4. DEFINITE INTEGRATION

\E Let us Study J

e Definite integral as limit of sum.

¢ Fundamental theorem of integral calculus.

e Methods of evaluation and properties of definite integral.

4. 1 Definite integral as limit of sum :

In the last chapter, we studied various methods of finding the primitives or indefinite integrals of

b

given function. We shall now interprete the definite integrals denoted by I f(x) dx, read as the integral

from a to b of the function f'(x) with respect to x. Here a < b, are real numbers and f(x) is definited on

[a, b]. At present, we assume that /' (x) > 0 on [a, b]

and f'(x) is continuous.

b
J f (x) dx is defined as the area of the region

bounaded by y = f(x), X-axis and the ordinates x = a
and x = b. If g (x) is the primitive of f(x) then the area
isg(b) — g (a).

The reason of the above definition will be clear
from the figure 4.1. and the discussion that follows
here. We are using the mean value theorem learnt
earlier. Divide the interval [a, b] into a equal parts
by

a=x,<x <x,<...<x _<x =b.
n—1 n

Y x=Db
N
B
y=/() /
x=a //
P ‘Q/
//
A
) (2, 0) X X (b, 0)
y Mr Mr+]
Fig. 4.1

Draw the curve y = f(x) in [a, b] and divide the interval [a, b] into n equal parts by

a=x,<x <x,<...<x _<x =b.
n—1 n

Divide the region whose area is measured into their strips as above.

Note that, the area of each strip can be approximated by the area of a rectangle M M __ QP as

shown in the figure 4.1, which is (x__
and Q.
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—x ) x f(T) where T is a point on the curve y = f'(x) between P



The mean value theorem states that if g (x) is the primitive of f(x),

<g('xr-%—l) _g (xr) = (xr+l _xr) f(tr) Where xr< tr<xr+l'

Now we can replace /(T ) by /(¢) given here and express the approximation of the area of the

..~ Xx) f(t)where x <t <x .

n=1
shaded region as Z (x
r=0

Now we can replace f( T ) by f(¢) given here and express the approximation of the area of the
shaed region as

_0 (., —x) f(t) =Zog(x,ﬂ)—g(x,>= g (b) - g (@)

r=

Thus taking limit as n — «©
gb)—g@ =00 (., —x) f(1)
=158,

b
= j 7 (x) dx

a
The word 'to integrate' means 'to find the sum of'. The technique of integration is very useful in

finding plane areas, length of arcs, volume of solid revolution etc...

@ SOLVED EXAMPLES )

2
Ex.1: j(2x+5) dx
1

2

b
Solution : Given, | (2x+5) dx = [ /() dx

1 a

fx)=2x+5 a=1;b=2

= fla+rh) = f(1+rh) ond  p=24
n
= 2(1+rh)+5
) 2-1
= 2+2rh+5 h=—
= T7+2rh nh=1

b ) n
We know j fE)dx= "1 f(a+rh)

a

. OO .



2

[@x+5)ax

1

3

Ex.2: |7 dv
2

Solution :

We know

i o> - (74 2rh)
r=1

fim > (Th+2rh?)

n

fim [7}12 1+21) rj
r=1

r=1

~im, :m-(n) e[ 1)}}

im i 1
11—)00 Tnh + h*n? (1 + 7J:|

1 war(1e |

=7+1(1+0)=8

3

b

Given, [7'-dx = [ 1)

—W g —

F@de="m S fla+ rh)

75

dx

2
fx)=17 a=2;b=3
fla+rhy = f(1+rh) and k=

a

— 72+rh 3
— 72.7rh n

Eﬁw zn: b (72 . 7r-h)
}11200 72. ih P
=1

lliiw 72.h.[7h+72h+73h+74h+.”+7nh]

h nh _
lim 72h 7h [(7h)n — 1] _ lim 72‘ u
n—>w 7h _ 1 n—»o0 7h — 1

h (1) —
_ lim 72, M
n—»o0 7}, _ 1

h
77 (-1 @A9I)6) 294
log 7 ~ log7  log7

SO

nh=1



4
Ex.3: I(x—xz) “dx
0

4
Solution : I(x x?) - dx= j f(x) dx
fx)=x—x? a=0;b=4
= flatrh) = fO+rh) and  h=
= f(rh) 40
= (rh) — (rh)? n
= rh—rh’ nh=4

We know [ f(x) dx = 23002": he[f(a+rh)]

= W NN S——

(x —x)-dx ='m Zh -(rh — r*h?)
= i(rhz — )
= (hz '2r—h3-2r2)
_lim I (n(n+1)J (n(n+1)(2n+1)ﬂ

i 1 1 1
i h*nn [1 —j nn (1 + —jn(2 + —j]
_ lim _ n n

n—»o0

afeles) wed)les]

n—»o0 2 6

afoled] ol

n—»o0 2 6

L@ (110)  (@(1+0)(2+0)
B 2 - 6

(69)2)
6
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Ex.4: I sin x - dx
0

2 2

Solution : I sinx-deI f(x)dx
0 0
. T
f(x)=sinx a=0;b=?
. T
= f(a+rh) = sin(a+rh) b—a 3—0
= sin (0 + rh) and h= n . n
. . ho X
= sinrh s nh=-
b . n
We know [ f(x) dv =, > k- [ f (a+ rh)]
r=1
TVZ n
j sinx - dx —L‘ﬂwz}z-sinrh
0 r=1
=i k- sinrh
r=1
=lm h-[sinh+sin2h+sin3h+... +sinnk] ...(I)

Consider,

Zsinrh =sin h+sin2h+sin 34 + ...+ sin nh
h . h . h . h
=2sin—=-sinh+2sin =-sin2h+ 2 sin =-sin 34 +. ..+ 2 sin = sin nh
2 2 2 2
2sin A - sin B=cos (A—B) —cos (A + B)

) h_” ) B h 3h 3h Sh 5h Th
ZSIHTZ sin rh = 0087—0087 + COST—COST + COST—COST +...
N N 2n—1 . 2n+1 I
COS D) COS D)

3 I h 2n+1
= |cos5 —cos 5 h

S D R
= |cos 3 coS 3 3
[ A B T h . T
= cos—2 cos > +—2 n ——2

_ h
= cos— + sm7

/
. O@O .
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h . h
COS—& + sin—--

z”:' P 2 2

Msmr = - 7
Sll’lj

Now from I,

2

n
: . _ lim el
Ismx dx—n_mZh sin rh
0 r=1

h e h
. cos 5 +sin—~-
= e
2sin7
T 1
nh=-— asn—>oo:>h—>0(——>0}
4 n
£+ 1 ﬁ
. cos 5 +sin—
= n—0 h
=0 2~sin7
h

cos0 +sin0

1+0
= =1
1
2-7
123
jsinx-deI

0

EXERCISE 4.1

Evaluate the following integrals as limit of sum.

3 4
(1) [Gx—4)dx @) [adx
1 0
2

@ [Gx—1ydx (5)

0

x3-dx

——w

(3) [erdr

‘



4.2 Fundamental theorem of integral calculus :

Let f be the continuous function defined on [a, b] and if J. fx)dx=g(x)+c

b

_ b p 2\
ten [5oa = g+’ B Jotona - {[? . TJL
= [(g®)+c)—(g@+c)] 5 5 3 92
= gb)+tc—ga)—c B H?_jj_(?_jﬂ
= g -g@ _ 125 25 8 4
b 3 2 3 2
ThusJ'f(x)dx= g (b)—g (a) ~ 117 21 234-83
a 3 2 6
; 151
J (x* — x) dx= 3
2
b
In I f(x)dx aiscalled as a lower limit and b is called as an upper limit.
Now let us discuss some fundamental properties of definite integration.
These properties are very useful in evaluation of the definite integral.
4.2.1
a b a
Property I : '[f(x) dx=0 Property II : J.f(x) dx =— Jf(x) dx
a a b
Let jf(x)dx = g(x) +c Let Jf(x)dx = g(x)+c
g b
If(x)dx = [g(x)+c}a ..J.f(x)de [g(x)JrcL
" @i -(g@+e)] - s mte@ral
~ 0 = g()—g)
= —[g@-g®]
= [/
b
b a
Thus j f(x)dx = — j 7 (x) dx
a b
3 RS 3 1 RE: 1
Ex. jx dx = 5 Ex. jx dx = 5
1 1 3 3
B 32_12_9_1_4 o3 1 9
-2 272 2 -2 22 2774
AN



b b 4 3
Property 111 : [ £(x) dv= [ £(¢) dr Bx. | cosx-dv - {Sinx }
a a ,[[/6
Let Jf(x)de gx)tc T i
, = sin 3 —sin
LHS.: [f()dr=[g(x)+ c]z G
T s g+ —(g@+e)] j_
3-1
=gb)—g)..... (1) = 5
b
RHS.: [/(0)di = [g(0)+ c]” o %
a ‘ Ex. j cost-dt = {sin l}
= [(g@) +c)-(g@+c)] 6
=gb)—g)..... (i1) — sin % —sin =
from (1) and (i1) NEY
b b - 2
[redv= [ £y 2
“ “ V31
1.e. definite integration is independent of the B 2
variable.
Property IV : 'lff(x) dx = jf(x) dx + jzf(x) dx wherea<c<b 1ie.c € |a,b]
Let Jf(x) dx = g(x)+c
Consider R.H.S.: Jc‘f(x) dx + jzf(x) dx
= [gm+c] +[g@+c]

[(g@)+c)—(g@+c)]+[(g®)+c)—(glc)+c)]
gl)tc—gl@—ctg®) tc—gl)—c

g () —g(a)

[g(x)-i-c]z

= jzf(x) dx :L.H.S.

a

Thus ff(x)deTf(x)derff(x)dx where a<c<b

a a c

‘



5 3 5

Ex.: [Qu+3)dc= Qv+ 3)dc+|(Qu+3)dx
-1 S -1 3
LHS.:  [@c+3)dr
-1
- .
= 27 + 3X:|
- -1
r 5
= |x+ 3x}

-1

(5 +3 ()] - [1)+3(-D)]
25+ 15)— (1 -3)
40+2=42

b
Property V : If(x) dx =

a

Let jf(x)dxz g(x) +c

fla+b—x)dx

[ —

b
Consider R.H.S.: j fla+b—x)dx

put a+tb—x=t ie. x=at+b—t

—dx=dt=dx=—dt

As x>a=t—>b and xX—>b=>t—>a
therefore = I f(t) (—dt)
b
= - j (1) dt
b
b b a
= j f(t)dt...('.' j F(x)dx=— j f(x)de
a a b
b
= J' f(x)dx as definite
a integration is
independent of
the variable.
= L.H.S.
b b
Thus jf(x) dx = jf(a +b—x) dx

‘

3 5
J@x+3)-dx+ [ @u+3)dx

R.H.S.:
-1 3
3 5
= {x2+ 3x} +{x2+ 3x}
-1 3
= [(BP+33) - (D*+3¢1)]+
[(5+3(5) —(Br+33)]
= [(9+9)—(1-3)]+[(25+15)—(9-9)]
= 18+2+40-18
= 42
Ex.:
3
J sin? x - dx
6
3
I =[sintx-dx ...(0)
6
_fvz INER:
—J sin ?+?_X
6
ZTsinz (l—xj
2
6
3
I = costx-dv ...(ii)
6
adding (i) and (i1)
3 3
2I=J sin® x - dx + '[ cos? x - dx
6 6
u%)
21= J (sin? x + cos? x) - dx
6
L%} v3
2= J 1-dx ={x}
i 6
5l — T om_n ' - T
3766 - =1
Tsinzx . dle
12
6
L 2
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Property VI : Jf(x) dx = Jqf(a —Xx) dx
0

Let jf(x)dxz g +c

S

a

4
J log (1 +tanx) - dx
0

w4

Let J log (1 +tanx) - dx

Ex. :

()

Consider R.H.S.: j f(a—x)dx 7S -
0 I =|log|l+tan (Z—xﬂ
put a—x=t ie. xX=a-—t ‘ i
i T
—dx=dt=dx=—dt 4 tanZ—tanx
) ) = .[ log |1+ dx
As x varies from 0 to a, ¢ varies from a to 0 ; T
0 1+ tanZ'tanx
therefore I = | f(¢) (—dt) )
}[ _TV41 lJrl—tanx 4
p B -[ 08 [+tanx | &
= —[f@ar o
“ T“l [1+tanx+1—tanx 4
¢ ? ¢ — )08 1 + tan x ax
= j 1) dt...U f(x)dx=— j F(x) dxj o L
0 a b Tj~/4 - 2
a = | log —} dx
= I f(x)dx as definite 0 |1 +tanx
0

independent of

the variable.

L.H.S.

Thus

Tf(x)deJqf(a—x)dx

0 0

integration is

= | [log2 —log (1 +tan x)] - dx
0

V4 A
Z_[(10g2)~dx—'[10g(1+tanx)'dx
0 0
w4
I =(log2) [ 1-dx=1  ..by eq.()
0
R 2
[+1 =(log2) x}
L Jo
'
21=(log2) Z—O}
I =~ (log2
= g (log2)
Thus
4

j log (1 +tanx) - dx = % (log 2)
0




Property VII :
Tf(x)dx Jf(x)dx+Jqf(2a—x)dx
0 0

R.H.S.:

'—.a

£ (x) dx + j f(a - x) dx
I +1 )

Consider I,= j f(2a—x)dx
0

put 2a—x=t¢ 1e. x=2a—t
—ldx=1dt=dx=—dt

As x varies from 0 to 2a, ¢ varies from 2a to 0

L= o

2a

- [ ra

2a

2a b a
= jf(z) dt ...Uf(x) dxz—jf(x) dx)
0 a b
2a b b
= jf(x) dx ...Uf(x) dxzjf(z) dt)
0 a a

a 2a
j f(x) dx= j £ (x) dx
0 0
from eq. (i)
f F(x) dx + j (2a —x) dx = j £ (x)dx+ T 1 (x) dx
0 0
2

0 0

a

j f(x)dx:LH.S
0

Thus,

2a a a
f)dx=|fx)dx+|fQ2a-x)d
£ X) ax £ X) ax £ a—Xx)ax

Property VIII :
j fx)de =2+ j F(x) dx , if f(x) even function

—a 0

=0 , 1f f(x) 1s odd function
f(x) even function if f'(— x) = f(x)
and f(x) odd function if f(— x) = — f(x)

ff(x)dxz Jgf(x)dx-lrff(x)dx ... (1)
—a —a 0

0
Consider J f(x)dx

put x=—1¢ Lodx=—dt
As x varies from — a to 0, ¢ varies from a to 0
0 0
I = [fe0Ed) = —[fEnar

b a
f(~t)dt U f@de==[ 1) dxj
a b

Il
Se—q

a b b
= j £(—x) dx ...Uf(x) dx = Jf(t) dt]
0 a a
Equation (i) becomes

e =

—-a

j £ (=x) dx + j (x) dx

(=)

a

j [f (=) +f ()] dx

If £ (x) is odd function then f(—x) = — f(x), hence

Jqf(x) dx =0

—a

If £ (x) is even function then f'(—x) = f(x), hence

ff(x)dx =2'Jqf(x)dx
—a 0
Hence :

: I f(x) dx , if f(x) even function
0

=0 , if f(x) is odd function

Jqf(x) dx =2

= =



Ex.:

4
1. J. x* - sintx - dx
~1/4
Let f(x) =x*-sin*x
f(=x)=(—x)* - [sin (—x)]* = —x* - [~ sinx]* = —x* - sin*x
=/ (x)
f(x) is odd function.
4
J. X} osintx - dx=0
~1/4
L L | 2
2. _J;lsz-dx '[lsz-dx = 2I1+xz'dx
x? _ 1+x*2—1
Let f(x) = 1+ 2 26[ 1 +x? dx
|
e -]
—X)= = 2])|1- ~dx
S T ey oI I+x
1
_ X = 2 [x— tan‘lx}
1 +x? 0
= 2{(1—tan"'x) - (0— tan"'x)}
=f(x)
T
f(x) is even function. = 2 {1 7 0}
_ o[- n) (4-m
— Z 1=l
Lox? 4—r
JToe ="

@) SOLVED EXAMPLES | B

1
Ex. Ix/T+x/_ 3
3 Va+x—x :L{ x%_x%}
Solution : '[(\/2__”_’_\/_)( \/2—+x—\/§j.dx 7 [2+x)2 - (x) 1
YN e 1 33 s 3
{( o jdx =g{[(2+3>2—(>2} [<2+1)2—(1)2]}
1¢2 32 3 3
I - it
: % {57 —-2(3)2+1

ERNNERR £ =
1 {(2+x}2 X2




%3
Ex.2: J\/l—cos4x-dx
0 %)
Solution : LetI=J N1 —cos4dx - dx

L%
1= [ V2sin?2x-dx
0
A
( 1 —cos A =2 sin? 2)
%)
= 2 Isin2x dx
0
—cos 2
- [
1 |
= — cosZ——cosO
2
\2
= —7 [cos T — cos 0]
\/5
= ——-(-1-1)= V2

%)
J\/l—cos4x-dx=\/3
0

w4 sec? x
Ex.4: .[ .
o 2tan’x+Stanx + 1

A sec? x

Solution : Letl= J

%)
Ex.3: Icos3x~dx
0

%)
LetI=Jcos3x'dx
0

[

1
{sm 3x-—= + 3 sin x}

Solution :

[cos3x+3cosx]-dx

w2

0

i1
[?sm3 + 3 sin 2)

[ 3 sin 3 (0) + 3 sin (O)ﬂ

-lklr—‘

L r 3n+3, T
—Z?SIHT SlIl?

1
?sin0+3 sinO}

1
{?(—1)”(1)—0}

EREIOE

s ax
2tan’x + Stanx + 1 1
0 _i_ | (1,‘4—1)—\/7
put tanx=¢ .. sec’x dx=1-dt ST 1y log 1
As x varies fromOto% 2(ﬁj U+1)+W 0
tvarieslfromOtol \/_ K\/_tJr\/__lﬂ
_ J‘;.dt 7 o\ Zr vz
0 2¢ + 41+ 1
Lo | _£{1 (\/E(I)Jr\/i—l]_l (x/i(owﬁ—lﬂ
e e ni T4 Nz ez ) B2 2
0 t2+2t+; _£{1 (2\/—_1j o (ﬁ_lj}
:i.jl ! R 22+1) BNzl
2 0 peutl-1+— \2 {(2@—1)(@—1)}
_ L 1 2'dt “ 4 Bz T (V2
2 £(;+1)2—(Lj2 _V2, {3%5}
V2 T4 %3-\2
4 g
N



Ex.5: j% log x :

1

x2

2
1

Solution : Let I Zf(log X) (—j dx
1 x

Jaog | x| ~[Lrog -]
—_(logx)- ;-dx 1 —1£logx- ;dx dx
I 1IN 2101
=|(logx):| —— —J—' —— |dx
L x /)], 1x X
- 2

{5ee2) (et | (-5)- (5]

= 11 2—-0 1+1—1 ll 2 log1=0
2 %8 2 2 2 %% - o8
z logx P _1 |~ los 2
.[ o o= og
2 COS X
J - ~dx
o l+cosx+sinx
2 COS X
Solution : Let 1 :I “dx

o 1+cosx+sinx

o Xl
_Tj_/z cos(zj sm[z) |
X (x X
0 2 cos? (7) + 2 sin (7]"’05 (7)

p L)l el ) ()]
* a3 s[5 )il 5 )

FEEECIRRE

()

(@]

2
7\
o =
N




L AT
2
1 [=n T
= 5 7—210g sec - —(0—2logsec0)
1 _TC 1 T \/—
= 7-_7—2logﬁ—o+z(0) = |5 —2log\2
w2 sec? x
J - -de%—log\/E
o 1+ cosx+sinx
1/ 1
E.7:r -d.
R NS N
1

1
Solution :Let I = j/z d
L R
put x=sin@ .. 1-dx=cos 0-dO

1 T
As  x varies from 0 to , O varies from 0 to — 6

%6 cos 0 6 cos 0

- J — 2sin? 0) V1 — sin? 0 0= J (cos 20) m.de
6

- J cos 26
6

= [ sec20-a0

0
1%
= {log (sec 20 + tan 20) - > }

: {log (sec 2 (%) + tan 2 [%) — log (sec 0 + tan 0)}

: {log (sec % + tan %) —log (1 + 0)} v log1=0

l\)lr—‘

[log 2 +3)—-0]

l\)lr—‘ Nl»—ﬂ l\)l»—‘

10g(2+\/§)

1
‘fz(l—sz)\/— 10g(2+\/_)

%—log\/f

‘



Ex. 8

Solution : Let 1= I

put
As

2x

0 2 (1+4)
2 Dx

< dx

—

— - dx
o 27 (1+4)
2=t 2¥-log?2 -dx=1-dt

x varies from 0 to 2, ¢ varies from 1 to 4

1

4
log?2
L t(1+ %)

1 ¢ 1
log2 5 t(1+¢%)
f
1

1
log 2

1+¢2—1
- dt
t(1+1?)
may be solved by method of partial fraction

HERENE £2
log L Le(1+1%) t(1+t2)

4
1
- I{ }dt
log21
_ ! UL Lf 2 }
lOgZ 1t 211+t2

1
Ex.9:j|5x—3|-dx

-1

1
Solution : Let I= j|5x—3|-dx

| 5x—3|

-1

3
—(5x—3)f0r(5x—3)<0i.e.x<g

3
(5x—3)f0r(5x—3)>0i.e.x>?

3/5 1

= j|5x—3|'dx+.[ | 5x—3 | dx
-1 35

35 1

(559 (555

S =0

4

1 1
= E{log(r)-;log(l%—t )}

1 1
= ——||logd——logl7 |-
log 2 Mog 2 °8 j

1
locl ——1log?2
(Og 2 8 ﬂ

1

= 10;2-_log4—%logl7+%log2}
log1=0
_ 1-_10g4\/§}
log2 [ V17
2 1 { 4@}
2+ (1 +4%) - “(log2) o8 T
- 42
_Ing(Wj

TS— (5x—3) dx + Jl (5x—3)- dx

-1 35

5 35 5 1
3x——x* +|x*—3x
2 -1 2 3/5

G ov-ser]l{Gos0)-GE) ()

. .



G323
S | S [ S S
5 10 2
9 9 5 5
= ———+3+—+—
5 10 2 2
4
I|5x—3|dx=—
-1
%3

Ex.10:

L% 1
Solution : Let I = j

1
n sin x
Jcos x

Tj/z \/cosx
\lcosx+ sin x

~dx

~dx

adding (i) and (i1)

1+]1 =TZ

Jcos x
N cos x +'sin x

\lcosx+ smx

2] =

6[3cosx+ sin x
%)

20 = [ 1-dx
0

1_1{ ]‘/2_1{11
217, 214

1

2
5 dx
J 1 +tan x

with the help of the above solved/ illustrative example verify whether the following examples

————dx
0 1 +tan x

cdx +

FE-) @)
N N R

By property ]l‘ f(x) dx= J f(a—x)dx

}COS ——x
0 TT T
3/ 05(7—)6) +i/sm(7—x

TJ‘-/Z sin x p
\/s1nx+\/cosx *

w2

()

.. (i)

\/smx J
\l3 smx+\/cosx *

=3

dx

T
evaluates their definite integrate to be equal to / as 7T

fr/z
[—
0 1 +cot’x
TJVZ sin® x
0

sin® x + cos* x

4

sin x m2 sec x
X ; J “dx j “dx
¢ sinx + cos x § secx + cosec x
H
"2 cosec? x
“dx; J H 5 dx
0 cosec? x+sec? x
/,
L 2
AN



§ (11 -x)

Ex. II:I—Z-dx
> ¥+ (1-x)
g (-’ .
Solution : Let IZJ -, dx ()
2 X2+ (1—-x)

By property _lff(x) dx=jff(a+b—x) dx

a

[11-(8+3—-x)]° [11- (11 —x)]*

I:jE 2 2.dx :ji 2 2
L [8+3—x]"+[11—(8+3—x)] L (11 —x)° + [11 = (11 = x)]

2

8
'[ - dx
> (11 —x) +x2

adding (i) and (ii)
8 2 8
11 —x x*
I+1 ZI(—)2~dx + j—z-dx
3 2+ (1+x) 3 (11 —x)" +x2
8 2
11 —x) +x?
o = o
3 x2+ (11 —x)
18
1=—1ax
23
8
1 1 5
ST PR
217 2 2
§ (11 —x) 5
J'—z.dx:_
> 2+ (1+x) 2
b X 1
Note that : In general J AL, -dxzz(b—a)

o St fla+b-x)

verify the generalisation for the following examples :

— ., e
1 3oxtVx N I(9—x)3+x3 * ’
2
1
J? )CZI l,dx ]‘/3;\/—‘61)6
4(13_x)7+x7 Tr/61+ cot x
L) 1

— ———— - dx
L 1 +Vcosec x

~dx

‘

. (i)



Ex.12:.[x~sin2x-dx
0

Solution :

Consider, T =] x-sin’x-dx...(>Q)

o3

(m—x)- [sin(m—x)]"x - dx

e
I
o3

(m—x) - sin’x - dx

p— p—
I Il
O3 O3

T
7 - sin’x - dx —jx- sin®x - dx
0

T 1 ]
I ZR-I?(I—COSZX)-dx—I...by(l)
0
TCTE
I[+1 =—.[ (1 —cos2x) - dx
2
0
n| 171"
2l=— x—sin2x-—}
2L 2 ],
el 1 1
[ =—||n——sin2n|—|0——sin0
4| 2 2
T . .
:Z[n] wsin0=0;sin2n=0
TEZ
T4

T TCZ
I x*-sin’x - dx=—
A 4

T
Ex. 13 : Evaluate the integral I cos’x - dx using
0

the result/ property.
Solution :
2a a a
j f(x) dx = If(x) dx + jf(za — x) dx
0 0 0

Let,I = J. cos®x - dx
0

5

cos? x - dx

Il
—_—

H 2
T

cos’x - dx + J {cos (2— - xﬂ - dx
o 2

2

I
Ot_,S o

cos’x - dx+ | cos’x - dx

Ot_,S
Se—3a

© cos(m—X)=—Ccosx

L%
=2-Jcoszx-dx
0
H
= J (1+cos2x) - dx
0

1 2
= x+sin2x'—}
L 2]

(n 1 | = L
_ (_+_Sln2—]—(0+—sm 2(0)]}
2 2 2 2

T
=—+0
2

sin0=0;sint=0

T

2

T
cos? x - dx=3

ot—2




¢ x (1+sinx)
Ex.14: | ———-
_'[t 1 +cos’*x

) ¢ x (1+sinx)
Solution : Let 1 = I —1 n ; ~dx
-~ COS* X

¢ X { x-sinx
(oo (s
1 +cos’x 1 +tcos’x

- sin
The function B is odd function and the function sy is even function.
1 +cos’x 1 +cos’x
.[ f(x)dx=2" I f(x)dx ,iff(x) even function
- 0
=0 , 1f f(x) 1s odd function
T _X-sinx sin x
0 1 + cos? x
) A - sin x )
= dx ... (1
J(; 1 +cos’x

_2_”(71 X) - sin (1 — x)
N J(; 1+ [cos (m —x)]
(m—x)-sinx
1 + (- cos x)°

Il
[\
o—x

Tmeosinx—x-sinx
=27 J - dx
0 1 +cos?x
T osinx T x-sinx
= 2n j -2 j
0 1+ cos’>x 01+cos X
I 5 Tosinx [ b 0
=2n:| — 1 ...byeq.(i
-[01+coszx yed
T sinx ..
I+1 = 2n-j— . (i)
0 1 +cos?x
put cosx=t¢ S —sinx-dx=+dt

As varies from 0 to mt, ¢ varies from 1 to — 1

21 2 -

1 =m-2

(where is even function.j

1+1¢2 1+

|
|

‘



1

| = 2n -{tan‘lt} .
0

= 2m[tan”' (1) —tan'(0)]

¢ x (1 +sinx) T
jrlosing o7
= l+cos’x 2

3
Ex. 15: I x[x]- dx,where[ x ] denote greatest integrate function not greater than x.
0

3
Solution : Let] = J.x[x]~dx

| : ;

I = |x[x]-de+|x[x] dc+|x[x] dx
{ | |
| 2
= jx(())-dx+jx(1) dx+jx(2)-dx
0 1 2

Il
S
+

51l

- 0+(5-7)ro-4
= 5 5 )TOY

_ 3.8
2 2
3 4 13
[xx] 5
0
( )
LEXERCISE 4.2 )
I. Evaluate:
9 x+1 3 w4 w4
1 “d. 2 —d 8 1 + sin 2x-d. 9) | sin*x-d
W) [~ ()£2+5x+6x ()()jv wdr O [sintxds
3) ij £2-d (4) ]m L 4 f (11)]1 L
COol” -ax - —ax x —FT—"axX
0 w1 T sinx 4 2t dx+13 o Vdx — x?
®)] Jé “dx (12) j ;'dx (13) Tjax'sinx'dx
3\/2x+3 \/2x 3 o V3 +2x —x? 0
1 /4 1 e
(6) j (7) [ sindesindrdr  (14) [x-tan " xdx (15) [x-edx
0 0 0 0

/
. O@O .
AN



II. Evaluate :

J~2 sin”! x

(1)
0 (1 _ 2)2

]V“ secxx p
“dx
03 tan’x + 4 tanx + 1

)

i sin 2x
e | -dx

o sin*x + cos’x

4) Vcosx - sin’x - dx

Ot_.l;‘v

1

—.dx
5+4 cosx

)

Ot—.s

4 cosx

(6) -dx

Se—a

4 —sin® x

(7

]‘-/2 CoS X i
o (1 +sinx) (2 +sinx)

: 1
8 ———dx
( ) _.[ azex+ b2€*x

1

3+ 2 sinx + cosx

“dx

©)

Y —

w4
(10) j sectx - dx
0

- X
“dx
+Xx

(11)

[ ——

(12)

(13)

sin 2x - tan "' (sinx) - dx

J
0
2
J
0
(ecos" x)(Sil'fl X)
i~

cos (logx) i
B S =S

X

(14) “dx

N — ﬁl.— —

(15)

sin’x (1 + 2 cosx) (1 + cosx)’ - dx

II1I. Evaluate :

‘ 1
[ ———=a
O =
2
(2) J log tan x-dx
0

3)

1
log (— - IJ-dx
X

sin x — cos x
—.dx

4

Se—md o

1 + sin x*cos x

(5) x*(3 - )c)2 “dx

x3

9—x2

(6)

|
|

w2 2+ sinx
(7) '[ log (—_j~dx

v 2 —sinx
T
4 x+z
(8) _T-£42—cos2x'dx
4
9) Jx3-sin4x-dx
T4
1
log (x + 1)
10 “d
(10) [ S5
o[22y
( )_[ S
a x x3
(12) I1 —

(14) |x - sinx - cos’x - dx

log x
1-r

(15) -dx




Note that :
2 2
To evaluate the integrals of the type j sin” x - dx and I cos” x - dx, the results used are known as
0 0

'reduction formulae' which are stated as follows :

e 1) (n=3) (n-5
[[sinx-ax = o)) w75 42 if s odd.
0 n (m—2) (n—4) 53
(n—1) (n—=3) (n—5) 31 ©
= : : <o ——-—, ifniseven.
n (m—2) (n—4) 42 2
TV2 TV2 Tc n
Jcos”x-dx = j {cos (E—xﬂ dx ... by property
0 0
1V2 n
= j [ sinx ] dx
0
n
= '[ sin” x - dx
0

(7-1) (7-3) (7-5)
7 (71-2) (1-4)

sinx-dx =

Oo_.s

T-1D7=-3)7-5)

7-(7—2)(7— 4)
_6-4-2 16
7-5-3 35

(8-1) (-3 8- -7 n
8§ (8-2) (8—4) (8-6) 2

cos!x-dx =

O-_,S

_B=1)@=3)@8-5@-7 =
 8(8-2)(8-4)8-6) 2

531 =
8:-6-4-2 2




%

of
5,

Let us Remember

Z(xm_x) 'f(t)zzg(xrﬂ)—g(er g()—g(a)

Thus taking limit as n — oo

. . b
gB)-g@ =N (., mx) S)=1m,S, = [ /(@) dx
b a
Fundamental theorem of integral calculus : I f(x)dx=g(b)—g(a)

a
a

Property I : Jf(x) dx=0
Property II : jff(x) dx=— jff(x) dx
b

a

Property Il : | f(x)dx= | f(¢) dt

b
Property IV: | f(x)dx= | f(x) dx + jf(x) dx where a <c<b 1i.e.c € [a,b]

@

s ]
s |

PropertyV:ff(x)dxz'ff(aﬂLb—x)dx

Property VI : jzf(x) dx = Jqf(a —Xx) dx
0 0

Property VII : Taf(x) dx = ff(x) dx + jzf(2a —X) dx

0 0 0
Property VIII : j f(x)dxe =2- j f(x)dx ,iff(x) even function
—-a 0
=0 , if f(x) is odd function

f(x) even function if f(— x) = f(x) and f'(x) odd function if f(— x) = — £ (x)

'Reduction formulae' which are stated as follows :

2 — — —
[simr-age = LDEZDWD) 22 e i odd
0 n (m=2) (n—-4) 53
_ @D @) @) 3L even
- — ) =3 25 2 if n is even.

%) - ! ) ) L%
cos"x - dx = I {cos(——Oﬂ - dx :j [ sinx ] dx = J sin” x - dx
0 2 0 0

OQ—,S

‘



:MISCELLANEOUS EXERCISE 4;

(I) Choose the correct option from the given alternatives :

(1)

(2)

3)

4)

()

(6)

(7)

®)

J‘ dx _
> x (= 1)

1 208
(A) —log (189)
TZ sinx-dx
o (I +cosx)

G L (189
(B) 3 Og(zosj

@ )

o al2)

B T — C 4_1 D 4+7
®) (© 4 (©)
1985 prer — 1
D ers O
(A) 3+2n B) 4—= ©C) 2+mn D) 4+n
L)
J sin®x cos?x-dx =
0
T Ei o 5 -
()256 ()256 ()256 ()256
Jl.\/lex N 3,‘[henkis equal to
X
\2 _
(A) V2 (2V2-2) (B) T(z—zﬁ) (©) 2\53 2 (D) 4V2
1L
e )
(A) Ve+1 B) Ve-1 (€) Ve (Ve—1) (D) Ne- 1
! 1 b
Ifj[ - 2} ‘dx=a+ , then
>Llogx  (logx) log 2
(A) a=e,b=-2 B) a=e,b=2 (C) a=-e,b=2 (D) a=—e, b=-2
e 2
LetIIZI and [ :I dx, then
e logx 1 X
(A) IIZ%I2 B) I,+1,=0 (©) 1, =21, (D) I, =1,
0
L g
N




(9) fi'd
okt Vo-x

9
(A) 9 B) ~ © 0 (D) 1

i 2 +sin 0 .
(10) The value of '[ log| —— | dOis
o — sin

(A) 0 (B) 1 (©) 2 (D) ©

(I) Evaluate the following :

1) T o 4 @) Tz cos0 40 3) j L4
-dx : -dbx
. 1 e e 3
o 3-cosx+sinx W4[cos—+sin—} o 1+\x
2 2
w4 tan? 1 1
@ [ ) | eNT= e (6) | (cos x)dx
o 1+cos2x 0 0
o [ ©) [ wsinvcostxd 0 [—*—
“dx x-sin x-cos* x-dx dx
49X 0 01+smx
1
10
( )I i
(IIT) Evaluate :
YA U 2x 2
(1) j sin”! - dx (2) I —dx
o\ 1 +x? 1 +x? o 6—cosx
¢ 1 0 ginx
3) jﬁ dx 4) _[ ——dx
0ad tax—x s Sin x +cos x
¢ . 2x 4 cos 2x
(5) [sin - dx © | —
0 1+x? o 1+ cos2x+sin2x
)
(7) j (2-1og sin x — log sin 2x) - dx () I(sm X+ cos” x) -sin® x-dx
0

(= SN

3
©) [[V+2x+3] -ax (10) [|x—2]-dx
-2




(IV)Evaluate the following :

a %) atl
(1) If.[ Vx-dx = 2a-J sin® x-dx then find the value of J x-dx.
0 0 a
k
1 T .
@) If] -dx=—. Find k.
0 2 + 8x? 16

1

(3) Iff(x)=a+bx+cx2,showthatj‘f(x)=%{f(0)+4f (é)+f(l)}

0

>
>
>

.0 L0 L0

L)
L)
L)




