VECTORALGEBRA

Vectors
Quantities having both magnitude and direction.

Eg: Velocity, accelaration force, weight, momentum etc. ///
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Types of Vector
Zero vector - vector having zero magnitude.
Unit vector - vector having magnitude 1. -
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i, j,k areunit vectors along OX, OY, OZ axis, a
Co-initial vectors - Two or more vectors having same initial point.

a,b & ¢ are co-initial vectors.

Collinear vectors - The vectors having same or parallel line of action.
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here 4, b, ¢.d» e» f arecollinear vectors.
Equal vectors - two vectors having same magnitude and direction are called equal vectors.
Negative of a vector - If ; is a vector then - ; is called negative of vector ;. Which has same

magnitude and opposite direction as that of .

Y
T
Components of vectors- L
Consider the rectangular co-ordinate system in a Y
3 dimensional geometry. 4
O 1s the origin and 0X, OY, OZ are +ve X axis, ;
+ve Y axis and +ve z axis. R /.
Let ;, j,k bethe unit vectors along OX OY . O i 4 X

and OZ axis respectively. Any vector in space /
can be expressed in terms of these unit vectors

as azai+aj+ak
If P(x, y, z) is a point in the space then Op is called position vector of P and
OP=xi+yj+zk

Magnitude (modulus) of a vector i +b j + ck 18 \Ja® + b + 2 -
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Addition: Let ¢ = a];+ az}' + ajc
b=bi+b,j+bk
Then a+b=(a, +b,)i+(a, +b,)j+(a,)+b)k
ie,if  a=3i-2j+4k&
b=2i+ } +5k
Then g +b=5i— j+9%
Vector joining two points
If P(x,y, z,) Q(x,, y,, z,) are any two points then,
P—Qz(x2 —xl);+(y2 —yl)}'+(z2 —zl)l;
Section formula : Position vector ofthe point P which divided the line segment joining 4 (;Z) & B (l;) n

o - _mb+na
the ratio m:nis givenby r =

m+n

Qn.:  Find the magnitude of the vector ¢ = 2 —7j - 3k

Ans: ‘5‘=\/22+72+32 = 414919 =62

a
e  Unit vector alonga vector  is given by W

Qn:  Find the unit vector along ¢ = 3; + 2 j + 4k
Ans: q=3i+2j+4k
‘5‘=\/32+22+42 ~J9+4116=+29
. 1 ZZ 3_l:+2}+4/_é
.. unit vect =
. unit vector along D)
Qn:  Find the unit vector in the direction of ; 4/ where ¢ =2i— j+2k and h=—j— j—k
Here g +h=i+k
‘Zz+l;‘:\/12+12 -2

aib itk

hence unit vector in the direction of ; + f = m - f



Product of two Vectors

1)  Scalar (dot) Product of two vectors o
If ; and p are two vectors, then .} = ‘aHb‘ .Cosg
Where ¢ is the angle between ;, &,

Results 1) .p isarealnumber

2) a-b=bh-a
3) a.b=02<:>aJ_b
4)  aa=|a

S Tizjj=kEk=1& ij=ji=Fi=0
6) Angle betweentwo vectors ; & p
isCosg= ab_
i -
7)  Projection of  in the direction of 3 is ‘B‘
8) Ifa=aji+a,j+ak & b=bi+b, j+bk then
ab= a,b, +a,b, +a,b,
Ex.1  Find zpwhere ;=i-2j+3k and b=3i-2j+k
Sol. ab = (1x3)+ ((2x™2)+ (3x1) =3+4+3 =10
Ex.2 Show that the vectors 2i-j+k, i-3j-5k and 3i-4j-4k formthe vertices of aright angled
triangle.
Sol: Let the vertices be AQ2i-j+k), B(i—3,—5k) C(3i—4;—4k)
Then 4B =0B-0A4=(1-2)i+(3+1)j+(5-Dk=i-2j-6k
BC=(-1)i+(4+3)j+(4+5k=2i—j+k
AC=(B-2)i+("4+1)j+(4-Dk=i-3j-5k
Now BC.AC = (2x1)+ (" 1x=3)+(1x 5)=2+3-5=0
ie, BC L AC ..Ale ABC is right angled Ale
Ex. 3 Find the projection of the vector j+3 j + 7k on the vector 7; — j + 8k
Sol. Let g=i+3/+7k b=Ti—j+8k

- ab (X +@x=D+(7x8)  7-3+56 60

Projection of a on b= — = = =
: o JPeces JAorleed VN4

Ex. 4 For and two vectors 4 & p - ‘Zz + l;‘ < ‘Zz‘ + ‘l;‘ (triangle enequality)

arf =GBy (ab
a4



—in+ab+ba+bh. ( Cauchy Schwartz inequality
[af + 2B+ o [a|<]a] [
Proof
<l + 2l R
. —— :|C0s9|£1
- (el ) e
‘;Z+l;‘£‘a‘+‘l;‘ ‘ZZ.ISS‘ZZHB, Zz‘;to, 5‘7&0
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Vector (or Cross) Product of two vectors
The Vector product of two vectors , &  denoted by ;7 defined as axb = ‘ZZ‘ ‘1;‘ Sin6 n
Where @ is the angle between 4,5 and ; is a unit vector perpendicularto 4 gnd 5-

So that 4 p ,, formaright handed system.

Results:
1)  axb isavector perpendicular to the plane of ; & p

2)  ixj=k, jxk=i & kxi=

3)  Unit vector perpendicularto , & p is &lz

axb

axb

4)  If ; and p represents adjacent sides of a parallelogram gives its area.

axb

5) If gand f represents sides of a triangle, its area %

6) If;z:a];+a2}+a31; and l;:b];+b2;'+b37c

i j ok

axb=\a, a, a,

b b, b

Ex.1 Find gxp if a=2i+ j+3k and b=3i+5j-2k

~.

k
3

Sol:  axb=|2 =i("2-5)— j(4-9)+k(10-3)

wn = L

-2

= 17i+13/ -7k



Ex.2 Find a unit vector perpendicular to each of the vectors ,+5 and ;.5 where

Zz:§+}‘+7c, E:f+2}'+37c

Sol  ;+p=2i+3j+4k and a-b= j-2k

IS

+)x(a-5)

u.v. perpendiculatto 4 +5 and 4 _p is (
(a+5)x(a—)

Req. wv. = _2;+4}_27€_2(_i+2j_k)_—;+2}—l;
- J4+16+4 276 NG

Ex. 3 Find the area of the parallelogram whose adjacent sides are g :;-;‘ +3k and 2i— 7}' +k

axb

Sol. Area ofa parallelogramis

j ok
-1 3[=i(1+21)- j(1-6)+k("7+2))
-7

axb

N = o~

=i(20)+5/ -5k
Req. Area = \/400+25+25 =500 = 10v/5 squnit

* If ; and }, are two collinear vectors axb =0

*  IfAB C are collinear points then, 4BxBC = 0

*  If g,b,c are three coplanar vectors then, (szB)E =0 (Since g4p & ¢ are | r)
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5)
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7)

UNIT TEST

If ‘ZI +1;‘ = ‘:1 —1;‘ then angle between ; & p = 9

0%, % %) 0

Given ABC are the points (2, 1,-1), (3, 2,-1) & (3, 1, 0) find the angle between the vectors

AB & AC €)
Find the valur of } so that the following vectorsare | 2)

a=2i+3j+4k and 3+2— Ak
Find a vector orthogonal to both j + j + 5k and 2/ — t )

1
IfD, E, F are midpoints of sides of a triangle ABC. Prove that area of triangle DEF = , area of
triangle ABC. A3)

a+b

(Hints : Position vector of midpoint of AB is

)

I b .
It g is the angle between two vectors ;4 & p then % is  (cotf,—cot6,tan0,—tan0) (1)
a.

Determine area of the parallelogram whose adjacent sides are g+ and a—b- 3)

Where a=i— j—k & b=3c+4j-5k



