Three Dimensional Geometry

Direction Cosines and Direction Ratios of line

If a directed line L1 passing through origin makes angles «, 5, and y with the x, y, and z axes
respectively, then a, B, and y are called direction angles and cosines of these angles are called
direction cosines of the line.

If the direction of line L1 is reversed, then the direction angles will be T - @, m - f, ™ - y and
the direction cosines will be cos(m - ), cos(m - ), cos(m - y) or — cos @, — cos 5, — cos ).

Thus, a line has two sets of direction cosines. In order to have a unique set of direction cosines
for a given line in space, we must take the given line as a directed line. These unique direction
cosines are denoted by [, m,and n.

Two parallel lines have the same direction cosines. Therefore, in order to find the direction cosines
of a line which does not pass through origin, we may draw a line parallel to the line through the
origin.

Direction ratios (or number) are proportional to the direction cosines. Thus, for any line, there are
infinitely many sets of direction ratios.

If a, b, c are direction ratios of a line and I, m, n are direction cosines of a line,
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o Direction cosines I, m, n of the line passing through the points P(x1, y1, z1) and Q(xz, y2, z2) are given
by,

cos Y=RQPQ=z2-z1PQcos y=RQPQ=z2-z1PQ

coso =2 and cnsﬁzu
Similarly, PQ PQ
= ¥ T i m:_]"z_}"l n= 575
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Where, PQ= V{{IE =)
Solved examples

Example 1:

Which of the following sets is possible for the direction angles of a line? Assume that all , £5,
and y are measured along the positive x, y, and z axes respectively.

(@) a=909, =602 y =602

(b) a=309 =609 y=45°

(c) a=90¢, =309 y=30°

(d) a=909, =459 y=452
Solution:

(a) We know that 2+ m2 + n2=1
I=cosa=cos90°=0

m=cos} =cos60° =

n=cosy =cosb0” =

-3 | — [

+ —

'.\ * » I ]
F+vm +n = —=—
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Hence, this set is not possible.



I=cos30° = —3
2

(b)
|
m=cos60" = —
2
n—f:.q:-sf-lﬁf’—L
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Faem+nm=—4—94—==
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Hence, this set is not possible.

(c) I =cosa=cos90°=0

m=cosp=cos30° =

|f-'31 [\.}|ﬁﬂ

n=cosy=cos30%=

Pam +n =0+=+

fu | p2
[

3
4
Hence, this set is not possible.

(d) {=c0s90°=0

1
n=cosdi"=—
V2

F+m3+n::{}+l+l:1
2 2

Hence, this set is possible.

Example 2:

If a line has direction ratios as 0, 4, -3, then find the direction cosines of the line.

Solution:

Direction cosines are



0 4 -3

or (), i_—'}
55
Example 3:

Are the points A (1,5, -1),B (4, 3,4),and C (10, -1, 14) collinear or not?
Solution:

Direction ratios of the line joining Aand Bare4-1,3-5,4 - (-1) i.e, 3,-2,5.
Direction rations of line joining B and C are

10-4,-1-3,14-41i.e,6,-4,10

Direction ratios of AB and BC are proportional. Hence, AB is parallel to BC. Also, B is common in
both the lines.

Thus, the points A, B, C lie on the same line and hence, they are collinear.

Equation of a Line

Equation of a Line Passing Through a Point and Parallel to a Given Vector b

For a line [ passing through a point A, having its position vector as @ and parallel to a given

vector P, position vector ¥ of any point P on line [ is given as:

F=ad+Ab
ZJi. I,"'
Agbp
?I"- —
i
O .




Similarly, the line / passing through a point A (x1, y1, z1) and parallel to other line whose direction
ratios are a, b, and c is given by,

(u + yj + :f:.') = [:1,}7 + J',} + :l.f;] + }L{af + .f:r,r i fﬁr)

X-x, y-y z-z

The Cartesian equation of lineis @ b ¢

[f the direction cosines of a line are given as /, m, and n, then equation of line is given
X .I'I _ ¥ _'I«'I _ =4 ."_'I

byf m "

Equation of a Line Passing Through Two Given Points

The equation of a line passing through two points A and B having their position vectors as @and ?

o F—&:i(ﬁ—ﬁ](:r?=ﬁ+i(5—a]
respectively is given by,

(X3 0, 23)
fr.onz) TFE
P

The equation of a line passing through two points A(x1, y1, z1) and B (x2, y2, z2) is given by,

(1; +_1_-';' + :ﬁ] — [.‘L'I.IT + _1=|_}'+ :1;’:'] =4 [('rza + 1; + ::JLT)—{II:: -~ J'l.; + :Iﬁ;)]

X—Xx V—¥ &—z
or Lol = :
N T

Solved Examples

Example 1:

What are the vector and Cartesian equations of a line passing through point (3, - 1, 2) and parallel
to vector 21 +3/- 4k

Solution:

Here,



- -~

=3i—j+2k

2i+3j—dk

a+ibh

: :(35—_}+2£}+4(2E+3j—4£)

T R
]

r

—

Here, ¥ represents the position vector of any point P (x, y, z) on this line.

.r.(_‘ﬁ'?'l'_l:';'f':kn] =[3+2’1}‘:+}(_|+3"‘ﬂv)+{2—4r{}k
= x=3+24, y=—-1+34. 2=2-44

x=-3 y+1 z-2
2 3 —4

Thus, the Cartesian equation of the required line is

Example 2:

Find the vector equation of a line passing through two points (0, -3, 2) and (4, -1, -5).

Solution:
i=-3j+2k
b=4i—j—5k
F=a+i(b-al

=7 =(=3] 42k )+ A(4] - ] -5k +3] - 2k)

= 7 = (3] +2k)+ (41 +2] - Tk)

Example 3:

_ o F=(4i 540k )+ A (-2 +3] - 4k) _ .
If vector equation of a line / is - ' \ , then what is the Cartesian

equation of line?
Solution:
F=(47-5]+9k)+ A (27 +3] - 4k)

The given equation represents a line passing through a point (4, -5, 9) and parallel to a line whose
direction ratios are -2, 3, —4.



x-4 y+5 z-9

Thus, the Cartesian equation of the given line is -2 3 -4

Co-planarity of Two Lines

F =G, +Ab and 7 =, + b, (d,-d)-(hxb)=0

Two lines, 2, are coplanar, if and only if
X=X _Y=W_ZI75 and X=X _¥Y=-¥,_I=5
Two lines, I by G i, b, e
SE R Ya— MW ST
o |t b, ,
are coplanar, if "? 2 2
Solved Examples
Example 1:
x+4 y+3 z-4 and x+4 v+l -5
Show that the lines 3 -3 I 3 -1 2 are co-planar.
Solution:
() _y=(3) 24 x—(4)_y=(-1)_z-5
The given lines can be rewrittenas 2 -3 I 5 1 2
XY=hH_Y™Nh_273 PR YT T4
Comparing with ~ “ b “ @2 b, “2, we obtain



a,=5h==3.¢c =1

a,=5b,=-lc,=2

x,=x=—4=(-4)=0,y, -y, =-1-(=3)=2, 2, -z, =5-4=1
X, =X, e =z |0 2 1

la, b, ¢ =5 -3 I
., b, ¢ 5 -1 2

—0(~6+1)+2(5-10)+1(~=5+15)=-10+10=0

Hence, the given lines are co-planar.
Example 2:

For what value of p are the following two lines co-planar?
F=2i-2j+5k+A(i+2k)

r =4f+3.f+4§+p[f+ p}—3£)
Solution:

F=d +Ab and F = a, + ub,

Comparing the given lines with , we obtain

a =2i—2j+5k a =4 +3]+4k. F,:(f+2,t§)~ E:(h p}-jé]

nd-a =(4E+3j+4é)—(zf—2j+5£]=2f+5_}—f§

I
b xb, =l 0 2 |=i(=2p)+ j(2+3)+kp=-2pi +5] + pk
1

— N — — n N - n N ~
(G‘,g—al). by x by :(2i+5j—k).(—2pi+5j+'pk):—4p—|—25—p:—5'p+25

If these two lines are co-planar, then



(@@ ) () -0
—Sp+25=0
dp=235

p=3

Thus, the required value of p is 5.

Angle between Two Lines

e The acute angle 0 between 2 lines with direction ratios as ai, b1, c1 and az, b2, cz is given by:

£
"

X
ad, +b b, +c o,
cos @ =|——= = 1""" =
Ja +b) +¢; Jn5+b;+f:;
\/ubﬁ—u,h 4 he, —bho g Ol — O :
Siﬂf?:(l- -|} {|- -|) ':l- -|)

\frfff +h' +ef \/uf +h +c;

e It[1, mi1, n1and 2, mz, n2 are the direction cosines of lines L1 and L2 respectively, then

cosfl = |;|',a'2 + mm, 4 nn,

2

sindl = \/{J', my — b, ) +(mm, —myn ) +(nd, —nl,)

e For 2 given lines L1 and L2 with direction ratios as a1, b1, c1 and az, bz, c2 respectively, we have

e Liand Lz are perpendicular to each other, if and only if aiaz + bib2 + cic2 =0



L1 and Lz are parallel to each other, if and only if d,

= + z:l,bl and ¥ = iy +.|Hbl is given by,

The acute angle 8 between two lines

1
4

cosf = m

[ A

&

Solved Examples

Example 1:

Find the angle between the pair of lines:
F=2142]~Th+A(7F+4]+4k)
P =4f—3£+y(2f+3_;—ﬁ£]

Solution:

Here, b = 7i +4 ]+ 4k and b, =2i +3j -6k

F o (?F+4j+4£)-(2?+3j—+5§]
cosf = | === = = - - ———
BBy (4 + (@) )+ G) +(-6)
4+12-24] 2
] B1Va9 |63
S0 =cos”’ [i]
VK]

1
cos [
Thus, the angle between the two given lines is

Example 2:

Find the angle between the pair of lines:

o)
63



x+4 y-5 z+4

2 7 3
x—=3 y+7 z-9
4 2 4

Solution:

Directions ratios of first line are 2, 7, and 3 and that of second line are 4, 2, and 4.

aa, +bb, +e 0,

CDSE=‘ _—
|.fu,' +h +e Ja_; +by +c5

1 @0 |
2  +(7) + G (4 +(2) + (4]

34 17

(ﬁ){ﬁ}::’.ﬁ

& = cos '[ 17 ]
3J62

3J62

| [ 17 ]
s
Thus, the angle between the two given lines is .

Shortest Distance between two Skew Lines

F=a +hb 4 F=d,+ub,

The shortest distance d between two skew lines * is given

(b, %B,).(d,~ay)

by

The shortest distance d between two lines



= = and ——=—-2="""2 s given by,
a, b & d, b, ¢y
X, — X, -y Z, — 2,
a, b, c
de d, b, c,

J(b,r:: =bye, }1 +{':|‘-':": =4, }1 "'{“lb_* —a,h }J

Solved examples
Example 1:

Find the shortest distance between the two lines whose vector equations are

F=(1-2u)i +(u—-4)j+(5-u)k and 7 = (4+3v)i +(4v-3) j+(12v-8)L.

where & and v are real numbers.

Solution:

A

(1-2u)i +[1.*—4]}4(5—u}ﬁit :(f—4~f+5£)+u(—lf+_:r:—5;)

=l
Il

-

(4+3v) 7+ (4v=3) j+(12v-8)k = (4i ~ 37 - 8K )+ v(37 + 4 +12k)

=l
I

r=a, +ub and r =a, +vb,

Comparing these lines with , we obtain



a =i-4j+5k

d,=4i—3] -8k

b=-2i+ -k

b, =3i +4)+12k
i ok

boxh,=|-2 1 A =i(1244)+ j(=3+24) + k(-8=3)=16{ + 2111k
350 4012

m———
= ol
=

(] I

S

[bﬁ"b:)-{az'ql] 2 .
S = —_— = units
hxh JE18
Example 2:
x+3 y=2 z+l x+l y+3 z=2
= = ﬂnd = = =
Find the shortest distance between the lines: 4 5 2 2 4 I
Solution:

The given lines can be rewritten as

r(33)_y-2_z-(-1)
4 5 2
x—(-1) y—(-3) =z-2
2 4
.‘I‘-.Tl :_}.J—}'1 _ 2'—:| ﬂl'ld .T—.‘L'z :J!_J‘JE _ zZ=—2Z
b ¢ a, b, c

Comparing with 9 2 2 2, we obtain

(x.3.2)=(-3.2.-1), (x5, ¥, ) =(-1,-3,2)
a =4, b=5¢=2a,=25bh=4 ¢ =1



a, b o |=| 4 5 2
a h, c, 2 4 |
2 -5 3

=4 5 2/=2(5-8)-5(4-4)+3(16-10)=—-6+0+18=12
2 4 1

.,JIII{ler_'J —b,e,) +(ea, —e,a ) +(ah, —ab) = J{S—S]J F(4-4) +(16-10)" =0+0+36 =345

f

d =2 AL nits
= 4]
3Ws 5 s

Shortest Distance between Two Parallel Lines

The shortest distance d between two parallel lines ' ~ +Ab and ¥ =a, +pu

is given
d= 'E] * {EJ _E] }
9
by
Solved Examples
Examples 1:
Find the distance between the lines:
F = f—3j+4£+1[?£‘ ~ 4]+ 4k) and 7 =21 + 4] - 3k + (70 - 4] + 4k)
Solution:
Comparing the given lines with F=a+Aband7 =2, +pb , we obtain
Go=i-3j+dk,d,=-20 +4] -3k, b=Ti-4]+4k
(d,-a,) =(-27 +4] =3k )= (i =3] + 4k) = (=3i + 7] - Tk)
; J k
bold,—a)=|7 ~4 4 |=i(28-28)+ j(-12+49)+k(49-12)=37/+37k

-3 7 =7



1B = J(7)* +(-4)" +(4) =Ja9+16+16 =9

|gx[5: —a,}| ) 37 +374| I

| ‘5‘ | 5 units

372

units

Thus, the distance between the given lines is
Example 2:
Find the shortest distance between the lines:
F=(4-68)i +(3+2s)j+3(1+s)k and and 7 ==3(1+2¢)i +(1+2¢) j+ (4 +3)k where s and ¢ are
real numbers
Solution:

The given lines can be written as

r= (4‘63]*’:+{3+25}J}+3(|+5}*’; =(4f:+3,}'+3§]+ S[—ﬁf+ 2}'+3ﬂ

Comparing with =~ @™ sbandr=a,+tb .. obtain

Go=4i +3j 43k G, =31+ j+4k. b=—6i+2]+3k

i, —d, = (—31?+j+4.ﬂ:]—(4f+3}+3£] =—'?r7—2.}'+5;

i ;K
bx(d,-a)=|-6 2 3|=i(2+6)+(-21+6)+k(12+14) =81 —15/ + 26k
-7 21

Bl =J(=6) +(2) +(3) =7

Bx(a,~a)| |Bi-157+26k Jeaz2257676 963 )
I

nits




Thus, the distance between the given lines is

Equation of a Plane in Normal Form

~

o Ifaplane is given whose perpendicular distance from origin is d, and " is the unit normal vector
along the direction of the normal to the plane from the origin, then:

e General vector equation of such a plane is given by Feon=d
7z

A

X

o Equation of the plane when direction cosines of the unit normal vector n are given as [, m,
andnislx+my+nz=d



-

X

Equation of the plane when the direction ratios of the unit normal vector n are given as a, b,
and c instead of direction cosines is:

r'-(af-{-f:_rfhc'ﬁ):c.’ )
; Cartesian form-ax + by + cz=d

Vector form-
The normal drawn from origin to plane Ix + my + nz = d will intersect the plane at (Id, md, nd).

The normal drawn from origin to plane ax + bx + cz = d will intersect the plane

[ ad bd cd ]
at a+b+et avbh v dt b+

Solved Examples
Example 1:

4
What is the equation of the plane which is at the distance of 7 units from the origin and its normal

vector from the origin is 20 -6 +3k,

Solution:

Normal vector, ii=2—6j+3k



i 2i-6j+3k
. A T Fa) + 3
Thus. unit vector along normal vector n=-—= J

7 J2) +(-6) +(3)

=2;.8;,34

707 7

Hence, the equation of plane is

_[2: 6 - 3~] 4
Foloi——j+=k|==
77 7 7

Example 2:

Find the distance of plane 3x - 4y + 22 - 9 = 0 from the origin.
Solution:

3x-4y+2z=9

Here, it can be noticed that

(3)2+(-4)2+(2)2=29=#1

Hence, equation is in the form of ax + by + cz=d

Dividing both sides by Y& +8"+¢" we obtain

e by o d

+ - + =
\-"Ial-i-.f?:ﬂ:'2 w"laji—hj-i-cj \J'rr.r?+£'7'1+(:r \;’Iaji—bj-i-c'j

d
Distance of plane from origin = V a +b +c’

9

JBY +(=4y +(2)

9

V29

Example 3:

units

At what points does the perpendicular drawn from the origin to plane

intersect the plane?

3Ix+5y—z-35=0



Solution:

Let the perpendicular intersect the given plane at P (x1, y1, z1).

Now, it can be noticed that x1, y1, z1 are direction ratios of OF

z
A

Py 2 -

Ll
0

3.r+:'1_v—z=u"'£:ﬂ
3x+5y-z= J3s

In normal form, the equation can be rewritten as

3 5 =z
X

| Q. :]

NN RN T

3 5 =1
Direction cosines of ﬁ'are \"{E “f% "Ir3_5

Direction ratios and cosines are always proportional.

35—l

V35 V35 35
X = i_k.y, :iﬁi,zI :L
V33 V35 V35

Point P (x1, y1, z1) lies on plane. Hence, it must satisfy the equation of plane.

S 2y




(.3 [ 3k ]+[ 5 ﬁ|’ Sk ]_ 1 ‘ﬁf’—lk]_l
WS W) W) W W) e

Ok 3k Kk _
35 35 35
= k=1

[ 305 -l ‘J
Hence, the plane is intersected by the perpendicular from origin at V3574357435

A

Equation of Plane Perpendicular to Given Vector and Passing Through Given Point

o Ifaplane passes through a point A with position vector @ and is perpendicular to the vector N,

then the vector equation of the plane is given by, (F-a)-N=0

Y

—

o Ifaplane passes through a point A (% 71, :'} and is perpendicular to the vector N whose
direction ratios are 4, B, C, then the equation of the plane in Cartesian form is given by,

Ax-x1)+B(y-y1)+C(z-z1)=0
Sk
N

w, Mt B+ zh
A 4 '
.

{x|l.?+..:|h?_z|l h_ {x _'t'|]v? [y _}'|1?| (= zl}j(t

Plx.y.z
0 v =-]'
i+ yite =k

X

Solved Examples



Example 1:

Find the vector equation of the plane which passes through the point (6, -2, —3) and perpendicular
to the line having its direction ratios as 4, 5, and -2.

Solution:

Position vector of the point (6, -2, -3) is 6i—2j-3k

Normal vector N perpendicular to the plane is N=4i+5]-2k

Therefore, vector equation of the plane is given by,

(F—d) N=0

F—(6i-2]-3k)|-| 4i +5j -2k |=0
or L7 )

)

Example 2:

Find the Cartesian equation of the plane passing through the point (3, -7, 6) and perpendicular to
the line having its direction ratios 4, -1, and -9.

Solution:

Position vector of the point is given by,
G=3—7]+6k

Normal vector N perpendicular to the given plane = 4 —j 9%

Therefore, Cartesian equation of the plane is given by,
Ax-x1)+B(y-y1)+C(z-z1)=0
MAx-3)+(CFDY+7)+ (-9 (z-6)=0
4x-12-y-7-92+54=0

4x-y-9z+35=0

Equation of a Plane Passing Through Three Non-Collinear Points



o The equation of a plane passing thrreh thraa nan_callinanr naipts, which have their position
ik (F-a)-|(F-a)x(é-a)|=0

vectors 3s and is given by,
"

e Ifthe three points are collinear, then infinitely many planes can pass through these points.

e The equation of a plane in Cartesian form passing through points R (x1, y1, z1), S (x2, y2, z2), and T
(x3, y3, z3) is given by,

X=X y—u I=2I
X T Yi7 M 574

Solved Examples
Example 1:

Find the vector equation of the plane passing through the points A (3, -1, 2), B (4, -2, 3), and C (-6,
8, 3).

Solution:



Position vector of point = OA =3/ —j+2k

Position vector of point B=0B=4i-2j+3k

Position vector of point © = 0C=-6+8 +3k

AB— OB — OA — (4%—23+31})— (3%—}'+2ic) — ik

AC = 0C — OA = (—ﬁ%+8}+3i~) - (3%—}+2i§:) — 97 4+9j+k

The vector equation of plane passing through points A, B, and C is given by,

- )
[ 3 —j+2k }[( —,r+k *Jf+i3_f+£)]=

Example 2:

A plane passing through three points A (1, 3, -2), B (2, p, 4),and C (-3, 5, q) is given as ax -
31y - 18z + b = 0. What are the values of g, b, p, and q?

Solution:

The equation of plane passing through points A (1, 3, -2), B (2, p, 4), and C (-3, 5, q) is given by,

v—1 v=3 z—(-2)
2-1 p—3 4-(-2) =
—3-1 5-3 7—(-2)
v—1 V=3 z+2

1 p=3 6 =0
—4 2 g+2

(x=1)[(pg-3¢+2p-6-12)]+(y=3)(-24-¢-2)+(z+2)(2+4p-12)=0
(x=1)(pg—3g+2p=18)+(y=3)(-26—g)+(z+2)(4p-10)=0
(pg-3qg+2p-18)x+(-26-g)y+z(4p—10)- pg+3g-2p+18+78+3¢+8p-20=0

Comparing the above equation with the given equation, ax - 31y - 18z + b = 0, we obtain



Db-g=-31=g=5

dp-10=-18= p=——=-2

& | oo

a=(pqg-3q+2p-18)=[(-2)(5)-3(5)+2(-2)-18]=—47

b=—pg+3g-2p+18+T78+3g+8p—-20
b=—(-2)5+3(5)-2(-2)+96+3(5)+8(-2)-20
b=10+15+4+96+15-36

b =104

Thus, the required values are a =-47,p=-2,q =5,and b = 104

Intercept form of the Equation of Plane

If a plane Ax + By + Cz = D (D # 0) makes intercepts a, b, c on x, y, and z axes respectively, then the
{ + J_ + i =1
equation of the plane in intercept form is given by, ¢ b ¢

Z
I

R 0,00

-
0 (0. b 0)

{a, 0, 0)

X
Solved Examples
Example 1:

How far is the point (0, -4, 0) from the point of intersection of the plane 12x + 4y + 3z = 24 and
the y-axis?

Solution:



The equation of the given plane 12x + 4y + 3z = 24 can be written in the

12x 4y 3z

— =t —=

24 24 24

£+£+i:1. which is of the form ~+2 + 2 =]
form 2 0 8 a b ¢

Thus, the plane intersects the x, y, and z axes at (2, 0, 0), (0, 6, 0), and (0, 0, 8) respectively.
Distance between (0, -4, 0) and (0, 6, 0) = 10 units

Hence, the point (0, -4, 0) is 10 units far from the point of intersection of the given plane and the y-
axis.

Example 2:

If the intercepts made by a plane on the x, y, and z axes are in a ratio of 3:15:5 and the plane passes
through point (2, 2, 1), then find the equation of the plane.

Solution:

Let the given plane make intercepts 3k, 15k, and 5k on the x, y, and z axes respectively.

£+£+£=1

Equation of plane in intercept is given by ¢ b e where a, b, and c are intercepts on the x, y,
and z axes respectively.

Therefore, equation of the given planeis

S i+i=]
3k 15k 5k
Sx+y+3z
15k
= Sx+y+3z=15k

Since the plane passes through the point (2, 2, 1), we have
5(2) +2+3(1) =15k

= 15=15k

>k=1

Hence, the required equation of the plane is 5x +y + 3z =15



Plane passing through the Intersection of two given Planes

The vector equation of a plane passing through the intersection of two planes

Fen =d, and r "iz. =d, is given by Fe(+ }'H-’J =d, +d; , where A is any real number.

It can be noted that infinitely many planes can pass through the intersection of the two planes.

The Cartesian equation of a plane passing through the intersection of two

planes X+ By+Cz=d 4q Ax+By+Cz=d, g oiven

by, (Ax+By+Cz—d)+1(Ax+By+C,z—d,)=0
Solved Examples

Example 1:

Fo2i43j-ak)=0  F(3-5j-k)=

A plane, passing through the intersection of the planes and
passes through the point (-1, 6, 4). Find the equation of the plane.
Solution:

Fo(2i43]-4k)=9 7 (3i-5j-k)=4
The equation of given planes are and

=d, 4 Feii,=d

Comparing with F-m 2, we obtain
=2 +3j -4k, d, =9
i, =3 -5k, d,=4

Equation of the plane passing through the intersection of the given planes can be written
Pl 2 +3j -4k + (51 -5] k) |=9+4n
as :

4



(w4 g+ 2k)[ (2430)i +(3-52) f+ (-4 2)k | =9+ 40 (1)
= x(2430)+y(3-50)+=z(4-h)=9+4L

Since this plane passes through point (-1, 6, 4), we obtain

-1(2+3A) +6(3-5A) +4(-4-A) =9 +4A

>-2-32+18-30A-16-4A=9 +4A

= -9 =41
. =4
=

- 4]

Putting this value of A in equation (1), we obtain

0 . A g .
P [2—L3Jf+(3+5X1J;+(—4+—]k _9_30
L 41 41 41 41

.
1
A
A
=
afe
—
=]
=2
e
|
LN
L
=|-"|
 I—
[
Lad
Lid

Example 2:

Find the Cartesian equation of the plane passing through the intersection of the planes
2x=5y+3z2=4 59 =W+ 2=8 that passes through the point (1, -2, -1).

Solution:

Equation of the plane passing through the intersection of the given planes

2x—Sy+3z=4,nq =W +2=8 cap be written as:

(2x-5y+3z-4)+(Tx -9 +z-8)=0
(2+78)x+(-5-90)y+(3+1)z+(-4-8L)=0
Since this plane passes through point (1, -2, -1),

22+70) (D) +(-5-90) (-2)+(B3+A) (-1)+(-4-8A)=0



= (2+70)+(10+180) -3 -A-4-81=0

=>5+16A=0
=2
= 16

Putting the value of A, we obtain

e oAl 2]

(32-35% [ —80+45 437 —64+40
| J.\'+L v+ —J —

z+ =
L 16 16 7 16 16
(3 (35 431 24)
Qk——].‘r-kk—:‘—]u]w[— ::+L—— =0
16 16 16 16
= =3x=35y+43z-24=0
— 3x+ 35y =432+ 24 =0, which is the required equation of the plane

Angle between Two Planes

e The angle between two planes is defined as the angle between their normals. There are always two
angles between two planes. However, the acute angle between them is considered always.

i, .,
cosf = | — =2

e The angle 8 between two planes £ =d, and "7 d, is given by,

|”1||”:

— =
r 3

ils

e The planes will be perpendicular to each other, if .ty =0 ; and parallel to each other, if 7 is

parallel to &



The angle 8 between two planes Aix + Biy + C1z + D1 = 0 and A2x + B2y + C2z + D2 = 0 is given by,

cos i = | '4IA3 + ﬁpﬁz +C|C: |
|\L‘4|1+Bf FC L+ B +C

The two planes will be at right angles to each other, if A1 A2 + B1 B2 + C1 C2 = 0; and two planes are
AI _ lB‘I _ CI‘I

parallel to each other, if 4, B, G

Solved Examples

Example 1:

Find the angle between two planes 2x -3y + 6z=4and -4x+ 7y +4z=9
Solution:

The equation of given planes is

2x-3y+6z=4

-4x+7y+4z=9

Comparing with Aix + Biy + C1z = D1 and A2x + By + C2z = D2, we obtain

A1=2,B1=-3,C1=6,A2=-4,B2=7,(2=4

A4, +BB +CC,
l:{}ﬁg: i J 'l_ i i ¥ -'l —
\/A,' + B +C7 \,/A:' + 8B, +(75
-3 4
n )( UECICI
J@Y +(=3 +(6) J(-4) +(7) +(a)
cosf = m
(7)(9)
cos i = —i =i
63| 63
Example 2:

-3j+z£):? F-(Sf+?j+3§)z‘§l

For what value of A is the plane ( perpendicular to the plane



Solution:

FN =d F.N,=d

Comparing the given equation of planes by "and " '? 72, we obtain
N, =4 —3j+2k
N, =3i +Mj+3k
N,.N,=0

If two planes are perpendicular to each other, then

(41 =37 +2k)- (30 +2] +3k) =0
12-3%+6=0
h=6

Distance of a point from a Plane

. : . .= R —a.n
o The distance of a point P, whose position vector is ¢, from the plane "= d s given by
ZJI.
3 i',l = I.]
Q
P
@
NI N
0 d n




If the equation of plane is in the form FN = d | then the distance of point P having its position

d—a.N
—_— "]
vector as Y will be given by
ZJI.
P
Pzt @ N
d=" Y
(¥ i
N
X
A
. . FN =d: J'“'":r|
The length of perpendicular drawn from origin O to plane "-¥ =4 js

The distance of a point P (x1, y1 z1) from plane Ax + By + Cz = D is given as

Ax, + By, +Cz, - D|
JA+ B+ |

Solved Examples

Example 1:

F(zf—ﬁj+3§)=5
Find the distance of a point P (2, -3, 4) from the plane

Solution:

Comparing the equation of plane with N =d  we obtain N=2-6j+3k

F{2£—ﬁj+3§)=5_

The distance of point (2, -3, 4) from plane is



(27-3]+ 4£}~(2f—6_f+3§)—5‘
(@) () +(7 |

:|3[2]+(-3]{—6]+(4j(3}-5|
Va+36+9)

_|4+18+12-5
- 7

29

Example 2:
Find the distance of point P (-6, 3, 4) from the plane 7x + 4y - 4z =4
Solution:

The distance of a point P (x1, y1 z1) from plane Ax + By + Cz = D is given by,

Ax + By, +Cz, — D|
sjrA: + B+ |

) (@) + (o) I

(=6)(7)+3(4)+4(-4)-4| [1-42+12-16-1] 50

Angle Between a Line and a Plane

Let =2 = 2.0 — :c:' and ag + boy + 9z + d = 0 be the equation of the line and plane.

iy b]

A

Mormal Line




The angle between a line and a plane is the complement of the angle between the line and normal
to the plane.

Therefore, the angle between the line and plane is given by:

. b
cos (90° — ) = sinf = ayay thyby teyen
‘n"lll'l’E Hby e ? y"fd-zi Hy” +eg?

- = — —
Now, let r a+Aband r.n

= d be the equations of the line and plane respectively in vector form. Then the angle between the line
33
b.n

and the plane 1s given by cos (90° — f) = sinfl =

¥
b

o
|n

Angle Between a Line and a Plane
) ) — - - - - - -
Find the angle between the line r = (—'é +49+ 18.’4:) + A (3?‘, — 25+ ﬁk) and the plane 11x — 2y + 10z = 12.

Selution: 7 = (—i + 4+ 18k) + A (3% —2j+ 6k)

. . . P — — . “ * 3
On comparing the equation of linewith » = a + A b, we obtain b = 3i — 2j + 6k.
The equation of plane 1s 11x — 2y + 10z = 12,

7 =117 — 25 + 10k

If @ is the angle between the given line and plane, then:
» —
b.n

sinfl = -

b

*
n

(3¢-2j+0k). (11125 + 10k)
O T47136 /121141100

sinfl =

a7

= @ =-sin 1(105

Condition for a Line to Lie in a Plane



m

(21, y1, 21) will satisfy the equation of the plane and the line and the normal to the plane will be parallel. Therefore, we have the

Let % S z—ﬂ"' and az + by + ¢z + d = 0 be the equation of the line and plane. If the line lies in the plane, then the point

following condition for the line to lie in the plane:
* ar +by +ezx+d=0

o al+mb+en=0

. . e A O e .- -+ = - =
If the equation of the line and planeare = @ + A b and r . n =d, then the conditionsare a. n =dand b.n =0.

Condition for Two Lines to be Coplanar and the Equation of the Plane Containing Them

Let % =¥h 25 and T2 =2 = 2% e two intersecting lines lying in a plane. Then
1 my iy I My 3 = =
T2~ T1 Yo~ Y 2T A
El my nq =0
32 ma T2
T—I Y-y 20 A
And., the equation of the plane containing these lines is I m n |=0.
ly my na
- = T s T . L

Now, let r =a; +Aby and 7 = as + Abs be the equation of lines in vector form.

i . . L= - 7 . . N
The condition for these lines to licina planc is |a; by ba| = |ag by b | and the equation of the plane containing the two lines is

— —+ —
|:;> bl bgj|:|:a_1> b1 bz *



