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Solutions of Triangle

SOLUTIONS OF TRIANGLE

The process of calculating the sides and angles of triangle using given information is called solution
oftriangle.

In a AABC, the angles are denoted by capital letters A, B and C and the length of the sides opposite
these angle are denoted by small letter a, b and c respectively.

1. SINE FORMULAE :

In any triangle ABC
a_ _ b _ ¢ _ - abc _9R
sinA sinB sinC 2A

where R is circumradius and A is area of triangle.

Illustration 1 :  Angles of a triangle are in4 : 1 : 1 ratio. The ratio between its greatest side and perimeter
is

V3 V3

3 1
A B C D) -7
SN ® ©3 5 TN
Solution : Anglesareinratio4:1: 1.
= angles are 120°, 30°, 30°.

If sides opposite to these angles are a, b, ¢ respectively, then a will be the greatest side.

a b C

Now from sine formula ‘255 55 =5 305 ~ sin30°

a b ¢
= B2 12 12
a _b_c_k
= FT101 Ky

then a= \/gk , perimeter = (2 + \/g)k

J3k NG

required ratio = 2+ \/g)k . \/g Ans. (B)
Hlustration 2 :  In triangle ABC, if b =3, ¢ = 4 and /B = 1/3, then number of such triangles is -
(A1 (B)2 (X0 (D) infinite
Solution : Using sine formulae sinB _ sinC
C
sint/3 _sinC 3 sinC . 2 L :
= 3 a4 = % = Slj = sinC= ﬁ > 1 which is not possible.
Hence there exist no triangle with given elements. Ans. (C)

) ]
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Hlustration 3 :  The sides of a triangle are three consecutive natural numbers and its largest angle is twice
the smallest one. Determine the sides of the triangle.
Solution : Let the sidesben,n + 1, n + 2 cms.
ie. AC=n AB=n+1,BC=n+2
Smallest angle is B and largest one is A.
Here, ZA=2/B
Also, ZA + ZB + ZC = 180°
= 34B+ ZC=180° = ZC=180°-34B
We have, sine law as,

C n+2 B

sinA sinB _sinC sin2B smB  sin(180 -3B)

n+2 n  n+l = n+2 n n+1

sin2B sinB sin3B
n+2 n n+1
(1 @) (i)
from (i) and (ii);
2sinBcosB sinB n+2
= — cosB=
n+2 n 2n

and from (ii) and (iii);

=

sinB  3sinB-4sin’ B sinB  sin B(3-4sin’ B)
= : =
n n+1 n n+1

= n—-|_1:3—4(1—cos2B)
n

from (iv) and (v), we get

n+1 n+2 ? n+1 n’ +4n+4
—=-1+4 = —+l=—F
n 2n n n

2n+1 n’*+4n+4 5 5
= = > = 2nn+n=n+4n+4
n n
= n-3n-4=0 = @m-4n+1)=0

n=4or-1

where n = —1

n = 4. Hence the sides are 4, 5, 6 Ans.

Do yourself - 1 :
@ IfinaAABC, 4A=% andb:c=2: 3, find /B.
@ii) Show that, in any AABC : a sin(B — C) + b sin(C — A) + ¢ sin(A — B) = 0.

sinA _sin(A-B)

@iii) Ifina AABC, ——=—
sinC sin(B-C)

, show that a2, b%, ¢? are in A.P.

2 -]
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Solutions of Triangle

2.  COSINE FORMULAE :

b*+c’—a’ ¢’ +a’>—b’ a’+b’>—c?
COSA=—— b) cosB=—— cosC=——
(@) 2bc (b) 2ca © 2ab
or a>=Db’ + ¢ — 2bc cosA
Hlustration 4 :  In a triangle ABC, if B =30° and ¢ = \/5 b, then A can be equal to -
(A) 45° (B) 60° (C)90° (D) 120°
Solu We havecqe g SFE D ¥3_3bT4alob?
olution : ¢ have cos B = e = 2xJ3bxa
= a’-3ab+2’=0 = (a—-2b)(a—-b)=0
= Eithera=b = A=30°
or a=2b = a’=4b>=b>+c* = A =90° Ans. (C)
Illustration 5 :  In a triangle ABC, (a> —-b*> — ¢? ) tan A + (a®> — b® +¢?) tan B is equal to -
(A) (@* + b* —¢?) tan C (B) (a> + b* + ¢?) tan C
(C) (b* + ¢* —a?) tan C (D) none of these
Solution : Using cosine law :

The given expression is equal to —2 bc cos A tan A + 2 ac cos B tan B

+

= 2abc(—
a b

sin A s1nBJ:O

Ans. (D)

@)

(b)

Do yourself - 2 :
@ Ifa:b:c=4:5:6,thenshow that ZC=2/A.
(ii) Inany AABC, prove that

cosA . cosB . cosC a’+b’+¢’
a b c 2abc

2 2 2 4 4 4
c a a +b” +c
—cosA+—cosB+—cosC=———
a b c 2abc

3.  PROJECTION FORMULAE :

(@ bcosC+ccosB=a (b) ccosA+acosC=b

)

(¢) acosB+bcosA=c
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A
Illustration 6 : In a AABC,C cos” E"‘ acos” 5 = B then show a, b, ¢ are in A.P.

c a 3
Solution : Here, 5(1 +CosA)+ 5(1 +cosC) = -

= atct+(ccosA+acosC)=3b
= at+c+b=3b {using projection formula}
= at+tc=2b

which shows a, b, ¢ are in A.P.

Do yourself - 3 :

5
@) InaAABC,if ZA =§, /B =£, show that a +cy/2 =2b .

(i) InaAABC,provethat: (a) b(acosC—ccosA)=a>-¢c¢* (b) 2 [b cos’ % +ccos’ ?J =a+b+c

4. NAPIER'S ANALOGY (TANGENT RULE) :

- - C-A c—a B - -
(a) tan(B—CJ:b Ccot% (b) tan( > JZ COtE (c) tan(Aszza bcotg

2 b+c ct+a

Hlustration7:  In a AABC, the tangent of half the difference of two angles is one-third the tangent of

half the sum of the angles. Determine the ratio of the sides opposite to the angles.

Soluti H tan(A_Bj—ltan(A+Bj .
olution : ere, > 3 ) e (1)
A-B a—-b C
ing Napier' 1 tan = .ccot| —| L. il
using Napier's analogy, ( > j b [2j (11)

from (i) & (ii) ;

1 A+B) a-»b C _
—tan( j= .cot(—j = lCO‘[ g = a b,cot g
3 2 at+b 2 3 2 a+b 2

fasA+B+C=mn .. tan(B;Cj= tan(g—%jzcotg}

2
a-b 1
= b 3 O 3a—3b=a+b
2a =4b or 32%32:1
b I a 2
Thus the ratio of the sides opposite to the anglesisb:a=1: 2. Ans.

4 -]
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Do yourself - 4 :

tan B
b-c 2

@i Inany AABC, prove that brc = (B+ Cj
tan
2
.. . A [c-b . a’-b’
(i) IfAABC isright angled at C, prove that: (a) tan— = (b) sin(A-B)=—-
2 +b a~+b
5.  HALF ANGLE FORMULAE :
s=2F bre _ semi-perimeter of triangle.
@ () sin>= (s—b)(s—c) (i) sinE _ [(s—c)(s—a) (i) sing _ /(s —a)(s—b)
bc 2 ca 2 ab
: A _ [s(s—a) , B_ [s=b) C_ [s(s—¢)
COS—=,|—— COS—=,[—— cosS—=  |———=
®) 0 2 bc @ 2 ca (it} 2 ab
A _ _ o) — —a)(s—
© (@) tan>- (s=b)(s—c) B_ [5=¢)s-2a) (i) tan C_ [(s—a)s—b)
2 s(s—a) s(s—b) 2 s(s—¢)
- s(s—a) - s(s—b) B s(s—c)
(d) Area of Triangle
—lbcsinA —lcasinB —labsinC —la —lb —lc
A =/s(s—a)(s—b)(s—c) 5 5 5 58Py = bp, =—cps,
where p,,p,.p, are altitudes from vertices A,B,C respectively.
Hllustration 8 :  1f in a triangle ABC, CD is the angle bisector of the angle ACB, then CD is equal to-
X a+b cosg B 2ab sing c 2ab cosg - bsin ZDAC
(A) 2ab 2 (B) a+b 2 © a+b 2 ) sin(B+C/2)
Solution : ACAB = ACAD + ACDB

1 1
=  —absinC = lb.CD.sin(ngr—a.CD sin(gj
2 2 2) 2 2

= CD(a+Db) sin(%j=ab (2 sin (g)cos(gn

2abcos(C/2)
CD=—" ",
(a+b)
CD 3 b
sin ZDAC sin ZCDA

_ bsin ZDAC
sin(B+C/2)

So

and in ACAD, (by sine rule)

Ans. (C,D)

) 5
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s
Illustration 9 :  1If A is the area and 2s the sum of the sides of a triangle, then show A < 33

Solution : We have, 2s=a+b+c, A”=s(s —a)(s — b)(s — ¢)
Now, AM. > G.M.

(s—a)+(s—b)+(s—c)

3s—2s

or
3

or 52(
3

or —<—

> {(s—a)(s—b)(s—c)}"”

Ans.

Do yourself - 5 :

@ Givena=6,b=38, c=10. Find

(a)sinA (b)tanA

(d) cosé
2

(ii) Prove that in any AABC, (abcs) sin%.sing.sin% =A".

(e) 123.1’1é
2

(M A

6. m-n THEOREM :

(m+n) cot O =mcota—ncotf
(m+n)cot @=ncot B—mcot C.

7. RADIUS OF THE CIRCUMCIRCLE 'R':

Circumcentre is the point of intersection of perpendicular bisectors of
the sides and distance between circumcentre & vertex of triangle is

called circumradius 'R'.

a

T 2sinA 2sinB _ 2sinC _ 4A
8. RADIUS OF THE INCIRCLE 'r' :

Point of intersection of internal angle bisectors is incentre and
perpendicular distance of incentre from any side is called inradius 'r'.

T :é:(s—a)tané:(s—b)tanE = (s—c)tang =4RsinésinEsing.
] 2 2 2 2 2 2

PTT  cde06B0AH ANKotoVEE(Adanced\Nurure\ohs\Shee\SOT\Eng 5
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Hlustration 10 : In a triangle ABC, ifa:b:c=4:5: 6, thenratio between its circumradius and inradius
is-
16 16 o7 .}
() = B) % ©) 1 D)
R abc /A (abc)s R abc )
Solution : —= /= —=
otution r 4Al s 4T T T A(s—a)s—b)s—o) ®
bicmd:5:6 = 2=R_S_,
a:b:c=4:5:6 = 15 6 (say)
= a=4k,b=5k, c=6k
S_a+b+c_15k _B b—ﬁ _ﬁ
> S »STa= ,s-b=—rs—c=
D e R (4k)(5k)(6k) 16
using (i) in these values . ) 7k (5K (3K = Ans. (A)
2 2 2

Hlustration 11 :  1f A, B, C are the angles of a triangle, prove that : cosA + cosB + cosC = l+%.

Solution :

.COS +cosC
2 2
_Bj+1—25inzg = 1+2sin£[cos(A_Bj—sin(gﬂ
2 2 2 2
= 1+2sin£[cos(A_B)—cos(A+Bﬂ -,-92900_(A+Bj
2 2 2 2 2

= l+2sing.2siné.sinE =1 +4siné.sinE.sing
2 2 2 2

cosA + cosB + cosC = 2cos(A+

=2sin£.cos(A
2

r
- 1+E {as, r = 4R sin A/2 . sinB/2 . sinC/2}

r
= cosA + cosB + cosC = 1+E. Hence proved.

@

(i)

(iif)

Do yourself - 6 :

Ifin AABC,a=3,b=4 and c =5, find

(@ A b R () r
In a AABC, show that :

2_b? A B A b
@) a Cb =2Rsin(A - B) (b) rcos;cos;cos%=ﬁ (c) a+b+c=%

Let A & A' denote the areas of a A and that of its incircle. Prove that

A:A= coté.co‘[E.cotg I
2 2 2

)
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9. RADII OF THE EX-CIRCLES :
Point of intersection oftwo external angles and one internal angle bisectors

is excentre and perpendicular distance of excentre from any side is called
exradius. Ifr is the radius of escribed circle opposite to ZA of AABC and

so on, then -
acosBcosC
A A . A B 5 COS
(@ 1, =——=stan—=4Rsin—cos—cos— = 2 2
S—a 2 2 2
CcoS—
2
bcosAcosC
A B A . — oS
(b) I, :—ZStan—=4RCOS—sln—cos—:#
s—b 2 2 2 B
CcOS —
2
ccosAcosB
A A ‘ — —
(¢ r3=—=stang:4Rcos—cos—sm—:#
S—c 2 2 2 C
COSE

I, I and I, are taken as ex-centre opposite to vertex A, B, C repsectively.

b-¢c c¢c—-a a-b

Hllustration 12 :  Value of the expression + + is equal to -
I.l rZ r3
(A)1 (B) 2 ©)3 (D)0
(b—c) (c-a) (a-b)
S + +
Solution : T L, I,

N (b—c)(%}+(c—a)[%}+(a—b).(%)

(s—a)(b—c)+(s—b)(c—a)+(s—c)(a—Db)
A

_s(b—c+c—a+a-b)—[ab—ac+bc—ba+ac—bc] _2_0
A A

b—c c-a a-b
Thus, —~+5~2 4372 _ Ans. (D)
rl r2 r3

Hlustration 13 :  1fr, =1, + 1, + 1, prove that the triangle is right angled.
Solution : We have, r, —r =r, + 1,

A A

A A s—s+a s—c+s-b

T s-a s s—b s-c  s(s-a) (s-b)s—o)

a  2s—(b+c)

= s(s—a)_(s—b)(s—c)
a a

s(s—a) - (s—=b)(s—¢)
8 "]

{as,2s=a+Db+c}

= s —(b+c)s+bc=5"—as

PTT  cde06B0AH ANKotoVEE(Adanced\Nurure\ohs\Shee\SOT\Eng 5
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= s(-at+tb+c)=Dbc

(b+c—a)(a+b+c)
2
b’ + ¢* + 2bc — a® = 2bc

bc

= (b+c)—(a) =2bc
= b+ci=a
ZA =90°. Ans.
Do yourself - 7 :
@i In an equilateral AABC, R = 2, find
@ r (b) (©
@ii) Ina AABC, show that
5 201 Y1 1)1 1)
(a) rlr2+r2r3+r3r1—sz (b) S [;—r—l ;—g ;—g =R
() o =A
10. ANGLE BISECTORS & MEDIANS :
An angle bisector divides the base in the ratio of corresponding sides. A
@ —E BD = i & CD = C b
O b " b+c " b+c
. ) B ) C
Ifm and 3 are the lengths of a median and an angle bisector from the
angle A then,
1 2bc cos?
m_=—+/2b" +2¢* —a’ = £
Y2 and P, b+c
2 2 2 3 2 2 2
Note that m, +m, +m; :Z(a +b"+c¢7)
11. ORTHOCENTRE : A
(@) Point ofintersection ofaltitudes is orthocentre & the triangle KLM
which is formed by joining the feet of the altitudes is called the M b N
pedal triangle.
B A C

(b) The distances of the orthocentre from the angular points of the AABC

are 2R cosA, 2R cosB, & 2R cosC.

(¢) The distance of P from sides are 2R cosB cosC, 2R cosC cosA and

2R cosA cosB.
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Do yourself - 8 :
@i Ifx, vy, z are the distance of the vertices of AABC respectively from the orthocentre, then
a b c abc
prove that —+—+—=—+
X Yy Z Xyz
(i) Ifp,, p,, p; are respectively the perpendiculars from the vertices of a triangle to the opposite

sides, prove that

a’b’c? 1
@ PpyP; ="gps (®) A=y Rpip.ps
@iii) Ina AABC, AD is altitude and H is the orthocentre prove that AH : DH = (tanB + tanC)
: tanA

@iv) In a AABC, the lengths of the bisectors of the angle A, B and C are x, y, z respectively.

1 A 1 B cC 1 1 1
Show that —cos—+—cos—+—coS—=—+—+—,
X 2y 2 z 2 ab c

12.

THE DISTANCES BETWEEN THE SPECIAL POINTS :

(@) The distance between circumcentre and orthocentre is = R+/1-8cosA cosBcosC

(b) The distance between circumcentre and incentre is =+/R? —2Rr

(¢) The distance between incentre and orthocentre is = \/ 21> —4R*cos A cosBcosC

(d) The distances between circumcentre & excentres are

Ol = R\/l+8sin%cosgcos% =,R? +2Rr, & so on.

Hllustration 14 :  Prove that the distance between the circumcentre and the orthocentre of a triangle ABC

is Ry/1-8cosA cosBcosC -

Solution : Let O and P be the circumcentre and the orthocentre respectively. If OF is the perpendicular

10

to AB, we have ZOAF = 90° — ZAOF = 90° — C. Also ZPAL = 90° — C.
Hence, ZOAP = A — ZOAF — Z/PAL = A -2(90°-C)=A +2C - 180°
=A+2C-(A+B+(C)=C-B.
Also OA = R and PA = 2RcosA.
Now in AAOP,

OP?* = OA” + PA? — 20A. PA cosOAP

eeeeee———————()

PTT  cde06B0AH ANKotoVEE(Adanced\Nurure\ohs\Shee\SOT\Eng 5
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13.

Solutions of Triangle

=R’ + 4R%cos” A — 4R* cosAcos(C — B)
= R’ + 4R’ cosA[cosA — cos(C — B)]

= R? — 4R? cosA[cos(B + C) + cos(C — B)] = R? — 8R? cosA cosB cosC.

Hence OP = R\/l —8cosAcosBcosC. Ans.

SOLUTION OF TRIANGLES :
The three sides a,b,c and the three angles A,B,C are called the elements of the triangle ABC. When

any three of these six elements (except all the three angles) of a triangle are given, the triangle is
known completely; that is the other three elements can be expressed in terms of the given elements

and can be evaluated. This process is called the solution of triangles.

* If the three sides a,b,c are given, angle A is obtained from tan% = (S_(b)#
\/ s(s—a

b*+c* —a’ D .
Or cosA = “ohe .B and C can be obtained in the similar way.
C
. B-C b- A .
* If two sides b and ¢ and the included angle A are given, then tan 5= . ¢ COtE gives
C

B-C B+C .. A S
— Also , 90 ~ .80 that B and C can be evaluated. The third side is given by

. sinA

" sinB

or a>=b*>+ ¢? — 2bc cos A.

* If two sides b and ¢ and an angle opposite the one of them (say B) are given then

bsin A

Sin

) C .
sinC = ™ sinB, A=180°-(B+C) and a= given the remaining elements.

Casel:
b <c sin B.

We draw the side ¢ and angle B. Now it is obvious from the

figure that there is no triangle possible.
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Casell :
b = c sin B and B is an acute angle, there is only one triangle possible.

and it is right-angled at C.

Case III : A
b > ¢ sin B, b <c and B is an acute angle, then there are two triangles possible |

for two values of angle C.

Case IV :

b > c sin B, ¢ <b and B is an acute angle, then there is only one triangle. Comn,

5
-
_______

Case V :

b > csin B, ¢ > b and B is an obtuse angle.

For any choice of point C, b will be greater than ¢ which is a
contradication as ¢ > b (given). So there is no triangle possible.

Case VI :

b > csin B, c <b and B is an obtuse angle.

We can see that the circle with A as centre and b as radius will cut the
line only in one point. So only one triangle is possible.

Case VII :

b>cand B =90°.

Again the circle with A as centre and b as radius will cut the line only
in one point. So only one triangle is possible.

Case VIII :
b <cand B = 90°.
The circle with A as centre and b as radius will not cut the line in any

point. So no triangle is possible.

This is, sometimes, called an ambiguous case.

PTT  cde06B0AH ANKotoVEE(Adanced\Nurure\ohs\Shee\SOT\Eng 5
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|
Alternative Method :

By applying cosine rule, we have cosB =

a’+c’—b’
2ac

= a’—(2ccosB)a+(c?—b*)=0= a=ccosB J_r\/(c cosB)2 —(c2 —bz)

= a=ccosB = /b —(csinB)2

This equation leads to following cases :

Case-1:

Case-11I:

Case-I11:

* If one side a and angles B and C are given, then A=180°—(B+ C),and b =

If b < csinB, no such triangle is possible.

Let b = ¢ sinB. There are further following case :

(a) B is an obtuse angle = cosB is negative. There exists no such triangle.

(b) B is an acute angle = cosB is positive. There exists only one such triangle.

Let b > c sin B. There are further following cases :

(a) B is an acute angle = cosB is positive. In this case triangle will exist if and only if

c cosB> /b’ —(csin B)2 or ¢ > b = Two such triangle is possible. If ¢ <b, only one

such triangle is possible.

(b) B is an obtuse angle = cosB is negative. In this case triangle will exist if and only if

b’ —(csin B)2 > |c cos B| = b > c. So in this case only one such triangle is possible. If
b < ¢ there exists no such triangle.

This is called an ambiguous case.

asinB asinC
c= .
. b .
sin A sin A

* If the three angles A,B,C are given, we can only find the ratios of the sides a,b,c by using sine

rule (since there are infinite similar triangles possible).

Illustration 15 :

Solution :

In the ambiguous case of the solution of triangles, prove that the circumcircles ofthe two
triangles are of same size.

Let us say b,c and angle B are given in the ambiguous case. Both the triangles will

. . b . . .
have b and its opposite angle as B. so B 2R will be given for both the triangles.

So their circumradii and therefore their sizes will be same.
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Hllustration 16 :  If a,b and A are given in a triangle and c,,c, are the possible values of the third side, prove
that ¢+ ¢, - 2¢,c, c0s2A = 4a’cos’A.

b’ +c¢’ -a’
2bc
= ¢’ — 2bc cosA + b’ —a’ = 0.
¢, + ¢, = 2bcosA and ¢,c, = b’ — a’.
= ¢, +¢,” — 2¢,,082A = (¢, + ¢,)’ — 2¢,c,(1 + cos2A)
= 4b” cos’A — 2(b° — a))2 cos’A = 4a’cos’A.

Solution : COSA =

_csinB
b

A —A
Hllustration 17 :  1f b,c,B are given and b < ¢, prove that cos( : 5 2}

Solution : ZC,AC, is bisected by AD.

AD csinB
AC, b

= In AACD, cos(Al ;A2J=

Hence proved.

Do yourself -9 :

. [A—A -
(i) Ifb,c,B are given and b<c, prove that sm( ! 5 2 J = alzbaz
(i) Ina AABC, b,c,B (c > b) are gives. If the third side has two values a, and a, such
that
: 4b*> -¢*
a, = 3a,, show that sinB = : 2C
c

14. REGULAR POLYGON :
A regular polygon has all its sides equal. It may be inscribed
or circumscribed.
(@) Inscribed in circle of radiusr :

(i) a=2h tanE = 2rsinE
n n

(i) Perimeter (P) and area (A) of a regular polygon of n sides inscribed in a circle of radius r
: _ 2nrsin ™ L, 2
are given by P = 2nrsin " and A= o sin—
(b) Circumscribed about a circle of radius r :

(i) a=2r tan =
n

(i) Perimeter (P) and area (A) of a regular polygon of n sides

. . . . n
circumscribed about a given circle of radius r is given by P =2nr tanE and

7
A =nr’tan—
n

PTT  cde06B0AH ANKotoVEE(Adanced\Nurure\ohs\Shee\SOT\Eng 5



node06\BOAH-AI\Kota\JEE(Advanced) \Nurture\Maths \Sheet\SOT\Eng.p65

Solutions of Triangle

Do yourself - 10 :
(i) Ifthe perimeter of a circle and a regular polygon of n sides are equal, then

T
area of the circle 2 @
prove that =
area of polygon K
n

(ii) The ratio of the area of n-sided regular polygon, circumscribed about a circle, to the area
of the regular polygon of equal number of sides inscribed in the circle is 4 : 3. Find the
value of n.

15.

SOME NOTES :
@ (1) IfacosB=Dbcos A, then the triangle is isosceles.
(i) Ifacos A =b cos B, then the triangle is isosceles or right angled.
(b) Inright angle triangle
(i) a’+b*+c?2=8R? (i) cos? A+cos?’B+cos?’C=1
(¢) Inequilateral triangle

() R=2r i) r=r=r=—

¥3’ (V) R=-%

V3

(d) (i) The circumcentre lies (1) inside an acute angled triangle (2) outside an obtuse angled
triangle & (3) mid point of the hypotenuse of right angled triangle.
(i) The orthocentre of right angled triangle is the vertex at the right angle.
(iii) The orthocentre, centroid & circumcentre are collinear & centroid divides the line segment
joining orthocentre & circumcentre internally in the ratio 2 : 1 except in case of equilateral
triangle. In equilateral triangle, all these centres coincide

(e) Area of a cyclic quadrilateral = \/(s —a)(s—b)(s—c)(s—d)

() r:R:r=1:2:3 (iv) area =

1

a+b+c+d

where a, b, ¢, d are lengths of the sides of quadrilateral and s = >

ANSWERS FOR DO YOURSELF

1:

5:

10:

@ 90°
) () > by > L @~ D 24
() (@) 3 (b) 7 (C)E @ 7o (€ 3 ®

5
@ @6 (b 5 (0 1

i @1 ()3 ©) 23
(ii) 6
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ELEMENTARY EXERCISE
1.  Angles A, B and C of a triangle ABC are in A.P. If b = \/g , then ZA is equal to
C
T T Sm T
(A) ¢ B) 75 © 1 (D)5

2. IfKis a point on the side BC of an equilateral triangle ABC and if ZBAK = 15°, then the ratio of

lengths AR S

3x/§(3+\5) B) \/5(3+x5)

A R W— —\ 7 7
&) 2 2 2 2

3. Inatriangle ABC, ZA=60°andb:c =(\/§ + 1) : 2 then (£B — ZC) has the value equal to

(A) 15° (B) 30° (C)225-° (D) 45°
4.  In an acute triangle ABC, ZABC =45°, AB=3 and AC = \/g . The angle ZBAC, is

(A) 60° (B) 65° (C)75° (D) 15° or 75°
S.  Let ABC be aright triangle with length of side AB = 3 and hypotenuse AC = 5.

If D is a point on BC such that BD_AB , then AD is equal to

DC AC
43 35 45 5\3
(A) = (B) —= © =~ (D) ==

6. Inatriangle ABC, ifa=6,b=3 and cos(A —B) = % , the area of the triangle is
15
(A)8 (B)9 ©) 12 D)~

7. In AABC, ifa =2b and A = 3B, then the value of % is equal to
(A)3 (B) 2 O1 (D) /3

: . ) . T .
8.  Ifthe sides of a triangle are sin a, cos o, +/1+sinacosa,0 < a < > the largest angle is

(A) 60° (B) 90° (C) 120° (D) 150° 1

9. Ifthe angle A, B and C of a triangle are in an arithmetic progression and if a, b and ¢ denote the 3
lengths of the sides opposite to A, B and C respectively, then the value of expression %‘f

E

E:(Esin2C+£sin2AJ, is %é

C a g

1 V3

O ®) 5 ©1 (D) 3

i

E
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Solutions of Triangle

If in a triangle sin A : sin C =sin (A — B) : sin (B — C), then az, bz, ¢

(A) are in A.P. (B) are in G.P. (C) are in H.P. (D) none of these
In triangle ABC, if cot % = bre , then triangle ABC must be
a

[Note: All symbols used have usual meaning in AABC.]

(A) isosceles (B) equilateral (C) right angled (D) isoceles right angled
Consider a triangle ABC and let a, b and ¢ denote the lengths of the sides opposite to vertices A, B
and C respectively. [fa= 1, b= 3 and C = 60°, then sin’B s equal to

02 3 o 8 oL
() 2 (B) 25 (©) 35 (D)3

The ratio of the sides of a triangle ABC is 1:\/5:2. Then ratio of A: B : C s
(A)3:5:2 (B)lZ\/§:2 (©)3:2:1 (D)1:2:3

In triangle ABC, If s=3 +\/§ +\/§ ,3B— C=30° A+ 2B =120° then the length of longest
side of triangle is
[Note: All symbols used have usual meaning in triangle ABC.]

(A)2 (B) 242 (©) 2(\/3 +1) (D) 3 -1
Inatriangletan A:tanB:tanC=1:2: 3, then a’:b’: ¢ equals
(A)5:8:9 B)5:8:12 (C)3:5:8 (D)5:8:10

In AABC, if a,b,c (taken in that order) are in A.P. then cot% cot% =

[Note: All symbols used have usual meaning in triangle ABC. ]

(A)1 (B)2 ©3 (D) 4
In AABCifa=38,b=9, ¢ =10, then the value of ta.mC is
sin B

32 24 21 18
(A) 5 (B) — © D) 5
In triangle ABC, if A = a> — (b —¢)? thentan A =
[Note: All symbols used have usual meaning in triangle ABC. ]

15 1 8 8
(A) T B) 5 © 5 D) 1

COSA
In a triangle ABC, if the sides a, b, ¢ are roots of X — 11x* +38x — 40 = 0. If Z(Tj = %, then

find the least value of (p + q) where p,q € N.
ABC is a triangle such that sin (2A + B) =sin (C— A)=—-sin (B + 2C) = 1 .IfA,B, Carein A.P.,
2

find A, B, C.
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EXERCISE (0O-1)

1. A triangle has vertices A, B and C, and the respective opposite sides have lengths a, b and c. This
triangle is inscribed in a circle of radius R. If b=c =1 and the altitude from A to side BC has

2
length \/; , then R equals

oL 2 oA B
(A3 B) 73 © = D)7 NG
2.  Acircle is inscribed in a right triangle ABC, right angled at C. The circle is tangent to the segment

AB at D and length of segments AD and DB are 7 and 13 respectively. Area of triangle ABC is
equal to

(A)91 (B) %96 (C) 100 (D) 104
3. Inatriangle ABC, ifa=13, b= 14 and ¢ = 15, then angle A is equal to

(All symbols used have their usual meaning in a triangle.)

1 1 1 1

(A) sin” 4 (B) sin” 3 (C) sin” 3 (D) sin” 2
5 5 4 3

4. Inatriangle ABC, ifb= (\/5 —1)a and ZC = 30°, then the value of (A — B) is equal to

(All symbols used have usual meaning in a triangle.)
(A) 30° (B) 45° (C) 60° (D) 75°

5. Intriangle ABC, if AC =8, BC =7 and D lies between A and B such that AD = 2, BD = 4, then
the length CD equals

(A) V46 (B) /48 (©) /51 (D) 75
6. Inatriangle ABC, if ZC =105° £B =45° and length of side AC = 2 units, then the length of the
side AB is equal to
(A) 2 (B) 3 ©)V2+1 (D) V3 +1
8a’b’c’

7. Inatriangle ABC,if(a+b+c)(a+b-c)(b+c—a)(c+ta-b)= -, then the triangle is

a’+b’+c
[Note: All symbols used have usual meaning in triangle ABC.]

(A) isosceles (B) right angled (C) equilateral (D) obtuse angled

8. Intriangle ABC, if 2b=a + c and A — C = 90°, then sin B equals
[Note: All symbols used have usual meaning in triangle ABC.]

Ji 5 /7 05

(A) =~ (B) ~¢~ ©
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10.

11.

12.

13.

14.

15.

Solutions of Triangle

In a triangle ABC, a3 +b* + 2 =c2(a+b + ¢)

(All symbol used have usual meaning in a triangle.)

Statement-1: The value of ZC = 60°.

Statement —2: AABC must be equilateral.

(A) Statement—1 is true, statement-2 is true and statement-2 is correct explanation for statement-1.
(B) Statement-1 is true, statement-2 is true and statement-2 is NOT the correct explanation for statement-1.
(C) Statement-1 is true, statement-2 is false.

(D) Statement-1 is false, statement-2 is true.

The sides of a triangle are three consecutive integers. The largest angle is twice the smallest one.

The area of triangle is equal to

5 15 15
() V7 ) 57 © V7 (D) 57

The sides a, b, ¢ (taken in that order) of triangle ABC are in A.P.

a b ¢ 2 & 2 ¥V
If cosa = ,€083 =——,c08Y =—— then tan’| — | +tan’| — | is equal to
b+c c+a a 2 2

+b
[Note: All symbols used have usual meaning in triangle ABC. ]

A)l B 1 C L D 2
(A) B) 5 © (D)3
AD and BE are the medians of a triangle ABC. If AD =4, Z/DAB = %,AABE = g , then area of
triangle ABC equals
8 16 32 32 NG
- — — —/3
(A) 3 (B) 3 (©) 3 (D)

In triangle ABC, if sin® A +sin’ B+sin’ C = 3sin A.sin B.sin C, then triangle is

(A) obtuse angled (B) right angled (C) obtuse right angled (D) equilateral

r
For right angled isosceles triangle, R =

[Note: All symbols used have usual meaning in triangle ABC. ]
(A) tanl (B) coti (©) tanE (D) cotE
12 12 8 8

1 1 3
. + _ .
In triangle ABC, If 1t bic atbic then angle C is equal to

[Note: All symbols used have usual meaning in triangle ABC. ]
(A) 30° (B) 45° (C) 60° (D) 90°
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EXERCISE (0-2)

Multiple Correct Answer Type :
1. Ina triangle ABC, let 2a*> + 4b’+ ¢? = 2a(2b + ¢), then which of the following holds good?

[Note: All symbols used have usual meaning in a triangle. ]

(A) cos B= %7 (B) sin (A—C) =0
r 1 . . .

(C)r—=g (D)smA:smB:sinC=1:2:1
1

2. Inatriangle ABC, ifa=4,b=8 ZC=60°, then which of the following relations is (are) correct?
[Note: All symbols used have usual meaning in triangle ABC.]

(A) The area of triangle ABC is 83
(B) The value of Z:sin2 A=2

23
3+\/§

4
(D) The length of internal angle bisector of angle C is ﬁ

(C) Inradius of triangle ABC is

3.  In which of the following situations, it is possible to have a triangle ABC?
(All symbols used have usual meaning in a triangle.)

(A)(a+c—b)(a—c+b)=4bc (B) b” sin 2C + ¢* sin 2B = ab
27 —
(C)a=3,b=5c=7and C= — (D) cos(A CJ:cos(A-'_CJ
3 2 2
4. Inatriangle ABC, which of the following quantities denote the area of the triangle?
(A) a’—b’ [S%HA sin Bj (B) LLT,
2 sin(A —B) /z It

©) a’+b*+c¢?
cotA +cotB+cotC
5. InAABC, angle A, B and C are in the ratio 1 : 2 : 3, then which of the following is (are) correct?
(All symbol used have usual meaning in a triangle.)

(D) r* cot %-cot?cotg

(A) Circumradius of AABC =c¢ B)a:b:c=1 J3:2

B
8

(C) Perimeter of AABC =3 +4/3 (D) Area of AABC =

6.  Let one angle of a triangle be 60°, the area of triangle is 10+/3 and perimeter is 20 cm. Ifa>b > ¢

where a, b and ¢ denote lengths of sides opposite to vertices A, B and C respectively, then which
ofthe following is (are) correct?

(A) Inradius of triangle is /3 (B) Length of longest side of triangle is 7

(C) Circumradius of triangle is 7 (D) Radius of largest escribed circle is %

V3
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10.

11.

12.

Solutions of Triangle

In triangle ABC, let b=10, ¢ = 10+/2 and R = 52 then which of the following statement(s) is
(are) correct?

[Note: All symbols used have usual meaning in triangle ABC.]

(A) Area of triangle ABC is 50.

(B) Distance between orthocentre and circumcentre is 5+/2

(C) Sum of circumradius and inradius of triangle ABC is equal to 10

5
(D) Length of internal angle bisector of ZACB of triangle ABC is b

In a triangle ABC, let BC = 1, AC = 2 and measure of angle C is 30°. Which of the following
statement(s) is (are) correct?

(A)2sin A=sinB

(B) Length of side AB equals 5 —23
(C) Measure of angle A is less than 30°
(D) Circumradius of triangle ABC is equal to length of side AB

4 24
Given an acute triangle ABC such that sin C = rE tan A = e and AB = 50. Then-

(A) centroid, orthocentre and incentre of AABC are collinear

(B) sinB :%

4
sinB=—
(©) .

(D) area of AABC = 1200
In a triangle ABC, if cos A cos 2B + sin A sin 2B sin C = 1, then

. . r r . T
(A)ABCarein AP. (B)BACareinAP. (C) =2 (D) % = 2 sin——
In AABC, angle A is 120°, BC + CA = 20 and AB + BC = 21, then

(A) AB > AC (B) AB < AC

(C) AABC is isosceles (D) area of AABC = 1443

Ina triangle ABC, ZA=30° b= 6. Let CB, and CB, are least and greatest integral value of side a for
which two triangles can be formed. It is also given angle B, is obtuse and angle B, is acute angle.

(All symbols used have usual meaning in a triangle.)
(A)|CB-CB) =1 (B) CB,+ CB, =9

(C) area of ABCB, =6 +%\/7 (D) area of AAB,C =6 +§\/§
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13.

14.

22

If the lengths of the medians AD,BE and CF of triangle ABC are 6, 8,10 respectively, then-
(A) AD & BE are perpendicular (B) BE and CF are perpendicular

(C) area of AABC =32 (D) area of ADEF = 8

Let P be an interior point of AABC.

Match the correct entries for the ratios of the Area of APBC : Area of APCA : Area of APAB
depending on the position of the point P w.r.t. A ABC.

Column-I Column-II
(A) If Pis centroid (G) (P) tanA :tanB : tanC
(B) If Pisincentre (I) (Q) sin2A : sin2B : sin2C
(C) If Pisorthocentre (H) (R) sinA :sinB : sinC
(D) If P is circumcentre S 1:1:1
(T) cosA:cosB:cosC
EXERCISE (S-1)

Given a triangle ABC with sides a =7, b =8 and ¢ = 5. If the value of the expression

. A . p p. ..
(Z sin A) ZCO'[? can be expressed in the form = where p, q € N and E is in its lowest form
q
find the value of (p + q).
If two times the square of the diameter of the circumcircle of a triangle is equal to the sum of the

squares of its sides then prove that the triangle is right angled.

In acute angled triangle ABC, a semicircle with radius r, is constructed with its base on BC and
tangent to the other two sides. r, and r_ are defined similarly. Ift is the radius of the incircle of triangle

2 1 1 1
ABC then prove that, — = —+—+—,
roror, T

If the length of the perpendiculars from the vertices of a triangle A, B, C on the opposite sides are

h b 1 1 1 1 1 1 1
, P, Py thenprovethat — + —+ —=—-—=—"+— + —.
P> P2s P3 p bt e T xr Tt

With usual notations, prove that in a triangle ABC
acotA+bcotB+ccotC=2(R+r)

With usual notations, prove that in a triangle ABC
Rr (sin A +sin B +sin C) = A

With usual notations, prove that in a triangle ABC

(2 oot vt S
cot 7 +eot +eot =~
With usual notations, prove that in a triangle ABC
a? +b? +c?

cotA+cotB+cotC=
4A

"]
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10.

11.

12.

13.

14.

15.

Solutions of Triangle

If a,b,c are the sides of triangle ABC satisfying log[l +£J +loga—logb =1log2.
a

Also a(1 — x?) +2bx + ¢(1 + x?) = 0 has two equal roots. Find the value of sinA + sinB + sinC.

With usual notations, prove that in a triangle ABC
b-c c—a a-b
+ +

=0

b ) 5]
With usual notations, prove that in a triangle ABC

T
1 + ) + 5 _3

(s—b)(s—¢c) (s—c)(s—a) (s—a)(s—b) r
With usual notations, prove that in a triangle ABC
BC s cosD coss = A

g C0STy cosT cosT =
With usual notations, prove that in a triangle ABC

LI E N S oo
r? rl2 r22 I A

With usual notations, prove that in a triangle ABC

2Rcos A=2R +r—r,

If r, =r+r, +1; then prove that the triangle is a right angled triangle.

EXERCISE (S-2)

b+c c+a a+b
= = ; then prove that, cos A = cosB = cosC .

11 12 13 7 19 25
Given a triangle ABC with AB =2 and AC = 1. Internal bisector of /BAC intersects BC at D. If

AD = BD and A is the area of triangle ABC, then find the value of 12A2.

With usual notation, if in a A ABC,

. . b+c . A b—c
For any triangle ABC, if B =3C, show that cosC= & sin;m = ——
4c 2 2c
: o 212 ) cotC
In a triangle ABC if a“ + b= = 101c- then find the value of ———.
cotA +cotB

The two adjacent sides of a cyclic quadrilateral are 2 & 5 and the angle between them is 60°. If the
area of the quadrilateral is 4+/3 , find the remaining two sides.
If ina A ABC,a=6,b=3 and cos(A — B) =4/5 then find its area.

a b
COSA cosB

Ina A ABC, (i) (i) 2 sin Acos B=sinC

A A C . . :
(iii) tan? o + 2 tan o tan 5 1 =0, prove that (1) = (ii) = (iil) = (1).

Two sides of a triangle are of lengths J6 and 4 and the angle opposite to smaller side is 30°. How

many such triangles are possible ? Find the length of their third side and area.



JEE-Mathematics

9.

10.

24

The triangle ABC (with side lengths a, b, ¢ as usual) satisfies log a> = log b> + log ¢ — log (2bc cosA).
What can you say about this triangle?
The sides of a triangle are consecutive integers n, n+ 1 and n + 2 and the largest angle is twice the

smallest angle. Find n.

EXERCISE (JA)

Let ABC and ABC’ be two non-congruent triangles with sides AB = 4, AC = AC' = 242 and

angle B =30°. The absolute value ofthe difference between the areas of these triangles is [JEE 2009, 5]
(a) Ifthe angle A,B and C of a triangle are in an arithmetic progression and if a,b and c¢ denote the
length of the sides opposite to A,B and C respectively, then the value of the expression

a . C .
—sin2C+—sin2A | s -
v a

oF @2 (©1 D) V3

(b) Consider a triangle ABC and let a,b and ¢ denote the length of the sides opposite to vertices A,B
and C respectively. Suppose a = 6, b = 10 and the area of the triangle is 15V3 . If ZACB is

obtuse and if r denotes the radius of the incircle of the triangle, then r? is equal to

(c) Let ABC be a triangle such that ZACB =% and let a,b and ¢ denote the lengths of the sides

opposite to A,B and C respectively. The value(s) of x for whicha=x>+x+ 1, b=x*—1 and
c=2x+ 1 is/are [JEE 2010, 3+3+3]

A) ~(2+¥3) B 1443 (€) 2443 (D) 43

7 5
Let PQR be a triangle of area A witha=2,b = 5 and €= b where a, b and c are the lengths of the

2sin P —sin 2P
2sin P +sin 2P
equals [JEE 2012, 3M, -1M]

sides of the triangle opposite to the angles at P, Q and R respectively. Then

RS ) NER NE
()4A ()4A ()4A ()4A
1
In a triangle PQR, P is the largest angle and cos P = 3 Further the incircle of the triangle touches

the sides PQ, QR and RP at N, L and M respectively, such that the lengths of PN, QL and RM
are consecutive even integers. Then possible length(s) of the side(s) of the triangle is (are)

[JEE(Advanced) 2013, 3, (-1)]
(A) 16 (B) 18 (C) 24 (D) 22
-]
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Solutions of Triangle

In a triangle the sum of two sides is x and the product of the same two sides is y. If x> — ¢? =y,
where c is a third side of the triangle, then the ratio ofthe in-radius to the circum-radius of the triangle

is - [JEE(Advanced)-2014, 3(-1)]
_ 3y 3y 3y 3y
(A) 2x(x+c) (B) 2c(x +¢) (©) 4x(x +c) (D) 4e(x +c¢)

In a triangle XYZ, let x,y,z be the lengths of sides opposite to the angles X,Y,Z, respectively and

-X S-y $-z
4 3 2

&n
and area of incircle of the triangle XYZ is —, then-

s
2s=x+y+zIf 3

(A) area of the triangle XYZ is 6./6

. . . . .35
(B) the radius of circumcircle of the triangle XYZ is ?\/g

C sinzsinzsiné—i
© 2 2 2 35

.o X+Y) 3
(D) sin (Tj =§ [JEE(Advanced)-2016, 4(-2)]

In a triangle PQR, let Z/PQR =30° and the sides PQ and QR have lengths 1043 and 10, respectively.

Then, which of the following statement(s) is (are) TRUE ? [JEE(Advanced)-2018, 4(-2)]
(A) ZQPR = 45°
(B) The area of the triangle PQR is 254/3 and ZQRP = 120°

(C) The radius of the incircle of the triangle PQR is 1043 -15
(D) The area of the circumcircle of the triangle PQR is 100r.
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ANSWERS
ELEMENTARY EXERCISE

C 2. C 3. B 4. C 5. B 6. B 7. D 8 C 9
A 11. C 12. A 13. D 14. C 15. A 16. C 17.A 1
25 20. 45°,60°,75°

EXERCISE (0-1)
D 2. A 3. A 4. C 5. C 6. D 7. B 8.
C 10. C 11. D 12. D 13. D 14. C 15. C

EXERCISE (0-2)
B,C 2. AB 3. BC 4. AB,.D 5. B.D 6. A,C 7. AB.C
A,C.D 9. AB,D 10. B,D 11. AD 12. AB,C,D 13. A,C,D
(A)S; (B)R; (C)P; (D) Q

EXERCISE (S-1)
107 9 2

s

EXERCISE (S-2)
9 4. 50 S. 3cms &2 cms 6. 9 sq.unit
Two tringle (2\/5—\/5), (2\/§+\/5), (2\/5—\/5) & (2\/§+\/5) sq. units
triangle is isosceles 10. 4

EXERCISE (JA)
4 2. (a)D,(b)3,(c)B 3. C 4. B,D S. B 6. ACD
B,C.D

O o
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