Trigonometric
Equations

(KEY FACTS )

1. A trigonometric equation is an equation involving the trigonometric function or functions of unknown
angles, e.g. cos x =0, sin® x = l , COS [9 + £)=l , etc.
2 4] 2
2. The solution of a trigonometric equation is a value of the unknown angle that satisfies the equation.
A trigonometric equation may have an unlimited number of solutions.
For example, if sin x =0, then x =0, &, 27, 3m, ....
e A solution lying between 0° and 360° is called the principal solution.

e Since the trigonometric functions are periodic, a solution generalized by means of periodicity is known as
the general solution.

Every equation will have a principal solution as well as a general solution.

3. Solutions of equations of type sin 0 =0, cos 0 =0 and tan 6 =0
(a) sin0=0
. 8in © =sin 0 =sin w = sin 21t = sin (-2n) =.... =0
Therefore sin 6 = 0 is satisfied by the following values of 6.
5o0=0,+7w +£27, £ 3n, £4m, ...
= The general solution of sin 0 =0 is 0 = nwt, ne I
(b) cos 0=0
E, + 3_TE, + 5_71:
272 2

cos O = cos iE =cos i3—n =..=0
2 2

T
= The general solution of cos 0 =0 is 0= (2n + 1) E’ nel

0== , .... satisfy the equation cos 6 = 0 as

(¢) tan0 =0
This is satisfied by 6 = 0, + &, £ 27, ....
= The general solution of tan 0 =0is 0 = nm,n € 1

4. Solution of equations of type sin 0 = sin a
sinf=sina=sin®—sina=0

0—-o

o .
sin =0

= 2 cos
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0+ -
= Either cos 5 =0 or sin OC:0
:>6Jr—a=(2m+1)£,mel e7—0€=m7t,mel
2 2 2
=0+a=0C2m+1)n 0-—a=2mmn, mel
=0=0C2m+1)n—a ()] = 0=2mn+ o, mel

Thus 0 = (— a + odd multiple of 7t) or (o + even multiple of )
5. 0=nn+ (-1)" a where nel.

5. Solution of equations of type cos 0 = cos a
cos@=cosa=cosO—-cosa=0

= 2sin +asina;e=0 = —sine+asine_u=0 = —sin e-HX:O or sine_azo

. . 0-o
= sin =0 or sin =0

0+o 00—

=nm —=nn

2 2
= 0+a=2nn 06— oa=2nn
:>9=2nTE—0, e:znn+a

L 0=2nnta,nel

6. Solution of equations of type tan 0 = tan a

tan O = tan o

sin® sino . .
= = sinBcosa—cosOsino=0
cos® coso

=sin(0-a)=0 = O0-o=nt = O=nan+oa, nel

Note: 1. In the above results, a is numerically the least angle which should be expressed in radians as far as possible.
2. cosec O = cosec a follows from sin 6 = sin o
sec 0 = sec a follows from cos 6 = cos
cot 6 = cot a follows from tan 6 = tan o.

7. Solution of the equations sin?0 = sin’a, cos’0 = cos’a, tan?0 = tan’a

(@) sin?0 = sin’a (b) cos?0 = cos’a (c) tan?0 = tan’a.
1-cos20 1-cos2o 1+cos20 1+ cos2a . 1
2 2 =T, T tan’0® tan’ o
= ¢os 20 = cos 2a = cos 20 = cos 2a jl—tanzezl—tanzoc
=20 =2nn + 20 = 20 =2nm %20 l+tan’@® 1+tan’
=0=nnta,nel =>0=nnxa, ncl = cos 20 = cos 2a.
=20 =2nm +2a
=0=nnta,nel

SOLVED EXAMPLES

3
Ex. 1. Solve for x, sin x = 5 (0 <x<2m)

3
Sol. sin x = —% = —sin 60° = sin (180° + 60°) = sin (360° — 60°)
= x =240°, 300°.
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Ex. 2. Solve 4 cos? 6 =3 (0° < 6 <360°)

3
Sol. 4cos’0=3 = 00526=Z = cos0= ig
3 . .
cos 0 = - = 0=30° 330° (. cos 0 is +ve and so 0 lies in 1st and 4th quad.)
3 . -
cos 0 = 5 = 0=150°210° (" cos 0 is —ve and so 0O lies in 2nd and 3rd quad.)

= 0=30°,150°, 210°, 330°.
Note: Recall that if the value of 0 is a when 0 lies in Ist quadrant then it is 180° — o, 180° + o and 360° — o.. If 6 lies in
2nd, 3rd and 4th quadrant respectively.
Ex. 3. Solve sinx + sin x — 2 = 0. (0° < 0 < 360°)
Sol. sin’x +sinx-2=0 = (sinx+2)(sinx—1)=0
or
= sinx+2=0 sinx—1=0
= sinx =-2 sinx=1 = x=90°

This value of x
being numerically
> 1 is inadmissible
as sin x cannot be
numerically greater
than 1.

nox =90,

1
Ex. 4. Solve cos?0 — sin 0 — 1 =0 (0°<0<360°)

1 1
Sol. cosze—sine—zzo = l—sinze—sinG—ZIO
— 4sin20+4sin0-3=0 = (2sin0+3)(2sin0O-1)=0

= 2sin0+3=0 or 2sin6-1=0

3
= sin9=—§ or sin6=% = 0=230°,150°.

3 3
Since |sin 0] = 5 is > 1, the value sin 0 = — 5 is inadmissible.
0 =30°, 150°.
Ex. 5. Solve 2 sin 0 cos 0 =cos 0 (0° <0 <360°)

Sol. The given equation may be written as:
2sinBcosB—cos0=0 = cosO(2sinB-1)=0
= cos0=0 or 2sinf-1=0

1
= 0=90°,270° sin O = 5 = 0=30° 150°
0 =30°, 90°, 150° 270°.
Ex. 6. Solve tan2 a +seca—1=0,0<a<2m

Sol. tan o +seca—1=0 = sec?a—1+seca—1=0
= sec’a+seca—2=0 = (seca+2)(seca—1)=0
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= seca+2=0 or seca—-1=0
= seco=-—2 seca=1
1
:>cosa=—§ cosa=1
2
= 0L=—n,4—1t a=0.
33
2T 41
o= s T - 9 -
3°3
Ex. 7. Find the general values of 0 if
1
(@) 2sin0-1=0 (ii) cos 0 = =3 (iii) 4 sin?*0 =1
(iv) tan 2x — V3 =0 (v) 2 cot? 0 = cosec? 0

I n
Sol. ()2sinB6-1=0 = sin6=5=sin% = 0=nm+ (1 nel.

1 T 27 2%
il) cos B = —— =cos — =Cos | T—— |=cos — .. 0=2nm T—,ne l.
0 5 180° — 60° 3 3 0=2nn £ 3 1

4(1-cos 20 1 1
(iii) 4 sin20 =1 %:1 = 2(1-c0s20)=1 = 1-cos20=— = cos20=_ = cos
L 20=2m+l = - mmtl,
3 6
T T nt T
(iv) tan2x-— V3=0 = tan2x=+3 =tan 3 = 2x=nmn+ 3 = x= 7+E,n€ 1
(v) 2cot?0=cosec’0 = 2cot’0=1+cot’0 = cot’0=1
T T
= cot®==1=cot (iZj = 0O=nmzx Z,ne 1.
Ex. 8. If 3 cos x # 2 sinx, then find the general solution of sin%x — cos 2x = 2 — sin 2x. (EAMCET 2009)
Sol. sin?x — cos 2x = 2 — sin 2x
= 1 —cos?x — (2cos>x — 1) =2 — 2 sin x cos x
= —3cos’x +2sinxcosx=0
= cosx(2sinx—3cosx)=0 = cosx=0 (. 2sinx#3cosx)
I
= x=2nmt- = x=@nzl) uy
2 2
Ex. 9. Find the general solution of | sin x| = cos x, nel.
Sol. |sinx| =cosx = sin®x=cos> = 1-cos’x=cos2x = 2cos’x=1
= coSx=+t— " cos x = |sin x|, it cannot be negative
T T
= cosx=cos — = x=2nm+ —.
4 4
Ex. 10. Find the general solution of tan 2 0 tan 0 = 1. (Gujarat CET 2007)
Sol. Given, tan 20 tan 6 =1
2 2tan’
200 =1 = 229 ) 2an®e=1-tan’0
1—tan" 6 1—tan” 6

2
1 T
= 3tan?0=1 = tan29=§ = tanzez(—) :tamZE = 0O0=nx ig
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Ex. 11. Find the number of solutions of the equation tan x + sec x =2 cos x, x< [0, «]. (WBJEE 2012)
i 1
Sol. tan x + sec x =2 cos x = smx+ =2cosx
COSX COSX
= 1+ sinx =2 cos’x = 1+sinx=2 (1 —sin’x) =2 -2 sin’x
= 2sin’x+sinx—1=0 = (sinx+2)(2sinx—1)=0

= (sinx+2)=0 or 2sinx=1 = sinx=—20rsinx=5
.. .. . 1
Since sin x =—2 is inadmissible, therefore, sin x = 5
T Sm
= x=30°150%ie x=—,—.
X i.e. x 66
The number of solutions x €[0, 7] are 2.

Ex. 12. Find the general solution of sin 90 = sin 0.
Sol. sin9 0 =sin 0
= 90=2nn+0 or 90=02n+1)n—-0,nel (* sin@=sin o = 0 =nn + (—1)" o, where nel)

2 2n+1 2n+1
_2nm :(n+)n:> =ﬂor(n )n‘

0

r 0
10 4 10

= 0

Ex. 13. Solve tan 3x = cot 5x (0 <x <2m).

Sol. tan 3x = tan (g—Sx)
= 3x=nn+(g—5xj (*~tanO=tano = O0=nn+a)

T T
= &=2n+1)— = =2n+1) —
x =(2n )2 x=2n )16

Puttingn=0,1, 2, ..... 15, we see that the values of x between 0 and 2 are
n 3n Sm 31w

X= 9 9> ) .
16 16 16 16

3 1
Ex. 14. Solve cos 3x + cos 2x = sinE X + sin 5 x, 0<x<m. (IIT)

. 1 )
Sol. cos3x+cos2x=smix+sm5x = 2cos§xcos§:2smxcos§

X 5x . X 5x .
= cos—|cos——sinx|[=0 = cos—=0 or cos——sinx=0
2 2 2 2
X X T
Now, cos—=0= —=— = x==
2 2 2
5x . 5x . 5x T . T
and cos— —sinx=0=cos—=sinx=cos—=cos| ——x| or sin|2m+——x
2 2 2 2 2
5 w 5x T 7 T Tx 5w o 5T
= —=—--Xx o —=2+_--X = —X=— o —=— = Xx=— 0 —
2 2 2 2 2 2 2 2 7 7
T Sm
" X= —o— or T.
77

Ex. 15. Solve \/5 sin 0 — cos 0 = \/E

l 2 3. 1 1
Sol. Dividing both sides of the equation by (\/5 ) +(=1)? = Ja=2 ,we get g sin® — ECOS 0= ﬁ
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— cos30°sin 0 sin30°cos 0= —= = sin (8- 30°)=sin 8-~ |-
cos sin O — sin cos0=— sin (0 — =sin |0—— |=—4=
V2 6) 2
T . T s T T L
= sin|0——|=sin— = O0-—=nn+(-1)"—,nel = O=nn+—+(1)"—,nel.
sm( 6) ‘ ( )4 nm+ ( )4,
Ex. 16. Solve cos x — /3 sin x =1, 0° <x < 360°.
e . . . 2 2
Sol. Dividing both the sides of the equation cos x — V3 sinx =1 by +/(1)" + (—\/5) =2, we get
3. 1 . . 1
ECOS x—Tsm sz = cos 60° cos x — sin 60° sin x = 5 = cos (x +60°) = cos 60°
= cos (x + 60°) = cos 60° = cos (360° — 60°) = cos (360° + 60°)
= x+60°=60°or 300° or 420° = x=0°, 240°, 360°.
Ex. 17. Show that the equation & sin x + cos 2x = 2k — 7 has a solution only if 2 <k < 6. (Kerala PET 2011)
Sol. ksinx+cos2x=2k—-7 = ksinx+1-2sin>x=2k—7
= 2sin’x—ksinx—1+2k-7=0 = 2sin’>x—ksinx + 2k— 8 =0, which is a quadratic in sin x.
, k+ k> —4(2) Rk —8) kK> —16k+64  k+(k—8)
sinx = = =
4 4 4
k+k-38 k—k+8 2k -8 k —
= or = or 2 = or 2
4 4
-1 <sinx <1, .. sinx = 2 is inadmissible.
_1sk;4s1 — 2<k-4<2 = 2<k<6.
Ex. 18. Find the total number of solutions of the equation sin“x + cos*x = sin x cos x in [0, 27].
Sol. sin*x + cos*x = sin x cos x ,
2sin x cosx 2sin xcos
= (sin’x + cos?x)? — 2 sin’x cos’x =sinx cosx = 1— ( 5 ) = ; al
.2 .
2 2
= 1- s1n2 x:s1n2 2 sin?2x+sin2x—2=0
= (sin2x+2)(sin2x—1)=0 = sin2x=1 = sin 2x =sin g = sin(2n+g)
(. sin 2x # — 2 is indivisible)
e T T St T Sw
= 2x=— or |2+—| = 2x=— o — = xX=— or —.
2 ( 2 j 2 2 4 4
sinx cosx cosx
Ex.19. If [ cosx sinx cosx | =0, then what is the number of distinct real roots of this equation in the interval
cosx cosx sinx
—W/2<x<Tm/2? AMU 2011)
sinx COSX COSX
Sol. Let4=|cosx sinx cosx . Applying R, — R, + R, + R;, we have

COSX COSx sinx

sinx+2cosx 2cosx+sinx 2cosx+sinx 1 1 1
A= cosx sinx Cosx = (sinx + 2cos x) | COSXx Sinx COSX
CcoS X CcOSX sin x COSX CcOoSx sinx

Applying C, > C, - C, and C; — C; - C|, we have
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1 0 0
=(sinx+2cosx) | COSX sinx—cosx 0
COSX 0 sinx —cos x

= (sin x + 2 cos x) X (sin x — cos x)?> (Expanding along R))
The given equation reduces to
(sinx + 2 cos x) (sin x — cos x)> =0 = (tan x + 2) (tan x — 1)>=0.

= (tanx +2)=0or(tanx—1)=0 = tanx=-2ortanx=1

T
= x=tan"! (<2) or — (- —oo<tanx < o0).

4
There are two possible values of x.

Ex. 20. Find the smallest positive value of x satisfying the equation log_  sinx +log, . cosx=2. (EAMCET)

1.

1
Sol. Letlog, sinx=p.Then,log, cosx= —.
p

log .., sinx+log . cosx=2

1
> pt—=2 =>pP-2p+1=0= (@E-1P=0=p=1
p

= log ., sinx=1 = sinx=cosx

" . . . T
The smallest positive value of x for which sin x =cos x is x = e

PRACTICE SHEET

The value of 6 (0 <6 < 2 m) satisfying cosec 6 +2 =0 are
(a) 210°, 330° (b) 210°, 240°

(c) 210°, 330° (d) 240°,300° (EAMCET)

6. The solution of the equation 4 cos?x + 6 sin’x = 5 are

T T
X=nmnt— b) x=nmt—
@ p ®) 3

T 2n
2. The value of x in (0, gj satisfying the equation (c) x= nniz (d) x= nniT
. 1 (MPPET 2009)
sinx cosx = - is 0
7. The root of the equation 1 — cos 6 = sin 0. sin— is
T T T T 2
(@) & ®) < © 13 5 (@) km kel (b) 2%k, kel
(Kerala CEE 2010) © k.g, kel (d) None of these (DCE 2008)

. If the equation tan 6 + tan 20 + tan 6 . tan 20 =1, 0 =

8. The most general value of 0 satisfying the equation

(a) n_6TE+g b) %4—6 (¢) 113_7t+% (d) n_2n+% sin 6 = sin a and cos 6 = cos a is
. (@)2nm+oa (b)2nt—a (c)nm+a (dynt—a
(Odisha JEE 2011) s
4. The general value of 6 obtained from the equation cos 26 (UPSEE 2008)
— gin o is 9. x € R: cos 2x + 2 cos’x = 2 is equal to
() 9=2nni[§—a] (b) QZM (a) 2nn+§,neZ (b) nnig,neZ
o
(© 9=nni[g—3j (@) 26=§—0€ (c) nn+§,neZ (d) Znnfg,neZ
(ﬂgP 11’ ET, AMU 2002) (EAMCET 2008)
5. The general value of 0 for which tan o _1 =+/3 is 10. If 2 sec 2a = tan 3 + cot 3, then one of the values of o + B3 is
tan 0 +
T i T
a) — b) — o) T nn——,nel
@5+ () T @ (@) @a Oy o @y
(VITEEE 2009)

(MPPET 2012)
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11.

12.

13.

14.

15.

16.

17.

18.

1
If cos x # —5 , then the solutions of
cos x + cos 2x + cos 3x =0 are

(a) 2nni§, ne 7z (b) 2nni§, neZz

(c) 2nnig,neZ ) 2nni§,neZ

(J&K CET 2008)
The most general solution of the equation

sec?x =2 (1 — tan’ X) are given by

(a) nnig (b) 2nm+ g (o) nni% (d) None of these

(BITSAT 2013)
If sin 2x = 4 cos x, then x is equal to

m T
(@) %iz, neZ (b) No value

© nn+(—1)”§,ne Z @ 2nni§,ne z

(Karnataka CET 2012)

If sin 66 + sin 40 + sin 26 = 0, then the general value of 0
is

nm T nm T

—, nnt— b) —,nmt—

@ 3 ) 6

nT TC nm I
Moo+l "o+ X
© 3 @ 6

(WBJEE2010)
2 sin20 + /3 cos O+ 1 = 0, then the value of O is
T 2n Sm
— b) — — T
@,  ®OF @ @
(Odisha JEE 2008)
If 1 +sin 0+ sin20 + ... co= 4+2\/§,0<9<n,9¢g,then
T T
6=— b) 6=—
(@) 0=3 () 0=
()e“ore” (al)enorG)ZTE
C = — = — = — —_——
3 6 3 3
(Manipal 2008)
The equation 3 sin’x + 10 cos x — 6 = 0 is satisfied, if
1 (1
(@) x=nn+cos™! (g) (b) x=2nm+cos”' (Ej
(1 (1
(¢) x=nm%cos [g) (d) x=2nm % cos (gj
(WBJEE2007)

If tan® +sec®=+/3 , then the principal value of 9+g is

equal to

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

3n
(d) s
(EAMCET 2000)

The solution of equation cos? 0 + sin 0 + 1 = 0 lies in the

interval:
3n 5w St In
TolT T e

(@) (—— —]( ) [

2
@, B3 7

(MPPET2006)
If 12 cot?0 — 31 cosec O + 32 = 0, then the value of sin 0 is
3 2 2
— or 1 b) — or ——
OF ®) 5 or =3
4 3 1
— or — t—
©5 or () *5

(Karnataka CET 2005)
Which one of the following equations has no solution?

(a) cos 6 +sin 6 = NG (b) cosec Osec =1

(c) V35inB — cosf =2 (d) cosec 6 —sec 6 =cosec 6 sec 0

(KCET 2006)
The number of real roots of the equation sin* 0 — 2 sin0 — 1
=0 in the interval (0, 27) is
(@) 0 b 1

(c)2 (d) 4

(IT 1983)
The general solution of sin x — cos x = V2 for any integer
nis

(a) nm (b) 2n+ 1)m (c¢)2nm (d) 2nm+ %E

(BITSAT2006)

The number of values of x in the interval [0, 5] satisfying
the equation 3sinx — 7sinx +2 =0 is

@) 0 ()5 )6 (@10 {IT)

One of the solutions of the equation 4 sin*x + cos*x = 1 is
2nm T L

b) — n—1)— 2n+1)—
(b) = (c) (n=1) 2 @ ( ) 3

(Odisha JEE 2008)

(a) nm

T .
The solution set of sin (x + ij sin 2x equals

A+ T4 Am-m4
@ 1—(=1)" 2 ®) 1—(=1)" 2
/4 _nm-T4
© 75 1" 2 @15 (-1)" 2 urmn
If tan (%j= cot (M), then
4 4
(@)a+B=0 b) o+ B =2nnel

()a+pB=2n+1 da+P=202n+1),nel
The solution of the equation (sin x + cos x)! 752 = 2,
—m<x<Tmis
3n
(a) /2 (d) 7

(Kerala CEE 2009)

b)=n (c) m/4
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29. The general solution of sin 3x + sin x — 3 sin 2x = cos 3x
+cosx—3 cos 2x is

nmw T nmw T
—+=,nel h) ———=,nel
@+ ®)

8
(o) nn+§,ne[ (d)nn—g, nel

(AMU 2013)

30.

Solve:

cot (0 + n/4) + cot (0 — m/4) =2 tan O . cot (0 — n/4)
. cot (B + w/4) for the general value of 6.

(a) 0 =nn b)O=nn+(-1)"n/4
(c)0=nn+(-1)"(—n/4) (d)O0=2nnxn/4

1. (a) 2. (0) 3. (¢) 4. (¢) 5. (b) 6. (a) 7. (b) 8. (¢) 9. (b))  10. (a)
1.  12. (¢) 13.(@) 14. (a) 15. () 16.(d) 17.() 18.(»)  19.(d)  20.(c)
2. b)  22. (@) 23.(d) 24. (c) 25. (@)  26.(b) 27.(d)  28.(c) 29.(a)  30.(a)

HINTS AND SOLUTIONS

1. Given, cosec 6 +2 =10
1
= cosecO=-2 = sinO= _E = —sin 30°
= sin O = —sin 30° = sin (180° + 30°) or sin (360° — 30°)
= sin 0 = sin 210° or sin 330°
= 0=1210°, 330°.

1 1
2.sinxcosx=— = 2sinxcosx= —
4 2

. 1 . . T

= sin2x= — = sin2x=sin —

2 6

= 2x:E,x€ 0,E = le.
6 2 12

3.tanO +tan20=1—-tan O .tan 2 6
tan O + tan 20 ~1
1 —tan© tan 20

tan A + tan B
= tan (0 +20)=1 tan (A + B)=— AT AL D
1—tan 4 tan B

T T T
= 30=m+ . = o="1

= tan 30 = 'tanE —.
4 3 12

T
4. cos20=sina = cos 20 = cos[z—oc)

T
= 29=2nni(5—0cj (v cosB=cosa=0=2nnt )

= O0=nn+ [E_E]
4

tan30 —1 -

tan 36 — tan m/4 _f T
" tan30 +1

3 =tan—
1+tan%.tan 30

— tan (30 — /) = tan /3 = 397n/4=n7t+§

6:ﬂ+7—n.

T T T
= 30=ng+ —+— =230=ng+ — >
3 4 12 3 36

6. 4 cos?x + 6 sin®x = 5

= 4 (cos?x + sin*x) + 2 sin’x = 5

1
:>2sin2x=574=1:>sin2x=5

. 1 4
=sinx=t— =>x=nn+ —.
N2 4

.1—-cosO=sin0.sin 6/2

= 25in?0/2 =2 sin 6/2 . cos H/2 . sin 6/2

= 25in?0/2 (1 —cos 0/2) =0

=25in?0/2=0 or 1 —cos8/2=0=sin6/2=0
or2sin®0/4=0 (Using, 1 — cos 20 = 2 sin® 0)

0 0
= > =k or 1 = krn, where kel.

= 0=2kn or O=4kn, kel
= 0 =2km, kel.
. Given, sin 0 = sin . (D)
cos 0 =cos a (7))

.. Dividing eqn (i) by eqn (i), we have
tan 6 = tan o
= 0=nn+o.

.cos2x+2cossx=2 = 2cosix—1+2cos®x=2

= 4cosxx=3 = cosx:iT

T
= X=nmnzx E,neZ.

.2 sec 2a.=tan 3 + cot
1+ tan? 2
= 2sec2o = anB:secB
tan 3 tan 3
2
= ————=2cosec2p
2 cos PBsin

T
= sec 20 = sec 5_213 = 2a=2nmn* (/2 -2P)

For (o + B), taking positive sign, we have
2 (o +B)=2nn+ n/2

= oa+P=nn+mn/4,nel
Forn=0

T
+B=—.
oa+f 1
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11. cos x + cos 2x + cos 3x =0
= cosx tcos3x+tcos2x=0

= 2 cos[x—;3x)cos(3x2_x)+ cos2x=0

[‘.‘COSC+COSD=2COS(C;DJCOS(D;C)}

2 cos2xcosx+cos2x=0
cos2x (2cosx+1)=0
cos2x=0 or 2cosx=-1/2
(which is not possible, as given)

Y

= cos2x=0=cosg = 2x=m/2 = x=mn/4

The general solution of the given equation are

T
th:I:Z, nel

12. sec’x = ﬁ(l—tanz o) = tanZa+1=~2 (- tan’ )
= tan2 o (1++2)=+2 —1

V2-1 0 (2-1p

V241 (241 (2-1)

T
tan o = tan (i gJ

T
oa=nmx —.
8

= tan’ o= =(\/5—1)2=tan2§

13. sin 2x =4 cos x
= 2sinxcosx=4cosx = 2cosx(sinx—2)=0
= sinx-2=0 or cosx=0
= sinx=2 or COS X =cos /2
which is not possible | = x=2nntn/2,n € Z.

14. sin 60 +sin 40 +sin 20 =0

(sin 60 + sin 20) +sin 46 = 0

2 sin 46 cos 260 +sin 40 =0

sin46 (2 cos20+1)=0

Either sin40=0o0r (2 cos 26 + 1) =0

sin40 =10

1
cos 20 = _E = cos 21/3

40 = nn
0 =nn/4

= 20=2nn+2n/3
= 0=nn+n/3.

Uy U Juuy

nw
0= T or nt = 7/3, nel.

15. 2 sin20+ 3 cos 0+ 1=0
= 2(1-c0s>0)+ V3 cos0+1=0
= 2¢0520 /3 cos0-3=0

Bt B-4x2x(-3)

= cos 0=
2%x2

B3 4B 23 NE)

= cosO= = or — :x/gor——
4 4 4 2

Since cos 0= /3 , is inadmissible, therefore

3 5m Sn
cos 0 = —£ =cos — = 0=—.

2 6 6

16. 1 +sin 0 +sin20+ ... +o=4+ 243

1
—4+ 243
1—sin0

(" Sum of an infinite G.P = IL , where r < 1. This is

—r
an infinite G.P with common ratio sin @ and 0 <sin o < 1)
1

4+23
o 1 X4—2«/5
—SIn o=

4423 4-23

4-23 4-23 B

l6-12 4 2

3 T 2
= sin0=— = 0=— or —.
2 3 3

= 1-sin6=

=

= 1-sinf=

17. 3 sin’x + 10 cos x — 6 =0
= 3(1-cos’x)+10cosx—6=0
= —3cos’x+10cosx—3=0
= (cosx—3)(1-3cosx)=0=cosx=3 orcosx=

Since cos x = 3 is inadmissible, therefore, cos x =

1
= x=cos™! (—)
3

The general solution is x = 2nm £ cos™! (E )
18. tan 0+ sec 0= /3

in 6 1
s + =\/§ :>sin6+1=«/§cose
cosO® cosH

NE) 1 1

= —cosO0— —sinO=—
2 2

=

[\

T 1
= cos — cose—sinE sin® = —
6 6 2

= cos (0 + 71/6) = cos /3
= Principal value of 0 + /6 = 7/3.
19. cos?0+sin0+1=0 = (1 —sin*0)+sin0+1=0
= sin’0—-sin0-2=0 = (sin®+ 1) (sin0-2)=0
= (sin@+1)=0o0r(sin®-2)=0
(" sin 6 = 2 is inadmissible)

3rn St In
0=—¢e|—5—.
2 4 4

= sinf=-1
. . 3m
= sin0=sin —
2
20. 12 cot?’0 —31 cosec 0 +32=0
c05267i+32:0
sin’@ sin®
= 12c0s?0—31sinO+32sin?0=0
= 12(1 —sin?0) - 31sin 0 +32sin’0 =0
= 20sin?0-31sin0+12=0

3144317 —4x20x12

= 12

sin 0 =

2%20
31£,961-960  31+1
40 40
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21.

22.

23.

32 30 4 3

= — Of —=— r —

40 40 5 4
4 3
sinf=— or —.
5 4

1 |
(a)cose+sin6:\/§ = —c0s0+—=sinf=1

V2 V2

= cosm/4cosO+sinm/4sin0=1
= cos(0—-7m/M4)=cos0 = 0—n/4=2nn

= 0 =2nn + n/4 = Solutions exist
1

sin® cosO -
= sinB.cosO0=1 = 2sinOcosO=2

(b) cosecO.secb=1 =

= sin 20 = 2 which is not possible as —1 < sinx < 1.
Hence no solutions exist.

(o) 3 sin 0 —cos 0= 2
2
Dividing throughout by (\/5 ) + (—1)2 =2, we get

3

—sine—lcose=L
2 2

N2
. . 1
cos Esme—smﬂcose:_
6 6

2
sin (0 — n/6) = sin /4
0—n/6=nn+(-1)" n/4,nel
0=nn+(-1)" /4 +1/6, nel
Solution exist.

cosec O —sec 6 =cosec 0 . sec O
1 1 1 1

sin© - cos 0 - sin® " cosO
Dividing throughout by \/12 +(-1)? = V2, we get

1 1 . 1
—Cc0s0——sinb=—

NN AN

1
= cos 0 cos /4 —sin O sin t/4 = ——
2

sl 00U U

= cosO—-sinB=1

U

= cos(0+n/4)=cos(n/4) = 0+ n/4=2nntn/4 nel

= 0=2nmor0=2nt—m/2, nel
= Solutions exist.
sin*0—-2sin’0—-1=0 = (sin?0)>—-2sin*0—-1=0
2+ /4 —4x1x(-1)

2x1

= 2i\/§=2i2\/§=17\/§ or 1++2

2 2

sin20 =1 — /2 is inadmissible as it is not real.
~1<sinf<1=0<sin*0<1

= sin?0 =1+ V2 is not possible.
Hence the given equation has no real root.

= sin?0 =

1 1
sin x — cos x = \/5 = ——= sinx— —= cosx=1
NN

= sin m/4 sin x — cos 7/4 cos x = 1
= —(cos m/4 cos x —sin /4 sinx) = 1

24.

25.

26.

27.

28.

= —cos(x+m4)=1 = cos(x+m4)=-1=cosm

3n
= x+n/4=2nn+n = x=2nn+ T

3sinfx—7sinx+2=0 = (3sinx—1)(sinx—2)=0
= (Bsinx—1)=0 or (sinx—2)=0
sin x = 2 is inadmissible, therefore, sin x = 1
Since, sin x = sin o0 where sin o = l, so o lies in the Ist
quadrant 3
= x=nn+(-1)"a, nel, where 0 < a <m/2
Since x lies in the interval [0, 57], so we have one value of
x corresponding to each of the values 0, 1, 2, 3,4, 5 or n.
The number of values of x in the interval [0, 5] is 6.
4 sinx + cos*x =1 = 4 sin*x + (1 —sin*x)> =1
= 4sin*x + 1 +sin*x — 2 sin?>x =1
5 sin*x — 2 sin®x =0 = sin’x (5 sin®x —2)=0

-
= sinzx=0 or 5sin®x—2=0
=

2
sinx=0 or sinx—\/;
- [\F]
= Xx=nm or x=sin H
. 2
=nn+ (1) sin”! 3 ,nel

x = nm is one of the solutions of the given equation.
sin(x+mw/4)=sin2x = x+n/d=nn+(-1)"2x,nel
= x—(1)'2x=nn—-n/d,nel

—m/4
— x{l— (1) 2} =nn—7/h = x= LT

————,ne

1-(D".2
(e (5] 2 e[ 55

tan | — |=cot|— | = tan | — |=tan | - ———
4 4 4 2 4
on

—:nn+E—M,neI
4 2 4

=

= (a+P)n/4=nn+n/2, nel

= (a+P)n/4=Q2n+1)n/2,nel

= o+p=2Q@n+1),nel

[sin x + cos x]! 2 sinxcosx = 2

= [sin x + cos x](sinx+cos D)

= [sinx + cos x] (sinx+cos 02— (\/5)(«/5)2

Comparing both the sides, we have
sinx+cosx= 2

= % sin x + % cosx=1

= sin /4 sinx + cos /4 cosx =1

= sin (x + /4)=1=sin /2

= xtnd=nn+(-1)'"n2 = x=nn+(-1)"n/2 - 7n/4
For—n<x <m putn=0.

Then x = w/4.
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29. (sin 3x + sin x) — 3 sin 2x = (cos 3x + cos x) — 3 cos 2x

2 sin 2x cos x — 3 sin 2x =2 cos 2x . cos x — 3 cos 2x
sin 2x (2 cos x —3) = cos 2x (2 cos x — 3)

(2 cos x—3) (sin 2x —cos 2x) =0

2 cosxg3):0 or (sin2x —cos2x)=0

AR

COS x = — or sin 2x = cos 2x
2 3

—1<cosx<1,cosx# 5
sin 2x =cos 2x = tan2x =1

= tan2x=tan (1/4) = 2x=nn+ /4

= x:ﬂ+g,ne 1.

2 8

30. cot (6 — /4) + cot (0 + 1/4)
=2tan 0. cot (0 — w/4) . cot (6 + 1/4)

Dividing both sides by cot (0 — t/4) . cot (6 + n/4), we have
! +

cot (B+m/4) cot(0—mw/4)

= tan (0 + w/4) + tan (0 — w/4) =2 tan O

tanO+1 tan0—1

l-tan® 1+tan®

(1 +tan 0)> — (1 —tan 6)> = 2 tan 0 (1 — tan?0)

1+2tan 0 +tan?0 — 1+ 2 tan O — tan? 0

=2tan 0 -2 tan® 0

=2tan 0

=2tan 0

Uy

4tan0=2tan O —2 tan’ O
2tanO+2tan’0 =0

2tan O (1 +tan20) =0
2tan0=10

tan0=0 = O=nm,ne L

(- 1+tan?0 = 0)

Uuuild

SELF ASSESSMENT SHEET

1. The general solution of tan 56 = cot 26 is

ntm T ntm T

=T, T p="", T

(©) 0="7%3 () O="7%7
(AIEEE 2002)

1
2. The most general solution of tan 6 =—1 and cos 6 = E is

@me+ 1y % (b) 20w+ 27

(c) nm+(-1)" %t (d) 2nm+ %C
(EAMCET 2011)
3.1f /3 cos®—sin@= 1, then O is
(@) (b) /2 (c) /3 (d) /6
4. If sin 6 = \/§ cos 0, - <0 <0, then 0 is equal to
-5 -2n
- b -
@ ®) =
2n Sm
© 5 @ >
5. If tan m0 + cot n6 = 0, then the general value of 0 is
I rm
(a) (b)
m+n m-—n

(m+n)

Qr+hm
2 (m—n)

6. The number of values of x in (0, 21) satisfying the equation

(Roorkee)

sin 30 = sin O are
(a) 8 9 (©)5 ()7
(Karnataka CET 2007)
7. The number of solutions of the equation sin x cos 3x
= sin 3x cos 5x in [0, /2] is
(a)3 (b) 4 (05 (d) 6
(J&K CET 2009)
8. The most general solutions of the equation
secx—1= (\/5 —1) tan x are given by

(a) nm+ /8 (b) 2nm, 2nm + /4
(c) 2nm (d) None of these
(WBJEE 2007)
9. If 0 < x < m and 815 + 8105 = 30, then x is equal to
(a) /6 (b) /2 (c) m/4 (d) 3m/4

10. If 3 tan (6 — 15°) =tan (6 + 15°), 0 <0 <, then 6 is equal to
(a)m (b) /2 (c) /4 (d) 2n
(EAMCET)

1. (@) 2. (d) 3. (d) 4. (b) 5. (d)

HINTS AND SOLUTIONS

1. tan 50 = cot 20 = tan 50 = tan (/2 — 20)
= 50=nn+(n/2-20),nel = 70=nn+mn/2,nel

| T
= 0= n—+—, nel.
7 14

2.tan 0 =-1
= tan 0 =— tan /4 = tan (1 — n/4) = tan (21 — ©w/4)

6. (¢) 7. (¢ 8. (b) 9. (a) 10. (¢)
3 3
= tan 0= tan—nortan7—n = 9:_75’7_75 (D)
4 4 4 4

1
cos 0= —
NG

T
= cos 0=cos ” =cos (2n — n/4)
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i

T ...(iD)

B T T
= cosB=cos — =cos — = 0= —,
4 4 4

n
From (i) and (ii) 6 = e is the only value of 6 in

[0, 2n[ which satisfies both the equations.
The general value of 0 satisfying both the equations is

6=2nn+?7n,ne 1.

3.3 cos0—sin0=1
2
Dividing throughout by (\/5) + (—1)2 =2, we have

3 1 1
£cose——sinez—
2 2 2

1
= sin /3 cos 6 — cos /3 sin 6 = E

= sin(n/3 -0)=sinn/6 = n/3 -6=mn/6 = 0=mn/6.

4.sin6:x/§ cos b = tan@zx/g
= tanO=tan /3 = O =nn+n/3, nel

e 2r
Puttingn = -1, we get 0 = - + — = 3 which lies

between —r and 0. 3
5. tan m0O + cot n® =0 = tan m0 =— cot n6
= tan m0O = tan (/2 + n0) (" tan (/2 + x) = — cot x)
= mO=rx+7n/2+n0,rel
= (m-n)O=Q2r+1)n/2,rel
(2r+1)m
= =——"—,rel.
2 (m —n)
6.sin30-sin0=0

30+06) . (36-0
= 2cos sin|—— [=0
2 2

= ¢0s20.cos0=0 = ¢c0s20=0 or cos0=0
= 20=n/2,3n/2,5%/2, 7n/2 or 6=0, x, 2%
= 0=mn/4,3n/4,5n/4,7n/4 or O=n

Hence the total number of solutions is 5.

7. sin x cos 3x = sin 3x cos S5x
= 2sinxcos 3x—2sin3x cos Sx=0
= [sin (3x +x) —sin (3x — x)]
— [sin (3x + 5x) — sin (5x — 3x)] =0

sin 4x — sin 2x — sin 8 + sin 2x =0

U

sin 4x —sin 8x =0

4x +8x ) . [8x—4x
2 cos sin| —— [ =0
2 2

= 2cosb6xsin2x=0 = cos6x=0 or sin2x=0
= 6x=2n+1)7n/2 or 2x=nn

U

U

10.

= x=Q2n+1)n/2 or xz%
n[O,E}.
2

N 1 71:(\/5_1)smx
CoS X coS X

:(\/E—l) sin x

COsS x

n n© 3n Sm.

= x:();_:_3_:_1
2 12 12 12

.secx—1= (\5—1) tan x

1—cosx

U

COSx

= l-cosx= (\/5—1) sin x

2sin? /2~ (V2 1) 2sin x/2 cos x/2 = 0

Ul

sin x/2 [sinx/2 — (v2 ~ 1) cos x/2] =0

— sinx/2=0 or sinx/2— (ﬁ—l) cos x/2 =0

o

45
= x/2=nmn or tanx/2 = \/5—1 =tan = tan 7/8
= x=2nm or % =nn+ /8

= x=2nn or 2nn + /4.

A glsinzx + 810032x =30

= 8lsin2x+ 811—sin2x: 30

81
——— =30

8lsin2x
81
y+— =30
y

= 81 sinZx 4

(putting y = 8157™)

U

-30y+81=0 = (y-27)(y-3)=0
818N =27 or 815 =3
3dsinZy — 33 op 34sin’x — 31

4sin?x =3 or 4 sin®x =1

u LUl

} 3 .
sinx = 2 or sin®x =

. 3 .
= sinx=—- or sinx=

= x=m/3,2n/3 or x = 1/6, 57/6.

3tan (6 — 15°) =tan (0 + 15°)
3sin (6-15°)  sin (6+15°)
cos (0-15°)  cos (6 +15°)

= 3cos(B+15°sin(0—15°)=sin(B+15°) cos (0—15°)
= 3 [sin (20) — sin 30°] = sin 20 + sin 30°
= 3 sin267l =sir126+l

2 2

1 3
= 3s8in20=sin20+ —+—
2 2
= 2sin20=2
= sin20=1 = 20=n/2 = 0 =n/4.



