Important Questions for Class 12
Maths
Chapter 6 - Applications of Derivatives

Very Short Answer Questions 1 Mark

1. The side of a square is increasing at the rate of 0.2cm/sec. Find the rate
of increase of perimeter of the square.

Ans: It is given that the side of a square is increasing at the rate of 0.2cm/ sec.
Let us consider the edge of the given cube be xcm at any instant.

According to the question,

The rate of side of the square increasing is,

d_XZO.ZCm/sec......(i)
dt

Therefore the perimeter of the square at any time t will be,
P=4xcm

By applying derivative with respect to time on both sides, we get

dP _d(4x)
dt dt

= d_P — 4d_X
dt dt

= z—f =4x0.2=0.8cm/sec

Hence from equation (i). The rate at which the perimeter of the square will

increase is 0.8 cm/sec.
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2. The radius of the circle is increasing at the rate of 0.7cm/sec. What is the
rate of increase of its circumference?

Ans: It is given that the radius of a circle is increasing at the rate of 0.7cm/sec.
Let us consider that the radius of the given circle be r cm at any instant.
According to the question,

The rate of radius of a circle is increasing as,

9 07em/sec ..(1)

dt
Now the circumference of the circle at any time t will be,

C=2ncm

By applying derivative with respect to time on both sides, we get

dC d(2nr)
- — =
dt dt
dC dr
=>—=2n—
dt dt
C

= C(jj_t =2nx0.7=1.4nrcm/sec

From the equation (i). We can conclude that the rate at which the circumference
of the circle will be increasing is 1.4mcm/ sec

3. If the radius of a soap bubble is increasing at the rate of %cm/sec. At

what rate its volume is increasing when the radius is 1cm.

Ans: It is given that the radius of an air bubble is increasing at the rate of
0.5cm/sec.

Let us consider that the radius of the given air bubble be r cm and let V be the
volume of the air bubble at any instant.

According to the question,
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The rate at which the radius of the bubble is increasing is,

ar_ 0.5cm/sec ... (i)
dt

The volume of the bubble, i.e., volume of sphere is V = gnﬁ

By applying derivative with respect to time on both sides,

4
dV d(gﬂ:r j
o =

dt dt
dv_4_d(r)
dt 3 dt
dv 4 , dr
—=—nx3r —
dt 3 d

SNV rrx05 (i)
dt

When the radius is 1cm,

The above equation becomes

:>C;—\t/=4n><(1)2><0.5

= av =2ncm?’/sec
dt

Hence the volume of air bubble is increasing at the rate of 2mecm?®/sec.

4. A stone is dropped into a quiet lake and waves move in circles at a speed
of 4cm/sec. At the instant when the radius of the circular wave is 10cm,
how fast is the enclosed area increasing?

Ans: It is given that when a stone is dropped into a quiet lake and waves are
formed which moves in circles at a speed of 4cm/sec.
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Let us consider that,
r be the radius of the circle and A be the area of the circle.

When a stone is dropped into the lake, waves are formed which moves in circle
at speed of 4cm/sec.

Thus, we can say that the radius of the circle increases at a rate of ,
dr =4cm/sec

Area of the circle is nr?, therefore

dA  d(mr?)
—

dt dt

dA __d()

dt dt
:>d—:n><2rﬂ

dt dt
:>d—A:27cr><4....... (i)

dt

Hence, when the radius of the circular wave is 10cm, the above equation
becomes

= d_A: 2nx10x4
dt
= aA =80mcm?/sec

Thus, the enclosed area is increasing at the rate of 80rcm?®/sec.

5. The total revenue in rupees received from the sale of X units of a product
is given by, R(X)=13x* + 26x+15. Find the marginal revenue when x=7.

Ans: Marginal revenue is the rate of change of total revenue with respect to the
number of units sold.
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Let us consider ‘MR’ be the marginal revenue, therefore

_dR

MR =—
dx
It is given that,

Total revenue, i.e., R(X) =13x* +26x +15 ...(1)

We need to find marginal revenue when x =7

I.e., MR when x=7

IV GTE)

dx
d(13x* +26x +15)
= MR =
dx
d(13x’
_ w2 d08X) d(26x) d(15)
dx dx dx

d(x?
—~ MR =13 ( )+26d(x)+0
dx dx

= MR =13x2Xx+ 26
— MR = 26X + 26
= MR =26(x +1)

Taking x =7, we get

= MR :26(7+1)
= MR =26x8
= MR =208

Therefore, the required marginal revenue is Rs208.

6. Find the maximum and minimum values of function f(x)=sin2x+5.

Ans: Given function is,

f(x)=sin2x+5
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We know that,
-1<sin6<1, VHeR
—1<sin2x<1

Adding 5 on both sides,
—1+5<sin2x+5<1+5
4<sin2x+5<6
Therefore,

Max value of f(x)=sin2x+5 will be 6 and,

Min value of f(x)=sin2x+5 will be 4.

7. Find the maximum and minimum values (if any) of the function
f(X)=—|x-1|+7VxeR

Ans: Given equation is f(x) =—|x+1|+3

|x+1|>0

=—|x+10

Maximum value of g(x) = maximum value of —| X +1|+7
=0+7=7

Maximum value of f(x)=3

There is no minimum value of f(x).

8. Find the value of a for which the function f(X)=x’—2ax+6,x>0 is
strictly increasing.

Ans: Given function is f(x) =x*—2ax+6,x>0

It will be strictly increasing when f'(x)>0.


http://www.vedantu.com/

f'(x)=2x-2a>0
=2(x-a)>0
—=>X—-a>0
=a<X

But x >0

Therefore, maximum possible value of a is 0 and all other values of a will be less
than 0.

Hence, we get a<0.

9. Write the interval for which the function f(x)=cosx,0<x<2w is
decreasing.

Ans: The given function is f(x) =cosx,0<x < 2.

It will be a strictly decreasing function when f'(x)<0.
Differentiating w.r.t. X, we get

f'(x)=-sinx

Now,

f'(x)<0

= —sinx <0

—=sinx>0 i.e.,(0,m)

Hence, the given function is decreasing in (0,x).

10. What is the interval on which the function f(X)=IOﬂ,XG(O,OO) IS
X

increasing?

Ans: The given function is f(x) :Ioﬂ,x €(0,).
X
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It will be a strictly increasing function when f'(x)>0.

£(x) = log x
X

Therefore,

: 1 logx
F0=r-0
X X
1-1logx
X2
' (x)>0
:>1—I)<()2g:]x
—=1-logx >0
—=1>logx

f'(x) =

>0

=>e>X

Therefore, f(x) is increasing in the interval (0,e).

i . 4 ,. . i
11. For which values of x, the functions y =x" — gxs is increasing?

Ans: The given function is y = x* —%xs

It will be a strictly increasing function when f'(x)>0.

4x*(x -1)>0

Now,

d—y:0:>x:0,x:1
dx
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Since f'(X) <0Vx e (—0,0)U(0,1) and f is continuous in (—,0] and $[0,1]$.
Therefore f is decreasing in (—0,1] and f is increasing in [1,00).

Here f is strictly decreasing in (—0,0) W (0,1) and is strictly increasing in (1,0)

12. Write the interval for which the function f(x) = 1 Is strictly decreasing.
X

Ans: The given equation is

F =t
X .
It will be a strictly decreasing function when f'(x)<0.

f(x):x+l
X

() =1+
X

x? -1
X2

= f'(x) =

=f(x)=0

x*-1_
X2

=x*-1=0

0

= x=%1

The intervals are (—o0,—-1),(-11), (1)
f'(0)<0

.~ Strictly decreasing in (-1,1)
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13. Find the sub-interval of the interval (0,%/2) in which the function
f(x) =sin3x is increasing.

Ans: The given function is f(x) =sin3x
On differentiating the above function with respect to x, we get,
f (x) =3cos3x

f(x) will be increasing, when f'(x) >0

Given that x e (Ogj

=3X e (O,B—RJ
2

Cosine function is positive in the first quadrant and negative in the second
guadrant.

case 1:
When 3x e (Og)

= Cc0S3x >0
= 3c0s3x >0

= f'(x) >0 for O<3x<g

:>f'(x)>0for0<x<%

- F(x) is increasing in the interval (Ogj
case 2:
m 3n

WhenBXE(—, j
2 2

= c0s3x <0
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= 3c0s3x <0

=f (x) <0 for g<3x<3?7c

—f(x)<0for Z<x<Z
6 2

. T(x) is decreasing in the interval (

3

14. Without using derivatives, find the maximum and minimum value of
y=|3sinx+1].

o3

Ans: The given function is y = 3sinx +1|
Maximum and minimum values of sinx ={-1,1} respectively.

Therefore, the value of the given function will be maximum and minimum at only
these points.

Taking sinx =-1
y=3x (-1 +1]=>2
Now, put sinx =1
y=3x1+1]=>4

This maximum and minimum values of the given function are 4 and 2
respectively.

15. If f(x) =ax+cosx is strictly increasing on R, find a.
Ans: It is given that the function f(x) =ax + cosx is strictly increasing on R
Here function, f(x)=ax +cosx

Differentiating f(x) with respect to x we get,
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f'(x)=a+(-sinx) =a—sinx

for strictly increasing, f'(x) >0

Therefore,

a—sinx >0 it will be correct for all real value of x only when a e (-1,1)

Hence the value of a belongs to (-1,1).

16. Write the interval in which the function f(x)=x’ + 3x” + 64 is increasing.
Ans: The given function is f(x) =x’ +3x" +64.
For it to be a increasing function f'(x)>0

On differentiating both sides with respect to x, we get
f(x)=x°+3x"+64

= f'(x) =9x® + 21x°

= f'(x)=3x"(3x* +7)

.+ function is increasing.

3x°(3x*+7)>0

= function is increasing on R.

17. What is the slope of the tangent to the curve f(x) = x° —5x+ 3 at the point
whose X co-ordinate is 2?

Ans: The given equation of the curve is f =x*—5x+3 ...(1)

When x=2,

y=2°-52+3

y=8-10+3

y=1
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Therefore, the point on the curve is (2,1).

Differentiating equation (1) with respect to x, we get

d—y:3x2—5
dx

Slope of tangent j—y

X
Since X =2,

—3.2°-5
=12-5
=7

Hence the slope of tangent is 7.

18. At what point on the curve y =x* does the tangent make an angle of 45’
with positive direction of the x-axis?

Ans: The given equation of the curve is y =x*

Differentiating the above with respect to X,

= dy _ 2x*
dx

dy
Y _ox..(1
= = 2% (1)

So,

dy _ The slope of tangent =tan6

dx

The tangent makes an angle of 45 with x-axis
dy _ tan45 =1...(2)
dx

Because the tan45 =1
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From the equation (1) & (2), we get

=2x=1
1

=>X==
2

Substitute x:% in y=x?

=

=y=

Al

Hence, the required point is (%%)

19. Find the point on the curve y=3x’—-12x+9 at which the tangent is
parallel to x-axis.

Ans: The given equation of the curve is y=3x*-12x +9.

Differentiating the above equation with respect to x, we get

dy =6x—-12
dx
m=6x-12

j—y = The slope of tangent =tan6
X

If the tangent is parallel to x-axis.

m=0
= 6x-12=0
=>X=2

When x =2, then
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y=32°-12.2+9
y=12-24+9
y=-3

Hence, the required point (x,y)=(2,-3).

20. What is the slope of the normal to the curve y =5x*—4sinx at x=0.
Ans: The given equation of the curve is y=5x*—4sinx.
Differentiating the above equation with respect to x, we get

d_y =10Xx —4cos X

dx

j—y = The slope of tangent =tan6
X

Thus, slope of tangent at x =0 is,

—=10x0—-4cos0
=0-4=4
Hence, slope of normal at the same point is,

wmoxm,=-1
=4xm,=-1

3m227

21. Find the point on the curve y=3x*+4 at which the tangent is

perpendicular to the line with slope —%

Ans: Given,
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The curve y=3x*+4 and the Slope of the tangent is %1

y=3x*+4

Differentiating the above w.r.t X

:>d—y:2><3x“+0
dx

dy
— =6X o1
™ @)

=

Since, tangent Is perpendicular to the line,

-1

.. The Slope of the normal =
The Slope of the tangent

) -1 -1
e, —=—
6 6Xx

1 1
= —=—
6 6X

=x=1

Substituting x =1 in y=3x*+4

=y=30)°+4
$=>y=3+4 $
=>y=7

Thus, the required pointis (1,7).

22. Find the point on the curve y = x* where the slope of the tangent is equal
to the y — co-ordinate.

Ans: Given, equation of curve is y = x°

On differentiating both sides with respect to x, we get
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dy _ 3x?
dx

It is given that Slope of tangent =y -coordinate of the point

dy
or —==
dx Y
or 3x’=y [ dy :3X2:‘
dx

or 3=x’ [vy=x]
or 3x*-x*=0or x*(3—x)=0

or Eitherx*=00r3-x=0
S.x=0,3

Now, on putting x =0 and 3 in Eq. (i), we get
y=(0)’=0 [at x=0]
y=(3)°’=27[ at x=3]

Hence, the required points are (0,0) and (3,27).

23. If the curves y=2¢e* and y=ae™ intersect orthogonally (cut at right
angles), what is the value of a ?

Ans: The given equation of the curves are y=2e* and y=ae™.
On differentiating both equations with respect to x, we get

y =2e"
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y=ae"”

@y _ m, =—-ae™

dx

two curves cut orthogonally when m, xm, =-1
2¢* x(—ae™)=-1 (fromabove)

or 2a=-1

1
ora==
2

So the condition being orthogonally is when a :%.

24. Find the slope of the normal to the curve y=8x*-3 at x= % :

Ans: The given equation of the curve is y =8x* —3.

On differentiating both sides with respect to x, we get

d_y =16X

dx

dy

i The slope of tangent =tan6
X

So, slope of tangent at GOJ

(d—yj :16><£:4
dx ) 1 4

Let,
m, =4.

Since, normal and tangent are perpendicular to each other.
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.. -1
Hence slope of normal at the same point is 7

25. Find the rate of change of the total surface area of a cylinder of radius r
and height h with respect to radius when height is equal to the radius of the
base of cylinder.

Ans: As we know that total surface area of cylinder =S=2nr* +2nrh ...(1)
Given,

Height is equal to the radius of the base of cylinder.

On differentiating equation (1) with respect to r, we get

E =4nr + 2rth

dr

Here,

S = surface area of cylinder and r = radius of cylinder.

Since, Height is equal to the radius of the base of cylinder, i.e., h=r,

Thus, rate of change of total surface area of cylinder when the radius is varying
given by,
= 4nr + 27th [h = r]

= 4nr + 2nr
= onr
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26. Find the rate of change of the area of a circle with respect to its radius.
How fast is the area changing w.r.t. its radius when its radius is 3cm?

Ans: The area of a circle (A) with radius (r) is given by,
A=nr’
Now, the rate of change of the area with respect to its radius is given by,

dA  d

— = —(TEI’Z) =2nr
dr dr
Atr=3cm

dA =2n(3) =6n

dr

27. For the curve y =(2x+1)° find the rate of change of slope at x=1.
Ans: The equation of the curve isy = (2x +1)°

On differentiating with respect to X, we get
y'=3(2x +1)*-2

y'=6(2x +1)?

Rate of change of slope at x =1

y'=6(2(1) +1)°

=6(2+1)

=6(9)

=54

28. Find the slope of the normal to the curve

Xx=1-asin® ; y=bcos’6 at9=g

Ans: Given,
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X=1-asin® and y=bcos’0.

On differentiating both sides with respect to 0, we get

d_x =—-aco0s0
do

and g—g =2bcosO(-sinB) =-2bsinB6cosO

(30
dy _\de :—2bslnecos€):2_b3ine
dx (de ~acos0 a

do

Therefore, the slope of the tangent at 6 :g IS given by,

(&) -2
dx J,= a
4

Hence, the slope of the normal at 6 :g Is given by,

1 -1 a

slope of the tangent at © =Z 2a

29. If a manufacturer's total cost function is C(x) =1000 +40x + x*, where X
is the output, find the marginal cost for producing 20 units.

Ans: The given cost function is C(x) =1000 + 40x + X°.

Marginal cost is the rate of change of total cost with respect to output (unit
produced)

Let MC be the marginal cost,
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dc

~MC=—
dx

We need to find the marginal cost when 20 units are produced, i.e.,

I\/IC:d—C atx=3
dx

Now,
_dc
dx

~ 1000 + 40x + x*
dx

MC=0+40+2x
MC =2x+40

We need MC at x =20.

MC

MC

On putting x =20.

MC =2 x 20 + 40
MC = 40 + 40
MC =80

Hence, the required marginal cost is Rs. 80.

30. Find 'a' for which f(x) =a(x+sinx) is strictly increasing on R,
Ans: The given equation is f(x) =a(x +sinx).
On differentiating both sides with respect to x, we get

f(x) =a(x +sinx)
f'(x) =a(l+cosx)

For f(x) to be increasing, we must have

f(x)>0
=a(l+cosx)>0...(0)
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We know,

—1<cosx <1l VxeR
=0<(1+cosx)<2,VxeR
~.a>0[ Fromeq - (1]

= ae(0,0) or a>0.

Short Answer Questions 4 Marks
31. A particle moves along the curve 6y = x® + 2. Find the points on the curve
at which the y co-ordinate is changing 8 times as fast as the x coordinate.

Ans: The given equation of the curve is 6y =x°+2.

Differentiating both sides with respect to t,

GQ =3x° dx +0
dt dt
= 2d_y =X’ ax
dt dt
It is given that, [d_y = 8d—Xj
dt dt

Therefore, we have,

2(8d—xj = de_x
dt dt

:>16d—x =X’ ax
dt dt

216\ 9% _
= (x 16)Olt 0
= x*-16=0

= X=14


http://www.vedantu.com/

When x =4,

A +2
6
66

=>y=—=11
y 6

=Y

when x =(—4),

(-4)°+2
6
62 31
6 3

=y=

=y=

Hence, the points required on the curve are (4,11) and (—4,_?31)

32. A ladder 5 metres long is leaning against a wall. The bottom of the ladder
is pulled along the ground away from the wall at the rate of 2cm/sec. How
fast is its height on the wall decreasing when the foot of the ladder is 4 metres
away from the wall?

Ans: Consider y m be the height of the wall at which the ladder touches and let
the foot of the ladder be x m away from the wall.

Then, by Pythagoras theorem, we have:

x? +y? =25 [Length of the ladder =5m ]

=y =425-x

Then, the rate of change of height (y) with respect to time (t) is given by,
dy  -x  dx

E_\/ZS—XZ dt

It is given that il_)t( =2cm/s
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. y_ —2X
Cdt 25— x?
Now, when x =4m, we have:

ﬂ_ —2x4 8

dt  J25-42 3

Hence, the height of the ladder on the wall is decreasing at the rate of —gcm /s.

33. A balloon which always remain spherical is being inflated by pumping in
900 cubic cm of a gas per second. Find the rate at which the radius of the
balloon increases when the radius is 15cm.

Ans: Consider the volume of the sphere be V with radius r.

Its volume is given by V =gnr3.

Therefore, rate of change of volume V with respect to time t is given by,

dv dV dr
= — =
dt dr dt
dv , dr
= —=4ur°.—
dt dt

It is given that Z—\t/ =900 cm®/s.

-.900 = 4nr2.$
dt
dr 900
- — =
dt  4nur?
dr 225
- — =
dt  mr’

Hence, when radius is 15 cm.


http://www.vedantu.com/

dt  r(15)
dr 1
—==cml/s
dt =

34. A man 2 meters high walks at a uniform speed of 5km/hr away from a
lamp post 6 metres high. Find the rate at which the length of his shadow
Increases.

Ans: Consider AB be the lamp post.

B
D
I—hkﬁ:
A C

Let at any time t, the man CD be at distance x meters from the lamp post and 9
meters he length of the shadow.

d—X:5km/hr
dt

Clearly AABC and ACDE are similar,

AB AE
= =

CD CE
:>§:x+y

2y

—=>3y=X+Yy

=2y =X
On differentiating both sides with respect to x, we get

2d_y_dx

dt  dt
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,dy _ 5x1000

dt 60
dy 5x100 500 .
=2 = = m/ min
dt 12 12
W5
dt 2

35. Water is running out of a conical funnel at the rate of 5cm®/sec. If the
radius of the base of the funnel is 10cm and altitude is 20cm, find the rate
at which the water level is dropping when it is 5cm from the top.

Ans: Given,

Water is running out at the rate of 5cm® / sec, therefore
) ) dVv s
Rate in decrease in volume ot =5cm® /sec

Radius of the base of the conical funnel =r =10 cm.
Altitude of the conical funnel = h=5cm.

The volume of water present in the conical flask at any time is given by
V= %nrzh---(l)

When the flask is full, i.e., r =10 cm and h =5 cm. The ratio of r:h remains
same all through the cone.

2

Putting it in (1)
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2
:Vzln(ﬂj h

3 2
=V= i7'ch3
12

Differentiating both sides with respect to t,

:d—vziHthﬁ

dt 12 dt
:>5=Eh2%
4 dt

when h=5cm

20 _,dh

T dt
dh 4
— —=—2=Ccm/sec

dt 5=n

36. The length x of a rectangle is decreasing at the rate of 5cm/sec and the
width y is increasing as the rate of 4cm/sec when x=8cm and y=6cm.

Find the rate of change of
(a) Perimeter
Ans: Given,

Length (x) is decreasing at the rate of 5cm/sec

Width (y) is increasing at the rate of 4cm/sec

= ax =-5cm/sec and dy =4cm/sec
dt dt

Therefore, the perimeter (P) of the rectangle =2(x +Y)

L5 9)
dt dt dt
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:Z—T:Z(—S+4):—2 cm/ sec

Hence, the perimeter is decreasing at the rate of —2cm/sec

(b) Area of the rectangle.

Ans: Length (x) is decreasing at the rate of 5cm/sec
Width (y) is increasing at the rate of 4cm/sec

:>d—X=—50m/sec and ?j—i/=4cm/sec

dt

Therefore, the area (A) of the rectangle =xxy

(dAj ( dx dy)
O [ =l y—+X—=
dt ) e, dt dt /), e,

= (d—Aj =6(-5) +8(4) =2cm?* / sec
dt X=8,y=6

Hence, the area is increasing at the rate of 2cm? / sec.

37. Sand is pouring from a pipe at the rate of 12c.c/sec. The falling sand
forms a cone on the ground in such a way that the height of the cone is always
one-sixth of the radius of the base. How fast is the height of the sand cone
increasing when height is 4cm ?

Ans: It is given that,
Sand is pouring from a pipe at the rate of 12c.c/sec.
Let us consider,

r = radius; h = height ;VV = Volume of sand cone, t= time

Height of the cone = %of the radius of the base.
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h =1r orr=6h
6
Given,

h :4cm;0(|j—\t/ =12cm®/s

Since the falling sand forms a cone therefore volume of the cone =V = %nr2 h
Substituting the value of r in the above formula, we get
1 2
= =n(6h)*h
3
36h’n
=

3
—=127h’®

Differentiating with respect to t,

.‘.d—V:lZn-3h2@
dt dt

12 =127 34y’ N
dt

38. The area of an expanding rectangle is increasing at the rate of 48cm?/ sec
The length of the rectangle is always equal to the square of the breadth. At

what rate is the length increasing at the instant when the breadth is 4.5cm
?

Ans: It is given that the expanding rectangle is increasing at the rate of
48cm’ / sec.

Let us consider the length of rectangle be | and breadth be b.
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Area of the rectangle,
A=IxDb

Differentiating both sides with respect to time (t), we get

dA d[Ixb]
- =
dt dt
Using product rule of differentiation given as: — d(uv) = ud—v + vd—u, we get,
dx dx  dx
dA db  dI
= —=l—+b—
dt dt dt

On substituting Z—? =48, we get,

3% 4 )
dt  dt

It is also given that the length of the rectangle is always equal to the square of its
breadth. Therefore,

=1 =b?

Differentiating both sides with respect to time (t), we get,

= ﬂ = Zb%
dt dt
do 1 dl
- —=——
dt 2bdt

So, substituting the value of | and 3—? in equation (1), we get,

:bﬂ+b2xiﬂ:
dt 2b dt

= @(ﬂj =48
2 \ dt

48
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dl 32

dt b
In order to find the rate of increase in length when the breadth of the rectangle is
4.5cm.

Substitute b =4.5 in the above relation, we get,

dl 32
= —==—
dt 4.5
dl 32x10
- — =
dt 45
= ﬂ = % =7.11lcm/sec
dt 9

Hence, the length of the rectangle is increasing at the rate of 7.11cm/sec.

39. Find a point on the curve y = (x—3)* where the tangent is parallel to the
line joining the points (4,1) and (3,0).

Ans: It is given that the points are (3,0) and (4,1).

Equation of the curve is y = (x —3).

Let us consider y =f(x)

Then,

f(x) =(x—-3)* x €[3,4]

Since f(x) is a polynomial function f(x) is continuous in [3, 4]
On differentiating the above equation, we get

f'(x) =2(x —3) which exists in (3,4)

Therefore, it is also differentiable in (3,4)

Hence both the conditions of Lagrange's Mean value theorem is satisfied.
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f(3)=0
f(4)=1
f'(c)=2(c-3)
1-0
4-3
=2c—-6=1n
=2c=7

7

2

7

56(3,4)

S.2C—6=

S.C=

Since c is the x-coordinate of that point at which the tangent is parallel to the
chord joining the points (3,0) and (4,1).

On putting X :g in equation (1) we get

7 Y 1
:——3 = —
Y (2 j 4

Hence the required points are (g%)

40. Find the equation of all lines having slope zero which are tangents to the

curve y=——————,
X =2Xx+3

Ans: It is given that the equation of the curve is y = ————
X —2X+3

The slope of the tangent to the given curve at any point (X,y) is given by,

dy  —(2x-2)

dx (x2 —2X + 3)3
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dy _ -2(x-1)
dx (x2 —2X + 3)3

If the slope of the tangent is 0, i.e., m =0, then we have:

-2(x-1) 0
(x*-2x+3)
1
When x=1andy = ==
1-2+3 2

The equation of the tangent through (1%) IS given by,

y-y,=m(x—x,) [one point form]

1
—Z=0(x-1
y 5 (x-1)

Lyl
2

41. Prove that the curves x=Yy? and xy =k cut at right angles if 8k* =1.
Ans: The given equation of the curves are,

x=y* .(i)

xy =k ..(ii)

Let the curves cut each other at (a,b), then

From equation, we get

a=b’> and ab=k
x=y? and xy=k

On differentiating the above equations, we get
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1:2yd—y; xd—y+y:0
dx

dx
dy _1. dy_-y

dx 2y dx X

Slope at a,b:i and slope at a,b=—.
2b a

m L. m _-b
" 2b7 % a
Since curves cut at right angles, therefore,

=mm,=-1

a=b?andab=k (from above)
=b*-b=k

— b3/2 — k
— b: k2/3

Substituting in equations (1), we get
=2-b*=1

=2k’ =1

- 8k* =1

42. Find the equation of the normal at the point (amz,ams) for the curve
ay’=x’.
Ans: It is given that the equation of curve is ay’ = x°.

On differentiating the above equation with respect to x, we get
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dy

= 2ay —=3x’
dx
N dy _3x
dx 2ay

Slope of the tangent to the curve at (am*,am’) is,

( d_yj ~ 3(am?)’
(amz,am3

dx ) - 2a(am3)
( d_yj _3’m* _3m
dx (amz,am3) 23.2 |’n3 2

: m
Let us consider m, = 37

Since, tangent and normal are perpendicular to each other, Therefore,
m,xm,=-1

Let the slope of normal be m, .

Slope of normal at (amz,am3),

=mxm,=-1

= 37m xm,=-1

-1 —2

= 2 3
slope of the tangent at (am”,am®) 3m

Equation of the normal at (amz,am3) is,

=y-—am’ :;—m(x—amz)

= 3my —3am* = -2x + 2am?
= 2x+3my—am’(2+3m?*)=0

= 2x+3my =am’(2+3m’)
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43. Show that the curves 4x =y? and 4xy =k cut as right angles if k> =512
Ans: The given equation of the curves are,

=4x=y* ..(i)

= 4xy =k ..(ii)

We have to prove that two curves cut at right angles if k* =512.

Now,

4x =y

Differentiating both sides with respect to x, we get

4xy =k

Differentiating both sides with respect to x, we get

:>4(1xy+xﬂj:0

dx
:>y+xﬂ:0
dx
_dy_-y
dx X
_y .
m,=— ..(iv
=m = (W)

Since the two curves intersect orthogonally.

sm-m,=-1
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—=Zx—2=-1  [From(iii) and (iv)]

= 4xy =K
=(y’)y=k  [Since,4x=Yy]
=y =k

1
—y=k?

1
On substituting y =k?® in equation (i), we get,

= 4X :(k?’j

2

= 4x2=k?
= 8=k
=k’ =(8)° [Taking cube on both sides]

= k? =512

44. Find the equation of the tangent to the curve y=+/3x—2 which is
parallel to the line 4x -y +5=0.

Ans: The equation of the given curve is y=+/3x—2.
Let the slope of the tangent to the given curve at any point (X,Y) is given by,

On differentiating the above equation with respect to x, we get
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dy 3
dx 243x-2

The equation of the given line is 4x -2y +5=0.

4x -2y +5=0
5 L
Y=2X+§ (which is of the form y =mx +c)

.. Slope of the line =2

Now, the tangent to the given curve can be parallel to the line 4x—-2y—-5=0
only if the slope of the tangent is equal to the slope of the line.

:L:Z

2+/3x -2
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&|©

y:

Alw

y:

Equation of tangent at point (j—é%) is givenby (y—y,)=m(x—-Xx,).

_E—Z(X_ﬂj
Y77 48

N 4y—3:2 48x — 41
4 48
48x — 41

=4y -3=

= 24y -18=48x—-41
— 48x — 24y =23

Hence, the equation of the required tangent is 48x — 24y = 23.

45. Find the equation of the tangent to the curve X + \/§ =a at the point

a® a’
%)

Ans: The given equation of the curve is X+ ﬁ =a.

As to find the slope of the tangent of the given curve, differentiate with respect

o X

1 . L(d_yj _
2x 2 Jy\dx
dy  x

:_ —_—
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2 2
At a_’a_ slopemis -1
4 4

Equation of the tangent is given by y—y, =m(x —x,)

a’ a’
>y-——=-1 Xx——
=)

:>x+y—az
2

= 2x+2y=a’

46. Find the points on the curve 4y = x> where slope of the tangent is %

Ans: The equation of the given curve is y = x°.
To get the slope of the given curve, differentiate both the sides with respect to x.

On differentiating the above equation with respect to x, we get

dy =3x°
dx

When the slope of the tangent is equal to the y-coordinate of the point,

then

On substituting y = x® in the above equation.

= 3x* =x°
= x’(x-3)=0
=>Xx=0,x=3

When x=0,then y=0 (~y=x°)
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When x =3, then y=3(3)* =27.

Hence, the required points are (0,0) and (3,27).

47. Show that = + % =1 touches the curve y=be™"* at the point where the

curve crosses tr?e y -axis.

Ans: The abscissa of the point where the curves intersects the axisof y i.e., x=0
ny=h-e® =b| e =1]

Therefore the slope point of intersection on the curve with y- axis is (0,b).

Now slope of the given line at (0,b) is given by

SNE ST 2

a b dx
dy_-1,
dx a
_dy_1
dx a
:>O|—y:_—b:ml [say]
dx a

Also the slope of the curve at (0,b) is,

-1
— d_y _ be—x/a?
dx
— d_y — __be—x/a
dx a
= ay =_—be‘0
dX Jop @
SV 2 m, fsay)

dX J o0
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sincem, =m, =

From above we can conclude that the line touches the curves at the point where
the curves intersects the axis of y.

48. Find the equation of the tangent to the curve given by x=asin’t,
y=Dbcos’t at a point where t = g

Ans: The given equation of the curves are x —asin’t and y=bcos’t.

On differentiating the above equations with respect to t, we get,

X i
:I_t =3asin’tcost and

d—y:—Sbcosztsint
dt

So,

dy _dy/dt

dx dx/dt

—3bcos’tsint
3a’sin’tcost
bcost
= ——
asint

When t:g, then

T

(%) "%,
dx =2 asin"
2

So, when t:g then x=a and y=0.
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So, att :g or at (a,0), equation of tangent of given curve

y—0=0(x—a) or y=0.

49. Find the intervals in which the function f(x)=log(1+ x)— %,x >-11is
+ X

increasing or decreasing.

Ans: Given function is,
X
f(x)=log(l+x)———
1+ X
We need to find intervals at which f(x) is increasing or decreasing.
X
f(x)=log(l+x)———
1+Xx

On differentiating the above equation with respect to x, we get

LX) = 1 _{(1)(1+ X) —x(0+1)}
1+ X 1+ x)?
1 {1+x—x}
:> —_
1+x | @+x)?
1 1
:> —_
1+x  (@A+x)?
1+x-1 X

= =
(1+x)* @+x)?
For f(x) to be increasing, f'(x) >0

X

>0
(1+x)?

X <0[ " (1+x)* >0, Domain: (1,00) ]
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x € (—1,0) for f(x) to be decreasing

~.f(x) isincreasing on (0,o0) and decreasing on (-1,0).

50. Find the intervals in which the function f(x) = x®* —12x* + 36x+17 is
(@) Increasing

Ans: The given function is f(x) =x*—-12x* +36x +17

On factorising,

f(x)=3x*-24x +36
f(X)=3(x-6)(x—2)

For f(x) to be increasing, we must have f'(x)>0.

=3(x-6)(x—-2)>0
=>X<20rx>6
= X € (—0,2) U (6,0)

So, f(x) isincreasing on (—,2) U (6,).

(b) Decreasing.
Ans: The given function is f(x) =x®>—-12x* +36x +17
On factorising,

f(x)=3x*-24x +36
f(X)=3(x-6)(x—2)

For f(x) to be decreasing, we must have f'(x) <0.

=3(x-2)(x-6)<0
= 2<X<6

So, f(x) is decreasing on (2,6).
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51. Prove that the function f(x)=x2—x+1 IS neither increasing nor

decreasing in [0, 1].
Ans: The given function is f(x) =x* —x +1.

On differentiating the above function with respect to x, we get

f(x)=2x-1

f'(x)>0,vx e (%1} [ f'(X) >0=>strictly increasing]

f'(x)<0,vxe (0%) [ (X) <O=> strictly decreasing]
clearly, from above we can conclude that,

f(x) is strictly increasing in the interval (%1}

f(x) is strictly decreasing in the interval (O%j

. T(x) is neither increasing nor decreasing on the whole interval (0,1).

52. Find the intervals on which the function f(x) =

X . .
1 is decreasing.

2

X

Ans: The given function is f(X) = ——.
X“+1

On differentiating the above equation with respect to x, we get
(x*+1).1-x.2x

f'(x)= -
() (x2+l)

Fi(x :x2+1—22xz
() (x2+1)
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Fx)= (11+_ ;)2

1-x)(1+x)
1+ xz)2

f'(x):(

—

When x >1,
1+x>0and1-x<0
S (1+x)(1-x)<0
Hence, f'(x) <0
When x <-1,
1+x<0and1-x>0
S (1+x)(1-x)<0
Hence, f'(x) <0

Therefore, the interval of x when f(x) = 2X 1 is decreasing is (—oo0,—1]U[1,)
X

3
53. Prove that f(x)= %—xz +9x,x €[1,2] is strictly increasing. Hence find

the minimum value of f(x).

3

Ans: The given function is f(x) = X? —Xx*+9x,x €[1,2]

On differentiating the above equation with respect to x, we get
1 1 2

f (x):§3x —2X+9

=Xx*—-2x+9
To prove that the given function is strictly increasing.

f'(x) should be greater than equal to zero
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X?—2x+9>0
Putting x =1, we get

X =2X+9>0
1-2+9>0
8>0

o f (x) Is greater than equal to zero, the given function is strictly increasing

To find the minimum value of f(x) ,put x=1

1
f(x)==-1+9
() =3

:1+8

54. Find the intervals in which the function f(x)=sin*x +cos’x,0< xsg is

Increasing or decreasing.
. . . . T
Ans: The given function is f(x) =sin*x+cos’Xx,0<x < >

On differentiating the above function with respect to x, we get
f(x) =sin*x +cos*x or,
f'(x) = 4sin® xcosx —4cos’ xsin x
f'(x) =—4sinxcosx| —sin®x +cos X |
f'(X) =—2sin2x cos 2x
f'(x) =—sin4x
On equating,
f (x)=0o0r —sin4x=0
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or4x=0,m,2m,..........

T 7T

42

Sub-intervals are [O E} [— _}
4 2

Orf <O|n[ }

or f(x) is decreasing in [Oﬂ and,

or x=0,

T

f(x)>0in [ZE}

- (x) is increasing in E,E}.
x) g [ i

55. Find the least value of 'a" such that the function f(x)=x*+ax+1 is
strictly increasing on (1,2).

Ans: The given function is f(x) =x*+ax +1.

On differentiating the above function with respect to x, we get
~f(X)=2x+a

Now, function f will be increasing in (1,2), if f (x) >0 in (1,2).

=2X+a>0

= 2X>-a

= X>—
2

Therefore, we have to find the least value of a such that
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:>x>_7a, when x € (1,2)

Hence, the least value of a for f to be increasing on (1,2) is given by,

2
2
=a=-2

Hence, the required value of ais —2.

3 5

56. Find the interval in which the function f(x)=5x? —3x2,x> 0 is strictly
decreasing.

3 5

Ans: The given function is f(x) =5x2 —3x2,x >0
Let f be a differentiable real function defined on an open interval (a,b).
If f'(x)<0 forall xe(a,b), then f(x) is decreasing on (a,b)

Here we have,

3 5

f(x) =5x2 -3x2,x >0

On differentiating the above function with respect to x, we get
d 3 5

=f'(x) :—(5x2 —3X2j
dx

1 3
= f'(x) :%x2 —%xz

= f'(x) :%x;(l—x)

For f(x) lets find critical point, we must have

—f(x)=0
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1
:Exi(l—x):o
2
= x2(1-x)=0
=x=0,1
clearly, f'(x)>0 if 0<x<1

and f'(x)<0 if x>1

Thus, f(x) increases on (0,1) and f(x) is decreasing on interval X € (1,).

57. Show that the function f(x) =tan™(sinx+cosXx), is strictly increasing on

the interval (0%)
Ans: The given function is f(Xx) =tan™(sin X +cosx)
We need to show that the given function is increasing in (Ogj :

Applying first derivative with respect to X, we get

d(tan*(sinx +cosx))
dx

f(x)=

Applying the differentiation rule for tan™, we get

F(x) = — 1 : _d(sinx +cosX)
(sinx+cosx)” +1 dx

Applying the sum rule of differentiation, we get

F(x)=— 1 [d(smx)er(cosx)}
(sinx +cosx)*+1| dx dx

But the derivative of sinx =cosx and that of cosx =—-sin X, so
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, 1 i
)= (sinx +cosx)? +1[COSX +(sinx)]

Expanding (sinx +cosx)?, we get

COSX —Sin X
SiN®X +C0s® X + 2sinXcos X +1

f(x)=

But sin’x +cos*x =1 and 2sinxcosx =sin2x, so the above equation becomes,

F(x) = cos>_<—smx

1+sin2x +1

£(x) = co§x—3|nx
SIN2X + 2

Now for f(x) to be decreasing function we need f'(x) >0,

COSX —SIin X S
Sin2x+2

= C0SX—sinx>0

= COSX >SIinX

But this is possible only if x (0%)

Hence the given function is increasing function in (Og)

58. Show that the function f(x)=cos(2x+%) Is strictly increasing on

(5%)
8'8)

Ans: The given function is f(x) = cos(Zx + gj
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On differentiating the above function with respect to x, we get

d_y = —23in(2x +Ej
dx 4

) 3 1T
Since, — <X <—
8 8

3% <2X <7Tit (Multiplying 2 on all sides)

=>n< 2x+g< 2n  (adding g on all sides)
i.e.,, 3" and 4" quadrant.

So, sin[Zx +%) IS negative

= dy IS positive.

dx

Hence, f(x) is increasing in the given interval.

59. Show that the function f(x) = SINX s strictly decreasing on (Og) :
X

Ans: The given function is f(x):ﬂ.
X

Differentiating the above function with respect to x we get,
cosx )-sinx (1)

(x)
f’(x): XCOSX-SiNX

XZ

f’(x):x(

Let us assume that the above function is decreasing in the interval (Ogj :
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We know that a function is decreasing if and only if f'(x)<O0 that is,

XCOSX-SINX

X2

XCOSX < Sinx

<0

As we know that the values of cosx is positive for all x (Ogj we can divide

both sides of the equation with cosx without changing the inequality sign that is,

X < tanx

This equation is true for all values of x (Ogj :

L i . i inx .
Therefore, our assumption is true that is the given function f(x):S— IS

X

decreasing in the interval (Ogj

Using differentials, find the approximate value of (Q. No. 60 to 64).

60. (0.009)%

Ans:

Using first order approximation,
f (X +AX) =f(x) +f'(X)Ax
Here assume,

f(X) — X1/3

—F'(x) =%x‘2’3

~.(0.009)"* = (0.008 + 0.001)*
— (0.008)"" + %(0.008)2’3 x0.001=> 0.208
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1
61. (255)*
Ans: Let us consider,

X =256
X + AX =255

Then,
AX=-1
For x =256,

1
y =(256)* =4
Let:
dx=Ax=-1

Now, y = (x)*
L1
T 4001

). %
=| = -
dx ), 256
1 -1

dy
Ay =dy=Yax= 1 x 1= &
Y= = ™ T 2856 T 256

= Ay =——=-0.003906
256

- (255)% =y + Ay = 3.99609 ~ 3.9961

62. (0.0037)i

Ans: Let us consider y =+/x
Let x =0.0036 and Ax =0.0001
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Since y=+/Xx

On differentiating both sides with respect to x, we get
dy _d(vx)

dx dx

dy 1

ax 2%

Now,

Ayzd—yAx
dx

dy 1

dx  24x

dy 1

dx  24/0.0036

&y__ L | 00001
dx 2x0.06
dy 0.0001
dx 0.12
d—y = L =0.000833
dx 1200

Also,
Ay =T (X + AX) —f(X)

(0.0001)

(0.0001)

S0, Ay=(X+AX)?—(X)?

On putting values,

1 1
0.000833 = (0.0036 + 0.0001)2 — (0.0036)>

1 N

L 2

0.000833 = (0.0037)7 —| 22
10000
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1 2><E
0.000833 = (0.0037)? - (ij
100

0.000833 = (0.0037)2 — (0.06) 2
0.000833 = (0.0037)¢ — (0.06)
0.000833+0.06 = (0.0037)?
0.060833 = (0.0037)*

(0.0037)? = 0.060833

1
Thus, the Approximate Value of (0.0037)? =0.060833.

63. +/0.037

Ans: Let us consider y=+/x.

Let x=0.04 and Ax =-0.003,
Then,

Ay:\/x+Ax—\/;

Ay =+/0.037 —+/0.04
— Ay +0.2=4/0.037

Now, dy is approximately equal to Ay and is given by

dy
dy =] —= |AX
Y (dxj
:i(—ooo3)
2dx
1

=
2+/0.04

= —0.0075

(~0.003)
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Thus, the approximate value of 4/0.037 is 0.2—0.0075=0.1925.

64. \25.3.

Ans: Let us consider y =+/x

where x =25 and Ax =0.3
Since y =+/x

dy _d(vx)

dx dx

dy 1

N

Now,

Ay = dy — AX
dx

Ay=if(o.3)
v=3 709

1 x0.3
2x5
10

Also,
Ay =T (X + AX) —f(X)

Ay =

Putting values,

AY =X + AX —\/;
0.03=+/25+0.3-/25
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0.03=+/25.3-5

0.03+5=+/25.3
\25.3=5.03

Hence, approximate value of 1/25.3 is 5.03.

65. Find the approximate value of f(5.001) where f(x) =X’ —7x* +15.

Ans: First we need to break the number 5.001 as x =5 and Ax=0.001 and use
the relation f(x +Ax) =f(x) + Axf'(x).

Let us consider,

f(x)=x*-7x*+15

On differentiating both sides with respect to x, we get
= f'(x) =3x* —14x

Let x=5,

and Ax=0.001

Also,

f (X +AX) =f(x) +Axf'(x)

Therefore,

f(x+Ax) =(x° —7x* +15) + Ax(3x* —14x)

= f(5.001) = (5° - 7x5” +15) +(3x5° —14x5)(0.001)
(as x =5,ax=0.001)

—125-175+15+ (75— 70)(0.002)

— 035+ (5)(0.001)
— —35+0.005 = —34.995
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66. Find the approximate value of f(3.02) where f(x)=3x*+5x+ 3.

Ans: It is given that the function is f(x) =3x* +5x +3

where x=3 and Ax=0.02,
On differentiating the function with respect to x, we get
f'(x)=6x+5
Now,
Ay = f'(X)Ax
= (6x +5)0.02
Putting x =3,

— (6x3+5)0.02
= 23x0.02
=0.46

Now,
f(X +AX) =f(X) + Ay
f(3.02) =f(3)+0.46
=(3x3" +5x3+3)+0.46

=(27+15+3)+0.46
=45+0.46
=45.46

Hence, approximate value of f(3.02) is 45.46.

Long Answer Type Questions 6 Marks

67. Show that of all rectangles inscribed in a given fixed circle, the square
has the maximum area.

Ans: Let x and y be the length and breadth of a rectangle inscribed in a circle
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of radius r. If A be the area of rectangle then

A=X-y

A=X-4r* —x?

On differentiating the function with respect to x, we get
dA 1

—— =X ———x (=2X) + V4r* = x?

dx 24/4r% — X2

2
e

dx 2\4r’ —x?
dA  —x*+4r* —x*

dx Jar? — x?
dA  4r*-2x°
dx  4r* —x?

Since, AABC is a right angled triangle.
= A4rt=x"+y’
=y =4r" -’

= y=~4rr—x* (i)

1

AN X B

) . dA
For maximum or minimum, d_ =0.
X

4r* —2x°
]
Jart —x?

= 2X* =4r*

0
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— x=~/2r

Again, on differentiating the function with respect to x, we get

JAT — (—dx ) — (4r2 —x2) X 2%
A 4r® —x*.(—4x)—(4r x).zm

i (Vo

d?A —4x(4r2 —x2)+ x(4r2 —2x%)

dX2 (4[‘2 _ X2)3/2
d?A x{—16r2 +AX? +4r? — 2x2}
dx? - (4[’2 _ )3/2

d?A  x(=12r* +2x%)
dX2 - (4[’2 B X2)3/2

When x:\/§r,

AT ) \/Er(—lzr2 + 2(\/§r)2)
2 - 3/2

_dX x=ar (4r2—(\/§r)2)

Cd*A ] _\/Erx—8r2
X s (2r7)"
(AT 82

-4 <0

dxz_xzﬁr_ N

Hence, A is maximum when X = \/Er.
On substituting x = J2rin equation (i), we get

y =+/4r2 —2r? =2r,ie, x=y=4/2r.

Therefore, area of rectangle is maximum when x =Yy, i.e., rectangle is square.
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68. Find two positive numbers x and y such that their sum is 35 and the
product x’y® is maximum.

Ans: It is given that the sum of positive numbers is 35,
X+Yy=35
=x=35-y ..(1)

Let p be the product,
p=xy* =(35-y)*(y°)
p=(35"+y*-70y)y’
p=1225y° +y' —70y° ...(2)

For product to be maximum j_p =0
y

On differentiating the above equation (2) with respect to y, we get

% =1225x5y"* +7y° —70x 6y°
y

dp 4 2
d—y:?y (875+y* —60y)=0

d s

d—p=7y (y —35)(y — 25)
y

d_,

dy

7y*(y—35)(y—25)=0

hence y=0,25,35

When y=0=x=35 and x’y°* =0
When y =25=>x=10 and x*y° =976562500

When y=35=x=0 and x*y°* =0.
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Hence maximum when two numbers are 25,10.

69. Show that of all the rectangles of given area, the square has the smallest
perimeter.

Ans: Let us consider x and y be the length and breadth of rectangle whose are is
A and perimeter is P.

We know,
=P=2(x+y) ..(1)

A=XxXxy

~y=— ..(2
X

Substituting value of (2) in (1) we get,

:>P:2(x+éj
X

On differentiating the above equation with respect to x, we get

P 2(1—5)..(3)

dx X?

For maximum or minimum values of perimeter P

—x=JA [Dimension of rectangle is always positive]

Now,
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On again differentiating equation (3) with respect to x, we get

0P _5f0-axlD)- 2
dx X X

>0

d* | 5 (VA

, {dZP_ 2a

i.e., for x=+/A, P (perimeter of rectangle) is smallest.

A A
y="=-—==+vA

x A

Hence, for smallest perimeter, length and breadth of rectangle are equal.

X = :\/K i.e., rectangle is square.
(x=y=VA) gle is s

70. Show that the right circular cone of least curved surface area and given
volume has an altitude equal to JJ2 times the radium of the base.

Ans: Let us consider r,1 and h be the radius, slant height and altitude of the cone
respectively, then

Volume of the cone =V :%rcr2 h .1

Height of the cone =h = 3—\2 ..(2)
r

S=mrl, squaring both sides

St =r’rl =nr*(h*+r*) [ L=r’+h?]

= nzrz[QYj - rz} [from (2)]

Tr

9V?
S’ = o

+m’r*, differentiating with respect to 'r
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_ 2
28&: 183\/ +4r°r ...(3)
dr r

For maximum or minimum,

ds
:> —
dr
—18V?
r3

0

= +4n°r’ =0

18V?*
r3
= 21°r* =9V?

= 47’1’ =

=9x %nzr“ h? [from(1)]

= 21°r® = ’r* h?

= 2r* =h?
—h=A2r
On again differentiating equation (3), we get
2 2
s =121°r* + add >0 forall values of V and r.

dr? r
Hence, for the least surface area of a cone and given volume, altitude is equal to
/2 times the radius of the base.

71. Show that the semi vertical angle of right circular cone of given surface

. L 1
area and maximum volume is sm‘l(gj .

Ans: Let us consider r,1 and h be the radius, slant height and altitude of the cone
respectively, then
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Surface area of cone is S=nrl+nr® ...(1)

or

The volume of the cone,

V:Enrzh =17cr2\/I2 —r’
3 3
2
v \/(S—nrz) e

3 r?

V= nr’ \/(S—nrz)z —n’r

3 n°r’
2 \/ 2 2.4 2 2.4
V_nr y S —7wr' —2nSr° —nr
3 Ttr

r
V=—,/S(S-2nr’
L s(5-2m)
On squaring both the sides, we get
2

2 r 2
\% =§s(3—2nr )

V= g(Sr2 —2mr*)
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d*v? S .
==(2S-24nr*) --(ii
dr? 9( & ) (i)

dv?
dr

:>§(28r —8nr3) =0 or
9

Now 0

S—4mrt =0
= S=A4nr’
Putting S=4nr’ in (ii),
d*Vv? B 4mr?
dr? 9

[ 8nr® —24mr* | <0

=V is maximum when S=4mr?
Putting this value of S in (i)

47r? = mrl + mr?

or 3nr? = nrl

r .
or T=SInOL=

a:sin‘l(lj
3

Thus V is maximum, when semi vertical angle is sin 15.

Wl

72. A point on the hypotenuse of a triangle is at a distance a and b from the
sides of the triangle. Show that the minimum length of the hypotenuse is

3

2 22
(a3+b3).

Ans: Let us consider a AABC be right-angled at B and AB=x and BC=Yy.
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Let P be a point on the hypotenuse of the triangle such that P is at a distance of
aand b from the sides AB and BC respectively.

Let L/C=0

We have,

AC =X’ +Y’
Now,

PC =bcosecO and AP =asecH.

= AC=AP+PC
— bcosecO+aseco (1)

d(diec) = —hcosecOcotO+asecOtand
_.4(A0)
e

— asecOtan 0 = bcosecOcoto
a sin6_ b cos6
cosO cos® sind sin®

= asin*0=bcos’0

1 1

— a3sin®=Db3cos0
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= tan0 = (EJS
a

..Sin0 = b— and cosO =

a§
2 2 2 2 (2)
Va® +b? vad +b?

d*(AC
It can be clearly shown that ((j ) <0 when .

Wl

Hence, by second derivative test, the length of the hypotenuse is the maximum
when

tan 0 = (9)3
a

Now, when tan0 = ( ) we have:

b\/a3 +b3 +a\/ +b3

AC =

[using (1) and (2)]

+

O

wln o

Wl

(@

[SIRN]

+

QD

wlin
N—

Il
7~ N\
QD

w N
+
O
w N

3

2 22
Hence, the maximum length of the hypotenuses is (a3 + b3) :

73. Prove that the volume of the largest cone that can be inscribed in a sphere

of radius R is % of the volume of the sphere.

Ans: Let us consider the centre of the sphere be O and radius be R . Let the
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height and radius of the variable cone inside the sphere be h and r respectively.
So, in the diagram, OA=0B=R,AD=h,BD=r
OD=AD-OA=h-R.

Using Pythagoras Theorem in AOBD,
OB’ =0D? + BD?
=R?’=(h-R)*+r?
=R’=h’+R?*-2hR +r?
=r*=2hR -h’

Volume of the cone V = 1nr2 h

V:En(ZhR—hz)h
3
2 3
Vo 2rh’R  zh
3 3

For maximum volume, 3—\h/ =0

_ 4rnhR

=0 —1th?

=h=—
3
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_ 2nR 16R? B 64nR’
3 9 81

-V

_ (96-64)7R®
- 81

_ 327R’

- 81

We know that the volume of the sphere is V, = %nR3

S

Therefore, V = iV
27

74. Find the interval in which the function f given by f(x)=sinx+ cosx,
0<x<2m is strictly increasing or strictly decreasing.

Ans: The given function isf(x) =sinx+cosx 0<x<2n

On differentiating with respect to x, we get

f'(x) =cosx —sinx

For the critical points of the function over the interval v 0 < x <2 is given by

f(x)=0
= CcosX—-sinx=0
= COSX =SIinX

Possible intervals are 0,E , E,s—n , 5—n,2n
4)\4 4 4
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”0<X<E,
4

f'(x)=cosx—sinx >0-cosx >sinX$
=f(X)>0
= f(x) is strictly increasing.

If£<x<5—n,
4 4

f'(x)=cosx—sinx <0 - cosx <sinx
= f(x) is strictly decreasing.

If5—n<x<2n,
4

= f'(X) =cosx —sinx >0 cosX >sinx
= f(x) is again strictly increasing.

Given function f(x) =sinx +cosx, [0,2x] is strictly increasing,

VX E(O,EJ and (S—TE,ZTEJ
4 4
T 51

while it is strictly decreasing VX e (ZT)

75. Find the intervals in which the function f(x)=(x+1)°(x—23)® is strictly
increasing or strictly decreasing.

Ans: The given function is f(x) =(x +1)°(x —3)°
On differentiating with respect to x, we get
f'(x)=(x+12)°3(x —3)* +(x —3)*3(x +1)*
f'(X)=3(x+D*(x-3)’(x +1+x-3)
f'(x)=3(x+1)?*(x —3)*(2x - 2)
f'(x)=6(x+1)*(x-3)*(x-1)
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To obtain the critical points, put f'(x) =0.

6(X +1)*(x—3)*(x-1)=0
=>x=-113

The points x =-1, x =1and x =3 divide the real line into four disjoints intervals.

The intervals are,
(—0,-1),(-11),(1,3),(3,)

f(-2)=(-2-1)<0

.~. Strictly decreasing in (—o0,—1)
f'(0)=(0-1)<0

.~ Strictly decreasing in (-1,1)
f(2=(2-1)>0

.~ Strictly increasing in (1,3)
f(4)=(4-1)>0

.-, Strictly increasing in (3,).

Hence, the function f(X)=(x+1)°(x-3)° strictly increasing in

[O,E] U(S—R,ZTC:I and strictly decreasing in (E, 5—“) :
4 4 4 4

76. Find the local maximum and local minimum of f(x)=sin2x—x

T T
——<X<—.
2 2

Ans: The given function isf(x) =sin2x —-x, -

On differentiating with respect to x, we get
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f'(x)=2cos2x -1 Tex<l

=f(x)=0 —m<2Xx<m

= 2c082x-1=0

= C0S2X =—

6 2 6

f(zjzﬁ_ﬁ

at x :—g,f(x) has local minima,

77. Find the intervals in which the function f(x)=2x’-15x*+36x+1 is

strictly increasing or decreasing. Also find the points on which the tangents
are parallel to x-axis.

Ans: The given function is f(x) =2x®> —15x* +36x +1

Differentiate the above equation with respect x, we get
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f'(x) :i(2x3 —15x* +36x +1)
dx
= f'(x) =6x" —30x + 36
For the function f(x) we have to find critical point, we must have
=f(x)=0
= 6x*-30x+36=0
= 6(x*-5x+6)=0
= 3(x*-3x—2x+6)=0
=X’ -3x—-2x+6=0

= (x-3)(x-2)=0
=X=3,2

Itis clear, f'(X)>0 if x<2and x>3 and f (x)<0 if 2<x<3

Hence, f(x) increases on (—o0,2)u (3,20) and f(x) is decreasing on interval
x e (2,3).

Tangent is parallel to x-axis when f'(x)=0i.e., 6(x-2)(x-3)=0

When 6(x —2)(x—-3)=0

then x=2,3.

When,

X=2,

y=%(2)

y=2(2)°-15(2)* +36(2) +1-16-60+72+1
y=29

When,

X=3,

y=1(3)
y=2(3)° —15(3)* +36(3) +1=54 -135+108+1
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y=28
.. The points are (2,29),(3,28) .

78. A solid is formed by a cylinder of radius r and height h together with
two hemisphere of radius r attached at each end. It the volume of the solid

: . . : 1 :
Is constant but radius r is increasing at the rate of o metre/min. How fast
T

must h (height) be changing when r and h are 10 metres.

Ans: It is given that a solid is formed by a cylinder of radius r and height h
together with two hemispheres of radius r attached at each end.

Volume of solid =V =nr’h + %nr3

Differentiate the above equation with respect t, we get

d_V:i nr’h +ﬂnr3)
dt dt 3

d—VanZrthZﬁJrﬂxBngj
dt dt dt 3 dt

As V is constant.

- g
dt

Given that the r and h are 10 metres and ﬂ:2i meter/min.
7T

0=7t(2><10><10><i+102 ><@+4><102 xij
27 dt 27

@—Flooﬁ‘F@:O
T dt T

dh 300
dt mwx100
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@ = —E meter/min

dt T

Therefore, h decreases at the rate of E meter/min.
TU

79. Find the equation of the normal to the curve

x=a(cos0+0sin0);y =a(sin@—0cosO) at the point 6 and show that its
distance from the origin is a.

Ans: The given equation of the curves are
X =a(cosO+ 6sinB) and y =a(sin6—0cos0).

Firstly, let us find the slope of the tangent to the curve at a point 6.

d
m :d_y:d)@/: acosO—acosO+absin6
T dx OdX —asin@+asin6+adcoso
do
_sin0
" cos

Since, normal is always perpendicular to the tangent, slope of the normal will be

_ coso

~ sing

N

Normal passes through the point (X, y) given in the question. Using the equation
of the line in slope-point form, we get

y—asinf+abcos® _ cos6
X —acos0—absind sin®

= ysin0—asin’0+a0sin0cos0 = acos’ 0+ adsin0cosO — xcoso
= X€030+ysin6 =a(cos’B+sin’6)=a

Distance of origin from this line will be
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|0+0-a]

d=
Jsin20+cos? 0

Hence, the distance from origin to the normal at any point 0 is a constant, say a.

80. For the curve y = 4x® — 2x°, find all the points at which the tangent passes
through the origin.

Ans: The given equation of the curve is y =4x* —2x°.

Differentiating with respect to x, we get

= dy =12x*-10x"
dx

Let P(xl,yl) be the point on the curve at which tangent passes through the orgin.

Slope of the tangent at P(x,,y, ) is (g—yj =12x.? ~10x,*
X1, Y1

Equation of the tangent at (xl,yl) IS given by,

y—Y, =(12x; 10} )(x—x,)...(1) (using one-point form)
Since, the tangent passes through the origin (0,0).

So, equation (1) becomes

-y, =(12x¢ -10x; )(—x,)

y, =12x} —-10x; ...(2)

Since, P(x,,y,) lies on the curve

So, y, =4xC —2X;

From equation (2) and (3), we get

12x; —10x; = 4x; — 2X;
= 8x; —8x; =0
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When x, =0,

y, =4(0)° —2(0)° =0
When x, =1,

y, =41)°-2()° =2
When x, =-1,

y, =4(-1°-2(-1)°=-2

Hence, the required points are (0,0),(1,2) and (-1,-2).

81. Find the equation of the normal to the curve x*=4y which passes
through the point (1,2).

Ans: The given equation of the curve is x> =4y

On differentiating both sides with respect tox, we get

dy _x
dx 2
> -1 2
If m be the slope of the normal to x~ =4y then m:d— =—
X
(&

. Slope of tangent at (X,,y, )= %

.. Slope of Normal = —Xg

1

Since normal passes through (1,2)
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2
) -2
. Slope of normal line =Y1—=-_4
x,-1 x -1

2
or —2_%"8
X, 4(x,-1)

X} —8x, =—8x,+8

or

X, =2
X, =2,0ry =1

.. Point of contact is (2,1)

Equation of normal is

y—lz—g(x—Z) orx+y=3

82. Find the equation of the tangents at the points where the curve
2y =3x* — 2x—8 cuts the x-axis and show that they make supplementary
angles with the x-axis.

Ans: The given equation of the curve is 2y =3x* —2x —8.
Let the tangent meet the Xx-axis at point (x,0)

On differentiating both sides with respect tox, we get

2y =3x>-2x -8

:>2d—y:6x—2
dx

:>d—y:3x—1
dx

The tangent passes through point (x,0)
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.'.0:§x2—x—4:0
2

—=3x*-2x-8=0
—=3x*—-6X+4x-8=0
= Bx+4)(x-2)=0

:>x:2,x:_—4
3

Case I: when x=2,

Slope of tangent,

(Xl’yl) =(2,0)

Equation of tangent,
Y-VY, :m(X—Xl)
=y-0=5(Xx-2)
=5x-y-10=0

4
Case Il: When x =3

Slope of tangent,
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Equation of tangent,

y—ylzm(X—Xl)
—4
—0=-5X—| —
- ( (3D
20
=5x—=
=Yy 2

—=15x+3y+20=0

83. Find the equations of the tangent and normal to the hyperbola

Xt y? i
¥_§=1 at the point (Xo,yo)-

2 2

Ans: The given equation of the hyperbola is X _Y g,

a® b’
: o XE Yy :

Differentiating 7 b =1 with respect to x, we get
2X _2ydy _
a’ b’ dx

2ydy _2x

b? dx a’

dy b’

dx a’y

Therefore, the slope of the tangent at (X, Y, ) is,

&)=
dX Ji, vo) a’y,

Then, the equation of the tangent at (X,, Y, )

b?x
S(X—X,)

y_yO: 2
a’y,
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=a’yy, —a’y; =b’xx, —b’x;

= b*xx, —a’yy, —b*x; +a’y: =0
2 2
:ﬁ_M—(ﬁ—ﬁj:o [ On dividing both sides by ab?]
2 2
=% Mo g9 [ (X,:Y,) lies on the hyperbola %—%zl}

XX, VY
- a20 _b_zoz1

Now, the slope of the normal at (X,,y,) is given by,

-1 _—a%y,

Slope of the tangent at (X,,y,)  b’X,

Hence, the equation of the normal at (X,,y, ) is given by,

-1 _—a%y,

Slope of the tangent at (X,,y,)  b’X,

Hence, the equation of the normal at (x,,y, ) is given by,
_a2y0

Y=Y, sz—XO(X—Xo)

Y=Y, _—(X=%,)

a’y, b?x,

— Y-V, +(X_Xo)
a‘y, b*X,

=

=0

84. A window is in the form of a rectangle surmounted by an equilateral
triangle. Given that the perimeter is 16 metres. Find the width of the window
in order that the maximum amount of light may be admitted.

Ans: Consider the side AB=x and BC=Yy,
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r

Perimeter of given window is 16 m.

= 3X+2y =16
16 3x
(A)

Let the area of a given figure is A.

.. A = Area of an equilateral triangle + Area of a rectangle.

J3

=A=—"Xx"+X
4 y

B3

(area of equilateral triangle is given by = sz and area of rectangle is xy)

:>A:$x2 +x(16_3xj...(1)

2

Now, differentiating the above equation (1) with respect to x, we get

:d_A:i £x2+ 16x — 3x
dx dx| 4 2

_dA £(2) (16—26xj

dx
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dAJ_

(x)+8 3X...(2)
dx

For maximum or minimum we have,
dA

—=0
dx

On substituting the value of ?j—A from (2) we get,
X

NG

:>7(x)+8—3x:0

Taking the terms of x together and simplifying further we get,

= X| 3— ﬁ =8
2
= X ﬁ =8
2
— x(6-+/3) =16
16
(6-+3)
Again on differentiating equation (2) with respect to x, we get
d¢’A V3 2
dx* 2
2
Now as C; '? = g —3<0, Hence the area is maximum when
X
. 16
6-+/3

Now we substitute the value of X in equation (A), we get,
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16-3( 2|

2

=y=

On further simplification we get,

o
— y — g
2
 16(6—+/3)-48
2(6—+/3)
 96-16+/3-48
2(6-+/3)
y 48-16+/3
2(6-+/3)
_y_24-83
(6-+3)
Therefore, the breadth of a window x = 16 ~ 3.75 and length of a window
(6-3)
is y= 24-8V3 ~2.375.
(6-3)

85. A jet of an enemy is flying along the curve y = x* + 2. A soldier is placed
at the point (3,2). What is the nearest distance between the soldier and the
jet?

Ans: Let us consider a point P(x, y) be the position of the jet and the soldier is
placed at A(3,2).

or AP=(x=3)*+(y—-2)* ...(>i)

The given equation of the curve is y=x*+2.
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As,
y=x’+2o0ry-2=x
AP? = (x-3)* + X" =z (say)

Differentiating the above equation with respect to x, we get

dz .
&:2(x—3)+4x3 (i)
Lo

2X—6+4x>=0
Put x=1
2-6+4=0

..X—=1 is a factor
And,

Again differentiating the above equation (ii) with respect to x, we get

2

92 _1oxt 42
dx
%:0 orx=1
dx

2

dz
dx’®

and (at x=1)>0

s Z iIsminimumwhen x=1y=1+2=3

.. minimum distance :\/(1—3)2 +(3-2)2=+5

86. Find a point on the parabola y? =4x which is nearest to the point (2,-8)

Ans: Let us consider the point on the curve be (x,,, ).
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The equation of the curve is y* = 4x
Point (x,,y,) on curve,

y; = 4X

D=(% —2)" +(y,+8)

D is always positive,

D? =(x,-2) ++(y, +8)’
2 2
D? =£%—2j +(y, +8)
On differentiating the above equation with respect to y,, we get

b _ 2[£— 2}%+ 2(y, +8)

dy, 4
2 2 -8
D™ _ yl(yl ) +2y,+16
dy, 4
2
P2 -8y, +8y, +64
dy,
db =y’ +64
dy,
dD 0
dy,
y; =64
(yl)2 =—4
= (-4)* =4x,
=X, =4

Point is (4,—4)
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87. A square piece of tin of side 18cm is to be made into a box without top
by cutting a square from each cover and folding up the flaps to form the box.
What should be the side of the square to be cut off so that the volume of the
box is the maximum.

Ans: Let us consider the length of the each side of the square which is cut from
each corner of the tin sheet be xcm.

When the flaps are folded, a cuboidal box is formed whose length, breadth and
height are 18 —2x,18 —2x and X respectively.

Then, its volume V is given by,
V = (18 -2x)(18 — 2x)x
On differentiating both sides with respect to x, we get

= av =324 —144x +12X?

dx

On further differentiation of both sides with respect to x,

2
0V =-144 + 24X
dx?

The critical numbers of V are given by,
av_
dx
— 324 -144x+12x* =0
= X?—-12x+27=0

0

=X=3,9

But, x =9 is not possible. Therefore, x =3.

2
Clearly, (d \zlj =-144+72=-72<0
dX x=3

So, V is maximum when x =3 i.e., the length of each side of the square to be cut
is 3cm.
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88. A window in the form of a rectangle is surmounted by a semi-circular
pening. The total perimeter of the window is 30 metres. Find the imensions
of the rectangular part of the window to admit maximum light through the
whole opening.

ANs:

-_

4

Let x and y be the length and width of rectangle part of window respectively.

Let Abe the opening area of the window which admits light.

Obviously, for admitting the maximum light through the opening, A must be
maximum.

First taking the perimeter,

x+y+y+n(§j:30

y:15—(21an

Now

A =area of rectangle + Area of the semicircle

Therefore,

2
= A= xy+17c.x—
2 4

2
= A=xy+———
Y 2 4
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:>A=15x—(
8

T+2 nsz

n+4 ,

= A=15x— X

:>d—A=15—(“g4J2x

dx

For maximum or minimum value of A,

9A o
dx
:15—(’”4}2 0
8
60
= X=——
n+4
Now,
d’A  rw+4 n+4
:—XZ:
dx? 2
Hence for x= CA IS maximum
n+4
And thus y=15- 60 xn+2
n+4 4
_15_15(n+2)
n+4
_15n+60-15n-30 30
n+4 n+4

Therefore, for maximum A, i.e. for admitting the maximum light

Length of rectangle

60
X=—— and
+4
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Breadth of rectangle y=ﬂ .
n+4

89. An open box with square base is to be made out of a given iron sheet of
area 27 sq. meter, show that the maximum value of the box is 13.5 cubic
metres.

Ans: Let us consider ‘X’ be the side of the square base and ‘ Yy’ the height of the
box.

Area of the square base = x?
and area of four walls = 4xy
According to the question,
x> +4xy=27....»1)
Let V = volume of the box =area of base x height
V =x%y
x? (27 - xz)
4X

V=

1 3
V:Z(27X_X )...(2)

On differentiating equation (2) with respect to x, we get

dv 1
™ 22(27 ~3x°)...(3)

and

d’Vv. 3x
=22 (4
dx? 2 4)

Now,
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=2 -0
dx
l(24—3x2)=o
4

:>x2:£=9
3

= X =23
— x =3 [since x cannot be negative]
V can only max. when x=3 m.

When x =3,

d’v -3x3 9 . )
—= =——, which is negative.
dx 2 2

Therefore, x =3 gives maximum value of V.

Hence,

Maximum V = %[27><3—27] [putting x=3in (2) ]

27
V=—(3-1
" (3-1)

v=2!
2

V=135cm?

90. A wire of length 28cm is to be cut into two pieces. One of the two pieces
Is to be made into a square and other in to a circle. What should be the length
of two pieces so that the combined area of the square and the circle is
minimum?

Ans: Let us consider the length of one part of the wire be xcm, then the other
part will be 28 —x.

Let the part of the length x be covered into a circle of radius.
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2nr =X

X
—r=—
21

Area of circle = rtr?

2 2
Area of circle = n(ij _X
27 47

Now second part of length 28 — x is covered into a square.

Side of a square = %

2
Area of square = [ 284_ X}

28—XT

2
Thus, total area covered = A= X + [
4n 4

Differentiating the above equation with respect to x, we get

dA 2x 2
—=—+—(28—x)(-1
dx 4= 16( =D
dA _ x 28-X

dx 2= 8
Lets, take d—A:O

dx

Thus,

X 28-—X

—— =0....1

27 8 (1)

4X = 281 — X

4X +1X =28n
X[4+ ] =28n
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281
X =

4+
Other part =28-x=28- 28m
4+m
112+ 28n—-28n
- 4+m
_ 112
447

Now again differentiating, we get

d°A 1 1 .
-~ =—+—=positive
dx 27

A IS minimum.

28m and 28 —x = 112 :
4+m 4+m

When X =

91. Show that the height of the cylinder of maximum volume which can be

inscribed in a sphere of radius R is 2R . Also find the maximum volume.

NE)

Ans: Let us consider r, h be the radius and height of the cylinder inscribed in the
sphere of radius R.



http://www.vedantu.com/

By using Pythagoras theorem,

4r2 + h? = 4R?
, 4R?-h?

=

Volume of cylinder =V =nrr?h
2 2

V=rh| BN rren - Tpe
4 4

VR e (o)
dh 4

For finding maximum volume,

=T

Vv _,
dh
= nR? = 3n h?
4
2
—h=—7R
J3
Differentiating equation (2) with respect to x, we get
d*v _ b=n
dh? 4
dv | o)
dh? [h:%Rj 2 3
2
d v =—/3Rn<0
o v

) ) 2
Hence volume is maximum when h=—R.

J3

2 2
Maximum volume =V :nh(uJ
h:ﬁ 4
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4R? -

_ 2nR . 2R? B 4nR?®

\Y/
max \/§ 3 3 \/§

cubic units.

92. Show that the altitude of the right circular cone of maximum volume that

. . : : _Ar
can be inscribed is a sphere of radius r is 3

Ans: It is given that the radius of a fixed sphere isr.

Let R and h be the radius and height of the cone respectively.

A

The volume (V) of the cone is given by,

V:lnth
3

Now, from the right triangle BCD, we have:
BC =+/r’ —R?
h=r++r*-R?

.‘.V:%nRz(rJr rZ—RZ)
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V= 1TERZI’ +175R2 r’—R?
3 3
Differentiating the above equation with respect to x, we get

2
. d—V:EnR +—nR\/r ~R*+ RT_(2R)
dR 3 «/r —R?

2 27 > > R®
=—nRr+ —nRvr°'—-R* - ————
3 3 3Vr* —R?
2 2nR (r* -R?)-nR°
=—nRr+
3 3Vr’ —R?
B gnRr N 2nRr* —3nR*®
3 3Vr2 —R?
Now,
dv
dR?

2R 3nR® — 2nRr?
— _

3 3/r_Rr?
— 2r4/r’ —R? =3R? - 2r?

= 4r*(r? ~R?)=(3R? - 2r*)’

= 4r* —4Ar’R? =9R* + 4r* —12R?r?
—9R*-8r’R*>=0

— 9R?* =8r?
= R? _8_r2
9

Now,
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3Jr’ —R?(2nr* -9nR?) - (2nRr* - 37R°) (- 6R)\/17R2
r —

d?Vv _2mr N
drR? 3 9(r2—R2)
1

2 2 2 2 2
OI2V_an+3\/r ~R?(2nr* —9nR?) +(2nRr* - 37R )(BR)m
drR?2 3 9(r2—R2)

2 2

Now, when R? =%, it can be shown that R\g <0

2
The volume is the maximum when R? = %

When R? _8— , height of the cone,

/ / r
=r+,[r° ——_r+ _r+—=—

From above we can conclude that the altitude of the right circular cone of

. : : : : . Ar
maximum volume that can be inscribed in a sphere of radius r is 3

93. Prove that the surface area of solid cuboid of a square base and given
volume is minimum, when it is a cube.

Ans: Let us consider x be the side of square base of cuboid and other side be y
Then volume of cuboid with square base,
V=x-Xy=x%y

As volume of cuboid is given so volume is taken constant throughout the
question,

Therefore,
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y=" .
X

In order to show that surface area is minimum when the given cuboid is cube, we
have to show S">0 and x=y

Let S be the surface area of cuboid, then

S=X*+ XY+ XY + Xy + Xy + X°
S=2x*+4xy...(ii)
= S=2x" +4x XZ
X
—s=2x+ 2 i)
X
On differentiating equation (iii) with respect to x, we get

:>§:4x—g +(1v)
dx X

For maximum/minimum value of S, we have

ds

—=0
dx

4V

:>4X——2:0
X

= 4V = 4x°
=V=x"...(V)

Putting V = x* in equation (i), we get

Here,
y=X
= cuboid is a cube.

Differentiating (iv) with respect to x, we get
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2
d S—(4+8V]>0

dx? x3

Hence, surface area is minimum when given cuboid is a cube.

94. Show that the volume of the greatest cylinder which can be inscribed in

: : : . : .4
a right circular cone of height h and semi-vertical angle a is Enhe’tan2 .

Ans: Let a cylinder of base radius r and height h, is included in a cone of height
h and semi-vertical angle o.

Then,
AB = r,OA:(h —hl)

In right angled triangle OAB,

or r=(h-h,)tana
~V=n[(h-h)tana] -h,

(Volume of cylinder =nr*h )
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V=ntan?a-h,(h—h,)"...(1)
Differentiating equation (1) with respect to h,, we get

dv
dh, ntan’ oc[hl -2(h=h,) (=) +(h-h,)’ xl}

STV = mtan? Oc(h - hl)[_Zhl +h- hl]

1
WV rtan?a(h—h,)(h—3h,)
dh,

For maximum volume V,d—V =0

=h-h=0 or h-3h=0

— h=h, or h ==h
3
— h,=1n
3

(h=h, is not possible)

Again differentiating with respect to h,, we get

2

dh\z/ =ntan®o (h—h,)(-3)+(h-3h,)(-D) |
1
At hlzlh,
3

2
d \2/=ntan20c (h—th(—3)+0
dh? 3

2
d \2/:—2nhtan2a<0

dh’

.. Volume is maximum for h, = %h
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2
V. = ntanza-(lhj(h —lhj
3 3

Vv _ 4 i tan’o
27

95. Show that the right triangle of maximum area that can be inscribed in a
circle is an isosceles triangle.

Ans: Itis given that a right angle triangle is inscribed inside the circle.

Let us consider, 'r' is the radius of the circle and x and y be the base and height
of the right angle triangle.

The hypotenuse of the AABC = AB? = AC* + BC®
AB=2r, AC=y and BC=x
Hence,

Ar* =x* +y?
y? = 4r2 —x?

y=v4r’ —x*..(1)

Now, Area of the AABC s,

A= % x base x height
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1
A==xXXx
> y
Now, substituting (1) in the area of the triangle,

A= % X (\/4r2 —x? ) (Squaring both sides)

Z=A2:%xx%{4ﬁ—xﬁ”(m

For finding the maximum/minimum of given function, we can find it by
differentiating it with x and then equating it to zero. This is because if the function
f(x) has a maximum/minimum at a point ¢ then f'(c)=0.

Differentiating the equation (2) with respect to x, we get

4z _ isz (4r2 -~ xz)}
dx dx|4

dz 1 d d
i Z[(4r2 - xz)d—x(x2)+x2 d—x(4r2 - xz)}
iz 1

™ 4[(4r2 - xz)x (2X)+x>(0 - 2X):|

Since dix(x“)z nx"*,

If u and v are two functions of x, then

du dv
—(UuVv)=v—+u—
dx dx dx
3—Z=l[8r2x—2x3 23
X
d—Z:E[Srzx—4x3]
dx 4
dZ 4Xr,,
o
d—Z=2r2x—x3- (3)
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To find the critical point, we need to equate equation (3) to zero.
dz _
dx

= 2r’x—-x>=0

0

= 2r’x = x°

= x*=2r’

= X =++/2r°

= xX=r2

(as the base of the triangle cannot be negative).

Now, to check if this critical point will determine the maximum area of the
triangle, we need to check with second differential which needs to be negative.

Consider differentiating the equation (3) with x,

°z d

e d—X[Zrzx - x?’]

d’z d d
e d—X(Zrzx)—d—X(x3)
d?z

) d
Since —(x")=nx"*
[Since ——(x")
Now, consider the value of

Ldz—z] =212 —3(ry/2)?
x=r2

dx?

2
(d—a =2r> —6r’ =—4r?
dx 3
2
As[d—fj =—4r* <0
dx -
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so the function A is maximum at x =r~/2.
Now substituting x = V2 In equation (1):
y=4r* - (2)’

y=~4r2 —2r2 =J2r2 =12

As x=y= rv/2, the base and height of the triangle are equal, which means that
two sides of a right angled triangle are equal,

Hence the given triangle, which is Inscribed In a circle, Is an Isosceles triangle
with sides AC and BC equial.

96. A given quantity of metal is to be cast half cylinder with a rectangular
box and semi-circular ends. Show that the total surface area is minimum
when the ratio of the length of cylinder to the diameter of its semi-circular
endsis w:(m+2).

Ans: Let r be the radius and h be the height of half cylinder.
Volume :%nrzh =V (constant) ...(1)
Total surface area of half cylinder is,
1 .
S= Z(Enr )+ nrh+2rh...(2)

From equation (1) and (2), we get

(nrz) + nr[%j + Zr(%j
S= (nrz) + Gj[ﬂ + ZV}

T

S

On differentiating the above equation with respect to r, we get
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as_ (2mr) + [;—21)[& + ZV} ..(3)

dr T
For maxima/minima,

:>d—S:O
dr

= (27r) + _—le[ﬂ + ZV} =0

r T

- o - 1] 2]

r T

==V 2+n}
T

()
>V=---—"1.4)
(m+2)

From equation (1) and (4), we get

2.3
:>1ﬂ:r2h: mr
T+ 2
h T
- — =
2r m+2

Height : diameter = w: 7+ 2

Differentiating equation (3) with respect to r, we get
d’s 2\ 4V

—=(2n)+| < || —+2V

95+ (2] ]

= positive (as all quantities are positive)

So, S is minimum when,

Height : diameter = .+ 2.
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