Session 3

Circles Connected with Triangle

Circles Connected with Triangle
Circumcircle of a Triangle

The circle which passes through the angular points of a
AABC is called its Circumcircle. The centre of this circle is
the point of intersection of perpendicular bisectors of the
sides and called the Circumcentre. Its radius is always
denoted by R.

Note
1. Circumcentre of an a cute-angled triangle lies inside the
triangle.
2. Circumcentre of an obtuse-angled triangle lies outside the
triangle.
3. In aright angled triangle the circumcentre is the mid-point of
hypotenuse.

Circum-radius

The radius of the circumcircle of a AABC is called the
circum-radius given by;
a b c

_ _ _abc
2sinA 2sinB  2sinC

(i) R =2

(i) R=

Proof

(i) Here, the perpendicular bisectors of the sides BC, CA
and AB intersect at O.

.. O s the circumcentre such that,
OA=0B=0C=R

ZBOC=2/A

ZBOD=/COD=/A

We have,



InAOBD,  sinA=2D _9/2

B R

F
A
B
= R=_"2
2sin A
Similarly, R= b and R = ¢
2sin B 2sinC

Hence,| R = a __b ¢

_ZSinA _ZsinB _ZSinC

(ii) As discussed, Area of A :% besin A

= sinA = A ...(i)
be
Also, rR=—12 ...(ii)
2sin A
*. From Egs. (i) and (ii);
_a _abc _abc
4N

oy
be

In-circle or Inscribed Circle of a
Triangle

The circle that can be inscribed with in a triangle so as to
touch each of its sides is called its inscribed circle or
In-circle. The centre of this circle is the points of
intersection of bisectors of the angles of the triangle. The
radius of the circle is always denoted by 7’ and is equal to
the length of perpendicular from its centre to any one of
the sides of triangle.

In-radius The radius of the inscribed circle of a triangle
is called the in-radius. It is denoted by 7’ and is given by

(i) r="2
N

(ii) r =(s—a)tan?=(s—b)tan§ =(s—c)tan§.

_asinB/2-sin C/2

(iii) r =
CcosA/2
bsinC/2 -sin A2 c¢sin A/2.sin B/2
r=——m—m—— = r=—
cosB/2 cosC/2

(iv) r =4Rsin A/2 sin B/2 sin C/2

Proof Let the internal bisectors of the angles of the
triangle ABC meet at I. Suppose the circle touches the
sides BC, CA and AB at D, E and F, respectively.

Then, ID, IE, IF are perpendicular to these sides and

ID=IE=IF =r.
. FE
r
/< B2

B D

b

(i) We have, area of AABC = area of AIBC + area of
AIAB + area of AICA

1 1 1
A=—ar+=cr+=br
2 2 2

1 +b+
A==(a+b+c)r=sr as;s=u
2 2
= A=sr
A
or r=—.

s
(ii) Since, the lengths of the tangents to a circle from a
given points are equal, therefore

AE = AF, BD = BF and CD = CE. (D)

Now, 2s=a+b+c=BC+CA+ AB
=(BD + DC) +(CE + EA) + (AF + FB)
=(BD + BF) +(AE + AF) +(CD + CE)
=2(BD + AE + CD) =2(BC + AE) =2(a + AE)
= s=a+ AE
= AE =(s—a)
Now, in AIAE,
tanézi
= r=AEtan(A/2) =(s—a)tan A /2

r=(s—a)tanA/2
Similarly, r=(s—b)tanB /2 and r =(s—c)tanC /2
r=(s—a)tan A /2
=(s—b)tanB/2=(s—c)tanC /2

Hence,

|



(iii) In AIBD and AICD, we have,

tan B 2 = and tanE -
BD CD

r

BD = and CD =
tan B /2 tanC /2
Now, a=BD+CD
r r
= a= +
B C
tan| — tan| —
2 2
cosB/2 cosC/2
= a=r +
sinB/2 sinC/2
cosB/2-sinC/2+sinB/2-cosC /2
= a=r
sinB/2-sinC /2
a:rsm(B/2+C/2) [+ A+B+C=n]
sinB/2-sinC /2
. (T A
sin(B /2 + C /2) =sin| 5—5 =cosA/2.
rcos A /2
=

a=—
sinB/2-sinC /2
. asinB/2-sinC /2 . bsinA/2-sinC /2 a

nd
cos A /2 cos B /2
e csinA/2-sinB/2
cosC /2
(iv) We have, r = asinB/2-sinC /2 and R = a
Cos A /2 2sin A

2RsinA-sinB/2-sinC /2

= r=

cos A /2
N r_2R-(2sinA/2-cosA/2)-sinB/2-sinC/2
Cos A2

= r=4Rsin A/2-sinB/2-sinC /2

Escribed Circles of a Triangle

The circle which touches the sides BC and two sides AB
and AC produced of a triangle ABC is called the Escribed
circle opposite to the angle A.

Its radius is denoted by r,. Similarly, r, and r, denote the
radii of the escribed circles opposite to the angles B and C,
respectively. The centres of the escribed circles are called
the ex-centres.

The centre of the escribed circles opposite to the angle A
is the point of Intersection of external bisector of angles B
and C. The internal bisector also passes through the same
point. This centre is generally denoted by I,.

Formulae forr,r,, 1,

In any AABC, we have
A A A

(i)r1= Ty = s Ty =
s—a s—b s—c

(ii) r, =stanA/2,r, =stanB/2,r, =stanC /2
_acosB/2-cosC/2 . _bcosAf2-cosC /2

(iii) r, = ,
' COosA/2 : cos B /2
.= ccos A/2-cosB/2
’ cosC /2

(iv) , =4Rsin A /2cos B /2.cos C /2,
r, =4Rcos A/2sinB/2.cosC /2,
r, =4Rcos A/2cos B /2.sinC /2

Proof (i) Let the AABC be as;

We have,
I.D=1E=IF=r,
Now, area of AABC = area of AI, AC + area of AI, AB
—area of AI, BC

= A=1E.-Ac+irF aB-11D. BC
2 2 2

1 1 1
A=—-rb+=-rc—=ra
2 2 2

A:r—l(b+c—a)
2

A:%(23—2a) [using a + b + ¢ =2s]
A
= o=
s—a
Similarly, r, = andr, =——
s— s—c¢

(ii) Since, the lengths of tangents to a circle from an
external points are equal,

AE = AF, BD = BFand CD =CE
Now, AE + AF =(AC +CE) +(AB + BF)
=(AC+CD) +(AB+ BD)

=AC+ AB+CD + BD



=AC+ AB+ BC
=a+b+c=2s.
= 2AF =2s
= AE = AF =5
I.F
In AIAF, tan A2 =17 =11
AF
r
= tanAR2=-"1
s
= r,=stan A/2

Similarly, r, =stan B/2and r, =s tan C/2.
(iii) In AI, BD, we have

BY I.D
tan| — |=——=—L
2 BD BD

B

= BD =r, tan—

2

Similarly, in AI,CD, we have

CD =r, tang
2

Now, a=BC=BD+CD=r, tanE +r tang
2 2

B C cos A2
=r|tan—+tan— |=r, —————
2 2 cosB/2cosC /2
acosB/2cosC /2
fet - @
COs A/2
Similarly,
bcosA/2-cosC /2 ccosA/2-cosB/2
r, = andr, =
cos B /2 cosC /2
(iv) We have, r, = acosB/2-cosC /2 and R=_ %
Cos A /2 2sin A
2Rsin A-cosB/2-cosC /2
= r=
CosA/2
N _4RsinA/2-cosA/2-cosB/2-cosC /2

1

cos A2
. r, =4Rsin A/2-cos B/2-cosC /2
Slmllarly, r, =4Rcos A/2-sinB/2-cosC /2
r, =4Rcos A/2-cos B/2-sinC /2

Example 12. Show that =+ <=9, 970 _¢
r, r r,
ol LHs (=), (c=a) (a=b)
rl r2 r3
S —
= (b—c)( A j+(c—a)( A )+(a—b)( A

- (s—a)b—c)+(s=Db)(c—a)+(s—c)a—Db)

A
_s(b—c+c—a+a->b)—[ab—ac+ bc—ba+ac— bc]
A
2220 RHS

A
Thus, b—c+c—a+a—b=0
r r r

Example 13. If r, =1, +r, +r, then prove that the
triangle is right angled.

Sol. We have, n—r=r,+r,
A A A A
= — = +
s—a s s—-b s-c
s—s+a s—c+s-b
e =
s(s—a) (s—=b)(s—c)
= a :23—(b+c) [as,2s=a+ b+ c]
s(s—a) (s—b)(s—c)
a a
— =
s(s—a) (s=0b)(s—c)
= s —=(b+c)s+bc=s"—as
= s(—a+b+c)=bc
N (b+c—a)(a+b+c):bc
2
= (b+c)* —(a)’ =2bc
= b* + ¢* + 2bc — a® = 2bc
= b’ +c*=a’
LA =90°

B C
Example 14. Prove that reot--cot— =

Sol. LHS rcotB/2-cotC /2
cosB/2 cosC /2
sin B/2 . sinC /2

[as,r = 4Rsin A /2-sin B/2-sin C /2]
= 4R-sin A /2-cos B/2-cosC /2
= r, =RHS [as, r, = 4Rsin A /2- cos B/2- cos C /2]
s.rcotB/2-cotC2=r,

= 4Rsin A /2-sin B/2-sinC /2-

Example 15. In a right angled triangle, prove that

r+2R=s.
Sol. In a right angled triangle, the circum centre lies on the

hypotenuse.

N R= g ) [+ ZA =90

Also, r=(s—a)tanA/2=(s—a)tan45°
r=(s—a) ..(ii)

From Eqgs. (i) and (ii), we get r =s—2R

= r+2R=s.



Example 16. The ex-radii r,,r,,r; of a AABC are in HP,
show that its sides a,b, c are in AP.
Solution. r,, r,, r, are in HP.
= z2_1.1

T, n T

2(s—b):(s—a)+(s—c)

=

A A A
= 25—=2b=2s—(a+c)
= 2b=a+c

Hence, a, b, ¢ are in AP.

Example 17. If A B, C are the angles of a triangle, then
prove that

r
cosA+cosB+cosC=1+E.

Sol. cos A + cosB + cosC

(A+B) (A—B
=2cos - COS
2 2

-8 +1—2sin2£
2 2

)+ cosC

. C (A
:Zsmg-cos

1z (422 (€]
)

. C A-B
=1+251n5 cos

C A B
=1+ Zsin—'Zsin?'sin—

. A B . C r
=1+4sin—-sin—-sin—=1+ —
2 2 2

[as, r = 4Rsin A /2-sin B/2-sinC /2]

= cosA+cosB+cosC=1+%

Example 18. Find the ratio of the circum-radius and
the inradius of AABC, whose sides are in the ratio
4:5:6.
Sol. Here, a=4k, b=5k, c =6k
15k
T2

A= \/s(s —a)(s—b)(s—c)

_ ka(wk _ 4k)(15k . Sk)(wk _ 6’<)
2 2 2 2

_ 1547 Py
4

N

..(0)

...(ii)

R zabc _ 4k -5k -6k

and e [using Eq. (ii)]
D
4
8
R=—k ...(1ii)
7
A 157, 2
d :—:71(2-7 i E . i d ii
an r : . o [using Eqs. (i) and (ii)]
r:ﬁk (IV)
2
R _8k/\7 16 ‘ .
—= =— [using Egs. (iii) and (iv)]
i P g Eqs. (iii) and (iv)
= R:r=16:7

Example 19. Find the ratio of IA:IB:IC, where I is the
incentre of AABC.

Sol. Here, BD:DC=c:b
A
|
B D C
But BD+ DC =g
c
BD = -a (1
b+c ®
In AABD, BD = AD
sinA/2 sinB
__ac _snB _ 2A -cosec A /2 ...(ii)
b+c sinA/2 b+c
Al AB c b+c
Also, —=—"—+= = using Eq. (i
D 8D ac ; [using Eq. (i)]
b+c
ID a
or —=
Al b+c
On adding ‘1’, we get
ID a ID+ Al a+b+c
—+1= +1= =
b+c Al b+c
= Alzbi.
atb+c
AI=&- 24 -cosecA/2=é~cosecA/2
atb+c b+c s
. A
Similarly, BI =—-cosec B/ 2

N

Cl = écosec C/2
s

A A A
= JA:IB:IC = —-cosec A/2:—cosec B/2: —cosec C/2
S S N

JA :IB: IC = cosec A /2: cosec B/2:cosec C/2



Note
Student are advised to remember the above result i.e.
IA=rcosec A2, IB=rcosec B/2, IC=rcosec C/2.

Example 20. If the sides of a triangle are in GP and
the largest angle is twice the smallest angle, then find
the relation for r.

Sol. Let the sides of A be a, b =ar, ¢ =ar’®, wherer >1

Here, ¢ = 2A (given)

So, B=n-A-C=mn-3A
a b ¢ T r
sinA sinB sinC sinA sinB sinC
1 r r’
= = =
sinA sin3A sin2A
sin3A

r’=2cosAandr = =3 —4sin’ A

sin A
r=4cos’A -1
r=r*-1

Thus, the required relationis r* —r — 1 =0,

Example 21. The equation ax” +bx + ¢ =0, where
a,b, c are the sides of a AABC, and the equation
x2 ++/2x+1=0 have a common root. Find measure for
ZC.

Sol. Clearly, the roots of x* + 2x +1 = 0 are non-real complex.

So, the one root common implies both roots are common.

So, 7=7=£=k

1 2 1

a+b-ct

cosC =
2ab
kP42t -k 1
2k 2
= ZC = 45°

Example 22. If in a AABC, the value of
cot A cotB,cotC are in AP show a”,b*,c? are in A.P.
Sol. Here; cot A, cot B, cotC are in AP.

V+ci—a* c¢*+ad-b d+b-¢*

= s b are in AP
2be -4 2ac-— 2ab-<-
2R 2R 2R
= b*+c*—a’, ¢’ +a’ - b a* +b° —c?arein AP
{multiplying by azc:|
= —2a*, — 2b*, —2¢” are in AP
[subtracting a* + b + ¢” from each]
= a®, b*, ¢’ are in AP.

Aliter 2cotB = cotA + cotC

N Aa +c" =) _b+ct-a’ a+b -
2ac kb 2bc -ka 2ab-kc
[using sine and cosine law]
= Aa*+c?-b)=b"+c*-ad +a*+b" -’
= 2a’ +c* - b*)=2b°
= a+c?=-b"=b or a’+c*=2"

ie.a’, b? c? arein AP.

Exercise for Session 3

1. The side of a triangle are 22 cm, 28 cm and 36 cm. So, find the area of the circumscribed circle.
2. If the lengths of the side of a triangle are 3, 4 and 5 units, then find the circum radius R.
3. In an equilateral triangle of side 2+/3 cm. The find circum-radius.
4. If8R? =a% + b? + ¢?, then prove that the A is right angled.
5. Ina AABC, show that2R? sin AsinBsinC = A.
6. In a AABC, showthataCOSA+bCOSB+CCOSC=L
a+b+c R
7. Ifthe sides of a triangles are 3 : 7 : 8, then find ratioR : r.
8.

9. In any AABC, findsin A + sinB + sinC.

In an equilateral triangle show that the in-radius and the circum-radius are connected byr = g
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10.

11.

12.
13.
14.
15.
16.

17.
18.
19.

20.

21.
22.
23.

24.

25.

26.

27.

28.
29.
30.

31.

32.
33.
34.

In any AABC, show thatcos A + cos B + cos C = (1 + %)

L+r r-r _c

If the side be a,b and ¢, then show that + 5 =—

Show thatr,r, + r,r, + rr, =s*
Show that(r, +r,)(r, + 1, )(ry + ;) =4Rs?
Ifr, =r, + r, + r, then show that A is right angled.

In an equilateral triangle, show that the in-radius, circumradius and one of the ex-radii are in the ratio 1: 2 : 3.

Showthat 1_1 J_l J_l :%
ron)\r n)\r n r<(xa)

Ifr,,r,,ry in a triangle be in HP, then show that the sides are in AP.

In a AABC, show thatr, r, r, = A°.

If1,,1,,1, are respectively the perpendicular from the vertices of a triangle on the opposite side, then show that
a’b?c?

Wiy ly ="

If the angle of a triangle are in the ratio 1 : 2 : 3, then show that the sides opposite to the respective angle are in
the ratio 1:4/3 : 2.

Show that, 4 Rr cos écos Ecos 9 =S
2 2 2

1 _za’

To show that 12 +
h

+

If(a—-b)(s—c)=(b —c)(s —a), then show thatr,r,,r, are in HP.
1 1

oot 8

Show that(r, —r)(r, —r)(r, —r)=4Rr?

3
Show ’[hat(1 + 1)(1 + 1][1 + 1) = 624"3 5
n L)\ )\ n ab‘c

If the sides be a, b and c, then find the value of (r + ;) tan

+(r+r,)tan +(r+ry)tan

If the sides be a, b, ¢, then find value of b-c +c-a.8 _b.
nooon oo

If the sides be a, b, ¢, then find (r, —r)(r, + 1,).
Ifa, b, c are in AP, then show thatr, r,,r, are in HP.
r

Showthatr—1+ri+—3=2R—r
bc ca ab

Show thatr, +r, = ccot(%)

Show thatRr(sinA +sinB +sinC)=A
Show that16R?r r, r, r, =a’b?c?

Ifi = ri, then show that c =90°.
Lo



Answers

Exercise for Session 3
1. 1018.81 sq. cm 2.2.5 3.2ecm 7.7:2 9.

x|

26.(1) 27.0 28. a°b*
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