -2]

1
Statement-2: y + —>2 V y > 0.
y

ol

If a € (0, n/2), then the expression

2 tan2 o

x+x+m

is always greater than or equal to
(a) 2tan o (b) 2
) 1 (d) sec’ o
If a, b € R, and the equation
P +(@a-bx-a-b+1=0

has real roots for all b € R, then a lies in the in-
terval

(@) (1,e0) (b) (0, )
(©) (oo, 1) (d 11D
If o and B (a < PB) are the roots of the equation

x2+bx+c:0,wherec<0<b,then

(a) O<a<p (b) <0< f<lal
() a<B<0 (d) none of these.
Suppose a, b, ¢ € R and the equation x* +

(a + b)x + ¢ = 0 has no real roots, then which one
of the following is not true.

@ c+c(a+b+c)>0

(b) c—cla+b-c)>0

() (a+b)*—4c<0

(d) cla+b+c)<0

If [x] denotes the greatest integer < x, then number
of solutions of the equation x” — 2 — 2[x] = 0 is

(a) 4 (b) 2
(c) 3 (d) none of these
If [x] denotes the greatest integer < x, and a, b

are two odd integers, then number of solutions of
x)* + alx] + b=0is

(a) 1 (b) 0
(c) 2 (d) infinite
Let o, B, ¥y be distinct real numbers lying in

(0, m/2), then the equation

110.

LEVEL 2

118.

119.

120.

121.

122.

Suppose a, b, c € Ra #0 and ¢ > 0.
Let fix) = ax* + bx + c.

Statement-1: If f(x) = 0, does not have real roots,
then

2
a > max {b—,b—c}
4c

Statement-2: If °> — 4ac < 0 then fix) >0V x
€ R

Straight Objective Type Questions

1 1 1
+

- — + - = 0, has
x—sinoe x-sinff  x-siny

(a) two distinct real roots

(b) two equal roots

(c) two imaginary roots

(d) one real and one imaginary root.

If roots of the equation X+ ax + b = 0 are
a, B, then the roots of x> + Q& + a)x + of +
ac + b =0 are

(a) 19ﬂ_a (b) O,Q—ﬁ

(© 0,8-« (d o, 1.

Let a, b, c be the sides of a triangle with a # ¢ and
A € R. If the roots of x* + 2(a + b + ¢)x + 3A (ab
+ bc + ca) = 0 are real, then A lies in

(@) (= oo, 4/3) (b) (5/3, )

(c) (1/3,5/3) (c) (4/3,5,3)

If tan O and cot O are roots of x*> + 2ax + b = 0,
then least value of lal is

1
(a) 5

(c) 2 (d) cannot be found.

Let o, B, v be the roots of L+xX-5x-1=0,
then value of [¢] + [B] + [/], where [x] denotes the
greatest integer < x, is

(a 1 (b) 2

(c) =2 (d) -3.

[Hint: Show that f (-3) <0, f(-2)>0,f(-1) >
0,/(0)<0,/(1)<0,f(2) >0

If tan A and tan B are roots of the quadratic equation
x> — px + ¢ = 0, then the value of sin® (A + B) is

(b) 1

2 2
p p

(a) (b)

P +q (g +p)

2 2
p p

(c) ———— @ 1-

(1-q) +p° (1-q)



123.

124.

125.

and

The equation

Jxt3+4 x—1+Jx+8+6Jx—1=1 has

(a) no solution

(b) only one solution

(c) only two solutions

(d) infinite number of solutions

The number of irrational solutions of the equation

Jx2+qx2+11+Jx2-Jx2+11:4is

(a) 0 (b) 2

(c) 4 (d) infinite

Let a, b, ¢, p, q be five different non-zero real
numbers and x, y, z be three numbers satisfying the
system of equations

A A -
a a-p a-—gq
PR A S
b b-p b-gq
R A T |
c ¢c—-p c—q
then x equals
abc
o rq
a b) —
(@ rq ®) abc
© (d) none of th
c none of these.
ptq

126.

127.

128.

129.

130.

Quadratic Equations  3.39

Let f (x) = ax’> + bx + ¢, where a, b, c € R.
Suppose If (x)l £ 1 V x € [0, 1], then lal cannot
exceed
(a) 5 (b) 6
(c) 7 (d) 8
If alp + q)2 + 2bpg + ¢ = 0 and
alp + N+ 2bpr + ¢ = 0,
then lg — rl equals

(a) ﬁ\/@a +b)bp* —ac  (b) ﬁ\/pz —4ac
a a

(© p+°
a

Let a, b, c € R be such that b* > 4ac. All the four

roots of the equation ax* + bx*> + ¢ = 0 will be real

if

(@ a>0,b<0,c>00ra<0,b>0,c<0

(b) a>0,b>0,c>00ra<0,b<0,c<0

(c) a>0,b<0,c>00ra>0,b>0,c<0

(d) none of these.

If the equations

X +mx+1=0and

(b—c)x2+(c—a)x+(a—b):0haveacommon

root, then

(@) m=-2 (b) m=-1

(c) m=0 d m=1

Ifx,y,ze R,x+y+z:4andx2+y2+z2=6,

then the maximum possible value of z is

(a 1 (b) 2

3
(©) )

(d) none of these.

4
(d) 3

l Previous Years' AIEEE/JEE Main Questions

If o # Band of = 50— 3, f* = 58 — 3, then the
o
equation whose roots are E and E is
o

(@) 3x°-25x+3=0 (b) X>-5x+3=0
© *+5x-3=0 () 3x>-19x+3=0
[2002]

. If a # b and differences between the roots of the

equations x* + ax + b =0 and x> + bx + a = 0 is
the same, then

(@) a+b+4=0
(c) a-b+4=0

(b) a+b-4=0
d) a-b-4=0
[2002]

.If a, b, c € R and 2a + 3b + 6¢ = 0, then the

equation ax® + bx + ¢ = 0 has
(a) atleast one root in [0, 1]

(b) at least one root in [2, 3]
(c) atleast one root in [— 1, 0]

(d) at least one root in (— oo, 1) [2002]

. Product of real roots of the equation x> + Ixl +

9 =0, r € Ris always
(a) positive
(c) zero

(b) negative

(d) does not exit [2002]

. The value of a for which one root of the quadratic

equation
(@ =5a+3)*+@Ba-1)x+2=0
is twice as large as the other is

2
(a) —3 (b)

(c) . (d)

200
3 [2003]

WIN W=
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10.

11.

12.

13.

14.

15.
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If sum of the roots of the quadratic equation ax’
+ bx + ¢ = 0 is equal to the sum of the squares of

. . a b c .
their reciprocals, then —, — and Z are in

c a

(a) G.P. (b) HP.

(c) AGP (d) AP [2003]
. The number of real solution of the equation X -

3Ixl + 2 =01s

(a) 4 (b) 1

(c) 3 (@ 2 [2004]
. Let two numbers have arithmetic mean 9 and geo-

metric mean 4. Then these numbers are roots of the

quadratic equation

(@) X*+18x—16=0 (b) x*—18x+16=0

() X*+18x+16=0 (d) x*—18x—16=0
[2004]

.If 1 — p is a root of quadratic equation x* + px +

1 — p = 0, then its roots are

(@) 0,-1 () -1,1
() 0,1 @ -1,2 [2004]
If one root of the equation x> + px + 12 = 0 is 4,

while equation x> + px + ¢ = 0 has equal roots,
then the value of ¢ is

(a) 3 (b) 12

(c) % (d) 4 [2004]
If 2a + 3b + 6¢ = 0, then at least one root of the
equation ax® + bx + ¢ = 0 lies in the interval

(@) (2,3) (b) (1,2)

(©) (0, 1) (d) (1,3) [2004]
In a triangle POR, 4R = g If tan (B) and

tan (%) are the roots of ax’+ bx + ¢ = 0,a#0,
then

(@ b=c (b) b=a+c

(c) a=b+c d) c=a+b [2005]
The value of a for which sum of the squares of the

roots of the equation of the roots of the equation
X —(@-2x-a-1=0
assume least value is

(a) 3 (b) 2

(c) 1 (d 0 [2005]
If the roots of the equation x* — bx + ¢ = 0 be two
consecutive integers then b* — 4c equals

(a) 2 () 1

(c) -2 (d 3 [2005]

If both the roots of the quadratic equation x* — 2kx
+ Kk + k-5 =0 are less than 5, then £ lies in the
interval

(@) (=0, 4)
(©) (5,6)

(b) [4,5]

(d) (6, =) [2005]

16.

17.

18.

19.

20.

21.

22.

23.

24.

If the equation a X"+ a, %"~ '+ ... + ax = 0,
q " n-1 1

a; # 0, n =2 2 has a positive root x = ¢, then the
equation

na, X" '+(n-1a, (X" *+..+a, =0

has a positive root, which is

(a) greater than or equal to o

(b) equal to

(c) greater than o

(d) smaller than [2005]
If the roots of the quadratic equation X+ px +gq
= 0 are tan 30° and tan 15° respectively, then the
value of 2 + g — p is

(a) 1 (b) 2

(c) 3 (d 0 [2006]
All the values of m for which both the roots of the
equation X —2mx+m*—1=0are greater than — 2
but less than 4, lie in the interval

(@) 1<m<4 (b) —-2<m<0
(c) m>3 d -1<m<3 [2006]
2

If x is real, the maximum value of w

is 3x+9x+7
17 1

a) — b) —

(a) - (b) ,

(c) 41 (@1 [2006]

If the difference between the roots of x> + ax + 1
=0 is less than /5 , then set of possible values of
a lie in the interval

(@ (=3,3) (b) (=3, 00)

(c) (3,00 (d) (=0, -3) [2007]

The quadratic equations ¥ —6x+a=0and x* — cx
+ 6 = 0 have one common root. The other roots of
first and second equation are integers in the ratio 4
: 3. Then common root is
(a) 1 (b) 4
(c) 3 (d 2 [2008]
If the roots of the equation bx> + cx + a = 0 be
imaginary, then for all real values of x, the expres-
sion 3b%* + 6bcx + 2¢7 is
(a) greater then —4ab (b) less then — 4ab
(c) greater than 4ab  (d) less than 4ab

[2009]

If o and S are the roots of the equation X —x+1
= 0, then o2 4 pPo0o equals

(a) 1 (b) 2
(c) -2 (d) -1 [2010]
Let for a, a; # 0, a # q,

fx) = ax’> + bx + ¢, glx) = al)c2 +bix+c and
p(x) =f(x) —g(x).
If p(x) = 0 only for x = -1 and p(-2) = 2, then
value of p(2) is:
(@ 3
(c) 6

() 9

(d) 18 [2011]



25.

The equation "™ — ¢ "% = 4 has
(a) no real roots

(b) exactly one real root

(c) exactly four real roots

(d) infinite number of real roots. [2012]

26.1If the equations X +2x+3=0and ax’ + bx+ ¢ =0,

27.

28.

29.

30.

31.

32.

33.

a, b, c € R have a common root, then a: b: ¢ is

(a) 3:2:1 (b) 1:3:2
(c) 3:1:2 (d 1:2:3 [2013]
If o and f are the roots of the equation x* + px +

% p =0, such that loe — Bl = \/ﬁ then p belongs

to the set
(@) {2,-5} () {-3,2}
() {-2,5} (d) {-3,5} [2013, online]
If p and ¢ are non-zero real number such that of
+ B> =— p and aff = ¢, then a quadratic equation
2 2
whose roots are o and — is
o
(a) pxz—qx+p2=0
(b) qx2+px+q2=0
(c) px2+qx+p2=0
2 2

[2013, online]

The values of a for which one root of the equation
xz—(a+ 1)x+a2+a—8:OexceedsZandthe
other is less than 2 are given by

(d gx"-px+4q =0

(a) 3<a<10 () a>10
(c) 2<a<3 (d) a<-2 [2013, online]
The least integral value « of x such that

x—5
x> +5x—14
(@) o>+3a-4=0
) a*-Ta+6=0

> 0, satisfies

b) a®-5a+4=0
d) a®>+50-6=0

[2013, online]
Let o and f3 be the roots of the equation px* + gx
1 1
+r=0,p#0.1If p, g, rare in A.P. and _+E =
a
4, then value of lor — Bl is
1 2
(a) —61 ) V17
9 9
1 2
(©) §J3_4 (d) 5\/5 [2014]

If equations ax® + bx + ¢ = 0, (a, b,c € R, a # 0)
and 2x> + 3x + 4 = 0 have a common root, then
a: b : c equals:

(@) 1:2:3 (b) 2:3:4

(c) 4:3:2 (d) 3:2:1 [2014, online]
The sum of the roots of the equation x* + 12x — 3|
+4 =0, is:

34.

35.

36.

37.

38.

39.

40.

41.
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(a) 2 (b) -2
© 2 (d) —/2  [2014, online]

If o and f are the roots of x> — 442 kx + 2¢*™
— 1 =0 for some k, and o + ﬁ2 = 66, then o’ +
B3 is equal to:

(a) 2482 (b) 2802

(c) —3232 (d) —280~/2 [2014, online]

The equation \/3x2 +x+5 = x — 3, where x is

real, has:

(a) has no solution

(b) exactly one solution
(c) exactly two solutions

(d) exactly four solutions [2014, online]

Let o and 3 be the roots of equation x* — 6x — 2
=0.If a, = o" - B", for n 2 1, then the value of

A9 — 24y is equal to:

2ay
(a) 6 (b) -6
() 3 (d -3 [2015]

If 2 + 3i is one of the roots of the equation 20 -
x> + kx — 13 = 0, k € R, then the real root of the
equation:

(a) does not exist.

(b) exists and is equal to l

(c) exists and is equal to — l
2

[2015, online]

If the two roots of the equation, (a — 1)()c4 +x° +1)
+ (a+ D&+ x + 1)? = 0 are real and distinct, then
the set of all values of a is:

(a) (—1,0j
2
1

© (—1,0)u(0,1j ) (o,—) [2015, online]
2 2 2

(d) exists and is equal to 1

(B) (o0, -2) U (2, )

The sum of all real values of x satisfying the equa-
*2+4x-60

tion (x* —5x+5) =1is
(a) 3 (b) 4
(c) 6 d 5 [2016]

If the equations x* + bx — 1 =0 and x* + x + b =
0 have a common root different from —1, then bl
is equal to:
(a) 2

© 3

(b) 3

@ 2

If x is a solution of the equation, v2x+1—+/2x—1

1
=1, (xzzj, then +/4x2 —1 is equal to:

[2016, online]
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3 1 42. Let x, y, z be positive real numbers such that x +
@ 7 ® = y + z = 12 and x*y*2° = (0.1)(600)°. Then x* + y*
+ 7’ is equal to
©) 22 d 2 [2016, online] (a) 342 (b) 216
(c) 258 (d) 270 [2016, online]

Previous Years' B-Architecture Entrance

Examination Questions

1. If the roots of the quadratic equation X+ 2px + q 8. If the quadratic equation 3% + 2@ + Dx + a* -
= 0 are tan 30° and tan 15° respectively, then g is 3a + 2 = 0 posseses roots of opposite signs, then
@) 1+p (b) 1-p a lies in the interval:
() 1-2p d 1+2p [2006] (@) (=oo,—1) (b) -1, 1

2. The set of values of o for which the quadratic © (1,2) d 2.3 [2013]

. 2 _

equation (o + 2.) X = 20 T a= 0 has two roots 9. If the roots of the equation ! + 1 are
on.the n}lmber line symmetrically placed about the x+p x+q r
point 1 is equal in magnitude and opposite in sign, then prod-
(a) {-1, 0} (b) {0, 2} uct of roots is: )
© ¢ ) {0, 1} [2007] @ p’+¢’ ) = (" +q)

3. The number of solutions of the equation x* — 4lxl | |
-2=0is © -2 +d) @ -2 @ -g)  [2014]
(a) 1 (b) 2
(c) 3 (d) 4 [2008] 10. The values of k for which each root of the equa-

tion, x* — 6kx + 2 — 2k + 9k* = 0 is greater than 3,

4. The quadratic equation whose roots are a/b and b/a, always satisfy the inequality:

a# b #0, where a* = 5a — 3, and b> = 5b — 3, is:

2 _ (a) 7-9y>0 (b) 11-9y<0
((3 §§2+112§t2;8 (c) 29-11y>0 (d) 29-11y<0 [2015]
©) 32 +19x+3=0 11. The number of integral values of m for which the
(d) 3% -19x-3=0 [2009] equation, (1 + m*)x* = 2(1 + 3m)x + (1 + 8m) = 0,
5. If the roots of the quadratic equation ax’* +bx + ¢ = has no real root, is:
0 are o, f3, then the roots of the quadratic equation (@) 2 . (b) 3
ax® — bx(x — 1) + c¢(x — 1)* = 0, are (c) infinitely many  (d) 1 [2016]
a+1l f+1 a L £ 1 o
(@ —, ﬂT (b) 1 % ”gﬁ Answers
o B Concept-based
_— d l-a1- 2010
© wrrp @ poorol -y 2. © 0 4.
6. 1f x> — 3x + 2 is a factor of x* — ax* + b= 0 then > () 6. (b) 7 (@) 8. (a)
the equation whose roots are a and b is 9. (d) 10. (b) I1. (0 12. (¢)
© X¥-9%+20=0 (d) ¥+9%x-20=0 [2011] 17-(0) 18. (a) 19. (2) 20. (2)

7. Let a, b, c € R, a > 0 and the function f: R — Level 1
R be defined by flx) = ax’> + bx + c.

21. (b) 22. (¢) 23. (¢) 24. (b)
Statement-1: b2 < 4ac = f()C) > 0 for every value 25. (a) 26. (b) 27. (a) 28. (C)
of x. 29. (a) 30. (a) 31. (d) 32. (d)
Statement-2: f is strictly decreasing in the interval 33. (a) 34. (a) 35. (b) 36. (b)

(= oo, — bl2a) and strictly increasing in the interval



41. (d) 42. (a) 43. (b) 44.
45. (b) 46. (c) 47. (d) 48.
49. (c) 50. (b) 51. (b) 52.
53. (a) 54. (d) 55. (b) 56.
57. (a) 58. (c) 59. (c) 60.
61. (a) 62. (a) 63. (c) 64.
65. (d) 66. (b) 67. (¢) 68.
69. (d) 70. (a) 71. (b) 72.
73. (¢) 74. (d) 75. (c) 76.
77. (d) 78. (a) 79. (a) 80.
81. (a) 82. (d) 83. (b) 84.
85. (d) 86. (b) 87. (b) 88.
89. (b) 90. (b) 91. (d) 92.
93. (c) 94. (d) 95. (a) 96.
97. (a) 98. (c) 99. (a) 100.
101. (a) 102. (a) 103. (c) 104.
105. (d) 106. (a) 107. (b) 108.
109. (a) 110. (a)

Level 2

111. (a) 112. (a) 113. (b) 114.
115. (d) 116. (b) 117. (a) 118.
119. (a) 120. (b) 121. (d) 122.
123. (a) 124. (b) 125. (a) 126.
127. (a) 128. (a) 129. (a) 130.

Previous Years' AIEEE/JEE Main Questions

(d)

(@)
(b)
(@)
(@)
(@
(©
(b)
(@)
(©
(d)
(©
(@)
(b)
(a)
(©
(b)

(d)
(©
(©
(d)
(b)

1. (d) 2. (a) 3. (a) 4. (d)
5. (d) 6. (b) 7. (a) 8. (b)
9. (a) 10. (¢) 11. (¢) 12. (d)

13. (¢) 14. (b) 15. (a) 16. (d)

17. (¢) 18. (d) 19. (¢) 20. (a)

21. (d) 22. (a) 23. (a) 24. (d)

25. (a) 26. (d) 27. (c) 28. (b)

29. (¢) 30. (d) 31. (d) 32. (b)

33. (¢) 34. (b) 35. (a) 36. (¢)

37. (b) 38. (¢) 39. (a) 40. (¢

41. (a) 42. (b)

Previous Years' B-Architecture Entrance

Examination Questions
1. (d) 2. (¢) 3. (b) 4. (a)
5. (¢) 6. (¢) 7. () 8. (¢)
9. () 10. (b) 11. (¢

Quadratic Equations 3.43

%F Hints and Solutions
Concept-based

1.
2.
3.

x-1*+1+k-121VxeR

(2)=3
l=o|—| ==
a 7

a-B=-1==(a+B)Y-4af=1orp’—4g=1

4. If o is a common root, then o’ —ao+ b= 0, o+

10.

X +x+a=0= (x-i—l)z:— —-a
2 4

ba-a=0

Subtracting, we get—(a+b) a+b+a=0

= a=1.Thus,l—-a+b=0=a-b=1
1

Wemusthavei—aZOzaSl.

Roots of the equation are —% *, /i —a
. . 1 1
These will exceed a, if ———,|—— a>a
2 4
/1 1
= —4/—-—a>a+—
4 2
. o 1 1
This is possible if a + 1/2 < 0 and e a< (a + 5)

1 s 1
= — —a<a t+ta+ —
4 4

N

=>a+2a>0=a<-2asa<0.
(=22 =6=Ixd=2 +6.

Aslxl>0,lxl=2+ 6 = x=+(2+6)

10= (V10)* =la— BP = (a+ B - 4= p* - 3p
=p*-3p-10=0=(p-5(p+2)=0
=>p=-2,5

For the equation to be defined, x >0, 5 + x = 0. For
x20,x+525= Jx+Jx+52V5>2
D=4(a+ 1)’ —4(a* - 4a +3) 20,
2a+1)<0anda®-4a+3>0

First two imply a = 1/3, a < — 1. Not possible.

tan o + tan B=—a, tan o tan B=b.
tano+tan B a
l-tanotan B 1—b
Also,0< o< m/4,0< B< /4

I =tan (o + fB) =
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11.

12.

13.

14.

15.

16.

17.

18.
19.
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=>0<tana<1,0<tan <1
=>0<tanxtan f<1=>0<b< 1.
Letf(x)= (x—a)(x-b)—c

Use coefficient of x> > 0,

fla) = c = fib) <O0.

D = 0 and product of roots < 0.

= (k+1)> = (9% —5)>0and 9%-5<0
=k —Tk+620and <5/9

= k-1 (k-—6)=0and k<5/9
Thus, k£ < 5/9

Use : a and a (k — o) (k — ) have the opposite signs,
where ¢, f3 are roots of

ax* +bx +c=0.

Write the equation as

(x—2a)* =4d® - 2d* = 3a + 5)
=QRa+5)(a-1)

=x=2a% J2a+5)(a-1)

We must have 2a +5) (a—1)=0

and 2a + J(2a+5)(a—1) <2

=>a<-52o0razl
2a+5)(a-1) <=2(a-1)

Clearly, a = 1 is not possible

and

For a £ - 5/2, we must have
N-Q2a+5)(1-a) <2(1-a)
=-Q2a+5<4(l-a)=a<9/2
As parabola open upwards, a > 0.
Also, forx=0ax’> +bx+c=c<0.

Since the equation has distinct roots, b — 4ac > 0.
However, we cannot be sure of sign of b.

If can be positive, negative or zero. For instance, con-
sider x* +2x -3 =0,x* = 2x -3 =0and x* -3 = 0.
9x* — 6x + 5 = (3x — 1)* + 4 attains least value when
x=1/3.

ax® + bx + ¢ = 0 has real roots if

b* —4ac =20, i.e. if b* > dac.

Minimum possible value of b is 2.
Forb=2,(a,c)=(1,1)

Forb=3,ac<9/4 = (a,c)=(1,1),(1,2)or (2, 1)
Forb=4,ac<4 = (a,c)=(1,1), (1, 2), (2, 1),
(1,3),3,1),1,4),4, 1),(2,2)

Thus, there 4° — 12 = 52 such quadratic equations.
LHS>0Vxe R.

As the roots are imaginary b* — 4ac < 0 and

o, B= i(—b + iJ4ac - b?)

lol = i\/b2 +4dac - b* =\E =1l
2a a

20.

Suppose ¢, B> 1, o< Bbe roots of ax® + bx + ¢ =0, then
ax* +bx+c>0ifx<aorx>f

<Oifa<x<f
Thus,a+b+c¢>0.

Level 1

21.

22.

23.

24.

25.

26.

27.

a>0,c>0,4b* — 4ac < 0. However nothing can be
said about b. For instance, consider parabolas y = X
-X+ 1,y:x2+x+ 1 0ry:x2+ 1

If oris a common root, then acl +2bo+ ¢ = 0, ao’ +
2co+ =0

Subtracting, we get 2(b—c) a+c—-b=0

:>a=l.Thus la+b+c=0
2 4

atb+c 3

a 4

Let fix) = ax®> + bx + c. As f(x) =0, does not have real
roots, fix) >0V xe Rorf(x) <0V x e R. But

f(‘%) = é (4a — 6b + 9¢) < 0, therefore

f)<0xVxe Re=f1)<0
=a+b+c<0.

b+c

a

We have 16° - 16¢ >0 = ¢ < 16
If f(x) =4x* — 16x + ¢, then | < <2< B<3
implies f(1) > 0, f(2) < 0, f(3) > 0.
=c>12,c<16,c>12
Thus, ¢ = 13, 14, 15.
If o is a common root of the three equations, then
o +aa+12=0,02 +ba+15=0
and o + (a + b)a+ 36 =0
=>ba=-24,a00=-21
Thus, o =21 +12=0= a=+3
As a> 0, we get o= 3.
Therefore,a =—-7,b=-8.
== xzz_xbz = a (- b)) =24
:(a—Z)xz—ab2=0
This equation will have no solution if @ — 2 and a have
opposite signs, that is , a(a —2) <0

<-1

=0<a<2. ) 4(a-2)
As the roots are real and distinct, T a
0 (2a+1) 2a+1

=da-4a-2)Q2a+1)>0

6-223 6 +223
= 7 <a< 7




28.

29.

30.

31.

32.
33.

34.

35.

36.

Write the equation as
> a a-?2
X - —x+ =
2a+1 2a +1
Note that its roots are o and f3.

As a< 1 < f3, we must have

2 a a-?2

S 2a+1 2a+1
=2a+1l-a+a-2<0=a<1/2

<0

Thus,%(6—2\/§)<a<%

8x2—10x+3=O:>(2x—1)(4x—3)=0
=a, B=1/2.3/4

3 i(oz”+[3”)=#+#:6

s l-o 1-p
b2—4ac=(—a—20)2—4ac
=a’+4c*>0
2_

Lety= ——  , then
Y 2x—(b+c¢)

xz—bc=2xy—(b+c)y
:>x2—2xy+(b+c)y+—bc=0

As x is real,

y2—(b+c)y+b(:20

=y-b(y-020

= y cannot lie in (b, ¢).

(=) (@-06) (B-7) (B-9)

=@ +ra+s) (B +rB+s)
=(po—qg+roa+s)(-pB-qg+rB+ys)
=[(r—=p)o—(q -9 [(r-p)p-(q-29]

= (r-p) [%—“}[%_ﬁ}
= (r - p)’ KST +p(f—_;)+q}

=(q -5 +plg-s (r=p)+q(r-p?

Use x> 20, Ix >0
P-3d+2=0 =

X=1,2 = x==1,12

As p, g € R, other root of the equation is 2 — iNs.
Thus,

p=4q=(2+5)(2-+5) =9

Subtract one equation from the other to obtain
x=1.
Write the expression as
(ap + b)Y + (bp + ¢)* + (cp + d)* < 0.
=ap+b=0,bp+c=0,cp+d=0
b_c_d
c

- — =
a

:—p.

S o

37.
38.

39.

40.
41.
42.

43.

44.

45.
46.
47.
48.
49.

50.

51.

52.

53.

54.

Quadratic Equations 3.45

Use 5 +5% 22V xe R
Multiply the first equation by x and subtract from
the second to obtain x = 1.
x+220 = x=>2-2
Now, l(x +2) (x —=3)=x+2
x+2llx-3l=x+2
= x+2=0orkx-3=1
= x=-2,x=3x1lie,x=-2,2,4
k=3l +2=0 = k=12 = x==%1,+2
Usen—-4>0and D <0
Letf(x):ax2+bx+c
f)<0VxeR & a<0, b*—4dac<0.
Now, g(x):ax2+bx+c+(2ax+b)+2a
=ax’ + 2a + b)x + 2a + b + ¢)
a < 0and 2a + b)* - 4a2a + b + ¢)
= (b* - 4ac) - 4a* < 0.
Use the fact that expression becomes zero when x
=-1.
Note that p > 0, and
p—4<0,2p°-4>0,
and (p-4°-42p° -4 >0

= p<4,p>~2 and 7p* + 8p - 32 <0.
4
= \/5<p<7(\/B—1)

f&)? +gx)*=0 & f(x)=0andgkx) =0
Use D< O

Show that D > 0

a’> +bx+c>0V x>0.
x2—8x+p2—6p= 0 has real roots

= 64 — 4(p> - 6p) 2 0
SpP-6p-16<0=>(p-8) (p+2)<0
=pe [-2 8]

Here

2a+3
- =-3 = a=0.
a+1
.. Product of roots = Sat4 =
a+1

Use that other root of the equation is 3 + 4i to
obtain p = 6, g = 25
Let other roots be B, ¥ then
(I+D)+B+y=0and (1 +)PBy=-(1-1)
= B+y=-0+10,By=i
1
a+ f p, of ryo

1
D _ 2 _ 2
=+ =@+ p>-2aB=p + —
1\
= o+ = (p——) +22>2.
p
Put Jx—1 =tsothatx =7 + 1

o341+ x+8-6dr—1=1
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55.

56.

57.

58. of

59.

60.

61.

62.

= P —dt+4 4+ —6r+9=1
=>t-2l+1t-3l=1=2<r<3

= 2< Jx—1 <3

=4<x-1<9 = 5<x<10.
kx> —1=Rx-3-xX= IK-—x+1=
x> — 2x + 3

(-3
_— —+ —
2 4

> -x+1=x*-2x+3 = x=2

- =lx— 1)+ 2l

) b . c
sin o + cos ¢ = ——, Sin &/ COS O = —
a a

Now 1 = sina + cos’o
= (sin o + cos Ot)2 — 2sin o cos o

b*  2c
= 1= —=-—

a’> a

a* = b* - 2ac

= a* - b+ 2ac=0.

k:xz—x-i-l
x“+x+1
= k-D+(k+Dx+(k-1=0

As xis real (k + 1) — 4k — 1)* = 0
=>k+1+2k-2)k+1-2k+2)20
= Bk-1)B-k20=1/3<k<3.
+bo+ca=0and o + co+ ab =0
>b-0goa+alc-b)=0 = o=a.
Now, show that a + b + ¢ = 0 and use the fact that
other roots are b and c.
mx’ +3x +4 <5+ 2x+2)
=>m-5x"-Tx-6<0VxeR
=m-5<0and (- 7)* +24(m -5) <0
=>m<5S5and 24m -T71 <0 =>m< 7124
Use the fact that expression becomes equal to 1 for
x=a,b, c.
As ax’ + bx + ¢ has no real zeros.
at+bx+c>0Vxe Roral+bx+c<0V
x € R.
Since a(- 1)* + b(= 1) + ¢ < 0, we get ax® + bx +
c<0VxeR
Thus, a <0 and ¢ < 0 = ac > 0.
x2—2x—p2+1=0
= (x - 1) =p?
=>x=1=xp
Leta=1-p,B=1+p
Let fix) = x> = 2(p + Dx + p(p — 1)
As f(x) = 0 has distinet real roots,
P+ 1D*-pp-1>0

23p+1>0:p>—%

Also, f(1 — p) <0,
and f(1 + p) < 0

63.

64.
65.

66.

67.

68.

S0-p’-20+pA-p+pp-1)<0
and (1 +p)? =21 +p’ +pp-1)<0

1
=>-l/4d<p<landp>- 3
1
Thus, p € (——,1)
Pe Ty

a+ﬁ=—é,a+ﬁ+2h=—§
a

D =49 + 56(¢* + 1) > 0.
Note that ¢, f are roots of
b
2+ 2x+ S =0
a a
As o< -1, B> 1, we get
1—é +£ <0
a a

and1+é+£<0
a a

b +£<0

= 1+|=
a a

Fig. 3.22

Let f (x) = ax’ + bx + c.

Now, (a + ¢)* < b*

& (a@a-b+c)a+b+0)<0

= f(=1Df)<0.

Thus, ax®> + bx + ¢ = 0 has a real root between — 1

and 1.

The other root also must be real.

If x is an integer and
x—-a)(x-10)=-1

>x—-10=1landx—-a=-1orx—-10=-1 and
x—a=1

>x=1landa=x+1=120orx =9 and a =
x—1=8

MORSHRT

Put (3) = ¢, so that
2

3t+8/t=10 = 3 -10t+8=0
S G4 (-2)=0 = =2

-2
4 3
- (-4
2 3



69.

70.

71.

72.

73

74.

log?2

‘= log(4/3)
log(3/2) log(3/2)

sin2x _ :
Put 2 = t, so that equation becomes

r+5><72=7:>r2—7z+10=0 =

r=2,5
But 1 <t < 2. Thus, sin’x = 1

Let the two distinct roots lying between O and 1 be
o, B such that o < .

As f (x) = x> — 2x + k is a differentiable and
f (@) = f(B) = 0, therefore by the Roll’s theorem
there exists y € (¢, B) < (0, 1) such that /() =0
= 2y-2=0 = vy=1. Not possible.

2
Now, (a + b + c)2 = a2(1+é+£)

a a
_ 2 1_{ o +oz+1 +a+12
B a-1 o o-1
_ 2( o oH—l)2
=4 _ar
o-1 a
= 2 o +a+12_ a o+l
o-1 o o-1 «

—£}=b2—4ac

a a
Letx=3m+r,0<r<2.

X +x+1 :(9m2+6mr+3m)+(r2+r+ 1)
Note that x* + x + 1 will be divisible by 3 if and
only if r = 1.

I
a[\)

1
|

@ = i(a—ﬁ)z—x2—<a+ﬂ>x+a/3

_ w_{x_a+ﬁ}2+<a+mz
4 2 4
2

1 2 { 0}2 a
= —(a+ —yx+—7 < —
R By = 2
a2
Thus, maximum value f (x) is > which is

. a
attained when x = — 5

Let o, 8 be roots of fix) =

x2+bx+c,then0<06,ﬁ g

y=x2+bx+c
<l=>0<o+f<2and

1
ifi < by e < 1 \a ﬂ/ X
— and ¢
1

= b>-2andc<1 o
However, these conditions Fig. 3.23

75.

76.

7.

80.
81.

82.

Quadratic Equations 3.47

are not sufficient to guarantee that the roots are
real. For instance, % + Ox + 0.5 = 0 does not have
real roots.

Letf(x)=ax2+bx+c. ¥
Note that f (0) = ¢ > 0,
f1)=a-b+c<0and -1
fh)=a+b+c<0 /a
Thus, y = ax’> + bx + ¢
represents a parabola that

Oﬁ\lx

y=ax*+bx+c

open downwards. See Fig. 3.24
Fig.3.21
Thus [l =-1and [] =0

=S [a+[fl=-1
x2—2mx+m2—1=0:>(x—m)2=1
>x-m=*x1 => x=mz*xl
Therefore, -2 <m-1<m+1<4
= —-1l<m<3.

N O N N

= y¥’=8+2y = y¥'-2y-8=0
= y=4,-2. Asy>0,y=4

sin(%):(x_@)2 +121

. X TX
But sm(—) < 1. Thus, gip| == | =1
2V3 Sm(zﬁ )
Therefore, x = J3

23-x)=Ix+2020 = x<3

If x £ - 2, the equation becomes
23-x)=-x-2 = x = 8. Not possible
If — 2 < x <3, the equation becomes
2B-x)=x+2 = 3x=4 = x=4/3.
Use product of roots < 0

Put x* — 5x = y;

sothaty2—7y+6=0 = y=1,6
wxl-5x=lorx-5x=6

=>x -5x-1=00rx’-5x-6=0

But x> — 5x — 6 = 0 has integral roots and roots of
X —5xr—1=0are

x= 2 (5+4)

x—1) .
Put =y to obtain
x+1
YV -13y+36=0 = y=4,9
I g
x+1

Thus, the given equation has four real roots.
9x+2_6(3x+]) + 1 — O
Put 3**'=tsothat# —6t+1=0
++/32
=9 ;/3_ =3+22
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85.

86.

87.

88.
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=S x+1=logg 3+ 22)>1
or x+ 1 =1log; 3-2v2)<0

2x-5) .
Put = ¢, so that equation becomes
3x+1

817 — 45t +4 =0
=812 -36t-9t+4=0

= Or—1) (9 —4)=0
1 4 2x-5 1, 2
N RN Ak N
2799 T s+l 373

Thus, the given equation has four rational roots.
Put x* + 3x + 2 = ¢ to obtain £ — 8(t - 2) —4 =0
=7 -8t+12=0=>01-2)(t-6=0
=1tr=2,6

But both x* + 3x + 2 = 2

and x*> + 3x + 2 = 6 have integral roots.

Put I =t to obtain t+— = 2
t
l

9

2

X
* = , l = :4’ l
\/ - 2 x—3 4

Put x + 1/x = ¢t to obtain

4P —4) +8 =29 or 4° +8-45=0
srhru=2 a2 1_(1)2
4 4 2
:>t=—liz=—2,§
2 2°2
Thus, x+l=—2,§
X 22

= x2+2x+1 =0, x2—§x+l =0
2 2

The first equation has irrational roots and the
second equation has rational roots.
Divide the given equation by x° to obtain

2(x2+i2)+9(x+l)+8=0
X X

Put x+L =110 get 2> —2) + 9 + 8 = 0

X
=t = —l,—4
2
x+l,=—l—4
X 2
K2 +1 1 x*+1
= = _——, =-4
X 2 X

=27 +x+2=0, X +4x+1=0

89.

90.

91.

92.

93.

94.

95.

The first equation has non-real complex roots
and the second equation has irrational roots. viz.
-2+ 3.

1 .
Put x—— =1t to obtain 47 — 4t + 1 =10

X
1 1
= t=—, —
2 2
2_
Now,x—l=l:x 1=l
by 2 by 2
= 2 -x-2=0 .
*. Sum of roots of the given equationza +%= 1.

BGx-2)x-1) Bx+ DH(x - 2) =21

= (3x* - 5x +2) 3" - 5x - 2) =21

=GB -50"-4=21 = 3x*-5x=%5
=3 -5x-5=00r3-5¢+5=0
The first equation has irrational roots and the
second has imaginary roots.

Note that x > 2 and

=Sx-2=+3x—6 = xX*-—4x+4=3x-6
=S>xX-Tx+10=0 = x=2,5

Both of these satisfy the given equation.

Note that x > —%. Put \J2x+1 = ¢, so that

2%=-1-1 or —2%t+1=3

—=t=1++3.

But ¢ =2 0, therefore t = 1 + NE)
Sx+1=1+2+2V3 = x=%(3+2\/§)

Note that — \/E <x< \/E and
13-x*=x>+10x + 25
S +5x+6=0=x=-2,-3.

Ja? =4 —(x=2)=+/x* —=5x+6 (1)

is defined for x = 2 or x < — 2 or x = 3. Write

(1) as
\/E[\/x+2—\/x—2j = Jx-2x-3
\/x+2—\/x—2 = \/X—3

X’ —4 =x-3

=>x=2 or
=>x+2+x-2-2
=S x+3=2yx" -4 =7 +6x+9=4(x"-4)

=3’ -6x-25=0

28 28
O - AR g CL

3 3
Notethatl—ﬂf? <—Zand1+,/? >3

J2 —dx 13142 —Tx+12=3/x—3 (1)

is defined for x = 3 or x = 4.
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97.

98.

99.

100.

101

Write (1) as

Nx=3[Jx—1+x-4] = 3Jx-3

= x=3o0or Jx—1++Jx—-4 =3
=Sx=3o0r Jx—-1 =3—-yx—4
=>x=3o0orx-1=9-6yx—-4+x—-4
=x=3o0r 64Jx—4=6 = x=3 or x =5.
Thus, product of roots = 15.

Note that 26> + 77b + 18 = 0

= 2+ 77b + 18(1/b)2=0

Thus, a and 1/b are roots of the equation
18x* +77x+2=0

a+1/b=—77/18and E=2_1
b 18 9
N ab+a+1 1 a 77 1 25
ow, —_— gttt =4+ = —
b b b 18 9 6
g =17B-8.

Thus, 16, 36% -198 _le, 3(7B-8)-198
o o

= E+2ﬁ—24
o
Also, o = 7+Jﬁ’ﬁ= 7-J17
2 2
1 2 _2(7—\/ﬁ)_7_\/ﬁ
a T7+17  49-17 16

Thus 10+ 3B 198
o

= (1-V17)+(7-V17)-24 = - 10

As ais a root of x* + x> — 1 = 0, we get
at+a’-1=0=a%+a*-0a*=0

= a6+a4—(1—a4)=0=>a6+2a2=1
(a6+2a2)2012=1

Use the fact that sum and product of the roots of
X¥—x—k=0are 1and -k respectively.

Suppose az(a + k) = bz(b + k) = 02((: + k) = t, then
a, b, ¢ are roots of Crk?ot=0 thus, bc + ca

+ab =0 and abc =t
1 1 1 bc+ca+ab
= —+—4+—=——"——=0
a b c abc
For truth of Statement-2, see theory
fla) =a*cd® + bor+ ¢ =0 and
gB)=a’B*-bf-c=0
We have a’0? + 2bo + 2¢

102.

103.

104.

105.

Quadratic Equations 3.49

=d*? - 2d*? <0

and @’ + 2bB + 2c

_om 22

=af +2a°f >0

As a’x* + 2bx +2c¢ is continuous on [¢, 3], by state-
ment-2 there exists ysuch that azf +2by+2c=0

As y = f(x) open upwards, a lies between the roots of
f(x) =0, if and only if f(a) < 0. Therefore, statement-2
is true.

If fix) <0 for 1 <x <2, then 1 and 2 lie between roots
of fix) = 0. Thus, we must have

4p* —4p>0=p(p-1)>0
=p<0orp>1.

Also, f(1)=1+2p+p<0=p<-1/3 and
fQ)=4+4p+p<0=p<-4/5.

s p E (— oo, —4/5)

Statement-2 is false as x* + 5x + 4 = 0 meets both the
conditions but does not have positive roots.
AsLHS>0,1-2">20=2"<1=x<0.
Squaring, we get

a* =2)+1=1-202% +2*

=y -(@+2)y+2a=0
=0-a(y-2)=0=y=2,a.
y=2"=2= x=1. Not possible.

Thus, y = a. This implies

0<2'=a<1

Therefore 0 < a <1, and x = log,a

Putr=x+ \/xz—i—bz

1 1
- — = =
IJx*+b* +x b?
2
t— — =2x
t
Thus,

2
f)=Qa—-1t+ bT)t=b2+2at—t2

=a®+ b - (1—a)*

Therefore, maximum value of f(x) is a* + b* which is

. b?
attained whenf=aorx= — (a - —j
2 a
Statement-2 is false as maximum value of f(x) = ax?

+bx + ¢, a<0is (4ac — b*)/4a.
For truth of statement-2 see theory
Let P(x) = ax* + bx + c.

As P(x) = x does not have real roots, P(x) >x V x €
RorP(x)<xVxe R.
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Suppose P(x) <xV x e R.
= P(Px))<Px)<x ~» xe R
:>a(ax2+bx+c)2+b(ax2+bx+c)+c—x=0
cannot have real roots.

106. Statement-2 is true as la + bl = lal + 1bl
& a, b are both non-negative or both non-positive.

As ax’ + bx + ¢ = 0 has imaginary roots, ax* +bx+c
>0Vxe Rorax>+bx+c<0VxeR.

Since a(-1)> +b(-1) +c=a—b +c <0,
we getax’ +bx+c<0Vxe R.
Now, lax® + bx + ¢l + lx + yl

a(x2+zj+(b+1)x+c
a

= I(a)c2 +bx+c)+ (x+y)l

<:>(ax2+bx+c) x+y)=20

ox+y<0asax’+bx+c<0Vxe R
107. Statement-2 is true. See Theory

Put x + ¢ =1, so that

o) = [t+(a—c)][t+(b-0)]

t

. (a=c)(b-c)
t

= [ﬁ_@}zquﬂ/m]z

Thus, minimum value of f(x) is (\/a —c++b—- c)z
and it is attained when t = \/(a—c¢) (b—c) or
x=—c++Ja-c)(b-c) >—-c.

108. If a # p, f(x) — g(x) = 0 is a quadratic equation whose
coefficient of x* # 0.
. fix) — g(x) = 0 has two real roots

+[(a-c)+ (b-0)]

Thus, statement-2 is true
Let h(x) = f(x) — g(x)
=(a—b)x2+(b—q)x+(c—r)
If h(x) = fix) — g(x) =0
for three distinct real values of x, thena—p=0,b—¢g
=0,c—-r=0
=>a=p,b=g,c=r.
.. Statement-1 is also true.

However, statement-2 is not a correct explanation for
Statement-1.

109. As A M. = G.M, we get

Thus, statement-2 is true.

Since, sin® x = 0,

does not satisty sin*x + p sinx+1=0, we get

0 < sin® x < 1, for all x satisfying sin* x + p sin’ x + 1 =0
For such a value of sin x,

—p =sin’x + — =2
sin” x

=>p<-2o0rpe (—o,-2]
Let iny=t>+pt+1
Asfl0)=1>0andf(1)=1-p+1<0,
we get there is at least one value of t € (0, 1] such that
finy=0.

110. Asb2—4ac<0,f(x)>OVxe Rorfix)<O0OVxe R.
Asfl0)=c>0,flx)y>0V xe R.
Thus, statement-2 is true.
As f(x) = 0 does not have real roots, b — 4ac < 0. By
the statement-2, fix) >0V x € R.
=>f-1)=a-b+c>0=>a>b-c.
Also b* —4ac <0
= a > bY4c

»2
Hence, a > max {— b— c} .
4c

Level 2
111. AsAM=G.M, we get

> 2 15
2 tan” o 2 tan” o
X+ x+—==22|Vx"+x
Vx? +x Va2 +x
=2tan o

112. (a-b)*+4a+b-1)=20V beR.
= b —2b(a-2)+a*+4a-420V beR.
=4a-2" 4@ +4a-4<0
=>-8a+8<0=a>1
ae (1, )

113. a+B=-b<0and ¢ff=c<0.
As o <0, and o < B,
a<0<f<-o=lal

114. Asx2+(a+b)x+c:0hasn0realroots,
and the coefficient of x> = 1 > 0,
f(x):x2+(a+b)x+c>0‘v’xeR.
:(a+b)2—4c<0.
Also fO)=c>0,f(1)=a+b+c+1>0
=cla+b+c)+c>0
Next, £(0) f(=1) > 0
=c(l-a-b+c)>0
=>c-cla+b-¢)>0

115. Asx—-1<[x]<x,weget—x<—-[x]<—-x+1
=xP -2 —2<x* 2] -2<x* -2
=(x-1?3<?2]2<(x-1)1°-1



116.

117.

Note that (x — 1)>=3<0for— V3 +1<x<+/3 +1
and (x—1)>’—1>0forx<0orx>2,
The roots of x*— 2[x] =2 =0

lie in (—\/§+1,0) or 2,1+ /3)

Ifxe (—\/§+1,0), [x] = -1,

andx2—2[x] —2=0=x*>=0o0rx=0.

This is not possible.

Suppose x € (2, 1 + \/5), then [x] = 2,

x2—2[x]—2=0:x2=60rx= \/g

Note that x = \/g satisfies x* — 2[x]-2=0

If [x] is odd, then

[x]* + alx] + b is odd and if [x] is even, then [x]

+ a[x] + b is also odd

Thus, [x]2 + a[x] + b can never take value 0.

Let a = sing, b = sinf, ¢ = siny.

Note that a, b, ¢ are distinct and 0 < a, b, ¢ <1.

We can write the given equation as

JO)=x-b)(x-c)+(x-0¢) (x-a)

+(x—a)x->b)=0.

Assume thata < b < c.

Note that f(a) =(a—-b) (a—c)>0
fb)y=b-c)(b-a)<0

and flc)=(—-a)(c-b)>0.

Thus, f(x) = 0 has a root in (a, b) and a root in (b, ¢).

118. Let f(x) = x> + Qo + a) x + a® + aa + b.

fO)=c?+ac+b=0

Let other root of f(x) = 0 be r, then
0+r=-QRa+a)=20a+a+p=5-c.
Thus, two roots are 0 and 3 - o.

119. As roots are real

120.

(a+b+c)*=3A(ab + bc + ca) =0
(a+b+c)?

ab+bc+ca

Since, a, b, c are sides of triangle.
b+c-a>0,c+a-b>0,a+b—-c>0
= 2(ab + bc + ca) > a* + b* + ¢
:(a+b+c)2<4(ab+bc+ca)
Thus, 34 < 4 = Ae (—oo, 4/3).

tan 6 + cot 8 = 2a and tan6 cotf = b
Now, 2a = tan@ + cotf = 2 if tan6 > 0
and 2a = tanf + cot 6 < -2 if tanf < 0.
=2al22=lal>1

Thus, least value of lal is 1.

=31<

121.

123.

124.

125.

126.

Quadratic Equations 3.51

Letf(x) = X +x*—5x—1, then
f(=3)<0,f(=2)>0,f(-1)>0,f(0) <0,
f(1)<0,f2)>0.

Thus, a root of f(x) = 0 lies in each of the three inter-
vals:

(-3,-2), (-1, 0),1, 2).

Lo+ [Bl+[yl=-3+(CD)+1=-3
122.

tan A tan B = p, tan A tan B = q.

tan 4 +tan B
As, tan (A + B) = —nATAMP P
l-tan 4 tan B 1-¢q

tan’ (A4 + B)
1+ tan®(4 + B)

() p’
1+p° (=g (A-¢) +p’

Put Vx-1 =

becomes;

V2 4143 +40 4+ +1+8+61 = 1

Slkt+2l+1t+3l=1

Not possible as 7= 0.

Thus, the equation has no solution.

Put Vx* +11 =7 = x> + 11 = £ so that equation
becomes

JE+i—1143A —1-11 =4.
Since (P +1-11)— (P -1-11)=21,
we get

2+t —i-11 = %

, we get

sin’ (A + B) =

t = x — 1 = £, so that equation

t
SN -1 =44+ —
2

=S4 +1-11) = 16+%t2+4t =r=16

= +1=16=>x= 15
Note that a, b, ¢ are roots of

t t—-p t—q

3

l‘—(x+y+z+p+q)t2
+H(p+q) x+qy+pzlt—pgx=0.
... product of roots = pgx

abc
=>abc=pgx =>x=—

pq
Putting x =0, 1, 1/2, we get
—1<c¢c<Ll,-1<a+b+c<1,

—ISla+lb+cSI,
4 2
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127.

128.

129.

130.
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=-4<—a-2b-4c<4
As—4<4a+4b +4c <4, we get
-8<3a+2b<8.
Also,—-8<a+2b<8
=-1652a<16=lal <8

p + q and p + r are roots of

a® +2bp (t—p)+c=0

or ar* +2bpt + ¢ — 2bp* = 0.

We have
lg—r*=1(p+¢q) - (p+ I
=[(p+@)+(P+DP=4p+g)(p+7)

_ (_prT ) 4(0—2bp2)

a a

= iz[bzp2 —ac+ 2abp2]
a

4 2
= W [(2a + b) bp” — ac]

=lg—rl

= Filxl(Za +b)bp* —ac

Put x* = y. The given equation will have four real
roots if

f(y):ay2+by+C=O
has two non-negative roots.
This is possible if

- 220,af(0)20,b2—4ac20
a

=ab<0,ac=0.

This condition is metifa>0,b<0,¢c>00ra<0, b
>0,c<0

As x =1 satisfies
(b-c)x*+(c—a)x+(a-b)=0,
x =1 must satisfy x> + mx + 1 =0
=1+m+1=0=>m=-2.
Eliminating x fromx +y + z =4,
and x* + y* + 22 = 6, we get
V+Z2+@d-y-27=6

=27 -24-2)y+(4-2*+22-6=0
As y is real, we get
(4-22[4-22+72-6]120
=32-8z+4<0
=03z-2)(z-2)<0
=2/3<z<L2.

Thus, maximum value of z is 2.

Previous Years’ AIEEE/JEE Main Questions

1. o, B are root of x> = 5x —3 or x>~ 5x + 3 =0

S o+ =5, 08=3.

Now, g+ﬁ:(x2+ﬁ2 =(a+[3)2—2(xﬁ
o off of
:25—6:19

eC.

Thus, equation whose roots are o/f3 and f/a is
¥ = (193 +1=0
or 3x° — 19x +3=0

2. la = f = loy= By

ﬁ(a—ﬁ)zz(al_ﬂl)z
= (a+ﬁ)2_40‘ﬁ: (o +ﬁ1)2_4051ﬁ1
=da —4b=b - 4a

=>@-bla+b+4)=0=>a+b+4=0
[0 a#b]

1 1
3. Let f(x) = Eax3 + bez +ox.

As f'is a polynomial f is continuous on [0, 1] and
fis differentiable on (0, 1). Also

f(0)=0and A1) = %(2a+3b+6c) =0

By the Rolle’s theorem there exist some o € (0, 1)
such that /(o) = 0.

Thus, ax’> + bx + ¢ = 0 has at least one root in
[0, 1].

4. Foreachx e R, te€ R

AP+ +929>0

Thus, #x* + x| + 9 = 0 does not have real roots.

5. Let « and 2o be the roots of the given equation,

then
(@ —5a+3)F +@Ba-Da+2=0 (1)
(@® = 5a+3)4D)+ Ba—-DRa)+2=0 (2

Multiplying (1) by 4 and subtracting it form (2) we
get

Ba-1)Qa)+6=0
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Clearly a # 1/3. Therefore, o = - 3/3a - 1) a+(l-p)=—pand ax(l-p)=1-p
Putting this value in (1) we get = a=-land - (I-p)=1-p
(@® = 5a + 3)(9) — Ba —-1*(3) + 23a — 1) =0 = a=land1-p=0
= 94> — 45a + 27 — (9a* — 6a + 1) = 0 Thus, equation is x> + x = 0
= -39a +26=0
= x=0,-1
= a=2/3.

. 5 10. Let & be the other root of x*> + px + 12 = 0
For a = 2/3, the equation becomes x° + 9x + 18 =

0, whose roots are —3, —6. Lo (@d)=12and x+4=p
6. Let o, B be the roots of ax® + bx + ¢ = 0 = a=3and3+4=p
We are given Thus, p = 7,
a+ f= L_FL As x* + px + ¢ = 0 has equal roots, we must have
ot B pPP—4g=0
2, p2 2
:a+ﬂ2 _(a+p) 2204[3 ﬁq:lpzzﬁ
(aB) (aB) 4 4
—b (—b/a)2 ~2c/a) 11. See solution to Question No. 3
= =
a (c/a)? 12. We have
b b 2 P
a a2 a2 a tan(5)+tan(5):7 and tan(z)tan(z
= 2d*c= ab® + bc? Also P+Q=m—R=nm/2
Divide by abc to obtain N P N o_rm
ja_e b 22 4
. bb a c¢ = tan(£+2)=tan(z)
= —,2,— are in A.P. 2 2 4
abc tan(P/2) + tan(Q/2)
abc . = =1
= PRty are in H.P. 1—tan(P/2)tan(Q/2)
c a
7. 23 +2=0 ., e _,_ b
24 5o 1—cla a-c
— + 2=
= b b = -b=a-c or c=a+b
-1 -2)=0
= =D -2 13. Let o, B be roots of x> — (a—2)x —a—1=0
=1,2
= bl =1, Then o+ B=a-2, 0f=—(a+1)
= x==%x1,£2

Now, o + = (o + B)* - 20p

8. Let two numbers be o and B. We are given S @2t 2at 1)

a;ﬁ=9,m=4 =d*—4da+4+2a+2
= a+p=18and aff = 16 =a*-2a+1+3
. Required equation is =(a—-17%+3
¥ —(o+ P+ af=0 Thus, o + B is least when a = 1
or X~ 18 +16=0

14. We know that if o and B are roots of x* — bx + ¢
9. Let other root be o. Then =0, then (o — ﬁ)2 = discriminant = % — 4c.
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15.

16.

17.

18.

19.
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In the present case f= o + 1.
1=b"—4c
We can write the given equation as
(x-k?=5-k

Thus, for roots to be real we must have 5 — k > 0
or k <5.

Also, for £k <5,
x=kxV5-k

For both the roots to be less than 5, we must have
that larger of the two roots is less than 5. Therefore.

= k+vV5-k< =5JV5-k<5-k (D)

This does not hold for £ = 5. For k£ < 5, we can
write (1) as

1<J5-k or 5S—k>1 or k<4
k € (— oo, 4).

Let f(x) = a, x" + a, X" ' + ... + a,x. Then, f0)
=0 and ) = 0.

By the Rolle’s theorem 3 8 € (0, o) such that f’(f)
=0.

Thus, na,x" '+ @n - 1a, X" *+..+a =0

n

has a positive root  which is smaller than o

Let o = tan 30°, B = tan 15°, then o= !

and f=2-3 V3

1
—p—$+(2—\/§)

1 2
and q—ﬁ(z—ﬁ)—ﬁ—l

g-p=—t2--1=1

Thus,

us \/g
2+g-p=3

¥ - 2mx+m*—-1=0

= (x-mP=1 =>x=m=1

As both the roots lie between -2 and 4, we get
2<mzxl<4

= -1<m<3.

3x? +9x+17

Let =
Y 3x* +9x+7

20.

21.

22.

23.

= 33— +9y—Ix+Ty—-17=0
As x is real

81y — 1> — 1200 = 1) (Ty = 17) 2 0

= 30-DRIYy-1)-40y-17]=20
= 30-1)@l-»=20
= (y-D@r-41)<0
= 1<y<4l
a+fB=—a af=1
- Bi< s

= la-p*<5
= (a+ B’ -4af<5
= a*-4<5
= a*<9
= -3<a<3

ae (-3,3)
Let roots of x> — 6x + a = 0 be o, 4m and that of

x> —cx + 6 =0 be o, 3m where m is an integer
We have,

o+ 4dm =6, a(4m) = a
and a+3m=c¢, a(Bm)=06

= om=2= a=38

Also, a+5=6 = &> —60+8=0

= (a—g((x—4)=0 = o0a=2,4

As m is an integer, o # 4 (" am = 2)
a=2

As roots of bx> + ¢x + a = 0 are imaginary, ¢* —
4ab < 0. Now,

3b%% + 6bex + 267
2.2 2,
=3[b X +2bcx+§c }

1
=3[(bx+c)2 ——cz}
3
=3 (x+cY-—c*>2-c*>—4ab
o 3%+ 6bex + 22 > —4ab ¥V x € R.

¥-x+1=0



24,

25.

26.

27.

= XxX=- — @ where ® =—%+?i
Let a=-wand f=- &

We have 062009 + ﬂ2009

- a))2009 + (- a)2)2009

— (_ 1) [0)2007 wz + (w2)2007 CO4]
=D (@+ro=CDED=1

As a # ay, p(x) = fix) — g(x) is a quadratic poly-
nomial. As p(x) = 0 only for x = -1, we get p(x)
must be of the form p(x) = k(x + 1)2 where k =
a-—a.

As  p(-2) =2, we get
2 =k(-2+1?% = k=2.
Thus, p(x) = 2(x + 1)
p(2) =22 +1)> =18
We can write the given equation as
y—1/y—4=0 wherey=e™
=y -4 -1=0

+ /
- yZ#ZH@

Asy>0,y=2+5

= sin x = In(2++/5) > In(4) > 1

This is not possible.

Thus, equation has no real roots.
X +2x+3=0

= (x+1)?=2"

= x=-1+2i

As a, b, ¢c € R, if
—1+2i (or —1—+/2i) is a root of ax* + bx + ¢
= (0, the other root must be —1—+/2i (or —li\/ai)

Thus, x> + 2x + 3 = 0 and ax®> + bx + ¢ = 0 have
both roots in common, therefore

= a:b:c=1:2:3
(10)* = |- B = (o + B — 4o
=10=p"-3p =p*-3p-10=0

28.

29.

30.

Quadratic Equations  3.55
>@EP-55@E+2)=0 p=-2,5
Thus, p lies in the set {-2, 5}
2 2 3 3
o BT _a+p _-p

B« o q

« (5]

Thus, required equation is

xZ—(—E)x+q=O
q

or qx2+px+q2=0
As the roots are real and distinct
(a+ 12 -4@+a-8)>0
3a> +2a-33<0

= Batll)a-3)<0= —%<a<3 (1)

Y

Also, for

2?2 2@+ 1)+ +a-8<0

= @-a-6<0=>@-3)@+2)<0

= —-2<a<3 2
From (1) and (2), we get —2 <a <3

x=5 x=5

2 45x—14 (x+7)(x—-2)

Sign of E in different intervals are shown below

0< = E(say)

Sign of ; : :
E _ + : — : +
-7 2 5
us, — X7 g
(x+7)(x-2)

= -T7<x<2o0rx>S5.

Th

Therefore the least integral value o of x is — 6.
This value of o satisfies the relation o2 + 50t — 6
= 0.
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31.

32.

33.

34.

a+f _—q/p_—q

4 = -9
of rlp r

= g+t4r=0

Also, 2g=p+r [~ p, g, ¥ are in A.P.]

Thus, p=-9r,q=-4r

ot = B = (et + B)* ~ 4o
_(—_QJZ_ﬂ
p p
22_4(_lj=2
81 9/ 81
= |a—,8|=§\/§
As roots of 2x*> + 3x + 4 = 0 are non-real complex

numbers, the given quadratic equations have both
roots in common. [ See Solution Question No. 26.]

Thus, 222:% =a:b:c=2:3:4
Case 1: When x < 3/2

In this case the equation becomes
¥-(2x-3)-4=0

= X -2x+1=2

= (@-17=2 = x-1==%2
= x=1+2
Asx<3/2,wetakex=1—x/§

Case 2: When x > 3/2

In this case the equation becomes

¥+ 2x-3)-4=0

= (x+1)P¥=8=x+1+22
Asx>3/2, x=-1+22

sum of roots =(l—\/§)+(—l+2\/§)=\/§
a+ B=4V2k ap=2e" -1 =2k -1

Now,

66 =0+ B =(o+ B — 2af = 32k> — 22k* — 1)
= 33 = 16k* - 2k* + 1

= 2k* — 16k* +32=10

= K-8 +16=0

35.

36.

37.

38.

> K -4=0=k=2 [+ k>0]
We have
o+ B =(a+p’ -30f(a+p)
= (a+ P) [(o+ B> - 3af]
= (4v2)(2)[66-{22")-1}]
= 2802

Note that we must have 3x* + x + 5 > 0 and x — 3
> 0 or x = 3. Squaring both sides of (1), we get

3 +x+5=x>—6x+9

= 22+ 7x —4=0
= (2x — Dx + 4)=0
= x=1/2, — 4

None of these satisfy the inequality x > 3. Thus,
(1) has no solution.

a+ B=6, af=-2.
ay — 2ag = o' + B+ af (o + B
=(a+ P (& + p) = 6a,

ayy —2ag _

= 3

2ay
As the coefficients of
22— —kx—13=0

are all real, non-real complex roots occur in con-
jugate pair, so let the roots of (1) be 2 + 3i, 2 — 3i
and o, where o € R. Now,

Q+3)+Q2-3)+a=92= a=12

*. real root of the equation is 1/2.

[Verification: (2 + 3i) 2 - 3Da =132 = o=
1/2]

Write
PR SR EER A T Mol
= (x2 + 1)2 — X
=@ Hx+ D) -x+1)
The given equation, now can be written as

CHx+D[a-DEFE-x+D+@+1)*+x
+1D]=0

=S +x+ 1) [2ax +2x+2a] =0



39.

40.

41.

As x is real, we get

ax’> +x+a=0.

This equation will have real and distinct roots if
a#0and 1 —4a°>0=a=0,a" <1/4

=aec (-1/2,0)uU (0, 172)

If x> = 5x + 5 # 1, then x* + 4x — 60 = 0
= (x+10)x—-6)=0=x=-10,6
When x = —10 and 6, x> — 5x + 5 # 1
2~ 5x+5=1, (X =5x+5)° 60 =
In this case, x> — 5x + 4 = 0
>x-DHx-4)=0>x=1,4

If > — 5x + 5 = —1, then x* + 4x — 60 must be
even integer.

Butx’ - 5x+6=0=x=2,3
For x = 2, x> + 4x — 60 = — 48 is even.
For x = 3, x> + 4x — 60 = — 39 is odd.

Thus, sum of desired values is —10 + 6 + 1 + 4 +
2 =3,

Let a be common roots of
¥+bx—-1=0andx’+x+b=0.

Then o + baa—1=0and & + a+ b =0
=S @@ +ba-1)—(+a+b)=0
s0b-Do-b+1)=0

:>a=mifb¢1
b-1

Asa#-1,b#0

Also, (ﬂj2+b(ﬂ) -1=0

b-1 b-1
=SB+ +bb+Db-1)-(B-1*=0
= 4b+ bbb+ 1)b-1)=0
Ashb#0,4+b-1=0=b"=3
= [b] = V3

We are given

V2x+1-+/2x-1 =1 @)
Also, 2x + 1) - (2x—-1)=2 2
Dividing (2) by (1),

N2x+14+/2x—-1 =2 3)

From (1) and (3), we get

N2x+1 = 3

E )

RVZ R

2x—1 =

N | —

3
4

Quadratic Equations 3.57

42. x +y + z = 12, ¥*»*2° = (0.1)(600)*

We have

¥4z = (0.1)(600)(600)>
= (60)(600)*
— 33855

. we may take

x=3,y=4,z=5

Thus, x> + y° + 22 =33 + 43 + 5°
=27+ 64 + 125 = 216

Previous Years' B-Architecture Entrance
Examination Questions

1.

0o —

tan 30° + tan 15°= - 2p

tan 30° tan 15° = ¢

tan30°+ tan15°
1 = tan 45° =
1—tan30°tan15°
= =22 = 1-g=-2
l-g

= q=]+2p.

2. Let roots of the equation be 1- k and 1 + &, where

k> 0.
Then 2=(1-k+(1+k=—2%
o+2

| = o

= o+2

This is not possible for any value of o

P-4 -2=0

S -2°=6 = K-2==%V6
= x| =2=+J6
As|x| >0, x| =2+ 6
S>x=x2+ v6)

.. there are two values of x.

. See Solution to Question 1 in Previous Years’

AIEEE/JEE Questions.

5. axz—bx(x— 1) + c(x - l)2 =0

2
s \J +b(——x j—l—c:o
1 x—1

= a(—
x—

= _L:a,ﬁ
x—1
L . B
a+l f+1
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6.

7. f/(x) = 2ax + b = a(x+2i)

mat + b= -3x+2)p ()
= (x - Dx - 2) px)
where p(x) is a polynomial of degree 2.
s1l-a+b=0 and 16-4a+b=0
= a=5>b=4
Thus, equation whose roots are a and b is

X —-9x+20=0

a
As a >0,

1'(x) <0 forx <-b2a

and f’(x) > 0 for x > — b2a

Thus, f is strictly decreasing in the interval (— oo,
— b/2a) and strictly increasing in the interval
(= b/2a, o).

dac - b?
= >

Also, Min f(x) = f(_—b)_— 0
2a 4a

if b* < dac

As Min fix) > 0, ix) >0V x e R

.. Both the statements are true and statement- 2 is
a correct explanation for statement-1.

. As the roots are of opposite signs, the product of

roots must be negative, that is,

2_
a7 Z3a%2 6 (a—1)a=2)<0

= ae (1,2

9.

10.

I1.

The given equation can be written as

r2x +p+q)=(x+p)(x+gq)

or x2+(p+q—2r)+pq—r(p+q):O
Let roots of this equation be o , —a.

Then
O=o0+(-)=—(p+qg-2r)=>2r=p+g

and o(-0) =pq —rp +q)
1 1
= pg—= P+’ =—=(p*+¢%)
2 2
Write the equation as

(x=3k>=2k-1)
= x =3k +V2k -1

Both the roots will be greater than 3 if smaller root
is greater than 3, that is, if

3k—2Vk-1>3

= 3k-1)>V2Vk-1

= k>1land9k-1)>2= k>11/9
= 11 -9k<0.

(1 +3m)* — (1 + m>(1 +8m) <0

= 1+6m+9m>—(1+m”+8m+8m’) <0
= 2m + 8m* — 8m> < 0

= 2m(4m* — 4m + 1) > 0

= mQ2m — 1> >0

which is true for each m € N.
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