Inverse Trigonometric Functions

e Ifsiny=x,theny= sin Ly (We read it as sine inverse x)

Here, sin"Lx is an inverse trigonometric function. Similarly, the other inverse
trigonometric functions are as follows:

1

o Ifcosy=ux,theny=cos 'x
o Iftany =x, theny = tan” Lx
o Ifcoty =x, theny = cot Ly

Ifsecy =x, theny = sec Ly

o

If cosec y = x, then y = cosec Ly

(o]

e The domains and ranges (principle value branches) of inverse trigonometric
functions can be shown 1n a table as follows:

. . Range (Principle value
Function Domain branches)
y= sin” Ly [-1, 1] — % %
y= cos Lx [-1, 1] [0, m]

—_ KK
y=tan lx R ( 232 )
y=cot lx R (0, m)

T
y= sec” Lx R-(-1,1) 0, 7] _{5}
y = cosec Lx R-(-1,1) -, 5| — {0}

e Note that y = tan~Lx does not mean that y = (tan x)_l. This argument also holds
true for the other inverse trigonometric functions.
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e The principal value of an inverse trigonometric function can be defined as the
value of inverse trigonometric functions, which lies in the range of principal
branch.

Example 1: What is the principal value of tan _1( — ‘/_) + 5in {1] ?

Solution:
Let tan _1( — @ =y and sin_l(l) =z

= = —y3= - ey
tan » 2 tan (3) tan( )and sinz=1=sin2

We know that the ranges of principal value branch of tan~1

( B ; ;'.I) anr:l[ ; ﬂzr] respectively. Also, tan ( — %) =— ﬁsin (%) =1

and sin_1 are

=1 2= 1 —rL
Therefore, principal values of tan ( "G) 3 and sin (1) 2
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e QGraphs of the six inverse trigonometric functions can be drawn as follows:
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Iy gives sin (sin_lx) =x, where x € [-1, 1];

1, [_E z]
and sin” " (sin x) = x, where x € 272

e The relation siny =x = y=sin"

This property can be similarly stated for the other inverse trigonometric
functions as follows:

o CoS (cos_lx) =x,x € [-1, 1] and cos_l(cos x)=x,x € [0, ]
I n
o tan (tan 1x) = x, x € Rand tan l(tan x) = x, x € ( A Ej
o cosec (cosec_lx) =x,x € R— (-1, 1)and cosec_l(cosec X)=x,x €
|-3.3]- o
274 T
o sec (sec_lx) =x,x€ER—- (-1, 1)and sec_l(sec xX)=x,x €[0,n] - {5}
o cot (cot_lx) =x,x € Rand cot_l(cot x)=x,x € (0, m)

e For suitable values of domains;
o sin~! (1—) — cosec™ | x,xER—-(-1,1)

o cos | (1—)= sec | x,x€ER—-(-1,1)

cot _1.".'. x=0

ot ()|

cot T,y —0x<

x ): sin~ 1 x,x €[-1, 1]

10

o sec =cosx,x €[], 1]

1 tan _1_1.', x=0
cot ( :) =

o +tan _1.1.', r=0

Note: While solving problems, we generally use the formulas

tan - (1—) = cot _1.1.' and cot -1 (1—) =tan -1

x when the conditions for x (i.e., x

>0 or x < 0) are not given

e For suitable values of domains;
o sin” | (—x) = —sin_lx, x€[-1,1]
o cos | (=x)=m— cos_lx, x€[-1,1]

o tan | (—x) = —tan_lx, x €ER



o cosec™] (=)= —cosec_lx, x| =1
o sec_l(—x) = m— sec_lx, x| >1

o cot_l(—x) = — cot_lx, x ER

e For suitable values of domains;
1 1

o sin” "x +cos x=% , X € [-1, 1]
o tan_lx + cot_lx =g, x€R
o sec lx+ cosec Ly = %, x| >1

e For suitable values of domains;

—1 x+y
an  —— 1y <
tan p— vy <1

o tan lx +tan _1_}: =

7 +tan 1'1' Lxy =]

—1 -1 _ —1 x—F
(O W X t+1is — T&
tan "y +tan » =tfan Tty

Note: While solving problems, we generally use the formula

_ _ -1 x+ .. ) )
tan x +tan ly = tan % when the condition for xy is not given.

-1 2x

1+x 2
-1 2x
1—x 2

e Forx € [1, 1], 2tan Lx =sin
e Forx e (-1, 1), Dtan lx =tan

e Forx30,2 tan Ly =cos Tt 12
1+x

2

Example: 2

) 2 2
For x, y € [-1, 1], show that: sin_lx + sin_ly = sjn_l (-“,' 1—y" tyyl—x )

Solution:
We know that sin™ Lx and sin~! y can be defined only for x, y €[-1, 1]
Let sin~lx = a and sin_ly =b

= x=sina and y=sin b



Also, cos a_= V11— +% and cos b =y/1 _yz

We know that, sin (a + b) =sin a cos b + cos a sin b

2 2
:>a+b=sin_1[-‘",'1—.}’ tyyl—x \
1 [J&'I,I'l—_:p‘2 +}fl,l'1—.1'2\

1 1

= sin x +sin y=sin_

Example: 3

-1 i —1 l_ =~
If tan (5) +tan (11) 1. then find sec x.

Solution:

& 11

We have x =tan -1 (i) +tan -1 (1—) =tan _1[—
1

[Uﬁmg the 1dentity tan Ly +tan 1_}: tan l(i) wherey =2

l—xy

5546
.y =tan _1[ 56 ]

aEe—-5
&6
:tan_ll
o
4
o T —
sec ¥ =sec g VE

Example: 4

3x —1.'3
5 where x&
1—3x

Show that: 3tan_1x = tan_1 (

Solution:

Lid

&

and ¥ =

1
11



We know that,

3tan_1x = tan_lx + 2tan_1x

- _ .
=tan "x +ttan 1_2x 5
1—x
[ ¥+ 2
— ’ .2
= tan L "‘2
1 —x = =2
1-=x
[ 3x—x 3
— _. 2
= tan 1 1—";2
1-3x
| 1-x 2
f 3
- R
= tﬂl'.l. 3'1'—1'
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