Session 3

Section Formula, Centroid of a Triangle, Incentre,
Some Standard Results, Area of Triangle

Section Formula .

Definition : If P be any point on the line AB between A . Bxz, y2)
and B then we say that P divides segment AB internally in QL\*\P 4
the ratio AP : PB. J

A P 0

/Q/TD/.B/V A/A;/./é/' )
A X L‘I m X

Also, if P be any point on the line AB but not between A

and B ( P may be to the right or the left of the points A, B) ’
then P divides AB externally in the ratio AP : PB Clearly, the As AHP and PJB are similar and therefore,
Note their sides are proportional
AP _ [Positive, in internally division 0 ﬁ :ﬁ :ﬁ
B Hﬂegative‘ in externally division P/ BJ PB
or X=Xy _y=yi_m
() Formula for Internal Division X, =Xy =y

O GG

Theorem : If the point P (x, y) divides the line segment
From Egs. (i) and (iii), we have

joining the points A (x, y;) and B(x,, y,) internally in

the ratio m : n, then prove that Xx=—x;_m
_mx, thx; X9 =X n
" m+n U nx —nx,; =mx, —mx
_my, +ny, U (m+n) x =mx, +nx,
" m+n 0 _mx, +nx,
m+n

Proof : The given points are A (x;,y;) and B(x,,y,). Let
us assume that the points A and B are both in 1st quadrant ~ and from Eqs. (ii) and (iii), we have
(for the sake of exactness). Since P (x, y) divides AB Y=Y _m
internally in the ratiom:ni.e. AP: PB =m:n. From A, B y, =y n

and P draw AL, BM and PN perpendlcul'ars to X-axis. ny —ny, =my, —my
From A and P draw AH and PJ perpendiculars to PN and

BM respectively, then b (m+n)y =my, +ny,
+

OL=x,,0N =x,0M =x,, AL =y,, PN =y and BM =y, 0 —Myz: TNy,
+

0 AH=LN=ON -OL =x -x, e

PJ=NM =OM —ON =x, —x Thus, the coordinates of P are

PH =PN - HN =PN -AL =y -y,
and BJ=BM -JM =BM —PN =y, -y

Unx, +nx,; my, +ny, U

>
m+n m+n



Corollary 1 : The above section formula is true for all
positions of the points (i.e. either point or both points are
not in the 1st quadrant), keeping in mind, the proper signs
of their coordinates.

Corollary 2 : If P is the mid-point of AB then m = n, the
coordinates of the middle-point of AB are

[bey +x; y; ty, O

H 2 2 B
Remarks

1. If P (a, B) be the mid-point of ABand if coordinates of A are
(A, 1) then the coordinates of Bare (2a — A\, 2B — W), i.e.
(Double the x-co-ordinate of mid point — x-coordinate of given
point, Double the y-co-ordinate of mid point — y-coordinate of
given point).

2. The following diagram will help to remember the section
formula.

A
1, ¥1)

B

Py (X2, ¥o)

3. For finding ratio, use ratio A : 1, then coordinates of P are
L + Ay 4 * )‘VZH If A is positive then divides internally and
O71+A 1+A O
if A is negative, then divides externally.

4. The straight line ax + by + ¢ =0 divides the joint of points
A(xy, y1) and B (xo, yo) in the ratio

AP N __lan + by +o)
PB 1 (axy + by, + )
S
Va
O
+
>
+
&
A 1
A P B

X1, y1) (X2, y2)

If ratio is positive, then divides internally and if ratio is negative

then divides externally.
Proof : Coordinates of P are 1+ M2 , 5t el
O1+A 1T+ A O

+Pliesonthe line ax + by + ¢ =0, then
a%ﬂ + Mz%_,_ bg}/w + }\YQE+ c=0
O1+A

O1+A 0O a
or (ax; + by, +¢) + AN(ax, + by, +¢) =0
or A _ _(ax + by, +0)

1 (aX2+ by? +C>

5. The line joining the points (xy, y;) and (x,, ¥,) is divided by the
X-axis in the ratio - 21 and by Y-axis in the ratio — X
Yo Xo
6. In square, rhombus, rectangle and parallelogram diagonals
bisect to each other.

Example 20. Find the coordinates of the point which
divides the line segment joining the points (5, —2) and
(9,6) in the ratio 3 : 1.

Sol. Let the required point be (x, y), then

_Bx9+1x50_

X 8
3+1
x6+1x(-2)0
and =EB 6 (2) =4
3+1

Thus, the coordinates of the required point are (8, 4).

Example 21. Find the length of median through A of
a triangle whose vertices are A(-1,3),B(1,—1) and
C(51).

Sol. Let D be the mid-point of BC, then coordinates of D are

[1+5 -1+1[].
, e (30
;2 g GO
A
1,3
C, 1)
D(3, o)
B(1,-1)
0 Median AD = /(3 +1)* +(0 —3)?
=.J16 +9 =425

=5 units
Example 22. Determine the ratio in which
y — x +2 =0divides the line joining (3,—1) and (8,9) .

Sol. Suppose the line y — x +2 =0 divides the line segment
joining A (3, —1) and B (8,9) in the ratio A : 1 at point P,

[BA +3 9A — 10
then the coordinates of the point P are ,
P A+1 A+1

But Plies on y — x +2 =0 therefore
OOA — 10 [BA +30

Br+1d Baerg 270

| 9N —-1-8A —3+2\ +2=0

ad 3 -2=0 or )\Z%

2
So, the required ratio is 5: 1, i.e. 2 : 3 (internally) since here
A is positive.

Shortcut method

According to Remark 4 :
_O1-3+20_2
9-8+2 3

A=

or A:1=2:3



Example 23. The coordinates of three consecutive
vertices of a parallelogram are (1, 3),(-1,2) and (2, 5).
Then find the coordinates of the fourth vertex.
Sol. Let the fourth vertex be D (a,3). Since ABCD is a
parallelogram, the diagonals bisect to each other.
i.e. mid-point of BD = mid-point of AC
0 Mm-1pB+20_[2+15+30
H2 " 2 O 2 2 O
-1 pB+20_[3

o EPEERE

)

D (a, p)

A1, 3)
B(-1,2)

On equating abscissaes and ordinates, we get

a-1_3
5 =— or O—-1=3 or a=4

+2
and BT=4 or B+2=8 or PB=6
Hence, the coordinates of the fourth vertex D (a,[3) is (4, 6).

Example 24. In what ratio does X-axis divide the line
segment joining (2, —3) and (5,6)?

Sol. Let the given points be A (2, —3) and B(5,6). Let AB be
divided by the X-axis at P (x,0)in the ratio A :1
internally. Considering the ordinate of P, then

0:)\ X6+1x(=3)
A+1

or A

[NCIE

[0 The ratio is % :1ie1:2 (Internally)

B(5, 6)

\O/Px, 0)

>

A2 -3)

Shortcut Method

According to Remark 5 :
A n_—(3_1

1 Vs 6 2

1
[0 The ratio is 5 :1 ie. 1:2 (internally)

Example 25. The mid-points of the sides of a triangle
are (1,2),(0,—1) and (2, —1). Find the coordinates of the
vertices of a triangle with the help of two unknowns.

Sol. Let D (1,2), E (0, —1) and F (2, — 1) be the mid-points of
BC, CA and AB respectively.

Let the coordinates of A be (0, 3) then coordinates of B and
Care(4 —d, -2 —B)and (-0, —2 —[3) respectively

(see note 1)

*+ D is the mid-point of Band C

D@, 2)

(4-a,-2-B)

then
0 1=2-a or a=1
and p=27B-2-B
2
O 2=-2-B or B=-4

Hence, coordinates of A, B and C are
(1, — 4),(3,2) and (-1, 2) respectively.

Example 26. Prove that in a right angled triangle
the mid-point of the hypotenuse is equidistant from
its vertices.

Sol. Let the given right angled triangle be ABC, with right

angled at B. We take B as the origin and BA and BC as the
X andY-axes respectively.

Let BA =gand BC =b
then A =(a,0)and C =(0, b)
Let M to be the mid-point of the hypotenuse AC, then

. h b
coordinates of M are [, —
2



y
(0, b)
b
S (33)
b
X B(0,0) Aa o)
Y’
_ [I_aD2 _bl:lz_ (a® + b?) .
O AMI—\/Q TR HT .. (i)

...(ii)

== ...(1ii)
From Egs. (i), (ii) and (iii), we get

| AM | =|BM|=|CM|

Example 27 show that the line joining the mid-points
of any two sides of a triangle is half the third side.

Sol. We take O as the origin and OC and OY as the X and Y-axes

respectively.
Y
a-+b 9)
2 2
XI
Cla, 0)

Let BC = 2q, then B =(—a,0), C =(a,0)
Let A =(b, c),if E and F are the mid-points of sides AC and
AB respectively.

Then,

Now,

:%(m) :%<Bc>

Hence, the line joining the mid-points of any two sides of a
triangle is half the third side.

(i) Formula for External Division

Theorem : If the point P (x, y) divides the line joining the
points A (x4,y,) and B(x,, y,) externally in the ratiom:n
then prove that
me - nxl
x = Y =
m-n

my, —ny,
m-n

Proof : The given points are A (x;,y;) and B(x,,y,). Let
us assume that the points A and B are both in the 1st
quadrant (for the sake of exactness). Let P (x, y) be the
point which divides AB externally in the ratio m : n, so that
AP m

BP n
Y
PX ¥)
2
@
Q‘ B I_S
A HR
x1.y1)
d 1 1 1
X (0] L M N X
YY

From A, B and P draw AL, BM and PN perpendiculars on
X-axis. Also, from A and B draw AR and BS perpendiculars
on PN,

then AR=LN =ON -OL =x —x,
BS=MN =ON -OM =x —x,
PR=PN —RN =PN —-AL =y -y,

and PS=PN —SN =PN —-BM =y -y,

Clearly, the As APR and BPS are similar and therefore their
sides are proportional.

: AP_AR IR
PB  BS PS

or m_X"X; _ Y~V
no o x-—x; Y~y

® @) (iii)

From Egs. (i) and (ii), we have

m_x—x
n _x—xz
0 Mmx —mx, =nx —nx,
0 (m—n)x =mx, —nx,
_mx, —nx,
or x =

m-—n



Also, from Egs. (i) and (iii), we have

m_Y ™Y

noy-y:
U my —my; =ny —ny,
0 (m—n)y =my, —ny,
or y :7myriz :Zyl

Onx, — - 0
Thus, the coordinates of P are H ud IS ’myz g B
m-n m-n

(Here, m # n)

Corollary 1 : The above formula is true for all positions of

the points, keeping in mind, the proper signs of their
coordinates.

Corollary 2 : The above coordinates can also be expressed

as
Linxy +(-n) x; my, +(-n)y, U
m +(—n) m +(—n)

and this can be thought of as the coordinates of the point
dividing AB internally in the ratiom: —n

AP
Corollary 3 : 2.0
PB n
P
* )
B
A (X2, Yo)
x1, 1)
AP m
or —=1=— -1
PB n
AP-PB _m-n
or =
PB n
AB m-n
or —=
PB n

Now, we can say that B divides AP in the ratiom —n:n
internally.

. _(m—n) x +nx, _mx, —nx;

ie. X, =———— x=—
(m-—n)+n m-—n
(m—n)+n m-—n

Corollary 4 : (for proving A, B and C are collinear)

If A, B, C three points are collinear then let C divides AB in

the ratio A : 1internally.
If A = + ve rational, then divide internally

and if A = — ve rational, then divide externally.

Remarks

1. The following diagram will help to remember the section
formula

+

Alx1, y1)

2. Let ™ = A then @f’”? —nxa mys i
n

m-n m-n 0O
om _ m _ 0
or Dn 2 N TND L Bvemx M-l
BE_T , m_1 H OA-1 ' A-1 0
n n

Example 28. Find the coordinates of a point which
divides externally the line joining (1, —3) and (=3,9) in
the ratio 1: 3.

Sol. Let the coordinates of the required point be P (x, y),

_ M x(=3) -3 x1

Then, X
1-3
X9 —3 X (=
and _x9-3x(3)0
1-3
ie. x=3 and y=-9

Hence, the required point is (3, —9).

Example 29. The line segment joining A (6,3) to

B (-1, —4)is doubled in length by having its length
added to each end. Find the coordinates of the new
ends.

Sol. Let P and Q be the required new ends
Let the coordinates of P be (xy, y;)

Given, AB =2AP
O @ = g

AP 1
i.e. A divides BP internally in the ratio 2 : 1.

Px1, y1)
A6, 3)
B(-1,-4)
Qkz, y2)
+ =

Then, g=2Xx*1x(7)

2+1



19
0 19:2x10rx1:?
2Xy, +1xX(—4
and 3= N T ) (=)
2+1
13
u 13=2y, ory, = —
2

[J Coordinates of P are Eﬁ B@

Also, let coordinates of Q be (x,, y,)

Given, AB=2BQ [ AB _ =2

BO 1
i.e. Bdivides AQ internally in the ratio 2 : 1
2 % X9 +1 X6

Then -1=
2+1
9
| - & 2x, or xzz—g
Xy, +1 %
and —4:72 Yz ¥1%3
2+1
1
U - 15 2y, or yzz——s
. 0o 15[]
[0 Coordinates of Q are —
Qare g ~%H
Aliter : -~ AB =2AP
O &:g O £+1:g+1
AP 1 AP 1
+
O 7AB AP:E O E:é
AP 1 AP 1

0 Pdivides AB externally in the ratio 1: 3
1x(-1) =3 x6 _19

Then, x; =
1-3 2
1x(—4) =3 x3 _ 13
and = =
N 1-3 2
[0 Coordinates of P are et , E%
2 2
Also, ABZZBQ
AB 2 AB 2
0 =" +1==+4+1
BO 1 BQ
0 AB+BQ _3 AQ _3

O Q divides AB externally in the ratio 3 : 1
3x(-1) -1 X6 __9

then, x, =
3-1 2
3X(—4)-1x3 5
and y2:7( ) =-—
3-1 2

. 09 _1501
O Coordinates of —
oordinates o Qare%— ZH

Example 30. Using section formula show that the

points (1,-1),(2,1) and (4, 5) are collinear.

Sol. Let A=(1,-1), B=(2,1)and C =(4,5)

Suppose C divides AB in the ratio A : 1 internally, then

_AX2+1x1
A+1
O 4N+ 4=2\+1
or )\=—§
2

i.e. C divides AB in the
ratio 3 : 2 (externally).

C(4,5)

B2, 1)

Hence, A, B,C are collinear. A(, 1)

Example 31. Find the ratio in which the point (2, y)
divides the line segment joining (4, 3) and (6,3) and

hence find the value of y.
Sol. Let A=(4,3),B=(6,3) and P=(2,y)
Let P divides AB internally in the ratio A : 1

then, 2=6)\+4D 2N +2=6\ +4
A+1
1
d - X= 2o0or A=-=
2
/&(2, 3) B(4, 3) C(6, 3)

O P divides AB externally in the ratio 1: 2 (" A is negative)

1x3-2x3 _

Now, y = -

(i) Harmonic Conjugates

If four points in a line, then the system is said to form a

range. Let four points say P,Q,R,S.

If the range (PQ, RS) has a cross ratio equal to —1, then it is

called harmonic.
PR SQ _ 0 PR _ SP _

ie. —.—=-10 —=
RQ SP RQ SQ
IR A 0 PR:RQO=A:1
RO 1
and gZ—A O PS:SQ=A:1
SQ 1
S
R
Q
P

(say)

(internally)

(externally)

Hence, R and S are called the harmonic conjugates to

each other with respect to the points P and Q.



Example 32 Find the harmonic conjugates of the
point R (5,1) with respect to the points P (2,10) and
Q(6,-2).

Sol. Let S (a,B) (be the harmonic conjugates of the point R(5, 1)).

Suppose R divides PQ in the ratio A : 1 internally, then S
divides PQ in the ratio A : 1 externally, then

P(2,10)

S(a, B)

5:6}‘+2 0 5M+5=6A+2
A+1
a A= 3
AISO, 1:M
A+1

A+1=-2A+10 03X =9

O A= 3
X6—1X
NOW, a:M:g
3-1
3x(-2)—1x10
and B:L
3-1
= -3

Hence, harmonic conjugates of R(5, 1) is S(8, —8).

Centroid of a Triangle

Definition : The point of intersection of the medians of
a triangle is called the centroid of the triangle and it
divides the median internally in the ratio 2 : 1.
Theorem : Prove that the coordinates of the centroid of
the triangle whose vertices are (x, y; ),(x;,y,) and
(x3,y3)are

[pey +x5 +x5 y; +y, +ys [

>

3 3

Also, deduce that the medians of a triangle are concurrent.

Proof : Let A=(xy,y,), B=(x,,y,)and C =(x3,y3) be
the vertices of the triangle ABC. Let us assume that the
points A, B and C are in the 1st quadrant (for the sake of
exactness) whose medians are AD, BE and CF respectively
so D, E and F are respectively the mid-points of BC, CA
and AB then the coordinates of D, E, F are

[, +x35 y, +ys[d
D = 5
E 2 2 E
[y +x; y3 +ty, O
E=
iz 2z O
- FEEXI;-xz’yI ;'Wg
Y
Alxy, y1) (x3+x1 )/3"")’1)
M
+ +
(x1 2X2 )HT)/z)F = Cx3, y3)
D (x2+x3, y2+)/3)
B(xa, y2) ] i
X2, Y2
X 0 g
v

The coordinates of a point dividing AD in the ratio 2:1are

0 + + 0
Dzwg.}.l&l zwg.’.l@lm
0 2 2 0

0 2+1 ’ 2+1 O
[be, + + +v, +v. [
or E 1 T Xy x3,y1 Y2 TY3
3 3

and the coordinates of a point dividing BE in the ratio 2 : 1

are
3 +x; [ sty 1 0
+ +
[@"72 105, 2[%2 A+13.0
’ +1

2+1 2 0
H

0
2
0
0
H

(be, + + +v, +v. [
or H 1 T X x3,y1 Y2 TYs3
3 3

Similarly the coordinates of a point dividing CF in the

ratio 2:1are
[y +x, +x53 ¥y ty, vy [

3

3 3

0 The common point which divides AD, BE and CF in the
ratio2:11is

[y +x, +x53 ¥ ty, vy [

3 3

Hence, medians of a triangle are concurrent and the
coordinates of the centroid are

[y +x, +x5 ¥y +y, tys [

3 3




Important Theorem

Centroid of the triangle obtained by joining the middle
points of the sides of a triangle is the same as the centroid
of the original triangle.

Or

If (a;, b;),(ay, by) and (a5, by ) are the mid-points of the

sides of a triangle, then its centroid is given by
[, +a, +as by, +b, +b; [

5

3 3

Proof : Let D, E, F are the mid-points of BC, CA and AB
respectively now let coordinates of A are (0, [3) then
coordinates of B and C are (2a; —0,2b; —3) and

(2a, —0,2b, —PB) are respectively.

Ala, B)

.+ D(ay, b;) is the mid-point of B and C, then

2a; =2a; —0 +2a, —a O o= ay a3 a
2by =2bs =B +2b, - O B= bs by by
Now, coordinates of B are (2a; —Q,2b; —[3)

and

or (a3 +a; —az, by +by —by)
and coordinates of C are (2a, —Q,2b, —3)
or (ap +a; —as, b, +b; —bj)

Hence, coordinates of A, B and C are

A=(a; tas —ay, by, +bs —by),
B=(as ta; —ay, by +by —by)
C=(a; +a; —as, b, +b; —bs)
U Coordinates of centroid of triangle ABC are
(h, +a, tas by +b, +b5 ]

5

3 3
which is same as the centroid of triangle DEF.

and

Corollary 1 (Finger Rule) : If mid-points of the sides of a
triangle are (x,y;), (x5, y,)and (x3,y3), then
coordinates of the original triangle are

(x2 +x3 —x1,y2 ty3 =y1),

(x5 +x1 =x,¥3 ty1 ~y2)

and (xy +x5 =x3,y1 ty, —y3).

Corollary 2 : If two vertices of a triangle are (x,,y,) and
(x3,y,) and the coordinates of centroid are (0, ), then
coordinates of the third vertex are

Ba —x; = x2,38 ~y; ~y2)
Corollary 3 : According to important theorem As ABC
and DEF are similar

Area of AABC _ (BC)*
Area of ADEF  (EF)*

- 4 (a, _03)2 +(b, _bs)z} =4
{(ay —as)? +(b, =b3)*}
[0  Areaof A ABC =4 x Area of ADEF

i.e. Area of a triangle is four times the area of the triangle
formed by joining the mid-points of its sides.

Example 33. Two vertices of a triangle are (-1,4) and
(5,2) . If its centroid is (0, — 3), find the third vertex.

Sol. Let the third vertex be (x, y) then the coordinates of the
centroid of triangle are

F1+5+x 4+2+yd. H+x 6+y[
373 03 7 3
[H+x 6+y[]
Now, [J R =(0, -3
Hs 3H ¢
+ +
0 43x:0 and 6 y:—3

g 4+x=0 and y+6=-9
or x=-4 and y=-15
Hence, the third vertex is (=4, —15).

Shortcut Method

According to corollary 2
(x,y)=(3%x0—(-1) =53 x(3) -4 -2)
=(—4, —15)

Example 34. The vertices of a triangle are

(1,2), (h, = 3)and (-4, k). Find the value of

\/{(h+ k)? +(h + 3k)}. If the centroid of the triangle
be at the point (5,-1).

1+h -4 2-3+k
Sol. Here, ——— =5 and =-1

then, we geth =18,k = -2
0 = J(h + k)2 +(h +3k)?

= J(18 - 2)? +(18 —6)?

= \J(16% +12%) =20




Example 35. If D(-2,3),E (4,—-3) and F (4,5) are the

mid-points of the sides BC, CA and AB of triangle ABC,
then find \/(| AG|? +|BG|? | CG|? ) where, G is the
centroid of A ABC.

Sol. Let the coordinates of A be (,3)

then coordinates of Bare (8 —a, 10 —[3)
and coordinates of C are (8 —a, =6 —3)
“* D is the mid-point of BC, then

g-a+8-a __,
2
and 0-p-6-P_,
2
ie. a=10 and B=-1
B(-2,11)
F(4,5)
(2,3)D
A(10, -1)
E(4,-3)
C(-2, -5)

0 Coordinates of A, B, C are (10, —1),(—2, 11) and (-2, —5)
respectively.
Now, coordinates of centroid

< “H s 3
. _0 50
ie. G= %,SH
0 AG = \/(10 -2)% + %—1 —gﬁz
_ 64[]_8
=3 5500
BG = \/(—2 -2)° +§1 —zﬁz
(28)° 4
=.[16 + s T3 (58)
and CG = \/(—z o)+ @—5 —ig
400[]_ 4
= e o= e

Hence, \(|AG* +|BG|® —|CGI)

4 1 1
= gr x10 + 38 x58 16 ><34§
9 9 9

32
= /?(20 +29 —17)

[B2 _32

VB RT3

Example 36. If G be the centroid of the AABC and O
be any other point in the plane of the triangle ABC,
then show that
OA”+0B? +0C? =GA? +GB? +GC? +3G0O°.
Sol. Let G be the origin and GO be X-axis.
0=(a,0), A =(x1, 1), B=(x3,¥,)
and  C =(x3,3)
Now, LHS = OA* + OB* +0C*
=(x; —a)" +y{ +(x, —a)’ +y; +(x5 —a)’ +y3
=(x{ + x5 +x3) +(yf +y; +y3)
—2a(x; + x5 +x3) +3d°

O, x +x; x5 - O

A 0
=ysteyaicosn o s
O.e, x; + x5 +x3 =00
= lez + Zylz +3q° (D)

and  RHS = GA? + GB? +GC? +3G0*
=x{ +yf +x5 +y; +xi +y5 +3{(a-0)*}
= lez + zylz +3q° .. (ii)
Hence, from Eqgs. (i) and (ii), we get
OA? + OB? + OC* =GA*? +GB? +GC? +3GO>.

Example 37. If G be the centroid of A ABC, show

that
AB? +BC? +CA? =3 (GA% +GB? +GC?).

Sol. We take B as the origin and BC and BY as the X and
Y-axes respectively.
Y

Ah, K)

G

B(0, 0) C(a, 0)

4



Let  BC =a, then B=(0,0)and C = (q,0)
and let A =(h, k)
then, coordinates of G will be

é(v +0+a k+0 +0§! . gmgg
3 3 3 3
Take A ABC as in 1st quadrant (for the sake of exactness).
Now, LHS =(AB)* +(BC)? +(CA)*
=(h —0)* +(k —0)* +a*> +(h —a)® +k —0)*
=2h? +2k* —2ah +24° . (i)
RHS =3((GA)* +(GB)* +(GC)?%)

=3él§%h_hg+%_kg+g%h_0§
+%_og+g%h_ag+%_og§

=2 {(a = 2h)" +(2k)' +a +h) 4k

+(h —2a)* +k%}
:%{wz +6h* +6k® —6ah}

=2h* +2k? —2ah +24° ... (ii)

Hence, from Eqgs. (i) and (ii), we get
AB? + BC? + CA® =3(GA® +GB* +GC?)

Example 38. The vertices of a triangle are (1,a), (2,b)
and (c?,-3)
(i) Prove that its centroid can not lie on the Y-axis.
(i) Find the condition that the centroid may lie on the
X-axis.
Sol. Centroid of the triangle is
2 -30 2 -30
GE%1+2+c ’a+b 3Di'e. %Hc ’a+b 3D
o 3 3 O o 3 3 O

(1) - G will lie on Y-axis, then

3+¢?
c =0
3
O ¢?=-3
or c:ti\@

*» Both values of ¢ are imaginary.

Hence, G can not lie on Y-axis.
a+tb-3 _

(ii) - G will lie on X-axis, then

O a+b-3=0
or at+b=3

Incentre

Definition : The point of intersection of internal angle
bisectors of triangle is called the incentre of the triangle.
Theorem : Prove that the coordinates of the incentre of a
triangle whose vertices are
A(x1,y1), B(x3,2),C(x3,y3) are

Lhx; +bxy +cexs ay, + by, +cys E

U a+b+c atb+c U

where, g, b, c are the lengths of sides BC, CA and AB
respectively.

Also, prove that the internal bisectors of the angles of a
triangle are concurrent.

Proof : Given A =(x;,y;), B(x,,y,), C =(x3,y3) be the
vertices of A ABC and BC =a, CA =b and AB =c. Let AD
be the bisector of A. We know that the bisector of an angle
of a triangle divides the opposite side in the ratio of the
sides containing the triangle.

0 . ()

B (x2, y2) D

Hence, D divides BC in the ratioc: b
Lkxs +bx, cys +by, U

[0 Coordinates of D are

c+b c+b
D D
From Eq. (i), fC:é or £+1:é +1
BD ¢ BD c
DC+BD [b+cO a _[b+c[
or = or — = 1—
BD Hc E B c E
0 Bp =%
(b+c)
Also, in A ABD, BI is the bisector of B.
+
Then, ﬂ=£= ¢ =b ¢
ID BD [ac O a
+c



[0 Idivides AD in theratiob +c:a BD =BF =

[0 Coordinates of I are CD=CE=y
E(b+c) frs + b ralk, (b+c) +by, b, % Also, a=BC=BD +DC =fB+y (i)
0 ctb ctb 0 b=CA=CE +AE =y +0a ..(ii)
0 btcta b+c+a % and ¢c=AB=AF +BF =a +f ...(iii)
Adding all, we get

e Lhx, +bx, +cx3’ay1+by2 teys O a+b+c=2(a +B +y)

a+b+c atb+c or 2s=2(a +B +y)
Similarly we can show that the coordinates of the point O s=a+B+y

which divides BE internally in the ratio ¢ +a: b and the
coordinates of the point which divides CF internally in the
ratio a + b : ¢ will be each

From Egs. (i), (ii) and (iii), we get
o =s—aB =s by =s —¢

Chx, +bx, +cxs ay, +by, +cy; 0 Example 39. Find the coordinates of incentre of the
a+b+c  a+b+c triangle whose vertices are (4, -2), (—=2,4) and (5, 5).
ab be Sol. Let A(4,-2), B(=2,4)and C (5,5) be the vertices of the
and CE= m, = m, given triangle. Then

a=BC =(=2 =5)° +(4 -5)° =50 =52
be BF = ac

a+b’ a+b b=CA =4(5-4) +(5 +2)* =50 =512

Thus, the three internal bisectors of the angles of a and ¢ =AB=\(4+2)° +(2 ~4)° =72 =62
triangle meet in a point I.

AF =

C
a
IEI]ax1 +bx, tcxg ay, +by, +cys U B (5,9)
a+b+c a+b+c 2.4
Corollary 1 : If A ABC is equilateral, thena =b =¢ p b
[, +x, +x +y, tys .
incentre = E ! 2 3 ,yl Y2 TVs E: centroid
3 3
i.e. incentre and centroid coincide in equilateral, triangle. Ald -2)
Corollary 2 : AE=AF =s —a Let (x, y) be the coordinates of incentre of A ABC. Then
BD =BF =5 =b x= Bt br, boxs
CD =CE =s —¢ atbte
542 x4 +542 x(=2) +6+2 x5
5v2 + 52 +642
2042 = 1042 +304/2
1632
_40_5
16 2
and _ay +by, +ey;
a+b+c
_ 572 % (=2) +54/2 x4 +642 x5
where, 52 + 542 + 642
4
and | BC|=a,|CA| =b,| AB|=c :7223

Proof : Let AE = AF =d

(- Lengths of tangents are equal
from a point to a circle)

[0 The coordinates of the incentre are %, g@



Sol. Let dinate of A be (1, 1) and mid-points of ABand AC
Example 40. If %,0@ %,6§and(—1,6) are ol Let coorfinate of A'be (1, 1) and mid-points of AB an
mid-points of the sides of a triangle, then find o F=(=23)and E=(52)
(i) Centroid of the triangle B(5.5) Y

D2, 4)

(i) Incentre of the triangle ,
Sol. Let A =(a,B), then coordinates of B= (-2 —a,12 —3) and (-2,3) F }C(g, 9)
5,2

coordinates of C =(3 —0a, 12 —3). But mid-point of BC is A, )

X' X
%,0@ @)

Y

A=1,12)

Hence, coordinates of Band C are (2 X (—2) —1,(2 X3 —1)
and (2 x2 —(-5),2 x4 —5)respectively.
ie. B=(-55)and C =(9,3)

Then, centroid is @1 - +9, L+5 +3§i.e., % 3@
3 3
Also, a=|BC|=+/(-5 =9)* +(5 -3)* =~/200 =102
b=|cA| =9 -1)* +(3 -1)* =68 =2417
and ¢ =|AB|= (1 +5) +(1 -5/ =52=2J13

then 3=-2-0 +3 -0 Then, incentre is
O a=- 1 Bloﬁx1+2\/ﬁ><(—5)+2\/ﬁ x9
and 0=12-B+12-B O 1042 + 2417 +2413
0oB= 12 10V2 x 1 +24/17 x5 +24/13 x30
0 Coordinates of vertices are 1042 + 2417 + 2413 5
A=(-1,12),B=(-1,0) and C =(4,0)
(i) Centroid : The centroid of A ABC is ie [5v/2 = 517 +9413 5V2 + 5417 +3V130]
Qxl+x2+x3 Y1 +ys +y3§ O5v2 +4/17 +4/13 7 52 +417 +413 O
3 3

1—1+4 12 +0 +00 | Example 42. If G be the centroid and / be the
or @_ , @Le. % 4@ incentre of the triangle with vertices A(=36,7),B(20,7)

3 3
and C(0,—8) and GI = 2;1/(205) A, then find the value

(ii) Incentre : We have

a=BC = (-1 —4)" +(0 —0)® =5 of A.
b=CA = \/(4 +1)% +(0 —12)* =13 Sol. Coordinates of centroid are
and ¢ = AB=.(-1 +1)? +(12 —0) =12 G= @—1?6 z@
[0 The incentre of A ABC is 5 5
Lhx, +bx, +cxy ay, + by, +cy;0 and a= ‘BC‘ = \/(20 —0)" +(7 +8)
a+tb+c  a+b+ec =625 =25
or b x (-1) +13 x(-1) +12 x4 5x12+13 x0 +12 x00 b= ‘CA‘ :\/(0 +36)% +(-8 —7)°
5+13+12 ’ 5+13+12 = J1521 = 39

ie. (1,2) c :‘AB‘:\/(_% Z20) +(7 —7)
Example 41. If a vertex of a triangle be (1, 1) and the = J(56)° =56

middle points of two sides through it be (-2, 3) and
(5,2), then find the centroid and the incentre of the
triangle. I

Therefore, the coordinates of incentre are
_ 25 % (—36) +39 X20 +56 X0 25 X 7+39 X7 +56 x( -8)[]
25 +39 +56 ' 25 +39 +56




ie., I=(-10)

O GI:\/§~?+1@2+(2—0)2:“(2305)

GI = %J(zos) A

0 i,/ 205) = % (205) A

O }\:i
25

but given

Some Standard Results

1. Excentres of a Triangle

This is the point of intersection of the external bisectors of
the angles of a triangle.

N

The circle opposite to the vertex A is called the escribed
circle opposite A or the circle escribed to the side BC. If I,
is the point of intersection of internal bisector of [1 BAC
and external bisector of [0 ABC and [J ACB, then

_Lbx, —bxy —exy ay, —by, —cy; U
Il = |1 )
0 a-b-c a-b-c
[ = [(Fax, +bx, +cx3 —ay; +by, +cys [
or =
"TO 0 —a+b+c —a+b+c

Lbx; —bx, +exy ay, —by, teys U

Similarly, I, =

O a-b+e a—-b+c
and I _Lax, +bxy —exy ay, +by, —cys
TH a+b-c a+b-c

where, | BC| = a,|CA| =band | AB| =¢

Example 43. If the coordinates of the mid-points of
sides BC,CA and AB of triangle ABC are (1, 1), (2, — 3)
and (3,4), then find the excentre opposite to the
vertex A.

Sol. Let D(1, 1), E(2, —3) and F(3, 4) are the mid-points of the

sides of the triangle BC, CA and AB respectively. Let
A =(a,B)

clo, -6)
v
then B=(6-0,8 —f)
and C=(4-0,-6-0B)
Also, D is the mid-point of B and C, then
1= 6—0 +4 —a = 4
2
j=8-B-0-B B= 0
2
0 A =(4,0), B=(2,8)and C =(0, —6), then

a=|BC| =+/(2 —0)* +(8 +6)* =200 = 1042

b=|CA| = (0 - 4)> +(-6 —0)> =52 =24/13

and ¢ =|AB|= /(4 —2)? +(0 =8)* =/68 =24/17

Hence, the coordinates of the excentre opposite to A are

and

CFax, +bx, +cxs ay, + by, +cys U
—a+b+c —a+b+c

8—10\/5 X 4 +24/13 x2 +24/17 %0
O  -104/2 +2413 +2417

—104/2 x 0 +24/13 x8 +24/17 X( -6)%
—104/2 + 2413 +24/17 O

E—zoﬁn\/ﬁ 813 — 6417 E
542 + 413 +4/17 =542 ++/13 +4/170

2. Circumcentre of a Triangle

ie.,

The circumcentre of a triangle is the point of intersection of
the perpendicular bisectors of the sides of a triangle (i.e., the
lines through the mid-point of a side and perpendicular to
it). Let A(x,,y;),B(x,,y,) and C(x 3, y3) be the vertices of
AABC and if angles of AABC are given, then coordinates
of circumcentre

A




[b, sin2A + x, sin2B + x5 sin2C
sin2A +sin2B +sin2C

are

Y1 sin2A +y,sin2B +y4sin2C

sin2A +sin2B +sin2C

Or
[hx, cos A +bx, cos B +cx5cosC
acos A+bcosB +ccosC

ay, cos A+by,cosB +cyscosCL]

acosA+bcosB +ccosC

where, |BC|=a,|CA|=band|AB|=c

Example 44. In a AABC with vertices A(1,2), B(2, 3)

_ 1
and C(3,7)and OA& O B cos 1%@

0G cos™ %H then find the circumcentre of AABC.

Sol. Since, JA OB cos™! ! @
10
O cosA =cosB = 1
V10
then, sinA =sinB = 3
a sin2A =sin2B =2 ><i xi _3
Jio Y10 s

and O0C cos™ %Q

4
O cosC = — then, sinC =3
5 5

3 4 24
O sin2C =2 X = X— =—
5 5 25

Let the circumcenter be (x, y), then

_ x;8in2A + x,s8in2B + x3sin2C

sin2A +sin2B +sin2C

1x2 e x? ey x2t
5 5

- 25 _ 13
3,5, 6
5 5 25
nd _ y1sin2A + y,sin2B + y;sin2C
a -—
sin2A +sin2B +sin2C
2x§+3x§+1 x 24
__ 5 5 25 _ 11
343424 6
5 5 25

Hence, coordinates of circumcenter are %,
6

311

6

:

Two Important Tricks for Circumcentre

(a) If angles of triangle ABC are not given and the
vertices A(x,y), B(x,,y,)and C(x3,y3) are given,
then the circumcentre of the AABC is given by

[Moxy +x3) Ay —y2) (1 +y2) —A(x; —x,)[0
2 ’ 2

Here, we observe that
Ly —x3  y; —ysU

2 = X3 Y2 TY3

P=

Rt
| P
(b) If the angle C is given instead of coordinates of the

vertex C and the vertices A(x,,y;), B(x,,y,) of
AABC are given, then the circumcentre of AABC is

O A

given by
Hoxq+x,) teotC(y; —y,) (1 +y2) teotC(xy —x,) [
2 ' 2
Remark
Circumcentre of the right angled triangle ABC, right angled at A
isB+C
—

Example 45. Find the circumcentre of the triangle
whose vertices are (2, 2), (4, 2) and (0, 4).
Sol. Let the given points are (xy, y;), (x5, ¥,) and (x5, y3 ) respec-
tively.
for the matrix
—x3 Yy —ysO_ 2 20

P:DCl =
B‘z‘xs )2 _)’ZH E _ZB
< RilRs
|P|
:2><4+(—2)><(—2):g:
2x(-2)—4 x(-2) 4

3

O Circumcentre of the triangle
= E{xl +x) + A _.VZ)’ (1 +ys) —A(x —x,)
2 2
+4+3(2-2) 2+2 -3(2 —4)
@2 2 ' 2 @

=(35)

Example 46. Find the circumcentre of triangle ABC if

A=(7,4),B=(3-2)and OG g

Tt
Sol. Here, x; =7,y; =4,x, =3,y, = —2and OG= 3



The circumcentre of AABC

Eé(xl"'xz)"'mtc()ﬁ Y2) (31 +y2) F cotC(x; —x3)
2
H7+3)+ (4 +2) (4-2)F (7 -3)1
=0 , V3 0
O 2 2 O
O O

= ~2HB- 2
=§+\/§,l \EQO @ \E’H\EQ
3. Orthocentre of a Triangle

The orthocentre of a triangle is the point of intersection of
altitudes

(i.e., the lines through the vertices and perpendicular to
opposite sides).

Let A(x1,y1), B(x,,y,) and C(x 3, y3) be the vertices of
AABC and if angles of AABC are given, then coordinates
of orthocentre are

A
E

B D c

[, tan A+ x, tanB + x5 tanC
tanA +tan B +tanC

ytanA+y,tanB +y5 tanCl
tan A +tan B +tanC

Lhx, sec A +bx, sec B +cx5secC
asec A+bsecB +csecC

or

ay, sec A +by, sec B+cyssecCl]
asec A+bsec B +csecC

where, | BC|=a,|CA|=band |AB|=c

Important trick for orthocentre :

orthocentre of the triangle whose vertices are (0, 0), (x;,y;)
is given by

(}\(J’z =¥1), —A(x; —xy))
where, A= X1Xs YY1V
X1Y2 — X2)1
Remarks
1. The orthocentre of a triangle having vertices (a, B), (B, a) and
(a,a)is(a,a).

2. The orthocentre of a triangle having vertices is @—% —aBy%
agy

3. The orthocentre of right angled triangle ABC, right angled at A
is A

Example 47. Find the orthocentre of AABC if

A=(0,0),B=(3,5)and C =(4,7).
Sol. Here, x; =3,y, =5,x, =4,y, =7
O A= M =47
3X7 =4 X5
0 Orthocentre of AABC =(47(7 —5), —47(4 —3))
= (94, — 47)

4. Nine Point Centre of a Triangle

If a circle passing through the feet of perpendiculars (i.e.,
D,E,F) mid-points of sides BC, CA, AB respectively (i.e.,
H,I,J)and the nx

mid-points of the line joining the orthocentre O to the
angular points A, B,C (i.e., K, L, M) thus the nine points
D,E,F,H,I,J,K,L M all lie on a circle.

C

This circle is known as nine point circle and its centre is
called the nine point centre. The nine-point centre of a
triangle is collinear with the circumcentre and the
orthocentre and bisects the segments joining them and
radius of nine point circle of a triangle is half the radius of
the circumcircle.

Corollary 1 : The orthocentre, the nine point centre, the
centroid and the circumcentre therefore all lie on a
straight line.

Corollary 2 : If O is orthocentre, N is nine point centre, G
is centroid and C is circumcentre, then to remember it see
ONGC (i.e. Oil Natural Gas Corporation) in left of G are 2
and in right is 1, therefore G divides O and C in the ratio 2
: 1 (internally).

Corollary 3 : N is the mid-point of O and C
1
Corollary 4 : Radius of nine point circle = 5 x Radius of

circumcircle

Remarks
1. The distance between the orthocentre and circumcentre in an
equilateral triangle is zero.

2. If the circumcentre and centroid of a triangle are respectively
(0, B) (y, 8 then orthocentre will be (3y —2a, 3B -2p).



Example 48. If a triangle has its orthocentre at (1,1)

and circumcentre at %2@ then find the centroid

and nine point centre.

Sol. Since, centroid divides the orthocentre and circumcentre in
the ratio 2 : 1 (internally) and if centroid G (x, y), then

2 3
O(NID" Gl y) ¢
_2x7+1x1_ﬁ
2+1 3
2x—+1x1
2+1 6

5
O Centroid is %, ggand nine point centre is the mid-point

of orthocentre and circumcentre.

Eﬁ 3 30

+ - 1+ —0 7

0 Nine point centre is D—z, 74[|, ie. %, 7@
02 2 Qg 8
O O

Example 49. The vertices of a triangle are
A(a,atana),B (b,b tanf) and C (c,c tany). If the
circumcentre of A ABC coincides with the origin and
H (x, y) is the orthocentre, then show that

y_ Esina +sinB+siny O

X [Tosa +cosP+cosy]

Sol. If R be the circumradius and O be the circumcentre
0 OA=0B=0C =R
or \/(a2 +d’tan® a) = \/(b2 +b*tan? )

=(c* +c®tan’y) =R
or asec =bsec3 =csecy =R

or a=Rcosd,b=RcosP,c =R cosy

n o .
then, atana = R cosd DS— = Rsina
cos O

Af@atan a)

—=NC
(cctany)

Similarly,
btanP = RsinBandc tany =Rsiny
0 Coordinates of the vertices of a triangle are :
A (R cosQ, Rsin0 ), B(R cos, Rsinf3)
and C (R cosY, Rsiny)

O Centroid
(G) = @R (cosa + cosP +cosy) R(sina +sinf3 +siny)
3 ’ 3
Since, G divides H and O in the ratio 2 : 1 (internally), then
R 20 +1X
— (cosQ +cosP +cosy) =———
3 2+1
R X .
or g(cosO( + cosf3 +cosy) =§ (i)
R, . . . 200+13
and —(sin0 +sinf3 +siny) =———
3 ( [3 V) 2+1

R
or — (sina +sinf3 +siny) :g

(i)

Dividing Eqs. (ii) by (i), then we get

y _ Usind +sinP +siny [
X

osO + cosf3 + cosy

Area of a Triangle

Theorem : The area of a triangle, the coordinates of
whose vertices are (x;,y;),(x;,y,) and (x5, y3)is

1
E|x1()’2 =y3) +x, (y3 —y1) tx3 (¥1 —y2)|

1 X1 V1 1
or 5| Xy Y2 1|
X3 Y3 1

Proof : Let ABC be a triangle with vertices A (x, y;),
B(x,,y,)and C(x3,y3). Let us assume that the points
A, B and C are in 1st quadrant (for the sake of exactness).
Draw AL, BM and CN perpendicular on X-axis. Let A be
the required area of the triangle ABC, then

Y
Alx1, y1)
Clxs, y3)
al—
x2.y2)
X' 0 0 X
(0] M L N




A = Area of triangle ABC
= [Area of trapezium ABML + Area of trapezium ALNC
— Area of trapezium BMNC]

1
[ " Area of trapezium = 2 (Sum of parallel sides)

x (Distance between them)]

DA:%(BMML) (ML) +%(AL +CN)

1 g

= %(BM + AL) (OL - OM) +%(AL +CN) (ON —(OL)
1 0

W 1
:g()’z +y1)(x; —x3) +E(Y1 +y3) (x5 —x1)
1 O
_—— + —
2()’2 vs3) (x5 xz)%
1
:E[xl (V2 *y1 =y1 —Ys) X, (v,
=Y1 vy, tys) Txs(y1 tys ~y2 ~ys)]

=%[x1 (2 —y3) +x2 (¥3 —y1) +x3(y1 —y2)]

The area of triangle ABC will come out to be a positive
quantity only when the vertices A, B,C are taken in
anticlockwise direction and if points A, B,C are taken in
clockwise direction then the area will be negative and if
the points A, B, C are taken arbitrary then the area will be
positive or negative, the numerical value being the same

in all cases. A A
i.e.,
< LN BAC>

1
Area of AABC=5|3fl (2 —¥3) +x2 (¥5 =y1)

Thus in general

+tx3(y1 ~y2) |
This expression can be written in determinant form as
follows

X y 1
1 1 1
5| X, Y2 1
X3 Vs 1

Corollary 1 : Area of triangle can also be found by easy
method

A=|1§x1 J/@_I_lﬁxz ME_I_E’% J/SH

20x, yJO 20xs ysd 20x; yi0

g Area of polygon =

and Area of quadrilateral ABCD: The area of a
quadrilateral can be found out by dividing the
quadrilateral into two triangles.

0 Area of quadrilateral ABCD

Alxy, y1)
D(x4, ya)
B
(X2, y2)
Clxa, ya)
= Area of AABC + Area of ADAC
=lﬁx1 )Hﬁl_laxz YZE_I_EEJ% S
20x, vy 20xs ysd 20x; yi0
+lax4 }’4&_1@"1 )’1&_1 X3 Y3
20xy yi0 20x3 Y30 2 |x4 Y4
:llaﬂ i, 15%2 Yof, 15Xs )’ﬁ+1ﬁx4 v
20x, ¥y 20xs y4d 20x4 y 20xy y0
E.E’% VESI= 3 %%
O0xy yO0 Oxs ysd

U Area of polygon whose vertices are
(x1,y1),(x2,y2), (x3,}’3),---, (xny}}n)is

1| X1 Y1 Exz Mﬁ_ﬁxs y3ﬁ+ ..... _Exn J’na
2\xy yo| Oxs ysdOxs Y4 0x: Y1
Or

Stair Method Repeat first coordinates one time in last for
down arrow use positive sign and for up arrow use
negative sign.

[NCIITSY
1
1
1
1

1
=—{(x1y2 +x2¥5 oo+ x,1)
2

—(Y1x2 tyax3 Ty, x)



Corollary 2 : If the coordinates of the vertices of the
triangle are given in polar form i.e.,

A(r,0,),B(r;,8;),C(r3,05).
Y

A

Alry, 89)

(5, 85) Clrs, 85)

>
-

o

Then, area of triangle

:§|r1r2 sin (8, —6,) +ryrysin(0, —63) +ryry sin(05 —0,)]

1 .
:E|Zr1”2 sin(0; —6,) |

Corollary3: Ifa;x +byy +c¢; =0,a,x +b,y +c, =0and
asx +bsy +c3 =0 are the sides of a triangle, then the area

of the triangle is given by (without solving the vertices)
2

1 a by
=————la, b, ¢

2|C1C,Cs)
as 3 C3

where, C,, C,, C5 are the cofactors of ¢y, ¢,, ¢4 in the
determinant

b
Here, Cl = azx 2 =(a2b3 _agbz)
as bs
as_ bs
C, = a1)<‘b1 =(a3b; —a,bs)
b
and Cs = alAX« l =(a;b, —ayb,)
a, b,
a by ¢
and as bz Co :C1C1 +C2C2 +C3C3

Or
AZ
Area of triangle = ————
PAVASPAVYAYY
a, b, ¢
_1 1 ' _|% b, _|a2 b,
where, A=|a, b, c,[,A = , A,
a, b, as bs
as by cs
b
and A, |’ }
a; by

Corollary 4 : Area of the triangle formed by the lines of

the formy =m,x +c¢;,y =m,x +c, and y =mgyx +c5 is

A:EBCZ _03)2 +(C3 _C1)2 +(Cl _Cz)ZB
zdmz -my) (m3-my) (my _mz)lj

Remarks
1. If area of a triangle is given then, use + sign.

2. The points A(xy, y1), B (o, ¥o) and C (x5, y3) are collinear, then
area of (AABC) =0.

3. Four given points will be collinear, then area of the
quadrilateral is zero.

4. Area of the triangle formed by the points (x;, y;), (xo, yo) and

(xg,yg)isA=1\‘X1_X3 Xo = X3
2 =Y YYo= V3

5. If one vertex (xs, y3) is at (0, 0) then, A =%| X1 Yo = Xol |

Example 50. The coordinates of A,B,C are
(6,3),(—3,5) and (4, —2) respectively and P is any points
(x, y). Show that the ratio of the areas of the triangles

X+y-—-2
PBC and ABC is M

Sol. We have

Area of APBC éHX (5+2)=3(-2~-y) +4(y -9}

Area of AABC é|{6(5+2) ~3(=2 -3) +4(3-5))
Pi.y)
B
(=3, 9) A6, 3)
C, -2)

_|7x+7y -4 _T[x+y-2] _|x+y-2|
| 49 | 49 7

Example 51. Find the area of the pentagon whose
vertices are A (1,1),B(7,21),C (7 - 3), D(12,2) and
E(0,-3).

Sol. The required area

:EE 5H 2987 -HE2 3,0 —35

271 21000 -3z g -3¢ g 1g
:%|(21 =7) +(—21 —147) +(14 +36) + (=36 —0) +(0 +3)|

1 137
=—|—137 |= — sq units
2 2



Example 52. Show that the points (a,0), (0,b) and

. P
(1, 1) are collinear, if —+— =1
a b

Sol. Let A =(a,0), B=(0,b)and C =(1,1)
Now, points A, B,C will be collinear, if area of AABC =0

1la 0| [0 b |1 1

or —| + + [=0
210 bl |1 1 a 0

O [(ab—0)+(0 —b) +(0 —a)| =0

or ab—a—-b=0
1 1

or atb=abor —+—-=1

a

Example 53. Prove that the coordinates of the
vertices of an equilateral triangle can not all be
rational.

Sol. Let A (x,, 1), B(x3,v,)and C (xs, y5) be the vertices of a

triangle ABC. If possible let x;, y;, x5, y,, X3, y3 be all
rational.

Now, area of A ABC :%|x1 (y2 =y3) +x32 (3 =y1)

+ x5 (1 —y2)|

= Rational
Since, A ABC is equilateral

0 Area of AABC = % (side)?

_B
_T(AB)
NG

:7{(351 _xz)z +( _}’2)2}

= Irrational ...(ii)

From Egs. (i) and (ii),
Rational = Irrational
which is contradiction.
Hence, xy, 1, X3, V5, X3, ¥3 cannot all be rational.

Example 54. The coordinates of two points A and B
are (3, 4) and (5, —2) respectively. Find the coordinates

of any point P if PA =PB and area of A APB is 10.
Sol. Let coordinates of P be (h,k).
PA=PB 0O (PA)*=(PB)?
(h=3)" +(k —4)" =(h =5)* +(k +2)°
(h=3)% =(h =5)* +(k —4)* —(k +2)* =0
(2h = 8)(2) +(2k —2)(-6) =0
(h-4)-3(k —1) =0

h-3k-1=0

Oooog o g

h k 1

Now, AreaofAPAB:l|3 4 1| =10

2 5 =2 1
or 6h + 2k —26 = £20
| 6h +2k —46 =0 or 6h+2k —6=0
g 3h+k—-23=0 or 3h+k-3=0
Solving h-3k-1=0 and 3h+k -23 =0,
we get h=7k=2
Solving h-3k—-1=0 and 3h+ k-3 =0,
we get h=1,k=0

Hence, the coordinates of P are (7, 2) or (1, 0).

Example 55. Find the area of the triangle formed by
the straight lines 7x —2y +10 =0, 7x + 2y —10 =0 and
9x +y +2 =0 (without solving the vertices of the
triangle).
Sol. The given lines are :
7x —2y +10 =0
7x +2y —10 =0
I9x+y +2=0
7 -2 10

0 Area of triangle A = ...(Q)

1
— Iy 2 -1
2| C,C,C4/H i
® 1 0
where, C, 257 @:7—18:—11,
® 10

c, B B 57225
ny

and e, =H THoi4 414 =28
0 2a
7 -2 100
and Eb 2 —1(%: 10C, —10C, +2C,
H 1 LE|
=10 x (~11) —10 x( —25) +2 x28=196
0 From Eq. (i), A = ! X (196)°
2| —11 x (—25) x 28]
196 X196 _ 686 .
= ——sq units

T 2x11%x25x28 275

Example 56. If A, is the area of the triangle with
vertices (0,0), (atana,b cot a), (asina,b cosa ); A, is
the area of the triangle with vertices
(a,b),(asec’a,bcosec’a), (a+asin’a,b+bcos’a)
and Aj is the area of the triangle with vertices (0,0),
(atana,— b cota ), (asina,b cosa ). Show that there is
no value of a for which A;,A, and A5 are in GP.



1
Sol. We have, A, = 2 | (a tana) (b cosa) = (asina ) (b cota ) | and A, = % |(a tana) (b cosa) — (—bcotd ) (asind ) |

1
:5|ab||sina — cosqQ |

(. one vertex is (0,0)) .
@) = 5 |ab| |sina + cosq | .. (iii)

. . — A2
LA 1| a—(a+asin’a)  asec’d - (a + asin’a) Since, A}, A,, As are in GP, then AA; = A
and A, == 1 . 1 .
2 |p—(b+bcos’a) bcosec’ a — (b +bcos’a) g E|ab||sm(x— cosa | X 5|ab||s1na + cosd |
(See remark 4) 1
_ 2 2 N

3 1‘ —asin‘a  a(tan’a -sin’a) 1 |ab|” | cos2a | [from Egs. (i), (ii) and (iii)]
ol 2 2. _ 2

2 |=b cos®a b (cot’d —cos’d) 0 |sin20(—cosz(1|=|coszx|2

.2 .2
=1|ab| x| —sin’a  sin®a(seca - 1) 0 | - cos2a | =| cos 2 |2
—eere? 2 _

2 cos’a  cos’a(cosect —1) 0 | cos20t |= | COSZX|2
_1|ab| >(H—sinzor sin® o tan?aJ 0 | cos2at | (1= | cos2a | )= 0

2 [+cos?a  cos®a cot®ar] u 1—|cos2a | =0 (| cos2a |#0)

g | cos2a | =1

=1 1ab x| —sina cos?a cot? a + sin®a cos’d tan’
—£|a | X| —=sin“0 cos“d co sin“ O cos an“d | or cos200 = +1 or cos2d =1

1 . . and cos20 = —1
== X | — +qi

2|ab| |~ cos’a +sin‘a | or 200 =2n1, 200 =(2p +1) T

1 . . - - n
:£|ab| x [sina +cos’a | x|sin®a —cos’d | or O =nlt, a —pT[+E;n,p ur

1
:E|ab| X |1 X| —cos 20 |

For these values of o the vertices of the given triangles are
not defined. Hence A, A, and A4 cannot be in GP for any
value of 0.

1
= 5 |ab| x| cos 20| .. (i)

Exercise for Session 3

1.

The coordinates of the middle points of the sides of a triangle are (4, 2), (3, 3) and (2, 2), then coordinates of
centroid are

(@) (3,7/3) (b) (3,3) (c) (43) (d) (3,4)
The incentre of the triangle whose vertices are (=36, 7),(20,7)and (0, -8) is
1
(a) (0 -1 (b) (-1.0) © @F
If the orthocentre and centroid of a triangle are (-3, 5) and (3, 3) then its circumcentre is
(@) (6.2) ()3 -1 (c) (-3, 9) d) (=31
An equilateral triangle has each side equal to a. If the coordinates of its vertices are (x4, y1),(X2, ¥2)and (xs, y3)
2
then the square of the determinant| x, y, 1|equals
X3 Y3 1
3’ 3.4 3.4
a) 3a* b) = c)>a d) Za
(a) (b) 5 (c) 4 (d) 8

The vertices of a triangle are A(0,0), B (0,2) and C(2,0) . The distance between circumcentre and orthocentre
is

(a) 2 (b) (c)2 (d)

SIS
N



10.

11.

12.

13.
14.
15.
16.

17.

18.

19.

A(a,b), B(xy,y1)and C (x5, y,) are the vertices of a triangle. If a, x4, X, are in GP with common ratio r and

b, y1, y» are in GP with common ratio s, then area of AABC is
1

(@ab(r-N@Es-N0(-r) (b)Eab r+N@s+M0(-r)
(c)%ab r=-N0@6-=-0(6-r) (dyab(r+ 1)+ -s)
The points (x + 1, 2),(1, x +2) M 2 Ijare collinear, then x is equal to
T "x+1x + 1H '

(a) -4 (b) -8 (c)4 (d)8
The vertices of a triangle are (6, 0), (0,6) and (6, 6). Then distance between its circumcentre and centroid, is
(a) 2+/2 (b)2 (c)v2 (d)1
The nine point centre of the triangle with vertices (1,+/3),(0,0)and (2, 0) is

0, /30 1 J3Q 1
@H 28 o & &% 7k @8 78

The vertices of a triangle are (0,0), (1,0) and (0, 1). Then excentre opposite to (0, 0) is

(a)@—%,n%@ (b)@w%,ﬂ%@ (C)Q”%”‘%Q (d)@—%ﬂ—%@

If a,B, y are the real roots of the equation x° - 3px2 +3gx —1 =0, then find the centroid of the triangle whose
. 1 10 o 10
vertices are @, —[J, @5 —gand [y, —[.
35t Bremd 0

If centroid of a triangle be (1,4) and the coordinates of its any two vertices are (4, —8) and (-9, 7), find the area of
the triangle.

Find the centroid and incentre of the triangle whose vertices are (1,2),(2,3) and (3,4).
Show that the area of the triangle with vertices (A ,A —2),(A + 3,A)and (A + 2, A + 2)is independent of A.
Prove that the points (a,b +¢),(b,c +a)and(c,a + b)are collinear.

Prove that the points (a,b),(c,d)and (a —c¢,b —d)are collinear, ifad =bc.

If the points (x4, y4), (X2, ¥2)and (x3, y3) are collinear, show that z wgzo, ie.
X1X 2

YiTY2  Y2TYs  Y3TV1i_g
X4X o XoX3 X3Xq

The coordinates of points A, B, C and D are (-3,5), (4, —2), (x, 3x) and (6, 3) respectively and A

Find the area of the hexagon whose vertices taken in order are (5,0),(4,2),(1,3),(-2,2),(=3, -1)and (0, —-4).

Answers

Exercise for Session 3

1.
7.

12.

18.

(a) 2. (b) 3.(a) 4. (c) 5.(a) 6. (c)
(a) 8.(c) 9. (d) 10. (b) 11. (p,q)

% sq units 13. Centroid = incentre = (2, 3)

3 45

67 17

19. 34 sq units
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