Determinants

BASIC @

1. Determinant: Every square matrix can be associated to an expression or a number which is known
as its determinant.

a,, a
. . n %o .
Determinant of square matrix A = 4. 4. |1sgiven by
21 “2
a,, a
1 ‘2
|A|= =a,a,, —a,,a
Ay | 117227 %120
a, by ¢
and determinant of a matrix A =|a, b, c,| is given by
a; by =1
“h g b, ¢, i & a, by
|A|=l|a, b, c,| =a - +c
2 2 92 1b, c 1la, ¢ tla, b
i b e 3 3 3 43 3 Y3
3 Y3 &3

This is known as the expansion of | A| along first row.
In fact, |A| can be expanded along any of its rows or columns.
2. Singular and Non-singular Matrix: A square matrix is a singular matrix if its determinant is zero.
Otherwise, it is a non-singular matrix.
3. (i) Minor: Let A =[a;] be a square matrix of order n. Then the minor M;; of a;;in A is the determinant
of the sub-matrix of order (n — 1) obtained by leaving ith row and jth column of A.

1 2 3
For example, if A=|-3 2 -1|, then
2 43
|2 -1] -3 -1
M11__4 3 =2,M,= s 3 = -7 and so on.
(i) Cofactor: The cofactor Cj of a;;in A = [ay],,, is equal to (-1)™ times M;;.
1 2 3
For example,if A=|-3 2 -1|, then
2 43

Cyy = ()" My, =M, =2and Cpp = (-1)"** My, = — My, = 7 and so on
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4. Some Important Properties of Determinants:

(1) Let A= [a ] be a square matrix of order n, then the sum of the product of elements of any row
q p y
(column) w1th their cofactors is always equal to | A | or, det (4), i.e.,

n
Z %Cq | A | and i§1aijcij: | A |

(ii) Let A = [a;] be a square matrix of order #, then the sum of the product of elements of any row
(column) w1th cofactors of the corresponding elements of some other row (column) is zero, i.e.,

ZaC —OandZa,]C,k 0,i#k or j#k
i=1

(iii) Let A =[ay]bea square matrix of order 1, then |A| = | AT].

In other words, we say that the value of a determinant remains unchanged, if its rows and
columns are interchanged.

(iv) LetA= [ai]-] be a square matrix of order (> 2) and B be a matrix obtained from A by interchanging
any two rows (columns) of A, then |B| =— |A].

(v) If any two rows (columns) of a square matrix A = [a,-]»] of order n (> 2) are identical, then value
of its determinant is zero i.e., |A| = 0.

(vi) Let A =[a;] be asquare matrix of order 1, and let B be the matrix obtained from A by multiplying
each element of a row (column) of A by ascalark, then |B |=#k |4 |.

(vii) Let A be a square matrix such that each element of a row (column) of A is expressed as the
sum of two or more terms. Then the determinant of A can be expressed as the sum of the
determinants of two or more matrices of the same order.

(viii) Let A be a square matrix and B be a matrix obtained from A by adding to a row (column) of A
a scalar multiple of another row (column) of 4, then |B| = |A].

(ix) Let A be a square matrix of order n (> 2) such that each element in a row (column) of A is zero,
then |A| =0.
(x) IfA= [aij] is a diagonal matrix of order n (> 2), then
|A| =ay;.ay . as ... a,, ie., |A] is the product of its diagonal elements.
(xi) If A and B are square matrices of the same order, then
|AB| = |A| |B]|
(xil) If A= [aij] is a triangular matrix of order 7, then
|A| =ay,.ay . a5 ....4,, ie., |A] is the product of its diagonal elements.

(xii) If A =[a;]is a square matrix of order n, then |kA| = k"| A, because k is common from each row
(or column) of kA.

(xiv) We can take out any common factor from any one row or any one column of a given determinant.
5. Area of a triangle with vertices (xy, 1;), (x5, ¥») and (x5, y3) is given by

4yl
A = Numerical value of S% ¥ 1

X3 y; 1

Note: Since area is positive quantity therefore we take absolute value of A.
6. (i) If Ais a skew-symmetric matrix of odd order, then|A| = 0.

(if) The determinant of a skew-symmetric matrix of even order is a perfect square.
7. Some Important Facts:

(i) Only square matrices have determinants.
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(i1) We cannot equate the corresponding elements of equal determinants like matrices

xy|_

ie.
! zZ w

I m ’ x=1, y=m

npl"z=n w=p

(iii) In the case of matrices. We take out any common factor from each elements of matrix, while in
the case of determinants we can take out common factor from any one row or any one column
of the determinant.

(iv) If the value of determinant ‘A” becomes zero by substituting x = a then (x — a) is factor of the
determinant ‘A’".

(v) Ifareais given then both positive and negative values of the determinant is taken for calculation.

(vi) To prove three points collinear, we show area of the triangle formed by these three points is
zero.

Selected NCERT Questions

12
1. If A= 4 2],thenshowthat|2A| =4|A]|.

Sol. We have,

g~ g

4 2

2 4
LHS=|2A|—’8 4‘—8—32——24

12
RHS=4|A|=4‘4 2‘=4(2—8)=4X(—6)=—24
LHS = RHS

Hence Proved
By using properties of determinant in problems 2 to 5 prove that:

2

-a ab ac
2. | ba -b* bcl|=4ab> [CBSE (Delhi) 2011]
ca b =

> ab  ac
Sol. LHS =A=| ba -b* e
ca b
Taking a, b and ¢ common from R;, R, and R; respectively, we get
-« b
A=abc| a -b ¢
a b -

Taking a, b and ¢ common from C,, C, and C; respectively, we get

-1 1 1
A=ab* |1 -1 1
1 1 -1
Operating R, - R, + R; and R; > R; + R, we get
-1 1 1
A= | 0 0 2
0 2 0
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Sol.

Sol.

Interchanging C, and C;, we get

-1 1 1
A=(-D)a*’*| 0 2 0
0 0 2

Since the determinant of a triangular matrix is product of its diagonal elements.

= (-1) @®V°* (-1) x (2) x (2) = 4 a*b*c* = RHS
1 1 1

a b ¢

a b

=(a-b)(b-c)(c—a)a+b+c).

1 1 1
LHS =|a b c
a’ b c
Operating C, - C, - C; and C3 — C; - C;, we get
1 0 0
=|a b-a c—a
a b’ -a’ A —a’

Taking (b — a) and (c — a) common from C, and C;, we get

1 0 0
=(b-a)(c-a)|a 1 1
a’ b? + ba + a* 2 +ca+a?

Operating C; — C; - C,, we get

1 0 0
=((b-a)(c—a)|a 1 0
a’ b? + ba + a* ?+ca—-b*>-ba

Expanding along R;, we get
=(-a)(c-a) (P +ca-b*=ba)=(b-a) (c—a) [¢*—b*+a (c-D)]
=b-a)(c-a)[(c=-b)(c+b)+a(c-b)]=0B-a)(c—a)(c-D)[c+b+a]
=(@-b)(b-c)(c—a)(@+Db+c)=RHS.

yz
v zx|=(x-y (y-2) (z-x) Gy +yz+zx).
z ¢ xy
x ¥ yz
LHS = |y ¢* =z
z 2y
Operating R; - R; - Rz and R, - R, — R;, we get
x-z x*-z° yz—xy| |[(x—z) (x-2)(x+2) -y(x-2z2)
=ly-z y' -2 zx-xwy|=|y-2) W-2)(y+2) -x(y - 2)
z z? xy b4 z Xy

Taking (x — z) and (y — z) common from R, and R, , we get

1 x+z -y
=(x-z)(y-2)|1 y+z -x
z Z? xy

[CBSE (Delhi) 2012]
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Sol.

Sol.

Operating R, - R, - Ry, and R; — R; - zR;, we get

1 x+z -y
=@-2)(y-2)|0 y-x y-x
0 —xz xy+yz
Expanding along R, , we get
= -2y -2y -») @y +yz) +xz(y - )]
=@ -y -2)(z-x)y+yz+zx)=RHS

a-b-c 2a 2a
2b  b-c-a 2b |=(a+b+0)?
2c 2c c—-a-b
a-b-c 2a 2a
LHS = 2b b-c-a 2b
2c 2c c—a-b

Operating R; = Ry + R, + R3, we get

atb+c a+b+c at+tb+c
= 2b b-c-a 2b
2c 2c c—a-b
Taking (2 + b + ¢) common from first row, we get
1 1 1
=(@+b+c)|2b b-c-a 2b
2c 2c c—a-b
Operating C, > C, - C;and C; — C;3 - C;, we get
1 0 0
=(@+b+c) |20 -c-a-b 0
2c 0 —a-b-c

Since determinant of a triangular matrix is equal to product of its diagonal elements
=@+b+c)(@a+b+c)(@+b+c) =@+b+c)P’=RHS

By using properties of determinant, show that:

[CBSE Delhi 2008, 2009, (F) 2013; Guwahati 2015]

1+a’>-b> 2ab -2b
2ab 1-a% + b? 2a =(1+a’+ bz)3
2b -2a 1-a?-b*
1+a?=b>  2ab -2b
LHS = 2ab 1-a®+b? 2a
2b 20 1-a*-b

Applying C; - C; -bCy, and C, - C, +aC;, we get
(1+a*+b?) 0 —2b

= 0 (1+a°+b? 2a
b(1+a*+b%) —a(1+a®+b*» 1-a*-b*
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Sol.

Taking out (1 + a* + b%) from C, and C, column, we get

1 0 -2b
=(1+a*+b»)?0 1 2a
b —al-a*-b
Applying R; - R;—bR;, we get
10 -2
=(1+a*+b%20 1 2a
0 —a 1-a*+b?

Expanding along first column, we get

=1 +a+ V) [1-a+ 1 +24%]

=1+ +VV A +a*+b*)=(1+a*+1*)’=RHS
By using properties of determinant, show that:

a’+1 ab ac
ab  b*+1 bc
2+1

=1+a2+b% +c2
ca cb

a>+1 ab ac
LHS =| ab b*+1 bc
ca b F+1

abe a?+1 ab ac
= pel @ ?+1 be
ca b 2+1

Multiplying a in C;, b in C, and c in C;, we get

a+a ab®>  ac®
= a®b b2+b  bc?
a’c  b*c SCH+c

[CBSE Delhi 2014; (F) 2009, 2013]

[Multiplying and dividing by abc]

Taking a, b and ¢ common from R;, R, and R; respectively, we get

1+[12 b2 2

c
= b xabe| a®> 1+b> 2

abc
a? b2 2+1

Applying C; - C; +C, + C3, we get
1+a?+b%+c2 > 2
=[1+a®+b>+c* 1+b*>
1+a®+b*+c% v? P+1

Taking (1+a*+b*+c%) common from C;, we get

1 b ?
=(1+a*+b?+cA)|1 1+b> 2
1 > A2+1

Applying R; - R; -Rzand R, > R, - R;, we get

00 -1
=1+a*+p*+c%)0 1 -1
1% *+1
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Expanding along R,, we get

(1+a*+b*+c?)[-1(-1)] = (1 +a*+b*+c?) = RHS

a’ be ac+c”
8. Provethat: [a*+ab b’ ac |=4a’b’c® [CBSE (F) 2014; Allahabad 2015, 2019 (65/5/3)]
ab b*+bc
a? be  ac+c?
Sol. LHS =|a*+ab b? ac
ab b *+bc
a c atc
=abcla+b b a [Taking outa, b, ¢ from C;, C, and C;]
b b+c ¢
0 ¢ a+tc
=abc|2b b a [Applying C; > C; +C,-G;]
2b b+c ¢
0 ¢ a+c
=2ab’c|1 b a [Taking out 2b from C]
1b+c ¢
0 ¢ a+c
=2ab’c|0 -c a-c [Applying R, = R, - R;]
1b+c ¢
2 c atc 2 2 2 .
=2ab%cl.| = 2ab"c(ac —c” +ac+c”) [Expanding by I column]
= 2ab’c(2ac) = 4a’b*c* = RHS
x x* 1+ px3
9. Prove: |y y* 1+py®|=(1+pxyz)(x - y)(y-z) (z - x) [CBSE (AI) 2010]
z 22 1+ pz3
2 14+p28
Sol. LHS A=|y y* 1+py°
z 22 1+ pz3
R I E R o B PP | 1 ox px’
= v 1+y 2 pll=ly P 1|+ayz|l oy py2 [Taking common x, y, z from
z 22 1| |z 22 p®| |z 21 1 z pz? Ry, Ry, R; respectively]
x 2?1 1 x «?
= 21+ yz)p|l vy ¥ [Taking p common from C; ]
z 22 1 1z 2%
By changing (transforming) column to column in first determinant, we get
1 x «° 1 x «° 1 x
=11y ylrpwzl y v |=0+pwa)|l y Y
1 z 2 1 z 2 1 z 2
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Applying Ry > R;-Ryand R, - R,—R;, we get
0 x-z x*-2
=(1+pwz2)|0 y-z y*-2°
1 z z?
Taking out (x - z), (y — z) from R, and R, respectively, we get
01 x+z
=L +py2) (k- (y-2)|0 1 y+z
1z 2°
Expanding along C,, we get

= +pxyz) (x-2) (y-2) [y +z—x —Z]
= (1 +pxyz) (x-y) (y - 2) (z—x) = RHS.

b+c cta a+b

10. If a, b and c are real numbers and A=|c+a a+b b+c|=0 then show that eithera+b+c=0
ora=b=c. a+tb b+c cta [CBSE (AI) 2007C; (F) 2009]

b+c c+a a+b
Sol. Given A=|c+a a+b b+c
a+b b+c c+a

2(@+b+c) 2(a+b+c) 2(a+b+o)
= cta a+b b+c
atb b+c c+a
1 1 1
=2(@+b+c)cta a+b btc
a+tb b+c c+a

Applying C; - C; - Czand C, —» C, - C5, we get

0 0 1
=2(+b+c)la-b a-c b+c
b—c b-a c+a

Expanding along R;, we get
=2@a+b+o)@a-b)(b-a)-(b-c)(a-o)]
=2(a+b+c)[ab—a*—b*+ab—{ab - bc — ac + ¢*)]
=2(a+b+c)[ab—a®-b*+ab—ab+bc+ac - c*
=2(a+b+c)[-a*=b*—c*+ab +be + ca)
=2(@a+b+c)[a*+b*+c*—ab—be - ca]
=—(a+b+c)[2a%+2b*+2c* = 2ab — 2bc — 2ca]
== (@+b+o)[@-b)’+ -0+ (c-a)]

Now, given that A =0

= A=@+b+c)[(a=b>+@b-c)+(c-a)’]=0

So, either (1+b+¢)=0 or (a-b)*+ B -c)*+ (c—a)*=0ie,a=b=c.

[Applying Ry — R; + R, + R4]

[Taking common 2(a + b + ¢) from R;]

Determinants ]. 07



11.

Sol.

Show that points A(a, b + ¢), B(b, ¢ + a), C(c, a + b) are collinear.

We have,

ab+c1
bct+tal
ca+b 1

Area of AABC =

N |

aatb+c 1
bb+c+al (Applying C, » C, + C))
ca+tb+c1

N[

= %(ﬂ +b+0c) (Taking (a + b + ¢) common from C,)

a S
_ e
—_

=%><(a+b+c)><0 (v Cy=Cy)
= ar(AABC)=0

Since area of AABC is zero, therefore points A, B and C are collinear.

Hence proved.

Multiple Choice Questions Y 1777

Choose and write the correct option in the following questions.

1.

x 2 6 2 )
If 18 x|~ ’18 6l then x is equal to
(@) 6 () £6 (c) -6 d 0
a-b b+c a
The value of determinant (b-c c+a b [NCERT Exemplar]
c-a a+b c
@) @+ +¢c (b) 3bc (c) a® + b+ > —3abc  (d) None of these

The area of a triangle with vertices (-3, 0),(3, 0) and (0, k) is 9 sq. units. The value of k will be
(@) 9 (b) 3 (c) -9 (d) 6

-1 cosC cosB
If A, B and C are angles of a triangle, then the determinant {[cosC -1 cosA| is equal to
cos B cosA -1

(@) O (b) -1 ()1 (d) None of these
0 x—-ax-b
Iffx)=|x+a 0 x-c|,then [NCERT Exemplar]
x+b x+c 0
(@) fla)=0 (b) fib)=0 (0) f(0)=0 d) f(1)=0
1+x 1 1
If x, y, z are all different from zeroand | 1 1+y 1 | =0, then value of X+ y'1 +ztis
1 1 1+z
(a) xyz )yt (c) x-y—=z d) -1
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10.

11.

12.

13.

14.

15.

16.

17.

1-25

There are two values of a which makes determinant A=|2 a -1|=86, then sum of these

numbers is 0 4 2a
(@) 4 )5 (c) -4 @) 9
If A is a non-singular square matrix of order 3 such that A* = 34, then value of |A| is
[CBSE 2020 (65/2/1)]

(a) -3 ) 3 (c) 9 (d) 27

232
If |[x x x{+3 =0, then the value of x is [CBSE 2020 (65/4/1)]

491
(a) 3 () 0 (0) -1 @) 1

x xty x+2y
The value of the determinant (x+2y x x+y |is [NCERT Exemplar]
x+ty x+2y «x

(@) 9%(x +y) ®) 9 (x +) (©) 3y (x +v) (d) 7x*(x +y)

x+2 x+3 x+2a
If a, b, c are in AP, then the value of determinant A=|{x+3 x+4 x+2b]| is
x+4 x+5 x+2c

(@) 0 b) 1 (c) x (d) 2x

1 a a*) |1 1 1
Thevalueof [1 b b%*|=|la b c|is

1 ¢ & PRINR I
(@) (a=b)(-c)(c—a) (b) (b-a)(c-b)(c—a)
(c) a(b-c)(c—a) (d) None of these
0 a-ba-c
The valueof ([b—-a 0 b-c|is
c—-a c-b 0
(@) a ) b (¢) 0 (d) None of these
1 o o
The value of (@ 2 1 |is
o> o 1
(@) 1 (b) -1 (0 @ o
If area of triangle is 35 sq units with vertices (2, —6) (5, 4) and (k, 4), then k is
(@) 12 (b) 2 (c) -12,-2 (d) 12,-2
Let A be a square matrix of order 3 x 3, then |KA| is equal to
(@) K|A] (b) K| A (©) K°|A] (d) 3K| A
265 240 219
The value of |240 225 198 is
219 198 181
(@) 0 b) 1 (c) -1 (d) None
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1 a b+c
18. The value of |1 b ctalis
1 c a+b
(@) 1 ) 0 ()a+b (d) a-b
Ay Gy 5

19. If A=|a, A4y a,;| and Aij is cofactors of @jj, then value of A is given by

a a a

31 %32 433
(@) ayq Az + 015 Agy + 45 Agg

(€) ay Ayy +ay Ay + ay3 Ay

20. If Ais a3 x 3 matrix such that |A| =8, then |3A| equals

(a) 8 (b) 24 (c) 72
Answers
1. (b) 2. (c) 3. (b) 4. (a) 5. (c)
7. (0) 8. (d) 9. (c) 10. (b) 11. (a)
13. (¢ 14. (c) 15. (d) 16. (c) 17. (a)
19. (d) 20. (d)

Solutions of Selected Multiple Choice Questions
1. We have,

x 2 :‘ 6 2’

18 x| |18 6

x*-36=36-36

=
= x*-36=0
-
=

x* =36
x=x6
2. We have,
a-b b+c a| |a+c b+tc+a a
b—c c+a b|=|b+a c+a+b b
c—a a+b c| |[c+ba+b+c ¢
a+c
=(@a+b+c)|b+a
c+b
a->b
=(@+b+c)|a-c
c+b c
=@+b+c)[-(@a=b)(b-c)+ (@a—c)?]

a S 9

c
c

[ e =
ST
|

(b) ayq Aqy + a1 Ay + 033 Agy
(d) a1y Ayy +ay Agy + a3 Ay

[CBSE 2020 (65/5/1)]
(d) 216

6. (d)
12. (a)
18. (b)

[Applyu’lg Cl —> Cl + C2 and C2 e C2 + C3]

[Taking (a + b + c) common from C,]

[Applying R, = R, — Rzand R; = R; — R;]

[Expanding along R,]

=@+b+0c) (@ +b*+P—ab—bc—ca) = (a° + b+ - 3abc)
3. We know that, area of a triangle with vertices (xy, y,), (x,, ¥») and (x3, y3) is given by

LA 1 B0
A=§| X, Y, 1 |=E| 3 0 1y
Xy oy, 1 0 k1

110



20.

Expanding along R,, we get

1
9= 1[-83(-b-0+1(0]]| —  18=[3k+3k| = |6k]|

0 x—ax-b
Wehave, f(x)=|x+a 0 x-c
x+b x+c O

0 0 a-b
= f@@=| 22 0 a-c =[a-b){2a.(a+c)}]#0
a+ba+c O
0 b-a O
and fihy=\b+a 0 b-c|==(b-a)-2bb-c)]=2bb-a)(b-c)=0
2b b+c O
0 -a-b
and fO)=la 0 -—c| =a(bc)-blac) = abc—abc=0
b ¢ 0
1-25
Wehave, A=|(2 a -1|(=86
0 4 2a
= 1(24° +4) - 2(- 4a - 20) + 0 = 86 [Expanding along first column]

= 2a% + 4 + 8a + 40 = 86
20 +8a+44-86=0

=
= A +4a-21=0
= A +71-32-21=0
= @+7)a-3)=0 = a=-7and3
Required sum=-7+3=-4
We have,
A’=3A = |A?%| =|3A]|
= |A|.|A| =3 |A| (" order of matrix Ais 3and |A| is notequal to zero)
= |A|=3=27 = |A|=27
We have,
232
X x x[+3=0
491
232
= x(111|+3=0 (Taking out x from R,)
491

= x{21-9-31-49)+209-4)}+3=0
= x(-16+9+10)+3 = 3x+3=0
= 3x=-3 = x=-1
We have,
|3A] =3 |A| =27 x 8 =216
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Fillin the Blanks N 777

sin?23°  sin?67°  cos180°
1. The value of the determinant |-sin?67° —sin?23° cos?180°| is
cos180° sin?23° sin?67°
235
2. The cofactor of element a;, in the matrix |6 0 4 | is
15 -7

3. If Ais a skew-symmetric matrix of order 3, then the value of |A| =

0 cos6 sinf[
4. Ifcos20=0,then [cosO sin® 0 = . [NCERT Exemplar]
sin@ 0 cosB

x 37
5. Ifx=-9isarootof |2 x 2|=0, then other two roots are . [NCERT Exemplar]
7 6 x
Answers
1. 0 2. 46 3.0 4. % 5. x=2,x=7
Solutions of Selected Fill in the Blanks
1. Applying C; —» C; + C, + C;, we have
sin?23° +sin?67° + cos 180°  sin?67°  cos180°
—sin?67° — sin?23° + cos?180° —sin®23° cos>180°
c0s 180° + sin%23° + sin%67°  sin?23°  sin267°
1+(<1) sin®67° -1 "+ sin?67° = cos?23°
= | -1+1 -sin?23° 1 cos180° = -1
-1+1 sin?23° sin%67° and sin20 + cos20 = 1
0 sin’67° -1
= |0 -sin?23° 1 [=0
0 sin?23° sin?67°

3. Since matrix A is a skew-symmetric of odd order i.e. 3
s |A]=0

Very Short Answer Questions N (1771

1. If A and B are square matrices of the same order 3, such that |A|= 2 and AB = 2I, write the
value of |B]|. [CBSE Delhi 2019]
Sol. |A| =2and AB=2I
= |AB| =|2I| =8
= |A||B|=8 = 2|B|=8 = |B|=4

0 -1 35
2. Find |AB], if A=[0 2]andB=[0 0] [CBSE 2019 (65/2/2)]

0 -1|3 5 (00
Sol. We have, AB—I0 2]10 0]—10 0]
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Sol.

Sol.

Sol.

Sol.

Sol.

Sol.

00
AB|= =
|AB|=1, 4|=0
Let A be a square matric of order 3 x 3. Write the value of |2A|, where |A| = 4.
[CBSE Delhi 2012]
-+ [2A] =2" | A|, where 1 is order of matrix A.
Here |Al =4and n=3
1241 =2°x4=32
+1 x-1|_ |4 -1
T e then write the value of x. [CBSE Delhi 2013]
x-3 x+2| |1 3
] x+1 x-1] |4 <1 ’
Given =
x-3 x+2| |1 3
= x+D)x+2)-(x-1)(x=3) =12+1
= P26 +x+2-x*+3x+x-3=13
= 7x-1=13
= 7x =14
= x =2
If A =[a;] is a matrix of order 2 x 2, such that [A| =-15 and C;; represents the cofactor of a;;,
then find a,,C,; + a,,C,,. [CBSE Sample Paper 2018]
a., a a., a
Given, A=| " 12] |Al=| " P
Ay Ay Ay Ay
Expanding along R,
= 15 =0, . Cy; + 1y . Cyy [Cjj = Cofactor of ;]
= a21. C21 + a22 . C22 = - 15

Write the value of the following determinant:
a-bb-c c-a
b-c c-a a-b [CBSE (AI) 2009; (East) 2016]
c-a a-b b-c¢

Applying C; —» C;+ C, + C3, we get

0b-cc-a
=0 c—a a-b|=0 [~ All elements of C, are zero]
0a-bb-c
Show that the points (1, 0), (6, 0), (0, 0) are collinear. [CBSE (AI) 2008]
1 0 1
Since |6 0 1|=0
0 0 1

Hence, (1, 0), (6, 0) and (0, 0) are collinear.

What positive value of x makes the following pair of determinants equal?

2x 3| |16 3
5 x|’|5 2 [CBSE (AI) 2010]

2x 3| |16 3

5 x “5 2’
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Sol.

10.

Sol.

11.

Sol.

12.

Sol.

= 2x2-15=32-15 = 2:2=32
= ¥=16 = x=14
= x = 4 (+ve value).

cos15° sin15°

sin75° cos75° [CBSE (AI) 2011]

Evaluate:

Expanding the determinant, we get
cos 15°. cos 75° — sin 15°. sin 75° = cos (15° + 75°) = cos 90° =0
[Note : cos (A + B) = cos A. cos B —sin A. sin B]
Write the value of the following determinant:
102 18 36

1 3 4 [CBSE (F) 2012]
17 3 6

102 18 36
3 4
17 3 6

Let A=

Applying R, — R, —6R;, we get

0 00
1 34
17 3 6

If A is a square matrix and | A| = 2, then write the value of | AA’|, where A’ is the transpose of
matrix A. [CBSE (F) 2013]

A=

=0 [~ Each element of R, is zero]

|AA'|=|ALIAI=|ALIA|=|AP =22 =4
[Note: |AB|=|Al.|B| and |Al=|AT|, where A and B are square matrices.]

If A is a 3 x 3 invertible matrix, then what will be the value of k if det (A™) = (det A,
[CBSE Delhi 2017]

Given, det (A™}) = (det A)*

= |AT| = A" = k=-1

Short Answer Questions- and 1| /N PE LTI

Sol.

Find the equations of line joining (1,2) and (3,6) using determinants.
Let given points are A(1, 2) and B(3, 6) and P(x, y) lies on the line joining points A and B.

. Points A,P and B are collinear
. Areaof AAPB=0

1121 1 21
:Exy1=0 = x y 1|=0
361 3 61

= 1(y-6)-2(x-3)+1(6x-3y)=0
=>y-6-2x+6+6x-3y=0 = 4x-2y=0
= 22x-y) =
= 2x-y =0
Equation of line be 2x -y =0
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Sol.

Sol.

Sol.

5.

2-x+1 x-1

Evaluate the determinant: ‘1 ‘1 [NCERT Exemplar]
x x
Let A= P-x+1 x-1
x+1 «x+1
2_ .4 _
=(x+1) X 1x Lx 1 ! ‘ [Taking common (x + 1) from R,]

=+ D) -x+1-x+1)=(x+1) (*-2x +2)
=0 -2 + 2+ 2 —2x+ 2= -1+ 2
What is the value of the following determinant: [CBSE (F) 20101

4 a b+c
b cta
c a+b

4
4
4 g b+c| |4 a a+b+c
4
4

Here, A=|4 b c+a|=|4 b a+b+c|[Applying C;—> C3+ C,]
c a+b| |4 ¢ atb+c
1 al
A=4@+b+0o)|l b 1 [Taking out common 4 from C; and a + b + ¢ from C;]
bed G =C
A=4@+b+c).0=0 ..'i=03
x+ty y+tz z+x
Write the value of A=| z x y | [CBSE Allahabad 2015]
-3 -3 3
x+y y+z z+x
Here, A=| z X y
-3 -3 3
Applying R; = R, + R,, we get
x+y+z x+y+z x+y+z
= z x v
-3 -3 -3
Taking (x + v + z) comrrion f1iom R, , we get
=(x+y+z)|z x Y
-3 -3 -3
Applying R; — R; + 3R, we get
1 1 1
=(x+y+2) |z x y|=0 [~ Each element of R; is zero]
0 0 ©0
Without expanding evaluate the determinant: [HOTS]

@+a™? @ -a™’ 1
(@’+a”%)? (a¥-aY)? 1|,wherea>0andx, y,zcR

(az+u—2)2 (az+a—2)2 1
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(ax+a—X)2 (ax_a—x 2 1
Sol. HereA=|(@'+a™")? @' -a%? 1
(az+a—2)2 (az+a—2)2 1
Applying C; - C;-C,, we get
4 @ -aM*1
A=4 @ -a??1 [Using (a + b)* - (a — b)* = 4ab]
4 (@*-a?)21
Taking out 4 from C;, we get
1 (@ -a™?%1
A=41 @ -a¥?1 = A=4x0=0. [+ C, and C;are identical]
1 (@-a9*1

Long Answer Questions A 17T 5]

1. Ifa, b, c are pth, gth and rth terms respectively of a G.P, then prove that

loga p 1
logh q 1|=0 [CBSE 2020 (65/5/1)]
loge r 1

Sol. Let A be the first term and R be the common ratio of the G.P respectively.
a=AR",b=AR"!, c=AR™!
Now, we have,
loga p
LHS. A=|logb g
loge r

_ e

log ARP? p 1
= A=|log ART" g 1

log AR™" 7 1
log A+ (p-1)logR p 1
= A=llog A+(g-1)logR q 1
log A+ (r-1)logR r 1

(log(ab) = log a + log b and loga™ = m log a)

logA p 1 p-1 p 1
- A=llogA g 1|+logR|g-1 g 1
logA r 1 -1 r 1
apply €, - G, -G,

1 p1 p-1 1 1

- A=logA|l q T1j+logR|g-1 1 1

1 r 1 =111

€ =G G=06)

A=log Ax0+logx0
A=0+0=0=RH.S
A=0
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4-x 4+x 4+x
2. Using properties of determinants, find the value of x for which |4+x 4-x 4+x|=0.
4+x 4+x 4-x

4—x 4+x 4+x [CBSE 2019(65/4/3)]
Sol. Wehave, |4+x 4—x 4+x|=0

4+x 4+x 4-x
Applying C; —» C; + C, + C3, we get
12+x 4+x 4+x

12+x 4—x 4+x
12+x 4+x 4—x

Il
o

1 4+x 4+x

= (12+x)|1 4-x 4+x|=0 [ Taking (12 + x) common from C; ]
1 4+x 4-x

Applying R, - R, - Ry, R3 &> R3 - R, we get

1 4+x 4+x
(12+x)|]0 2x 0 |=0

0 0 —2x
= (x+12)@*) =0 = x=0,-12
3. Using properties of determinants, prove that [CBSE Delhi 2014]
2y y—z—-x 2y
2z 2z z-x-vY =(x+y+z)3.
X—-y-z 2x 2x
2y Yy—z—-x 2y
Sol. LHS= 2z 2z Z-x-Y
X-y-z 2x 2x

Applying R, <> R;, then R; < R,, we get
X-y-z 2x 2x

= 2y y—-z-x 2y

2z 2z z-x-yY
Applying R; = R; + R, + R3, we get

x+y+z y+z+x z+x+y
= 2 y-z-x 2y
2z 2z Z-x-Y

Taking out (x + y + z) from first row, we get
1 1 1
=(x+y+2)|2y y-z-x 2y
2z 2z z-x-Yy
Applying C; - C; - Czand C, = C, - C;, we get
0 0 1
=(x+y+2) 0 y+z+x) 2y
(x+y+z) z+x+ty z-x-y
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Expanding along first row, we get

:(x+y+z)(x+y+z)2:(x+y+z)3: RHS

x ¥ -1
4. Ifx, y, z are different and A =|y y2 y3—1 =0, then using properties of determinants, show

z 2% Z%1

that xyz = 1. [CBSE 2019 (65/5/1)]
x 2% x4 PO e I O o |
Sol. Wehave |y v* y*-1|=0 - v v Pl+ly v* -1|=0
z 2% %41 z 22 2° z 2% -1
1 x 22| -1 x* «x In det 1 taking x, v, z common
= xyz|l y y2 +-1 2 y|=0 from each row and in det 2
1z v |11 22 z using C, — C, and applying C, ~— C, in det 2
1 x| |1 x?
= xyz|l y y*|+|-1 v’ =0
1 z 22| |-1 z 22
1 x x? 1 x x?
= ayz|l y v+ D1 y =0 [Taking (-1) common from C]
1 z 22 1 z 22
1 x «?
= |1 s (xyz-1)=0
1 z 22
1 x «? 1 X x? Applying
If |1 2l=0= [0 y-x y-x*|=0 R,~R,-R
1 z 22 0 z—x  z¢-x* Ry;—R;-R,
2 2
y—-x Yy —-x 1 y+x
= =0 = -x)(z-x) =0
z—x z°-x% v=%) 1 z+x
= Y-0z-x)z+x-y-x)=0
= Y-9z-%)(z-y) =0
= x=yorz=xory =z whichis a contradiction.
Hence, (xyz-1)=0 = xyz=1.
atb+2c a b
3
5. Prove that: c b+c+2a b =2(a+b+c) [CBSE Delhi 2014; (F) 2010, 2011]
c a cta+2b
a+b+2c a b
Sol. LHS= c b+c+2a b
c a cta+2b

Applying C; —» C; + C, + C3, we get

2(@+b+c) a b
={2(a+b+c) b+c+2a b
2(a+b+c) a cta+2b
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Taking 2(a + b + c) common from C;, we get

1 a b
=2(a+b+c)|1 b+c+2a b
1 a cta+2b

Applying R, - R, — Ryand R; — R; - R;, we get
1 a b
=2(a+b+c)|0 atb+c 0
0 0 a+b+c
Taking (2 + b + c) common from R, and R;, we get
lab
=2(a+b+c)®l0 10
001
Expanding along C,, we get
=2(a+b+c)’[1-0]=2(a+b+c)>=RHS

1 a a® a®-1 0 a-at
6. If A=|a a®> 1|=-4thenfindthevalueof| 0 a-a* a®-1|. [CBSESample Paper2018]
a> 1 a a-a* a®-1 0
1 a a?
Sol. Wehave A=|a 4> 1
a2 1 a
_ 3 _ _ 4
Cy=a-1; C,=0; Cy=a-a
_ _ 4, _ 3
Cy=0; Cp=a-a5; Cyu=a -1
_ 4 _ 3 _
C31—11—a, C32—11 -1; C33—0

Where C;; = Co-factor of g;; (i, /)™ element of determinant A. Let A, be the determinant made by
corresponding co-factor of each element of determinant A.

Gy Gy G
ie., A= Cy Gy Gy
Cyy Gy Gy
We know that A, = A2 [ A =A"! Where each element of .Al is cofactor
of corresponding element of A and # is order of the
A =(-4)7=16 determinant]

a®-1 0 a-a*
= 0 a-a* a®-1|=16
a-at a®-1 0

7. Using property of determinant, prove the following;:
a a+b a+2b
a+2b a a+b|=9b*a+b) [CBSE Delhi 2017; (AI) 2008, 2013]
a+b a+2b a
a a+tb a+2b
Sol. LHS ={a+2b a a+b
atb a+2b a
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3(@+b) 3(a+b) 3(atbh)
=l a+2b a a+b [Applying Ry = R; + R, + R;]
a+tb a+2b a
1 1 1
=3@+b)lat2b a a+b
atb a+2b a

[Taking 3(a + b) common from R;]

00 1
=3@+b)b b a+b [Applying C; > C;-C;, G, — G, -4
b2b a

Expanding along R,, we get
=3(a + b) {1 (2b* + b*)} = 9b*(a + b) = RHS

x y x+ty
8. Using properties of determinants, find the value of kif | y x+y x |=k(®+y?).
xty x Yy
X y x+y [CBSE 2019 (65/4/2)]
Sol. We have kP+y)=| vy x+y «x
xty x y
2x+2y y x+ty
=2x+2y x+y «x [Using C; - C; + C, + G5]
2x+2y «x y
1 vy x+y
=2x+2y)|1 x+y «x [Taking (2x + 2y) common from C;]
1 «x y
1 vy x+y
=2(x+y|0 x -y [Applying R, - R, — Ry, R3 > R3 - R{]
0 x-y —x
- x Y
=2(x+y) Xy —x

=2(x + y)(—* + xy — 1) = 2(x + Y) (" = xy + 1)

= k® + %) =2 + 1)
Comparing the coefficient of (x* + °) on both the sides, we get
k=-2
9. Using properties of determinants show that
1 1 1+x
1 1+y 1 |=-(yz+yz+zx+xy) [CBSE (F) 20171
1+z 1 1
1 1 1+x
Sol. LHS=| 1 1+y 1
1+z 1 1

Apply R, - R, - R and R; —» R3 - R;, we get

1 1 1+x
=10 vy -x
z 0 -X
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Expanding by R;, we get

=1[-yx-0]-1[+ zx] + (1 + x) (—zy) = —yx —zx — 2y — XYz

=—(xy + xz + zy + xyz) = RHS

10. Using properties of determinant, prove that:

atx y z
x a+y z |=ad’(a+tx+y+z) [CBSE (F) 2014]
x y atz
a+tx y z
Sol. LHS=| x a+y z
x y a+z
atx+y+z y  z
=latx+ty+tza+ty z [Applying C; —» C; +C, + G5]
atx+y+z Yy a+tz
Loy
=(@+tx+y+z)|1l aty z [Taking out (a + x + y + z) common from C;]
1 y a+z
0 -a O
=(@atx+ty+2)|l aty z [Apply R, —» R;-R)]
1 vy a+z

Expanding along R;, we get
=(a+x+y+2){0+a@+z-2)}
=a2(a+x+y+z)=RHS

11. Using properties of determinant, prove the following:
xty x x
5x+4y 4x 2x =x°
10x+8y 8x 3x
x+ty x «x
LHS =| 5x+4y 4x 2x
10x +8y 8x 3x
x+y 11
S5x+4y 4 2
10x+8y 8 3

[CBSE (AI) 2014, 2009]

Sol.

[Taking out x from C, and G;]

x+y 11
3x+2y 2 0

[Applying R, - R, -2R; and R; — R;3-3R;]
7x+5y 5 0

Expanding along C;, we get

=7 [1 {(3x + 2y) 52 (7x + 5y)} - 0 + 0] = x* (15x + 10y — 14x — 10y)
=x*(x) =x° = RHS

cosec’0 cot’0 1

12. Without expanding, show that: | cot*0 cosec’0 -1[=0

42 40 2

[NCERT Exemplar]
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cosec’ cot’0 1
Sol. Given, A=| cot’0 cosec’d -1
42 40 2

cosec’f-cot’0-1 cot’® 1
=|cot?0 — cosec’0 +1 cosec’ -1
0 40 2

1-1 cot’0 1
=|-1+1 cosec?0 -1

0 40 2
0 cot’® 1
=0 cosec’® -1|=0
0 40 2

13. Prove the following using properties of determinant:

b+c c+a a+b
c+a a+b b+c|=20Babc-a®-b*-c3)
a+b b+c c+a

b+c c+ta a+b
Sol. LHS =|c+a a+b b+c
a+b b+c c+a

2(@+b+c) 2@+b+c) 2(a+b+o)

= cta a+b b+c
a+b b+c c+a
1 1 1

=2(@+b+c)cta a+b b+c
a+b b+tc c+ta

1 0 0
=2(@+b+c)cta b—c b-a
atb c—a c-b

=2(a+b+c) [1(bc = b* =+ bc - be + ac + ab — a%)]

=2(a+b+c)(bc+ac+ab—a*—b*-c?)

[Applying C; > C,-C,-C]

[ cosec® 0—cot®0=1]

[ All elements of C; are 0]

[CBSE (F) 2010]

[Applying Ry — R; + R, + R4]

[Taking 2(a + b + c) common from R;]

[Applyu’lg C2 —> C2 - Cl’ C3 e C3 - Cl]

[Expanding along R;]

=2@+b+c) @+ b+ —ab-bc—ca) =2+ b + - 3abc)

=2(3abc - a®-b> - *) = RHS

14. Ifa+b+c # 0and |b ¢ a|= 0, then using properties of determinants, prove thata =b = c.

[NCERT Exemplar, CBSE Bhubaneswar 2015]

ab c
cab
abc
Sol. Wehave |b ¢ a|=0
cab

Applying C; - C, + C, + G5, we get
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(atb+c) b ¢
(@+b+c) c a|=0
(@a+b+c)abd

Taking (a + b + c) common from C;, we get

1bc 1bc
(@a+tb+o))l c al=0 = 1 cal|l=0 [at+tb+c#0]
lab lab
Applying R, > R,-R; and R; > R;—R;, we get
1 b c
0c-ba-c|=0
0a-bb-c
Expanding along C;, we get
Hc-b)(b-c)-(a-c)@a-b)}-0+0=0 = —(b-c)?=@-c)(a-b)=0
= -V -c*+2c-a?+ab+ac-bc=0 = P+ b+ —bc—ab—ac=0

1
= E[2a2+2b2+2c2—2bc—2ab—2ac]=O:> (a=bP?+ (-0 +(c-a)’=0
= @-0)>=0; (b-c)?=0; (c-a)’=0 = a-b=0; b-c=0; c—a=0;
=a=b=c

15. Using properties of determinants, show that AABC is an isosceles if:

1 1 1
1+cosA 1+cosB 1+cosC |=0I[CBSE (Central) 2016, NCERT Exemplar, HOTS]
cos’A+cosA cos’B+cosB cos’>C+cosC
1 1 1
Sol. We have 1+ cosA 1+ cosB 1+cosC |=0

cos?A+cosA cos’B+cosB cos’C + cosC

Applying C; » C;-Czand C, » C,-C;, we get

0 0 1
= cosA - cosC cosB—cosC 1+cosC (=0
cos?A + cos A —cos’C - cosC cos?B + cos B —cos*C - cosC cos’C + cosC
0 0 1
= cosA —cosC cosB - cosC 1+cosC |=0
(cos A —cosC)(cosA+cosC+1) (cosB—-cosC)(cosB+cosC+1) cos*C + cosC

Taking common (cos A — cos C) from C; and (cos B - cos C) from C,, we get

0 0 1

1 1 1+cosC
cosA+cosC+1 cosB+cosC+1 cos’C+cosC

= (cos A — cosC)(cos B - cosC) =0

Applying C; - C;-C,, we get

0 0 1

0 1 1+cosC
cosA —cosB cosB+cosC+1 cos’>C+ cosC

= (cosA —cosC)(cosB-cosC) =0

Expanding along R;, we get
= (cos A —cos C) (cos B—cos C) (cos B—cos A) =0
= cosA—-cosC=0 ie, cosA=cosC
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or,cos B—cosC=0 ie, cosB=cosC
or,cos B—cosA=0 ie., cosB=cosA
= A=Cor B=Cor B=A

Hence, AABC is an isosceles triangle.

16. Using properties of determinants, prove the following:
x+4 2x 2x
2r x+4 2x [=(5x+4)(4-x) [CBSE Delhi 2011]
2x 2x «x+4
OR
x+A  2x 2x
2 x+A 2x [=Gx+A)(A-x) [CBSE (F) 2014]
2x 2x  x+A
x+4 2x  2x
Sol. LHS =| 2x «x+4 2x
2x  2x x+4
5x+4 5x+4 5x+4
= 2x x+4 2x [Applying Ry = R; + R, + Rg]
2x 2x  x+4
1 1 1
=0bx+4)|2x x+4 2x [Taking (5x + 4) common from R;]
2x 2x x+4
1 0 0
=0Gx+4)[2x 4-x 0 [Applying C, - C,-Cy; CG3— C3-(C]
2x 0 4-x

=Gx+4) [1{&-x)>-0}+0+0]
= (5x + 4) (4 - x)*> = RHS

[Expanding along R;]

OR
Solve as above by putting A instead of 4.

17. Using properties of determinants, prove that [CBSE Delhi 2012]
b+tc g+r y+z apx
cta r+p z+x|=2bqy
atb p+tq x+y cr z
OR
b+c c+a a+b abc
q+tr r+p ptq|=2|p q r [CBSE (AI) 2014]
ytz z+x x+y Xy z

btc g+r y+z
LHS =|c+a
atb p+q x+y

Sol. r+p z+x

at+b p+qg x+y

=|b+c q+r y+z

cta r+p z+x
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Applying R; = R, + R, + R;, we get

2(a+b+c) 2(p+qg+r) 2(x+y+z) atb+c ptg+r x+y+z
=| b+c qg+r yt+z =2| b+c g+r y+z
cta r+p zZ+x cta r+p z+x
a p x
=2\b+c q+r y+z [Applying Ry = R;—R,]

ctar+p z+x

a p X
=2|b+c g+r y+z [Applying R; — R3;—R{]

C r z

Again applying R, - R, - R;, we get
apx
bay

cr z

=2 =RHS

18. Using properties of determinant, prove the following: [CBSE Delhi 2012; (AI) 2014]

1+a 1 1
1 1+b 1 |=ab+bc+ca+abe
1 1 1+c
OR
1+a 1 1 1 1
If a, b and c are all non-zeroand | 1 1+b 1 =0,thenprovethatz+3+;+l=0
1 1 1+c
[CBSE (F) 2016]
1+a 1 1
Sol. LHS=| 1 1+b 1
1 1 1+¢
1 1 1
atl wa
= abc % %+1 % [Taking out a, b, c common from R;, R, and R;]
1 1 1
¢ ¢ ¢l
l+l+l+1 l+l+l+1 l+l+l+1
a'pc a'p ¢ a'p ¢
= abc % %+1 % [Applying Ry — R+ R, + Rg]
1 1 1.,
c c c
1 1 1
1 1.1 11 1
= S+ 1) =
“bc<a b Cl)bbl b
111,
c ¢ ¢

Applying C, » C,-Cy; G > G3-C, we get
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0

1 1 1
=abc<—+—+—+1> 1
a c

0
11 1
; 0 —abc<;+—+?+1)><{1(1—0)—0+0)}

b
01

(SRS S e

=abc(%+%+%+l>=ab+bc+ca+abc = RHS

OR
+
Tra 11 1.1 .1 1.1.1
1 1+ 1 |=0 = abc<5+g+?+ 1>= 0= E+E+?+1 =0 [a, b, c are non-zero]
1 1 1+¢
19. Using properties of determinants, show the following;:
b+o? ab ca
ab  (a+0> bc |=2abcla+b+c)’ [CBSE Delhi 2010]
ac bc (a+Db)?
(b+0c)? ab ca
Sol. LHS =| ab  (a+c)*> e
ac bc (a+b)?

Multiplying Ry, R, and R; by a, b and c respectively, we get

1 ab+c)®>  ba® a’c
=—— ab® b@+o?® b
abc 5 ) )
ac be c(a+Db)
(b + C)2 az 112
= al%abc b* (c+a)? b* | [Taking commona, band c from C;, C,and C; respectively]
2 2 2
c c (a + b)

Applying C; - C;-C; and G, » C,-C;, we get

(b+c)*-a? 0 a?

_ 0 (c+a)? 12 b2
—@+b)? -@+b)?* (a+b)?

btc+a)y(b+tc-a) 0 a?

= 0 (cta+b)(c+a-D) b?

(c+a+b)(c-a-b) (c+a+b)(c—a-b)  (a+Db)*
b+c-a 0 a? .

=@@+b+0)] 0 c+a-b b2 [Taking common (a+b +¢)
c—a—-b c—a—b (a+b)2 from C, and C,]
b+c-a 0 a?

=(@+b+c) 0 c+a-b b? [Ry = Ry—(Ry + Ry)]
-2b —2a 2ab

@ o2| T ! -

== | 0 be + ba — b* b*> | [Multiplying a in C; and b in C,]
—2ab —2ab 2ab
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2 2

(@+b+c)? ab +ac a a

= b? be + ba b? [C,—> C+Cyand C,— C,+C)
0 0 2ab

(@+b+c)? bre ‘ ‘ Taking a,b and 2ab common

=————.ab.2ab| b cta b &4
ab 0 0 1 from R, R, and R, respectively
b+c a

=2ab (a +b + c)’

ab(@a+b+c) b i

=2ab (a+b+c)*{(b+c)(c+a)—ab)
=2abc (a + b+ ¢)® =RHS

20. Using properties of determinant, show that: [CBSE (AI) 2012]
b+c a a
b c+ta b |=4abc
c c a+b
b+c a a

Sol. LHS=| b c¢+a b
c c a+b

2(b+c) 2(c+a) 2(a+Db)

= b cta b [Applying R; — Ry + R, + R;]
c c a+b
(btc) (cta) (a+b)
=2| b cta b [Taking 2 common from R;]
c c a+b
(b+c) (c+a) (a+b)
=2| —c 0 -a [Applying R, - R,—R; and R; = R3—-R;]
-b —-a 0
0 ¢ b
=2|—c 0 —a [Applying R; — R; + R, + R;]
-b —a 0

Expanding along R, we get
=2[0-c(0—-ab)+ b (ac-0)] =2 [abc + abc] = 4abc = RHS

21. Using properties of determinants, prove that [CBSE Ajmer 2015]
a 2 a
b* 2 b|l=2a-b) (-0 (c-a)la+b+o).
2 ¢
a2 a
Sol. LHS=(p® 2 b
A2 ¢
a® 2 a
= b -a° 0 b-a [Applying R, = R, —R; and R; — Ry — Ry]
A —a’ 0 c—a
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a® 2 a Taki b
~ 2y e 0 aking common (b — a)
=(b-a)(c-a)|b"+a"+a from R, and (c - a) from R,
2, 2
c“+a”+ac 0 1
a 2 a

=(b-a)(c-a)| a*+b*+ab 0 1 [Applying Ry — Ry — R,

> —b*+ac—ab 0 0

Expanding along R;, we get
=(b-a)(c—-a)c® -V +ac—ab)2 =2(b-a)(c—a)(c-b)(c+b+a)
=2@@-b)(b-c)(c—a)(a+Db+c)=RHS
22. Using properties of determinant, prove that: [CBSE (F) 2012]

a a+b a+b+c
2a 3a+2b 4a+3b+2c |=a’
3a 6a+3b 10a+6b+3c
a a+tb at+b+c
Sol. LHS=1|2a 3a+2b 4a+3b+2c
3a 6a+3b 10a+6b+3c
Applying R, - R, - 2R; and R; — R;3 - 3R;, we get
a a+b a+tb+c
=0 a 2a+tb
0 3a 7a+3b
Expanding along C;, we get
= a[74® + 3ab — 6a* — 3ab]
=axa®=a>=RHS

23. Using properties of determinant, prove the following: [CBSE (F) 2015]
1 a a*
a1 a|=@1-a%?

a a? 1

1 a a
Sol. LHS =|a* 1
a a?
1+a’+a a+1+a? a?+a+1
= a? 1 a [Applying R; = R; + R, + R3]
a a? 1
1 1 1
=1+a+a”)|a®> 1 a [Taking out (1 +a + %) from first row]
a a* 1
0 1 1
=(1+a+d) |a*-1 1 a [Applying C; — C; - C,]
a-a* a?
0 0 1
=(1+a+a) |a*-1 1-a a [Applying C, = C, - C;]
a-a’ a -1
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Expanding along R, we have
=(1+a+d)[@-12-a(-a]=Q+a+d[(a+1)*@-1)>-a@-1)4
=(1+a+a)@-1[*+1+al=Q+a+ad*) (a-1)>[a*+1+a4]
=@-12A+a+a®?=1-a1+a+a”)?
=[1-a)1+a+a*)]*=(1-a>)*=RHS

2 2 2
yz—-x~ zx-y° xy-z

24. Prove that [zx—y* xy-z* yz-x?| isdivisible by (x + y + z), and hence find the quotient.
xy-z° yz-2* z—-y° [CBSE Delhi 2016]

yz-x* zx -y xy-z°

Sol. Wehave A=|zx-y* xy-z> yz—x
xy-z* yz—x* zx—y’
Applying C; —» C; + G, + C;, we get

xy+yz+zx—x* -yt -z zx—y* xy -z

=|lxy+yz+zx -’ -y —2% ay -2 yz -7

xy+yz+azx—x* -y — 2% yz—x* zx— 1P
Taking (xy+yz+zx—x2—y2—z2) common from C;, we get

1 zx—y2 xy—22

=(y+yz+zv— x> —y* - 29)|1 xy—z* yz -
1 yz—x" zx—y?
Applying R, - R, — Ry and R; - R; - R;, we get
1 zx - y? xy —z°
2 qy+2?
2

=(y+yz+zx—x*—y? =290 xy-2" —zx+y* yz-x
0 yz—x*—zx+y* zx -y’ —xy+z
1 zx—y2 xy—22
=@y tyztax - -yt =290 x(y -+ -2) yE-0)+E-x)
0 z(y-0)+y -x) x@z-y+E -y
1 zx - y* xy —z*

=(y+yzrz -2y’ =290 (y-2) (x+y+2) (2-x) (x+y+2)
0 -0 (x+ty+z) Z-y) (x+y+z)

Taking (x + v + z) common from R, and R;, we get

1 zx—y* xy -2

0 y-z z-x
0 y-x z-y

=(xy+yz+zx—xz—]/2—2'2)(x+]/+z)2

=y +yz+x - -y -+ y+ 2 (1. (yz - > —2° + zy —yz + Xy + 12 — 1))

2

=(y+yz+zx - - - (x+y +2)°

yz-x* zx—y? wy-2°
Hence, |zx — y* xy —z* yz-x*| is divisible by (x + y + 2)
xy-z° yz-z*> zx - y*

and quotientis (xy + yz + zx — x> —y* = 29> (x + y + 2).
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25. If a, b, c are real numbers, then prove that

abc

bcal=-(a+b+c)a+bw+co?)a+bon?+con)

cab
where o is a complex number and cube root of unity. [HOTS]
abc
bca
cab

Sol. LHS =

a+b+c b ¢

=|b+cta ca [Applying C; —» C; +C, + (4]
cta+bab

1bc
=(a+b+c)|l c a [Taking out (a + b + ¢) from C;]
1ab
1 b c
=(@+b+c)|0 c-b a-c [Applying R, - R, — R; and R; — R3 — R;]
0a-bb-c
T L Expanding along C
=(a C)a—b b [Expanding along C;]

=@+b+c){=(b-c)’=@-c) (a-b))
=—(@a+b+c)(@+V*+c*—ab—bc—ca) and
RHS=-(a+b +c¢) (a+bo + co?) (a+bo’ + co)
=—(a+Db+c) (@ + abe* + acw + abo + b*o° + bew? + aco’ + beo* + Fw°)
=—(@+b+c)[(@®+ b+ P+ ab(e® + ©) + be(o” + ©*) + ca (o + )] [ w’=1]

=—(@a+b+c) @+ +c*—ab—bc—ca)=LHS[" 0*+w+1=0and 0’ =0’.0=0]

cost t 1
26. Let f(t) =|2sint t 2t|, then find lirrgft(:) [NCERT Exemplar, HOTS]
sint t t
cost t 1 cost t 1
Sol. Given, f(t)=|2sint ¢t 2t|=] 0 -t O [Applying R, — R, — 2R;]
sint t t sint t t
cost 1 1
=t 0 -10
sint 1 ¢t

Expanding along R,, we get
£[(=1) (Fcos t—sin £)] = — 2 cos t + ¢ sin

lim f(®) ~1im —t2cost + tsint ~ 1im —t2cost + tsint
F=0 2 £=0 £2 t—0\ 2 #2

= lim <—cost+ Sl“t)=—1 Fm S - 4920
F=0 t )
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I PROFICIENCY EXERCISE A

[1 mark each]

B Objective Type Questions
1. Choose and write the correct option in each of the following questions.

1 1 1
(7)) The maximum value of A = 2 1+sin0 1] is (0 is real number)
1+cosf 1 1
1 V3 2/3
@ &) -~ (© v2 @ —5
52 5% 5
(ii) The value of |5° 5% 5°|is
5 5° 5°
(a) 0 (b) 5° () 5° (d) 5"
1 sin 1
(iii) Let A=|-sin6 1  sin0|, when 0 <60 <2n. Then
-1 -sinf 1
(@) Det (A)=0 (b) Det (A) € (2, ) (c) Det (A) € (2,4)  (d) Det(A) e [2,4]
. x ~ .
(iv) If ’2 oy ‘ =0, then the value x is
(@0 () £2 (c) 2 @ -2
0 a-x x-b
(v) Ifflx) =|x+a 0  b-x|, then
x+b x+c O
@ f@=0 ®) ) =0 © f©)=0 @ fy=o
sin(A+B+C) sin(A+C) cosC
(vi) If A + B + C= =, then the value of —sin B 0 tan A| is equal to
cos(A+B) tan(B+C) 0
(@0 1 (c) 2 tan A sin B cos C (d) none of these
b*—ab b-c be-ac
(vii) The determinant |ab-a®> a-b b*-ab| equals
be-ac c-a ab-a*
(a) abc (b—c) (c—b) (a—-1D) ®) (b-=c)(c—b)(a-D)
(© @+b+c)y(b-c)(c—a)(@-b) (d) None of these
2. Fill in the blanks.
. 2x 9| |4 8 .
@) If 5 = 1 ol then value of x is [CBSE (2020) 65/2/2]
0 xyz x—=z
@) |ly=x 0 y—=z|=
z=x z=y 0
(iii) If A and B are square matrices of order 3 and |A|=5, |B| = 3, then the value of |3AB|is
[CBSE (2020) 65/5/3]

a+ib c+id
—c+1id a-ib

(iv) The value of
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B Very Short Answer Questions: [1 mark each]

3. For what value of x, the following matrix is singular? [CBSE Delhi 2011]
S5-x x+1|_
2 4 2 3 4
4. Write the value of the following determinant: |5 6 8 [CBSE Delhi 2009]
6x 9x 12x
5. If Aj;is the cofactor of the element a;; of the determinant
2 35
6 0 4 |, then write the value of a3, . Ay,. [CBSE (AI) 2013]
1 5 -7
3x 7| |8 7
6. If 5 4 = 6 4l then find the value of x. [CBSE (AI) 2014]
cos®  sinf .
7. fA= ] , then for any natural number 7, find the value of det (A").
-sin®  cos0 .
[CBSE Ajmer 2015]
8. If Aisasquare matrix of order 3 and |3A|=k|A|, then write the value of k.  [CBSE Delhi 2010]
9. If A=[a;]is amatrix of order 2 x 2, such that [ A| =-15 and C;; represents the cofactor of a;, then
find a,,Cyy + a5,Co. [CBSE Sample Paper 2018]
1 =2
10. Find the cofactors of all the elements of 4 3 ‘ [CBSE 2020, (65/5/3)]
m Short Answer Questions—I and II: [2, 3 marks each]
atx y z
11. Using the properties of determinant, evaluate | x a+y z [NCERT Exemplar]
x y atz

a b c

12. Show that [a+2x b+2y c+2z|=0, using properties of determinant.
X Y z

13. Find the equation of line Joining (3, 1) and (9, 3) using determinant.

14. Using co-factors of elements of third column,

1 x yz
evaluate A=|1 vy zx
1 z xy
B Long Answer Questions: [5 marks each]

15. Using properties of determinant, solve for x:

a+tx a-x a-x
a-x atx a-x|=0 [CBSE (AI) 2011; (East) 2016]
a—-x a-x a+x

16. In atriangle ABC, if

1 1 1
1+sinA 1+sinB 1+sinC =0
sinA +sin’A sinB+sin’B  sinC +sin’C
then prove that AABC is an isosceles triangle. [NCERT Exemplar, HOTS]
17. Using properties of determinant, prove the following:
X Yy z
x? y2 22| = xyz(x -y)(y —z)(z—x) [CBSE Delhi 2011]
ISR
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18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

bc-a® ca-b* ab-c?
Prove that |ca—b* ab-c* bc—a?| is divisible by (a + b + ¢) and find the quotient.
ab—c* bc—a* ca-b*
a b ¢
Ifazb#cand |b ¢ a|=0,then using properties of determinants, prove thata + b + ¢ =0.
c a b [CBSE Chennai 2015]

Find the equation of the line joining A (1, 3) and B (0, 0) using determinants and find k if
D (k, 0) is a point such that the area of AABD is 3 sq units.

Using properties of determinants, prove the following;:

1+x 1 1
1 1+y 1 |=xyz+xy+yz+azx [CBSE (AI) 2009]
1 1 1+z
3x  —x+ty -x+z
Show that: |x —y 3y z-y|=3x+y+z)(xy+yz+xz) [CBSE (AI) 2013]
X-z Y-z 3z

Using properties of determinants, prove that :

1 1 1+3x
1+3y 1 11=9@Bxyz +xy + yz +zx) [CBSE Examination Paper 2018]
1 1+3z 1
a*+2a 2a+1 1
Using properties of determinant, prove that: | 22+1 a+2 1|=(a-1)° [CBSE (Al) 20171]
a -1 0 3 3 1
If f(x)=|ax a -1|, using properties of determinants, find the value of f(2x) — f(x).
ax® ax a [CBSE Delhi 2015]

x+2 x+6 x-1
Using the properties of determinants, solve the following for x:|x+6 x-1 x+2|=0
x-1 x+2 x+6

[CBSE Panchkula 2015]
Using the properties of determinants, prove the following:
1 x x+1
2x x(x-1) x(x+1)  |=6x*(1-x?) [CBSE Patna 2015]

3x(1-x) x(x-1)(x-2) x(x+1)(x-1)
If x, y, z are in GP, then using properties of determinants, show that
pxty x Yy
pytz y z |=0, wherex # y # z and p is any real number. [CBSE Sample Paper 2015]
0 px+y py+z
1 1+p 1+p+g
Using properties of determinants, prove that |3 4+3p 2+4p +3q|= 1.[CBSE Sample Paper 2016]
4 7+4p 2+7p+4q

0 2 -3
Without expanding the determinant at any stage, prove that [-2 0 4|=0.
340

[CBSE Sample Paper 2016]
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31. Using properties of determinants, prove that:

(b+c)? a* be
(c+a)? b? ca|=(a-b)(b-c)(c—a)(a+Db+c)(a®+b*+c?) [CBSE 2020 (65/1/1), (South) 2016]
(a+b)? c* ab

32. Using properties of determinants, prove the following:

X x+ty x+2y
x+2y  x x+y =97 (x+y) [CBSE (AI) 2013]
x+y x+2y X

33. Using properties of determinants, prove that

b+c a a
b c¢c+a b |=4abc [CBSE 2019 (65/3/3)]
c ¢ a+b
Answers
1. (i) (a) (i1) (a) (i) (d) (iv) (b) (@) () (vi) (a) (vii) (d)
2. (i) £3 (ii) (y-z) (z=x) (y—x + xyz) (iii) 405 (iv) a*+b*+c*+d>
3.x=3 4. 0 5. 110 6. x=-2 7. |A"=1 8. k=27
9. -15 10. Cofactors of all the elements of given matrix are as follows:
Ci=3Cy=2
Cip=—4,Cp =1 where Cjis the co-factors of ith row and jth co-factors
11. az(a+x+y+z) 13. x-3y=0 14. (x-y) (y—2) (z-x) 15. x=0, 3a
7
18. (3abc —a® - b° - %) 20. 3x-y=0k==%2 25. ax (2a + 3x) 26. x=-7
I, SELF-ASSESSMENT TEST AR
Time allowed: 1 hour Max. marks: 30
1. Choose and write the correct option in the following questions. Ax1=4)
COS X —sinx 1
(i) If x, y €R, then the determinant A=| sinx cosx 1| lies in the interval
cos(x+y) -sin(x+y) 0
@ [-v2,+2] () [-1,1] (©) [-v2,1] @) [-1,-v2]

sin10° -cos 10°
sin80°  cos80°

1S

(i1) The value of

@0 OF © -1 @ 5

(iif) The value(s) of k if area of triangle with vertices (-2, 0), (0, 4) and (0, k) is 4 sq. units is
(@) 0,4 (b) -8 () 0,8 (d) 0only

(iv) The value of x for which the matrix 5;x * Z 1] is singular, is
(@) 0 ()1 () 2 @ 3
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2. Fill in the blanks. 2x1=2)

01 01
0 If A= ; i]andB=[1 0] then the value of |A|+|B] is
(ii) If A be a matrix of order 3 x 3 and | A |= 10, then the value of |4A |=
m Solve the following questions. 2x1=2)
1 2
3. If A= 40 , then find the value of kif [2A| =k|A].
x x| |3 4 . .
4. If 1 =11 ol then write the positive value of x.
B Solve the following questions. 4x2=8)
5. Using co-factors of elements of second row, evaluate
5338
A={2 01
123
6. Find the area of the triangle whose vertices area (3, 8), (-4, 2) and (5, 1).
-2
7. Find the cofactors of all the elements of 4 3l
8. Using co-factors of elements of third column, evaluate
1 x yz
A=|1 y zx
1 z xy
B Solve the following questions. B3x3=9)
a B

9. Provethat: | a> B> v* |=(@-B)B-7)(Y-a)a+B+7)
Bty v+a a+PB

10. By using properties of determinant, prove the following:
x+A 2x  2x
2x  x+A 2x =(5x+7\)(7\—x)2

2x  2x  x+A
11. Using properties of determinants, prove the following:

1 1 1
a b c|=@-b)b-c)(c-a)(a+tb+c)
a v
m Solve the following question. (1x5=5)

12. If x, y, z are in GP, then using properties of determinants, show that
pxty x y
pytz y z |=0, where x #y #z and p is any real number.  [CBSE Sample Paper 2015]
0 px+y py+z

Answers
1. (i) (a) (i1) (b) (ii1) (c) (iv) (d) 2. (1)0 (if) 640
3.4 4. -1,2 5.7 6. % sq. units

7. Cofactors of all the elements of given matrix are as follows:
Ci1=3,Cy =2, Cp=—4, Cyy =1 where Cjis the co-factors of ith row and jth co-factors

8. (x-y) (y—-2) (z-x)
(] ]
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