Application
of Derivatives

BASIC @

1. Rate of Change: If a quantity y varies with another quantity x, satisfying some rule y = f(x), then
L
dx X =X

(or f'(xy)) represents the rate of change of y with respect to x at x = x,,

2. Differentials: Let y = f(x) be any function of x which is differentiable in (a4, b). The derivative of this
function at some point x of (a, b) is given by the relation

dy _ Ay flx+ Ax) flx)
dx Alme Ax Alx -0 f )
dy
= dx _f (x)
= dy = f'(x) dx, where dy is called the differential of the function.

Note: Formula dy = f'(x) dx or Ay = f'(x) Ax is very useful in measuring the errors in the dependent
variable for given error in independent variable.

(i) Absolute Error: The error Ax in x is called the absolute error.

(77) Relative Error: If Ax is error in x then ratio % is called the relative error.

(iii) Percentage Error: If % is relative error, then %x 100 is called pe.rcentage error in x.
y-axis
3. Tangents and Normals: ! y=fx)
) _ flatAx)- fla) _ fla+Ax)- f(a)
(i) Slope of chord AB = 1+ Ax—2a = Ax
Obviously, if Ax — 0 comes very close to A and then chord
AB becomes tangent at A i.e., x = a.
A
i.e., slope of tangent at (g, f(1)) = 1 M s

dy
- X)), fa ( )
=V @lasor =\ax ), 1o
Hence, equation of tangent to the curve y = f(x) at the point (x;, y;) is given by

d
(Y= = (%)(x , (x-x;) [+ Equation of line is y - y; = m(x — x;), where m is slope]
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d
(ii) If % = o at the point P(x,, i,), then the tangent at P is parallel to y-axis and its equation is
given by
y-y

x—xl

o0 = = x—x;=0 = X =x
[Note : In this case, %at P(x,y,)=0]

d
(iii) If % =0, at the point P(x;, i), then the tangent at P is parallel to x-axis and equation is given as

y-y
0=3-% =  y-y=0 = y=y
(iv) Obviously, normal to the curve y = f(x) at P(x;, y,) is perpendicular to the tangent at P(x;, v,).
Slope of normal = -1 Y-axis
p slope of tangent i
__ -1
<g—y> Tangent
X ()
Hence, equation of normal to the curve y = f(x) at P(x;, y;) is oo
_ _ 1 e) -axis
Y-y)= dy (x=x)

dx

(21,91)

d
(v) If % at the point P(x;, y;) is zero, then the equation of normal is x = x;.

(vi) If (%) at the point (x;, y;) does not exist, then the equation of normal is y = y;.

(vii) The angle 6 between two given curves y; = f1(x) and y, = f,(x) at a point (x;, y;) is given by

m,—

tan0 =57
1+m1m2

where (x;, y;) is the point of intersection and m;,, m, are slopes of their

tangents at point (x;, ).
Note: The gradient of a curve at a point is defined as the slope of tangent to the curve at that point.

4. Nature of Function: To know the behaviour of a function in an interval, we study the properties of
increasing or decreasing functions, maximum and minimum of the functions.

5. Monotonic Function: A function is said to be monotonic in an interval, if it is either increasing or
decreasing in the given interval.

6. Increasing Function: A function f(x) is said to be an increasing function in (g, b) if
X1 <Xy = flxy) <flxy) Vxq,x,€(ab)
In this way, we can say

f(x) is increasing in (a, b) if V xe (a, b), f "(x)> 0

y-axis
Obviously, the angle 6 made by tangent with +ve direction of x-axis A
in interval (g, ) is acute. e )
_________ angen
= tan 0 is +ve = slope is +ve fo) | !
dy _ N
= =/ >0 foe) === | | .
7. Decreasing Function: A function f(x) is said to be decreasing in the Ols b
interval (a, ) if
X <Xy = flxy) =2 flxy) Vxqp,x, € (ab)
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In other way,

f(x) is decreasing in interval (a, b) if V x€ (4, b), f '(x) <0 -axis
Obviously, the angle 6 made by tangent with +ve direction of x-axis in Tangent
interval (g, b) is obtuse. So) P
. . )
= tan 0 is —ve = slope is —ve '
d L [ 0 ,
= % =f '(x) <0 @ x X b RN eas

[Note: A function f(x) is said to be:
Strictly increasing if x; <x, = flx;) <f(x,) V x4, x, € (a, b)
Strictly decreasing if x; <x, = f(x;) > flx,) V x4, x, € (a, b)
8. Maximum and Minimum Value of a Function
(or Absolute Maximum or Minimum Value)
A function f is said to attain maximum value at a pointa e Dy, if f(a) 2 f(x) V x € D,then
f(a) is called absolute maximum value of f.
A function f attains minimum value at x = b € Dy, if f(b) < f(x) V x € Dy then
f(b) is called absolute minimum value of f.

Note that a function ‘f " may have maximum (or minimum) values in some parts (intervals) of the
domain. Such values may occur at more than one point. These are therefore, called local (or relative)
maxima (or minima).

9. Local Maxima and Local Minima (or Relative Extrema)
Local Maxima: A function f(x) is said to attain a local maxima at x = a, if there exists a neighbourhood

(a—38,a+3)of ‘a’ such that f(x) < fla) V x € (a -8, a + 8), x # a, then f(a) is the local maximum value of
flx)atx=a.

Local Minima: A function f(x) is said to attain a local minima at x = a, if there exists a neighbourhood
(a—29,a+3)of ‘a’ such that f(x) > fla) V x € (a—9,a+0), x #a, then f(a) is called the local minimum
value at x = a.
Caution:
(i) A function defined in an interval can reach maximum or minimum values only for those values of x
which lie within the given interval.

(ii) One should not think that the maximum and minimum of a function are its respective largest and smallest
values over a given interval.
10. Test for Identifying Relative (Local) Maxima or Minima
(i) First Derivative Test
Step I: Find f'(x)
Step II: The equation f'(x) = 0 is solved to get critical points x = ¢y, ¢y, ......... , Cye
Step III: The sign of f'(x) is studied in the neighbourhood of each critical points.

Let one critical point be x =c.
|

v '

If the sign of f'(x) changes If the sign of f'(x) changes
from +ve to —ve as x increases from —ve to +ve as x increases
through c (from left to right of c). through c (from left to right of c).
X = c is relative maxima and x = c is relative minima and
f(c) is relative maximum value. f (c) is relative minimum value.
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(i]) Second order derivative test
Step I: Find f'(x) =0
Step II: The equation f'(x) = 0 is solved to get critical points x = ¢y, ¢y, ......... , Cye
Step III: f”(x) is obtained and the sign of f”(x) is studied for all critical points x = ¢y, c,, ........ , Cpe

Let x = c be one critical point.

|
¢ : ¢

Iff""(c) >0 If f"(c)<0 Iff"(c)=0
x = cis relative minima  x = c is relative maxima Second derivative
and f (c) is relative and f (c) is relative test fail and first
minimum value. maximum value. derivative test is used.

11. Critical point: A point x = ¢ is called critical point of the function f(x), if f(c) exists and either f'(c) = 0
or f'(c) = « (does not exist).

12. Point of Inflexion: If f(x) is a function and x = ¢ is critical point, then x = c is called point of inflexion if

(@) f(e)=0 (i) f"(c)=0 (iii) f"(c)# 0
| 4 SOME USEFUL RESULTS

+ Area of a square = x* and perimeter = 4x, where x is side of the square.
% Area of arectangle = x . y, as x and y are length and breadth of rectangle and perimeter = 2(x + ).

¢ Area of a trapezium = % (sum of parallel sides) x perpendicular distance between them.

% Area of a circle = 1, Circumference of a circle = 2nr, where r is the radius.
“ Volume of sphere = %Ttr3 ; Surface area = 4nr%, where 7 is the radius.
+ Total surface area of a right circular cylinder = 2nrh + 2n7%; Curved surface area = 2mrh.
Volume = nrzh, where 7 is the radius and / is the height of the cylinder.
“ Volume of a right circular cone = %7‘[1’27’1 ; Curved surface area = 7], Total surface area = nr> + 77,

where 7 is the radius, & is the height and [ is the slant height of the cone.

% Volume of a parallelopiped = xyz and surface area = 2(xy + yz + zx), where x, y and z are the
dimensions of parallelopiped.
+ Volume of a cube = x° and surface area = 6x%, where x is the side of the cube.

V3

# Area of an equilateral triangle = 1 (side)*.

Selected NCERT Questions

1. A stone is dropped into a quiet lake and waves move in circles at the speed of 5 cm/s. At the
instant when the radius of the circular wave is 8 cm, how fast is the enclosed area increasing?

Sol. Let x be the radius and A be the area of the given circle at any time ¢.

d
Then d—};=5cm/sandx=8cm

dx

dA d
Now, A=mx"= 7 2mx 7 = i 2T X8 X 5=80mrcm” /s

Thus, rate of change of area is 80 T cm?/s.
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2. A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled along the
ground, away from the wall, at the rate of 2 cm/s. How fast is its height on the wall decreasing

when the foot of the ladder is 4 m away from the wall? [CBSE (AI) 2012]
Sol. Letx, y be the distance of the bottom and top of the ladder respectively from the edge of the wall.

Here, Z—f =2cm/s

From figure, X+ yz =25

When x=4m, y Sm

@?+y=25 = ¥=25-16=9 = y=3m
Now, ¥+ yz =25 x
Differentiating with respect to ¢, we have
dx dy dx dy
= Zxdt+2ydt—0 = xdt+ydt—0
dy _ dy _ 8
= 4><2+3th— = -3

8
Hence, the rate of decrease of its height = gcm /s

3. Sand is pouring from a pipe at the rate of 12 cm®/s. The falling sand forms a cone on the ground
in such a way that the height of the cone is always one-sixth of the radius of the base. How fast

is the height of the sand cone increasing when the height is 4 cm? [CBSE Delhi 2011]
1
Sol. Let r be the radius and / be the height of the cone so that V = ganh
We have, T =12cm” /s = dt<3m h)—lZ .0
1
As h= of = r=06h

Putting in (i), we get
AL emixn]=12 4 oty =12
ar\ 3™ Bt ar 127h) =

dn 1
dt  3uk?

h
= 12nx3h2‘;—t=1z =

a1
’dt_3n(4)2_487tcms

when h =4 cm

4. The total cost C(x) in rupees associated with the production of x units of an item is given by
C(x) = 0.007 x* - 0.003 x” + 15x + 4000
Find the marginal cost when 17 units are produced.
Sol. Given, C(x) = 0.007x> - 0.003x* + 15x + 4000

Marginal cost = ;—xC(x) =0.021x* - 0.006x +15

When x =17
Marginal cost = 0.021 x (17)*>=0.006 x 17 + 15 =T 20.967
5. Find the values of x for which y = [x(x — 2)I* is an increasing function. [CBSE (AI) 2014]
Sol. Given, y=[x(x- 2)1?
dy
Ty = 2x(x=2)]x (2 -2) = 4x(x - 1) (x - 2)
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Sol.

Sol.

Sol.

d
For increasing function, % >0 < : . . P

Sign rule

dx(x—1)(x-2)>0 = x(x-1)(x-2)>0

From sign rule,

d
For %>Ovalueofx=0<x<1andx>2

Therefore, y is increasing V x € (0, 1) U (2, «).

4sin 0
Prove that y = ﬁ - Ois an increasing function of 0 in|0, 7;]
[CBSE (AI) 2011; (North) 2016]
. _ 4sin0
Given, y= 2+cos®
dy _ (2+cosB).4cos0—4sin6.(0—sin0) 4
dx (2+cose)2
_ 8COSG + 4COS26 + 4sin26—(2 + COSB)2 _ 8COSG + 4—4—C0526—4C056
(2 + cos 9)2 (2 + cos 6)2
Ay _ 4cos@—cos’® _ cosb(4-cos)
= dx 7 - 2
(2+cosB) (2+cosB)
d_]/_+ve><(+v€) -0e[0,m/2] = cosB >0
= dx ~ +ve 4—cosfis +veas—1<cos0 <1
dy
= E>0
, _ 4sin0 .. . L b
ie., Y= eost 0 is increasing function in [0, 2].

Prove that the function f given by f (x) = log sin x is strictly increasing on (0,%) and strictly

. T
decreasing on (;,7‘5) .

Here, f(x)=logsinx = f'(x) = (cosx) = cotx

sinx
when x € (0,%) then f'(x)>0= f(x) is strictly increasing on (Q%) .

when x € (%,TE) then f'(x) <0 = f(x) is strictly decreasing on (7‘[ n).

o
Find the equation of tangent to the curve y = mat the point, where it cuts the
x-axis. [CBSE Delhi 2010; Guwahati 2015]
We have y= % ...>0)
Let (i) cuts the x-axis at (x, 0) i.e., y =0
then % =0 = «x=7

The required point is (7, 0).
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Differentiating equation (i) with respect to x, we get
dy _ (x=2)(x=3)1-(x-7)[(x-2)+(x-3)]

dax [(x-2)(x-3)]"
P —5x+6-202+19x-35  —x+14x 29
- 2 - 2
(x> =5x+6) (x*+6-5x)
dy]  _-49+98-29 20 1

dx (7,0) (49 —35+ 6)2 400 20

1
Equation of tangentis y -y, = E(x -x,)

1
= y—O—%(x—7) or x-20y-7=0
9. Find the equations of the tangent and normal to the curve x = a sin’ @ and y = a cos®0 at 6 = %
[CBSE Delhi 2014]
Sol. Given, x=asin’ 60 and y =a cos’ 0
x 2 dy 20 o
= = . - =-
10 3a sin”0. cos 0 and 10 3a cos“0Osin 6
dy

dl=ﬁ= —3acos*0.sin 0

dx dx  35sin%0.cosB
40

=—cotf

d
= Slope of tangent to the given curve at 6 = —Z is [_dz L = —cot—z =-1.
ey

. T .37 s
Since for 6 = ——,x =asin®-and y = acos®
4 4 4

a

1y 1y __a _
= x=a<ﬁ)andy=a(ﬁ> = X—zﬁandy 22

i.e., co-ordinates of the point of contact = (2% , 27/5 )

Equation of tangent is
a a a

(V_ﬁ)z(_l)'(x_ﬁ) = Y=o "o

= x+y=%

Also slope of normal (at 0= %)

_ 1 1
~ " slope of tangent -1

=1

Equation of normal is (y— 2%)2 (1).(x— 235)

a__. __4a =
= y——zﬁxzﬁ: y—-x=0

10. Find the slope of the normal to the curve x =1-asin 6, y = b cos® 0 at 0 = % .
Sol. Herex =1-asin0andy = b cos” 0

Differentiating both sides w.r.t. 6, we have

d
%z_gcose,%=—2bsineCOSe
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dy dy/db —2bsinOcosO 2bsin0

Now, dx dx/d0 ~  —acos® a
Slope of lato= s — =1
ope of normalatf = 5 is dy _[Zb . ]
- —sin 0
dx ezﬂ 9=£
2
S —
- m 2
2b sin 5
Thus, slope of normal at § = - s — -
us, slope of normalat 0 = - is — -
11. Find the point on the curve y = * — 11x + 5 at which the equation of tangent is y = x — 11.
[CBSE Delhi 2012]
Sol. Let the required point of contact be (xy, y;).
Given curveis y=x-11x+5 (1)
d d
e TR L [—y] =3x2-11
dx Ax e )

i.e., slope of tangent at (x;, y;) to give curve (i) = 3&% -11

From question
3 x12 —11 = slope of line y = x — 11, which is also tangent.
ie, 3xf-11=1 = xp=4 = x=%2
i.e., since (xy, y;) lie on curve (i)
. y1:x13—11x]+5
When x,=2,1,=2-11x2+5=-9
X =-2,y;=(2P°-11x(2)+5=19
But (-2, 19) does not satisfy the line y = x — 11.
Therefore (2, — 9) is the required point of curve at which tangent is y = x — 11.
12. Find the equation of the tangent line of the curve y = x> — 2x + 7 which is (a) parallel to the line

2x -y +9 =0, (b) perpendicular to the line 5y — 15x = 13.

Sol. Here, y=x>-2x+7
dy
%:Zx—2:2(x—1)
(a) Slope of the line2x -y +9=0is
_ Coefficientof x _ -2 _ 5
Coefficientof y -1
It is given that tangent is parallel to the line.
2(x-1)=2 = x-1=1 = x=2
whenx=2theny=(2)?-2x2+7=4-4+7=7
. Equation of tangent at (2, 7) is
y-7=2x-2) = y-7=2x-4 = 2x-y+3=0
(b) Slope of line 5y — 15x = 13 is
Coefficientof x _ (-15) _
Coefficient of y 5

3
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It is given that tangent is perpendicular to the line 5y — 15x =13
5
2x-1)x3=-1 = 6x-6=-1 = x=—

6
2
when x=% then y=(%) —2><%+7=%—%+7
25-60+252 217
B 36 36
' . 5 217\ .
. Equation of tangent at <€’ ?) is
217 1 5 36y —217 —-6x+5
V"@"?(’“E) - 36 18
= 36y —217 =-12x + 10 = 12x+36y-227=0
13. Prove that the curves x = y* and xy = k cut at right angles if 8k* = 1. [CBSE (AI) 2008]

Sol. As we know, two curves intersect at right angles if the tangents to the curves at the point of
intersection are perpendicular to each other, i.e., product of slope of these two curves is —1.

We have x=y
Differentiating with respect to x, we have
d d 1 .
1=2y7 =>%=E=ml, (let) ()
xy=k
Also, differentiating with respect to x, we have
dy @y _y y
x£+y.1=0 = T x M (let) ...(10)

On solving the equations of the two curves
xy=k and x =y’
We get x=K"? and y=k"?
Putting these values in (7) and (ii), we have
_ /3

and m, =

— _ -1/3
o= —— =k
1 2k1/3 2 k2/3

For the curves to intersect at right angles

1
-1/3) = —
x(-k1V3)=-1 = VRt

3
(%) -3 = %sz = 8k’=1

Hence, the result is proved.
2 2

14. Find the equation of the tangent and normal to the hyperbola XY -1 at the point

2 2~
(xg, Yo)- a b
Sol. Here, equation of the given curve is
2y
Pl aa
a- b
Differentiating both sides w.r.t. x, we have

2 2
z_x_z_yd_yzo = d_y:_z—xxb—:b—x
a®  b*dx dx a2y uzy

dy b’x

= 2 At (o yo)=u2—0
0
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15.

. Equation of tangent at (x,, y, ) is

b*x WY, yg XX, xg
- X —X = =2l_SS=-_J_ >
Y=Y~ ”]/0( o) 2 2 22
2 2
- omomed g L omom,
a b a b a b a b

Equation of normal at (x 4, ) is

1
Y=%=- o, )

Xy /a7Y,
2
a? Yo a Yy
= ¥y-y (x-x) = y-y= (x—xy)
0 b xo 0 b2x0 0
- y_yo:_(X—xo) N y—y0+x—x0=0
a* Y b? X, a? Y b? X,

An Apache helicopter of enemy is flying along the curve given by y = x* + 7. A soldier, placed at
(3, 7), wants to shoot down the helicopter when it is nearest to him. Find the nearest distance.

Sol. Let (x, y;) be the position of helicopter on the curve y = x* + 7, when the distance D from soldier

placed at (3, 7) is minimum.
Now, D= \/(x 3) +(1-7) = D’=(x;-3)*+(y; - 7)?

(x1, vy) lie on curve y = x* + 7

Y1 = x1 +7 D

SY(3,7)
= D*=(x;-3) "+ (x} +7-77 = D’=x —6x;+9+x,"
Differentiate D> w.r.t. x;, we get
d(D?
fixl . —6+4x] = 4x;] +2x,- 6
. . . d(D?)
Now, for maximum or minimum distance o 0
1
= 4x) +2x,-6=0 = Ax] (-1 +4x (-1 +6(x;-1)=0
= (-1)@Ax7 +4x,+6)=0 = x,-1=0or 4x7 +4x,+6=0
= x=1 [4 x12 + 4x; + 6 have no real roots]
d*(D? d*(D?
Again (72)=12x12+2 = ( 5 ) =+ve
dx; dx; B
x; =3

Hence, for x; =1, D*is minimum, i.e., D is minimum.
Also, forx; =1,y,=1>+7=8

Minimum distance, D = \/(1 - 3)2 +(8 - 7)2 = /5 unit.
Thus, when helicopter is at (1, 8) then it is at nearest distance /5 unit from soldier.

16. Find the local maximum or minimum if any of the function f (x) = sin x — cos x, 0 < x < 27. Also,
find the local extrema values.
Sol. f’(x)=cosx+sinx=0 = cosx+sinx=0

Application of Derivatives 2 ]. 9
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= tanx=-1 = =0y

Atx = 3an,f’(x):cosx+sinx,

when x < %t ,f(x) =+ ve

when x > %Tn ,f(x) =—wve = X = %TT[ is a point of local maxima.
Atx = %,f’(x)z COS X + sin x

when x < %t,f'(x# —ve

when x > %[ ,f(x)=+ve = xX= %t is a point of local minima.
f (%T) =sin C’an - cos %Trt = % - <— % = /2 is the local maximum value.
f (%t) =sin %C —Cos %C =_ %— % =_./2 is the local minimum value.

17. Find the absolute maximum value and the absolute minimum value of the following function
in the given interval.

1. 2]
f(x)—4x—2x,x€ -2,5
L, 9 /
Sol. Here,f(x)=4x—zx,x€ —Z,E = f'(x)=4-x
For maximum or minimum f’(x)=0 = 4-x=0=>x=4

f2)=4(D)- 5 (2P =-8-2=-10

f4)=44)- %(4)2:16—8:8

)23 -

Thus, absolute maximum value is 8 at x = 4 and absolute minimum value is -10 at x = -2.

18. A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by cutting off
square from each corner and folding up the flaps. What should be the side of the square to be
cut off so that the volume of the box is maximum?

Sol. Letx cm be the length of square, then volume of the box,
V =(45-2x) (24 - 2x). x

dv
E=(—2)(24—2x)x+(45—2x)(—2)x+(45—2x)(24—2x).1
X X
% = — 48x + 4x% — 90x + 4x* + 1080 — 138x + 4x> x «—45-2c—> x
= 12x - 276x +1080 2
=12 (x 2= 23x +90) = 12 (x — 18) (x — 5) N
. - v Y
For maximum or minimum, E =0 X X
= 12(x-18)(x-5=0 = x=518 X x

x =18 is not possible as breadth is 24 cm.
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19.

Sol.

2
Now, AV _12(1) (x=5)+12 (x~18). 1

dx?
Y%
5 =0+12(5-18)=-156<0
dx x=5
= x =5 is the point of maximum.

Thus, 5 cm is the side of the square to be cut off from rectangle for box of maximum volume.
Prove that the volume of the largest cone that can be inscribed in a sphere of radius a is 8
27
of the volume of the sphere. [CBSE Delhi 2016; (AI) 2014; (F) 2013]
OR

Show that the altitude of the right circular cone of maximum volume that can be inscribed in

a sphere of radius R is % . [CBSE (F) 2012]

[Hint: replace a by R and you can get the result]

Consider a sphere of radius a with centre at O such that OD = x and DC =r.
Let /1 be the height of the cone.

Then h=AD=A0+ OD=a+x ..(0)
(OA = OC = radius)
In the right angle AODC,
=1+ (By Pythagoras theorem) (i)
1
Let V be the volume the cone, thenV = gm’2h
1
= V(x)= gn(az —xH)(a+x) [From (i) and (ii)]
=

V'(x) = %n[(az— x?) %(u +x)+(a+ x)%(a2 - xz)]

= %'rt[(a2 D)+ @+x)(-2x)] = %n[(a+x)(a—x—2x)] = %n(a +x)(a - 3x)

Also, V"(x)= %7{ (a+ x)%(a —3x)+(a- 3x);—x(a +X)

= V'(x) = %ﬂ[(ﬂ +x) (=3)+ (a-3x) ()]

For maximum or minimum value, we have V'(x) =0

1
—rn(a+x)(a-3x)=0 = =—aorx=£
3 3
Neglecting x = —a [ x>0]
Wfay_ 1 a a\\|_ —4ma
V(E)_3”[(“+3>(_3)+<“_3(3)>]_ 3 <0
Volume is maximum when x = % .
. _a, o y _ 4 _ 4 2 o 82
Putting x = 3 in equation (i) and (i), we get h =a + 3773 and r"=a°- 9 "9
1o 1 (8&12)<4a>_8<4 )
Now,volumeofcone—37cr h—37c 9 3 )7 o7 37'[11

8
Thus, volume of the cone = 57 (volume of the sphere).
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20. Show that the right-circular cone of least curved surface and given volume has an altitude

equal to /2 times the radius of the base. [CBSE (AI) 2011] [HOTS]

Sol. Let ABC be right-circular cone having radius ‘v’ and height ‘i’. If V and S are its volume and
surface area (curved) respectively, then

S =mnrl
S=mryh®+r? ..(0)
1 3V
Also, V=—nr’h = h=—7=
3 nr?
Putting the value of & in (i), we get
9V?
S=mnr +72
2t
OV2 + 1246
= §% = 1?2 (#) [Maxima or Minima is same for S or $°]
T
V2
= §%= v St 2t
r

Differentiating with respect to 7, we get
-18V°
3

r

= (%) = + 4727 .. (i)

V2
Now, for max. or min. (§%)'=0 = -18—+ 4’ =0 = 4m?r® = 18V
r

Putting value of V

1
= 4m?r® =18 x §n2r4h2 = 27 = I = r= %
Differentiating (ii) with respect to ‘7, again
54V
(8%)" =——+12n°s

r
= (52)”]r:% >0 (For any value of r)

2

Hence, S%i.e., S is minimum for r = % orh=y2r

i.e., for least curved surface, altitude is equal to V2 times the radius of the base.
21. Show that the semi-vertical angle of the cone of the maximum volume and of given slant
height is tan™ 2.
Sol. Let a be the semi-vertical angle of a cone and slant height is I.
then AO =1 cos a and BO = sin a

1 1
= V= gn(l sin a)? (I cos a)=§7tl3 sin” a cos a A
av _m 4 . 3 . 9 ‘
= —=—1[-sin® a + 2 sin a cos®a]
da 3 ;
For maximum or minimum volume V, we have
av yid .
— =0 =_Psina(-sin?a+2cos’>a)=0=2cos’>a-sin*a =0 Isinol-45 c
da 3 BN~ ___ o ___--

. 1
=2cos’a=sin’0 =tana = «ﬁ = cosa= ﬁ
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PV _1 3 3 . 2 _
1o —3TEl [2 cos® a -7 sin®a cos a]=

€

3 il cos’a (2 -7 tan’a)

Now,

1 (1Y
=§TEI (ﬁ) 2-7x2)<0
Thus, V is maximum when tan o. = y/2 , a.=tan = 2.
22. Show that the semi-vertical angle of the right circular cone of given total surface area and
maximum volume is sin’ % . [CBSE (AI) 2008]

Sol. Letr, h, I and a be the radius, height, slant height and semi-vertical angle of cone respectively.

If V be the volume of cone then

V=lrtr2h = V=17t72«/12—r2
3 3 o
2
1 /(S —mr? S —mr?
= V= —mr? ( il ) — 72, where Area S =7l +1r* = [ = el !
3 r r h
= V=T[—rz><\/52_ZSTWZ-‘-T[%‘L_K%4 ZLX\/SZ—ZSHVZ r
3 fL94 3
w
2 2.2 4
Sr--2S§
= V2= r—(Sz —25mr?) = (8% - 25nr7)
9 9
Differentiating with respect to 7, we get
av?) 1, , 5
pr 9(25 r—85mr’)
For maxima or minima
a(v?) 1, ., -~
5 =0 = 9<25 r—85mr’)=0
= 287 -85t =0 =  25r(S-4n) =0
/'S
= S—4nrt =0 = =S = r=, —
4n
LAV 1, >
Again — 5= =3 (25% - 245mr?)
d*(V?) 1(. SN 1, »
pen I 5(25 - 245n.E) =5(25°-65%)<0
V 4n
S . . . . .
Hence, for r = an V< is maximum i.e., V is maximum.
= For S = 4n7?, V is maximum.
Now, since S =nrl + nr? = 4nr® = el + mr? [For maximum volume S = 47+%]
2
1
= 3nr? = nrl = o~
wrl 3
o ol O ogne=L |gna=t
= s1n0L—3 Csina =5
= a=sin’" 1
sin”| 5

Hence, for maximum volume a (semi-vertical angle) = sin™* (%)

Application of Derivatives 223



2 2

¥

23. Find the maximum area of the isosceles triangle inscribed in the ellipse — + P = 1with its
a

vertex at one end of major axis. [CBSE Bhubaneshwar 2015, (AI) 2008]
Sol. Let AABC be an isosceles triangle inscribed in y-axis
the ellipse.
L
at b
Such that ‘C" lies on end of major axis and
AC = BC. > X-axis

Let coordinates of A and B be (a cos 6, b sin 6)

and (a cos 0, - sin 0) respectively.

B (a cos 6, —b sin 0)

If ‘A’ be the area of inscribed triangle then

A ——xABxCD ——><2bsin8><(a—acos@)
=absin 6 (1 - cos 0)

Differentiating with respect to 6, we get

% = gb[sin 0. sin 0 +(1 - cos 0).cos 0] = ab(sin® O + cos 6 — cos’ 0)

For maxima and minima i—lg =0

= ab (sin” 0 + cos 0 — cos” ) =

= cos O —cos20=0

= cos 20 = cos 0

= 20 =2nn+ 0 [ cos©=cosa; 0=2nt+a]

= 6=nn+%ornn—%, wheren=0,£1,%2, ...

= 6=27ne(0,7t)
d*A _ . . : .
?=ab(2sm9.cos@—sm@+2cose.sm6)=ab(2sm26—smﬁ)
FE.

27‘[ . .
Hence, for 6 = 3 A is maximum.

+
2

2 2 3 1\ 3
Hence, maximum area of triangle A = ab sin%.(l —Cos %) = ab{(l ) iab sq units.

24. A window is in the form of rectangle surmounted by a semi-circular opening. Total perimeter
of the window is 10 m. What will be the dimensions of the whole opening to admit maximum
light and air through the whole opening? [CBSE 2006; (AD) 2017; (F) 2011, 2014]
Sol. Let ABCED be required window having length and width y. If A is the area of window. Then
, . . 1
A =2xy + 1 Given perimeter =10 = 2x+y +y + E27tx =10
2

=2y =10-2x —mx
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1 1
=x(10-2x —mx) + Enxz =10x - 2x% — % + Enxz

1 1
=10x - 2% - S x” = 10x - (2 + *n)xz
2 2
Obviously, window will admit maximum light and air if its area A is maximum.

N A _ 10 2 <2+l ) E
ow, gx - 10— X 27‘[
. .. dA _
For maxima or minima of A, x o 0.

1 D C
= 10—2x<2+57t>=0 = 10-x(4+m)=0
y
10 d>A
= x= and —5 =—-(@4+m)<0
4+m dx A 5 B
X

10
=  For maximum value of A,x = e and thus y =

4+7
Therefore, for maximum area, i.e., for admitting maximum light and air,

20 . 10
Length =2x = iin and width = i+

Multiple Choice Questions N 1.717]

Choose and write the correct option in the following questions.

of rectangular part of window.

1. The interval in which the function f given by f(x) = x* ™ is strictly increasing, is

[CBSE 2020 (65/2/1)]
(@) (o0, 0) (b) (=, 0) (©) (2, ) @) (0,2)
2. y=x (x-3)* decreases for the values of x given by
3
(@) 1<x<3 (b) x<0 (c) x>0 (d)0<x<5
3. The abscissa of the point on the curve 3y = 6x — 5x°, the normal at which passes through origin is
1 1
(@ 1 &) 3 () 2 @ 5
4. The curve y = x'° has at (0, 0)
(a) avertical tangent (parallel to y-axis) (b) a horizontal tangent (parallel to x-axis)
(c) an oblique tangent (d) no tangent

5. The equation of normal to the curve 3x* — /> = 8 which is parallel to the line x + 3y = 8 is

(@) 3x-y=8 b 3x+y+8=0 (c) x+3y£8=0 d) x+3y=0
6. The tangent to the curve y = ¢** at the point (0, 1) meets x-axis at

@ ©,1) ®) (~3,0) © 2,0) (@ (0,2)
7. flx) = x" has a stationary point at

@ x=e k) x =+ © x=1 ) x=+e

e

X
8. The maximum value of (;) is

1/e
@ e b) ¢ (©) ¢ @ (%)
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9. The two curves x> - 3xy* + 2 = 0 and 3x’y —y°> = 2 [NCERT Exemplar]
(a) touch each other (b) cut at right angle (c) cut at an angle % (d) cutat an angle %

10. The tangent to the curve given by x = e’.cos t, y = ¢'. sint at t = % makes with x-axis an angle
(@) 0 ) I © % d 5

11. The slope of normal to the curve y = 2x* + 3sinx atx = 0 is

1 1
@ 3 o) % © -3 @ -%

12. The equation of the normal to the curve y = sinx at (0, 0) is
(@) x=0 B y=0 (c)x+y=0 d) x-y=0

13. The point on the curve y* = x, where the tangent makes an angle of % with x-axis is

[NCERT Exemplar]
Ly o (L) 2 D
@ (57 ® (45 ©) @,2) @ (1, 1)

14. The point on the curve x* = 2y which is nearest to the point (0, 5) is
(@) (2v2,4) (b) (2v2,0) () (0,0) @ 22

15. The maximum value of [x (x-1) + 1]1/3, 0<x<1is

1\1/3 1
@ (3) OF ©1 @ 0

16. The line y = x +1 is a tangent to the curve y* = 4x at the point
@ (1,2) 0) 2,1) © (1,-2) @) (-1,2)

17. Aladder, 5 meter long, standing on a horizontal floor, leans against a vertical wall. If the top of
the ladder slides downwards at the rate of 10 cm/sec, then the rate at which the angle between
the floor and the ladder is decreasing when lower end of ladder is 2 metres from the wall is

[NCERT Exemplar]
1 1
(a) 10 radian/sec (b) 20 radian/sec (c) 20 radian/sec (d) 10 radian/sec

18. The rate of change of the area of a circle with respect to its radius r at ¥ = 6 cm is
(@) 107 (b) 127 (c) 8n (d) 11x

19. The total revenue in rupees received from the sale of x units of a product is given by
R(x) = 3%% + 36x + 5. The marginal revenue, when x = 15 is
(a) 116 (b) 96 (c) 90 (d) 126

20. If x is real, the minimum value of x* - 8x + 17 is [NCERT Exemplar]
(@) -1 ®) o (01 (d) 2

Answers
1. (d) 2. (a) 3. () 4. (a) 5. (c) 6. (b)
7. () 8. () 9. (b) 10. (4) 11. (d) 12. (c)
13. (b) 14. (a) 15. (c) 16. (a) 17. (b) 18. (b)
19. (d) 20. (c)

Solutions of Selected Multiple Choice

1.
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for f(x) to be strictly increasing, f'(x) > 0

= xe"(2-x)>0

= x2-x)>0
= x(x-2)<0
= 0O<x<2
Sooxe(0,2)
We have, y= x(x = 3)?
g—z = x2(x-3).1+ (x-3)x1

2% —6x+ x> +9-6x=3x>-12x+9

3@ =3x—x+3)=3(x-3)(x-1)

+ | - | +
1 3
So, vy =x(x - 3)? decreases for (1, 3).

«

[Since, y' < 0 for all x € (1, 3), hence y is decreasing on (1, 3)]
Let (x,, y;) be the point on the given curve 3y = 6x — 5x° at which the normal passes through the

d
origin. Then we have (%) =2- 5x12. Again the equation of the normal at (x;, ;) passing
(1, 1)
—X _3
through the origin gives 2 - 5x12 = y—l = PETR Since x; = 1 satisfies the equation, therefore,
1 - x1
correct answer is ().
We have, y=x°
1
= d_y:lxg—lzlx—ys
x 5
(dl> =lx(0)_4/5=oo
dx (0,0) 5
So, the curve y = x'/® has a vertical tangent at (0, 0), which is parallel to y-axis.
We have, flx) =x"
Let y=x
and log y = xlog x
d
%% = x.% +logx.1 [Differentiate both sides]
d
= %=(1+logx).xz
d
%=O = (1+logx).x* =0
= logx =-1 = logx = loge™
= x=e' = x= 1

e

Hence, f(x) has a stationary point at x = 1

-
1 X
et v ()

1
= logy = x.log S
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1dy 1 1 1 1 . . .
= X 1 ( x2>+logx.1 ——1+10gx [Differentiate both sides]
x
Y _(1oet (l)x
- dx (1 gx_l) x
dy _ 1 -
Now, E—O = logx—l—loge
1
= —=e
x
1
x=—

x

1
Hence, the maximum value of f(;) =(e)’*.
: . 2 a2 dy
9. From first equation of the curve, we have 3x* - 3y~ — 6xy i 0

d .2
Y_r Y (m,) say and second equation of the curve gives

dx 2xy
dy dy _ dy _ ~2y _
6xy+3xza—3yza—0 = E_fyZ_(mZ)say

Since m; . m, =— 1. Therefore, correct answer is (b).

d -1
12. d—y =cosx. Therefore, slope of normal = ( ) =-1.
X COSX /.-

Hence, the equation of normalisy-0=-1(x-0)orx +y =0.

Therefore, correct answer is (c).

Fillin the Blanks Y (11771

1. If the radius of the circle is increasing at the rate of 0.5 cm/s, then the rate of increase of its
circumference is [CBSE 2020 (65/2/1)]

The values of a for which the function f(x) = sin x —ax + b increases on R are

3. The rate of change of volume of a sphere with respect to its surface area, when radius is 2 cm,

1S

4. The equation of the tangent to the curve y = sec x at the point (0, 1) is .
[CBSE 2020 (65/3/1)]

5. The least value of the function f(x) = ax + %, @>0,b>0,x>0)1is

Answers
1. ncm/sec. 2. (—oo,-1) 3. 1cm®/cm? 4. y=1 5. 2y/ab
Solutions of Selected Fill in the Blanks
dr
1. Given, i 0.5cm/s

aC _ A2nr _ . _dr
i —2ndt =2nx 0.5cm/s

=1 cm/sec.
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4. We have, slope of the tangent to the curve y = sec x is given by
)

i sec x . tan x
dx '
Slope of tangent at (0, 1) =sec0 x tan 0 =0

Equation of tangent at the point (0, 1) be

y-1_
=0 =0 = y-1=0 = y=1
Very Short Answer Questions Y (177
1. Find the slope of the tangent to the curve y = 2 sin” (3x) at x = x [CBSE 2020 (65/5/1)]

6"
Sol. We have,
y=2 sin? (3x)

d
Y _ 2% 2 sin (3x) x cos (3x) x 3

dx
dy
i = 6 sin (6x)
T, T
Slope of tangent at x = e 6sm<6 XE)
=6sint=6x0=0

2. Find the rate of change of the area of a circle with respect to its radius ‘7 when r = 4 cm.

[NCERT Exemplar]
Sol. If A is area and r is the radius of a circle, then
A=nr = a4 _ 2nr
dr
[d—A = 81em?/cm
dr r=4

3. An edge of a variable cube is increasing at the rate of 5 cm per second. How fast is the volume
increasing when the side is 15 cm?

Sol. Let x be the edge of the cube and V be the volume of the cube at any time ¢.
dx
E—Scm/s, x=15cm

Since we know the volume of cube = (side)®i.e., V = x°.

av _, o dx av _ 2k _ 3
ir =3x 7 = =3-(15)"%X5=3375cm’/ sec

4. Find the slope of the tangent to the curve x = t* + 3t -8,y = 2" -2t —-5att=2.
dy
dy _ gt _4t-2

dx dx 2t+3

Given,

Sol. Slope of the tangent =

dt
N dy _(4t—2> _4(2)-2 _6
dxXatt=2 \2t+3/),,-, 2(2)+3 7
5. If y =log, x, then find Ay when x = 3 and Ax = 0.03.
Sol. We have, y=log, x
dy 1 0.03
Ay—dx~Ax—x-Ax— 3 =0.01
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Short Answer Questions-| N LTS

1.

Sol.

Sol.

Sol.

Sol.

The money to be spent for the welfare of the employees of a firm is proportional to the rate of
change of its total revenue (marginal revenue). If the total revenue (in rupees) received from
the sale of x units of a product is given by R(x) = 3x* + 36x + 5, find the marginal revenue when
x=5. [CBSE (AI) 2013]

Given: R(x)=3x*+36x +5
= R'(x) =6x + 36
Marginal revenue (When x =5) = R'(x)], _5
=6x5+36=366.

The amount of pollution content added in air in a city due to x-diesel vehicles is given by
P(x) = 0.005x° + 0.02x* + 30x. Find the marginal increase in pollution content when 3 diesel
vehicles are added. [CBSE Delhi 2013]

We have to find [P'(x)], _;
Now, P(x) = 0.005x> + 0.02x” + 30x
P’(x) = 0.015x% + 0.04x + 30
= [P'(x)], -3 =0.015%x9 +0.04 x 3+ 30
=0.135 + 0.12 + 30 = 30.255

If x and y are the sides of two squares such that y = x — x%, then find the rate of change of the
area of second square with respect to the area of first square. [NCERT Exemplar]
Since, x and y are the sides of two squares such that y = x — x*.
Area of the first square (A) = x?
and area of the second square (A,) = yz = (x - x%)?
% = %(x -3 = 2(x-x%) (Z—f - 2x.§—f)

= Z—’:a —2%)2(x — x?)

dA d d
and d—tl = Exz =2x. d—f
dx )
dA,  dAy/dt g (1-20(2x - 2x)
dA, T dA/dt dx
2x. it
~ (1-2x)2x(1-x)
- 2x
= (1-20)(1-x)= 1-x—-2x+2x"= 2x*-3x +1
Using differentials, find the approximate value of /49.5. [CBSE Delhi 2012]

Let f(x) = yx, where x =49 and 8x = 0.5
Alx+0x)=yx+0x =y/49.5

Now by definition, approximately we can write

Sx) —
= SIS 0

Here  f(x)= Jx =49 =7 and dx = 0.5
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Sol.

Sol.

7.

b o1 1
= f =y A0/ 14

Putting these values in (i), we get

1  v495-7

14 05
0.5 0.5+98 985
\/49.5—ﬁ+7— 14 —T—7.036
T T
Show that the function f given by f(x) = tan™" (sin x + cos x) is decreasing for all [T]€ (Z’ ?)
[CBSE (F) 2017]
We have
f(x)= tan™! (sin x + cos x)
SN 1 .
= f(x)_1+(sinx+cosx)2X(Cosx_smx)
J N COS X —sin x
f 1+ (sin x + cos x)?
1 +(sinx+cosx)2>0Vx eR
Also, V%e(%,%) sin x > cos x = cosx—sinx <0
N ) ,
f(x)= oo e ie., f'(x)<0

= f (x) is decreasing in (%, %)

The volume of a cube is increasing at the rate of 9 cm®/s. How fast is its surface area increasing
when the length of an edge is 10 cm? [CBSE (AI) 2017]

Let V and S be the volume and surface area of a cube of side x cm respectively.

Given L1 =9 ¢m®/sec

dt
We require —-
q dt x=10 cm
Now V = x>
dv _, 2 dx _ a2 dx
= dt_3x'dt = 9 3x'dt
L dx_9 _3
dt 3x2 2
Again, = S= 6> [By formula for surface area of a cube]
ds _ dx
= a 12.x. it
3 36
=12x.—F=——
20X
ds _36 _ 2
= dt |-~ 10 =3.6 cm”/sec.

1
Find the approximate change in the value of —, when x changes from x = 2 to x = 2.002.

2
x
[CBSE Sample Paper 2018]
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Sol.

Given dx =2.002 -2 =0.002, where x = 2.

y__2
dx B xs

We know that, approximately,

1
Now y—? ix

d
dy = %.Sx

1
Let y = — . Let 6x be small change in x and 8y the corresponding change in y.
x

dy 2 2

2% 8

© By =— % x0.002= - 0.0005

8. Find whether the function f(x)=cos(2x+%); is increasing or decreasing in the interval

[CBSE 2019(65/5/3)]

We know that function f(x) is increasing in (a, b) if f '(x) > 0 V x € (a, b) & is decreasing if f '(x) <0

[ sinx <0V x e(m, 2m)]

%)
8’ 8 )
b
Sol. Wehave f(x)= cos(Zx + Z)
Vv x e (a,b).
1 . Tt
Now, f'(x) ==2sin <2x + Z)
Fix)>0 = 2sin(2+F)>0
. T
= s1n<2x+z)<0
= n<2x+%<2n
T T 3n 7T
= TE—2<2X<2TE—Z :>T<ZX<T
m__ 7
= 8 ~* 8

Thus f'(x)>0Vxe(3Tc 7Tt>

87 8
- . . 3t 7n
= f(x) is increasing function on ( ) .

88

Short Answer Questions-11 N LT

1. Prove that the curves xy = 4 and x* + y* = 8 touch each other.

Sol. Given equation of curves are
xy =4
and P+y*=8
dy . _
= x.E +y=0
and 2x +2y ay =0
dx
dy _ -y
- dx  x and dx
by Y _
- dx x ™M
dy —x
and -y m,

.. Both the curves should have same slope.
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.. (i)
... (i)

dy _—2x

2y
(say)

(say)



Sol.

y_=x
x oy
Using the value of x” in equation (ii), we get

= —y’=—x%and x*=1> .. (i)

yHy’=8 = Y=doy=+2
4 4
FOI‘ y:z,xzzzzandfor y:_zlxzzz_z
Thus, the required points of intersection are (2, 2) and (-2, -2)
= 1 = i = -
For (2, 2), m, = . 5 1
- 2
and m,= ? =5 = -1
1111 = 1112
-y _—(2
For(-2,-2), m, =7y=%=_1
i .
2 y - ) =-1

For both the intersection points, we see that slope of both curve are same.

3
Find the intervals in which the function f(x) = Ex4 — 4x>— 45x% + 51is

(a) strictly increasing  (b) strictly decreasing. [CBSE (F) 2014]
3
Here, f(x)= Ex‘l —4x3 - 45x*+ 51

=  f)=6-12*-90x =  f’(x)=6x(x*—2x—15) = 6x(x + 3) (x - 5)
Now for critical point f'(x) =0

6x(x +3)(x-5)=0 = x=0,-3,5
ie., =3, 0, 5 are critical points which divides domain R of given function into four disjoint sub
intervals (- o0, =3), (=3, 0), (0, 5), (5, ).
For (- o, -3)

—ve +ve —-ve +ve

oo -3 0 5 -
f'(x) = +ve x (-ve) x (-ve) x (—ve) = —-ve
i.e., f(x) is decreasing in (- «, -3).
For (-3, 0)
f'(x) = +ve x (=ve) x (+ve) x (-ve) = +ve
i.e., f(x) is increasing in (- 3, 0).
For (0, 5)
f'(x) = +ve x (+ve) x (+ve) x (-ve) = —ve
i.e., f(x) is decreasing in (0, 5).
For (5, »)
f(x) =+ve x (+ve) x (+ve) x (+ve) = +ve
i.e., f(x) is increasing in (5, o).
Hence, f(x) is (a) strictly increasing in (-3, 0) L (5, )
(b) strictly decreasing in (— o, -3) U (0, 5).
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3. Find the intervals in which f(x) =sin3x —cos3x,0 <x < 7, is strictly increasing or strictly
decreasing. [CBSE Delhi 2016]

Sol. Given function is
f(x) =sin3x — cos 3x
f'(x) = 3cos3x + 3sin 3x

For critical points of function f(x)

fx)=0
= 3cos3x +3sin3x =0 = cos3x +sin3x =0
= sin3x = — cos 3x = sindx -1
cos 3x
T T
= tan3x = —tanz = tan3x = tan(Tt - Z)
= tan3x = ’can%7t
3n
= 3x=n7‘t+T, where n=0,+1,+2,....
Putting n=0,+1,+2,...., we get
_ 7 7n ln
Y=y €00
. . m\(m 7n\(7n 1lx\/1lx

Hence, required possible intervals are (0, 1 ),( 412 ) < 0 12 )( B ,n)
For (O,%),f’ (x) =+ ve

T 71 ,
For (Z’E)’ f'(x) =-ve

7n 11w ,
For (E’f)’ f'(x) =+ve

11w ,
For ( 12 Jt),f (x) = —ve

. . . . . L T /n 1ln . .

Hence, given function f(x) is strictly increasing in O’Z U E’f) and strictly decreasing in

(325035

4’12 127°)

4. Find the equation of the normal at the point (am? am’) for the curve ay” = x°.
[CBSE (F) 2012; (South) 2016]

Sol. Given, curve ay*=x>

On differentiating, we get

dy 5 dy  3x°
20y dx 3 = dx 2ay
dy 3xa*m*  3m
= — - =
ax at (am?,am®  2a X 117’1’13 2
1 1 2
Slope of normal = slope of tangent 3m " 3m
2
Equation of normal at the point (am?, am®) is given by
3
y—am 2 4 5
s = -5 = 3my - 3am™ =—2x +2am
x—am*  3m Y
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= 2x + 3my — am*(2 + 3m*) = 0

Hence, equation of normal is 2x + 3ny — am*(2 + 3m?*) = 0

5. Show thaty = log(1+x) - zzfx,x >—1 is an increasing function of x throughout its domain.
[CBSE (F) 2012]
Sol. Here, f(x)=1log(1+x)- 22-icx [where y = f(x)]
, 1 2+x).1-x
= = -2
f (%) Ttx 2+
1 22+x-x) 1 4
1+x  (2+x)? 1+x  (2+x)?
A+ xP+Ax—4-dx 2

+Dx+2)" e+ D+2)
For f(x) being increasing function

f'(x)>0
x? 1 x?
————>0 = >0
(x+1)(x+2) x+1 (x+2)
! >0 x >0
x+1 (x+2)?

= x+1>0 or x>-1

2
ie, flx)=y=log(l+ x)— > fx is increasing function in its domain x > -1 i.e., (-1, ).
6. Show that f(x) = 2x + cot™x + log (/1 + x?— x) is increasing in R. [NCERT Exemplar]
Sol. We have, flx) = 2x + cot'x + log (v/1+ x%*- x)

P i O 1 (1
f(JC)_ZJF(lﬂcz)Jr(\/1+x2—x)\2x/1+x2
1 1 (x=y1+x2) 1 1

2x -1

1+ (\/1+x2—x)' V1+x2 T 142 1+x2
2427141427 1+2x° -1+
1+x? 1+x?

For increasing function, f' (x) >0

o2 ST 1 42
L Sk ek S N 1+2:2> 1+

1+ x?
= (1+2x%)%>1+ 2 = T+4x* +4x%>1+x
= 4x* +3x°>0 = ¥’ (4x*+3)20

It is true for any real value of x.

2

Hence, f(x) is increasing in R.
7. Find the points on the curve y = x> at which the slope of the tangent is equal to the y-coordinate

of the point. [CBSE Delhi 2010; (F) 2011]
Sol. Let P(x;, ;) be the required point on the curve
y= X3 ...(>0)
d d
= LA 3x? = [_]/] = 3x12
dx dx (x117)
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= Slope of tangent at (x;, y;) = 3x7

According to the question,

3x7 =y, ... (if)
Also (x, y;) lies on (i)
= Y= xf’ ... (i)
From (ii) and (iii), we get

3xi= X
= x13—3x12=0 = X3 (x,-3)=0
= x=0 or x=3
= =0 or y, =27

Hence, required points are (0, 0) and (3, 27).

8. Find the intervals in which the function f(x) = -3 log (1 + x) + 4 log(2 + x) - is strictly

2+x
increasing or strictly decreasing. [CBSE Sample Paper 2018]
Sol. Given f(x)=-3log(l+x)+4log(2+x)- 2$x
2
, -3 4 4 -3(2+x) +4(1+x)(2+x)+4(1+x)
= f(x)=1+ +2+ + 5 = 5
X Y o(2+x) (1+x)(2+x)

—3(4+4x+x?)+4(2+x+2x + x2) +4 + 4x
2
(1+x)(2+x)
12 -12x - 3x>+ 8+ 12x +4x> + 4 + 4x

(1+x)(2+x)’
, x(x+4)
()=
T e
Now, f'(x)=0
= Lél)z =0 = x(x+4)=0
(1T+x)(2+x)
= x=0 [ - x#—4asf(x)is defined on (-1, «0) ]
Hence, required intervals are (-1, 0) and (0, ).
For (-1, 0)
f(x)= % =-ve = f (x) is strictly decreasing in (-1, 0)
For (0, )
f(x)= (rve)X(rve) +ve = f (x) is strictly increasing in (0, )

(+ve) X (+ve)

i.e., f (x) is strictly decreasing on (-1, 0) and strictly increasing on (0, ).

9. Find the condition that curves 2x = * and 2xy = k intersect orthogonally. [NCERT Exemplar]

Sol. Given, equation of curves are 2 x = y/° (D)
and 2xy =k ... (if)
k
= y= E
k 2
From equation (i) 2x = (ﬂ)
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1 1
3_142 — 1 12/3
= X 8k = X 2k
k 1
— y=5—= k — y_k(l/s)
2 1o
Z.Ek

L. dy
2=2y - and 2 x oo ty1i=0
= ay _1 and (d_y) T _ Y
X y dx 2x x
LATRSEV ISV
= (E)(Ek K )‘ P [say m]
LUATEREVE 1/3) _ kR
- (dx )( 2 T )= lk2/3 * [say ol
2
Since, the curves intersect orthogonally.
ie., my.m,=-1
1 _ -
= 72k P=-1 = —2k?=-1
2 _ 2/3 _
= W =1 = k=2
k*=8

which is the required condition.

Long Answer Questions N 17T

1.
Sol.

Find the minimum value of (ax + by), where xy = ¢*.

Letz = ax + by ..(0)
2
Givenxy=c> = y= <

[CBSE Delhi 2015, 2020 (65/5/1)]

2
. c” . S
Putting y = -~ in equation (i), we have

2

c
= + —

z=ax+-

For z to be maximum or, minimum
dz bc? bc?
A 47270 = a="5
dx X X

= 2_ b = =1 cy/ b
X 4 x=tcy/ 4
d*z _ 2bc?

Now, ) 3
dx X
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2.

Sol.

z will be minimum at x = c\/g
¢ . JE
b b
a

Minimum value of z = ax + by

ﬂXC\/g'i'bXC\/%
cyab +cyab
=Zc\/%

Of all the closed right circular cylindrical cans of volume 1287 cm?, find the dimensions of the

can which has minimum surface area. [CBSE Delhi 2014]

Let ,  be radius and height of closed right circular cylinder having volume 1287 cm”.

C2
y_—_
C

If S be the surface area then

S =2nrh + 2nr? = S =2n(rh + 17
198 V=nr’h
S= 27'[(7’.—2 + r2> = 128 1 = r*h
r ) = 128
128 ds 128 - T2
S=27'E< 7+T2> = —_—= n_7+2r Ia
r dr 72
For extreme value of S
ds 128
—=0 = 2 ——+2r)=0 T
dr 7 |
128 i
= -~ +2r=0 i
r i
128 5 128 i
= 2r = 7 = = T i i
= =64 = r=4 i
d’s 128 x 2 s i
Again > = 27t( >t 2) = 2] =+ve 1
dr r dr® |-y LT
\_/
Hence, for r =4 cm, S (surface area) is minimum.

Therefore, dimensions for minimum surface area of cylindrical can are

. _ 128 128
radiusr=4cmand h = 2 =16

—=8cnm.

3. Prove that the surface area of a solid cuboid, of square base and given volume, is minimum

when it is a cube.

Sol. Let x be the side of square base of cub

[CBSE (AI) 2017; (F) 2009; CBSE 2005]
oid and other side be y.

Then volume of cuboid with square base, V=x.x.y=x%

As volume of cuboid is given so volume is taken constant throughout the question, therefore,

v
y=z

(i)

In order to show that surface area is minimum when the given cuboid is cube, we have to show

§">0and x =y.

Let S be the surface area of cuboid, then

S=x%+xy +xy + Xy + Xy +
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Sol.

%
2+l = S=0:24 % (i)

X
ds 4V .
—1 a = 4x —_ ? ...(lv)
For maximum /minimum value of S, we have Z—i =0
4V
= dx-—=0 = 4V=4x = V=x ()
X

Putting V = ¥ in (i), we have

x3

= = x
Yy 2
Here, y =x = cuboid is a cube.
Differentiating (iv) w.r.t x, we get
d’s 8V
2= 4+ 73> >0
dx x
Hence, surface area is minimum when given cuboid is a cube.
Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of

radius R is 2R . Also find the maximum volume. [CBSE 2019 (65/2/1)]

/3

Let x be radius and (y + R) be the height of cylinder given radius of sphere be R.

In AOAB, we have,
OB* = OA” + AB?
= R*=y* +x? = X2 +y*=R? = x?=R*—y? (1)
Now, volume of cylinder = 1 x* x 2y
=
= V=m(R*-y*) x2y ,
For volume to be maximum or minimum J
av y
d—=0 = ZK{(RZ—y2)x1+yx(—2y)}
y o
= R*-y*-2y*=0 = R*-3y*=0 = R*=3y? .
, R _R
= y =3 = y= /3
d’v -12Rm
=2n(-6y)=-12ny = <0
2
Y =) o

Volume will be maximum when y =

2R
Height of cylinder = 2y = 73

=

and maximum volume = 7 (R2 - yz) x 2y
. <R2 R? ) 2R __ 2R*> 2R 4nR’
—— X ==X —(—X—F— =
3/°V3 3 V3 3y3
A tank with rectangular base and rectangular sides, open at the top is to be constructed so that

its depth is 2 m and volume is 8 m>. If building of tank costs Z70 per square metre for the base

and %45 per square metre for the sides, what is the cost of least expensive tank?
[CBSE 2019 (65/1/1)]
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Sol. Let, b and h metre be the length, breadth and height of the tank respectively.
Given h =2m

and volume of tank =1 xb xh

= 8=Ixbx2 = Ih=4 = b=é
I hm
Now, area of the base, Ib=4m? ' ‘

and, area of four walls, A=2(l+b)xh

4 4 Im
=2(Z+T>x2:>A=4<l+7>
For minimum cost
ﬁ—0 4(1—4>—0
- = 2
4 2
= ZT=1 = =4 = I=2m
. 4 4
[=2m (" length cannot be negative) and b=7=5=2m
d’A 32 32
NOW, - = = =
pre 2 4 8§>0

.. Area will be minimum when [=2m, b=2m, h=2m
. Cost of building of tank =70 x (I x b) =70 x 2 x2 =% 280
and cost of building the walls =45 x2h (I + b) =90 x 2 (2 +2) = ¥ 720
.. Total cost for building the tank =280 + 720 = ¥ 1,000
6. If the sum of hypotenuse and a side of a right angled triangle is given, show that the area of

s
the triangle is maximum when the angle between them is 3

[CBSE Delhi 2017; (AI) 2009, 2014; (Central) 2016]
Sol. Lethand x be the length of hypotenuse and one side of a right triangle and y is length of the third side.
If A be the area of triangle, then

11 — also given
A_Exy_fx"h - h+x =k (constant)
1 1 soh=k-
A=Ex\/(k—x)2—x2=Ex\/k2—2kx+x2—x2 h=k-x
x? 1
= A%= I(k2 —2kx) = A’= Z(k2x2 — 2kx®)
Differentiating with respect to x we get
A 1., ) .
e Z(2k x — 6kx*) ...(0)
For maxima or minima of A” V = Ibh
d(A* 1 CL
( )=0 =  —(2k%x - 6kx*) =0 8 =12
dx 4 3 4
= APx—6kx*=0 = 2kx(k-3x)=0 sb=or=T
= k-3x=0; 2kx # 0
_k
= X = §

Differentiating (i) again with respect to x, we get

2Ah 1
d (2) =Z(2k2—12kx)

dx
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Sol.

Sol.

d*(A? 1 k\_ ¥
(2) =—(2k2—12k.—>=——<0
dx x=k/3 4 3 2
k k 2k
Hence, A% is maximum when x = 3 andh =k - 373
. . . 2k
ie., A is maximum when x = 3 h= 3
x _k_3 1 1 T
COSe—ﬁ—gxi—E = COSG—E = 6—5
Show that the semi-vertical angle of the cone of the maximum volume and of given slant
height is cos ! % . [CBSE Delhi 2014; (North) 2016]
Let ABC be cone having slant height / and semi-vertical angle 0. A

If V be the volume of cone then

1
V=*.7IXDC2><AD=%><lzsinzechose

3 l
13
= Vz%sinzﬂcose
v nl®
%=%[—sin36+2sin9.cos29] B |:3 c

For maximum value of V.

3

ili—g=0 = %[—Sin36+25in6.c0526].=0
= —sin® 0 + 2sin 0.cos> 0 = 0 = —sin 0 (sin® 6 — 2cos’ 0) = 0
= sin® =0 or 1-cos’>0 —2cos?0 =0
= 06=0 or 1-3cos’0=0
= 0=0 or cosﬂ=%

v nP
Now = 71:_{_3 sin?0.cos 0 — 4sin?0. cos 0 + 2 cos® 0}

e 3

v d*v
= 5 =L{—7sin26cose+2cos39} 2] =+ve

do 3 do” lh-y

d>v 1 1V V2
and e C056=%=—Ve Puttingcose=ﬁandsine= 1_<ﬁ> =g

3

1 1
Hence, for cos = ﬁ orf =cos™ <ﬁ>’ V is maximum.

Show that the height of a closed right circular cylinder of given surface and maximum volume,
is equal to the diameter of its base. [CBSE Delhi 2012]

Let r and h be radius and height of given cylinder of surface area S.
If V be the volume of cylinder then

V = nr*h
2 2 2
(5-2 S-2
y= TG oamr) [+ S=onP+omh = 2 =]
2mr 2mr
Sr—2mnr® av 1 9
V—f = W_E (S—67‘C1’)
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For maximum or minimum value of V'

v B 1 o 5
i =0 = 2(5—67[7’)—0 = S—6nr =0
2.5 N _ /S
= ™ "V 6
P2voo1 d>v [dZV
Now =—-—Xx12nr = =—-6mr = <0
dr? 2 dr? dr? ,:\/6i
V T

/S . .
Hence, for r = G’ volume V is maximum. /\

S
§-2m o r 35-S_ [én

= = "= axan Vs
214/ —
6T h

[‘-'72\/%] v

= h = 2r (diameter)

Therefore, for maximum volume, height of cylinder is equal to diameter of its base.

9. An open box with a square base is to be made out of a given quantity of cardboard of area c*
3

c
square units. Show that the maximum volume of the box is m cubic units.

[NCERT Exemplar; CBSE (AI) 2012]
Sol. Let the length, breadth and height of open box with square be x, x and & unit respectively.

If V be the volume of box then V = x.x. h = V=x*h we(D)
2 2
Also  ¢*=x*+4xh = h= € -x
4x
Putting it in (i), we get
2(.2_ .2 2 3 h Tl
poxle=x) o cx x x .
4x 4 4
Differentiating with respect to x, we get
w_& s
dc 4 4
- ci o AV
Now for maxima or minima i 0
4 4 4 4
= x2= C—Z = x= <
3 ;i
Now A’V 6x  3x N % 3¢ .
P = = - — = = = _V
dx? 4 2 dx? e=c/y3 2/3

c . .
Hence, for x = ﬁ volume of box is maximum.

2

c
R s WL SN
C 4x c 3 4c 23
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10.
Sol.

11.

Sol.

2 3
Therefore maximum volume = x*. 1 = %% = ()Ci@ cubic units
Find the shortest distance of the point (0, c) from the parabola y = x*>, where 1< ¢ <5. [CBSE 2013]

Let P (a, B) be required point on parabola y = x” such that the distance of P to given point Q(0, c)
is shortest.

Let PQ=D Xi
2 2 s o 2 y-axs
© D=y(@-01+@-c) = D*=a’+(B-c) A 2
©0,9Q )=
= D?= o+ (o> -c)? [ (o, B) lieony=2"= B=a’] ..(i) P(. B)
d(D? N ; .
Now, (da)=2a+2(a2-c).2a=2a(1+2a2—2c)=2a+4a3—4ac o e
For extremum value of D or D?
d(D?
( )=0 = 2a(1+20%=2¢) =0
da
2 2¢—1
= a=0,orl+2a"-2c=0 = a=0ora=+ 5
2 2 2 2
d-(D
Again (2)=2+12a2—4c = (2) =2—4c=-ve [ 1<c<5]
da da® | -9
d*(D? 2c-1
(2) =2+12( € )—4c=2+12c—6—4c=8c—4>0 [ 1<c<5]
da o4 21
R )
ie,for a =+ ZCZ—_l D?i.e., D is minimum (shortest)

Now, the shortest distance D is

D=y/o?+ (@ -0)? =va*+a?+c?-20%¢ [From (i)]

_J{2c-1V 2c-1 , _(2c-1 , 2c-1
‘\/< ) e T =25

2
_\/(2c—1)2+4c2+4c—2—4c(2c—1)
B 4

1 1
= VA +1-de+4c7 +dc-2 -8 +de = yde-1
1
Hence, required shortest distance is 5V 4c-1.

Show that the volume of the greatest cylinder that can be inscribed in a cone of height ‘4" and

4
semi-vertical angle ‘o’ is Enhg’ tan’a . [CBSE (AI) 2010, (East) 2016]

Let a cylinder of base radius r and height &, is included in a cone of height /1 and semi-vertical
angle a.

Then AB =7, OA = (h—h;). In right angle triangle OAB,

AB r
O—A—tana = -, =tana = r=(-hy) tan a
V=n[(h-h)tana]®. I (- Volume of cylinder = nr’h)
=ntan® a. by (h—hy)? ..(0)

Differentiating with respect to ;, we get

dv 2
d_hl = mtan’a[h, 2(h—h)(=1) +(h =) x1]
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=ntan® o (h—hy) [-2h, + =] o
= tan® o (h—hy) (h - 3h,)

For maximum volume V,ZTV =0
1

Al—\B 1
1 7
= h—h =0 or h-3h =0 = h=h or h=—h T
1 1 173 i
1
= h, = gh (" h = hy is not possible) l '
r B
Again differentiating with respect to h;, we get
d*v 5
> =mntanaf(h—h,)(-3)+(h—3h)(-1)]
dh,
1 4V

1
Ath=3h, © = ntanzaKh _ gh)(—:-s) + o] = o tan’a < 0
1

1
Volume is maximum for h, = gh

2

1 1
_ 2 (1 _ 1 . .
Vo = mtan’a (1)~ 5h) [Using ()]
4
= —nh’tan’a

Y

12. The sum of the perimeter of a circle and a square is k, where k is some constant. Prove that the
sum of their areas is least when the side of the square is double the radius of the circle.

[CBSE (F) 2010, 2014]
Sol. Let side of square be a units and radius of circle be r units.
It is given that 4a + 2nr = k, where k is a constant
_k—4a
= r= o
Sum of areas, A =a® + 1
k—dap 1 2
=2 — 20t
—a +TE[ 21 ] e 4n(k 4a)
Differentiating with respect to a, we get
dA 1 N 2(k —4a) .
p =2q+ i 2(k—-4a).(-4)=2a- = ...(0)

For minimum area, i =0

2(k -4 2(k -4
S T LG R
yis yis
2(2
= 2a0 = (T[nr) [As k = 4a + 2nr given]
= a=2r

Now, again differentiating equation (i) with respect to a, we get
d’A 2 8 d’A 8
5, =2-—(-4)=2+_ ata=2n, ——=2+—>0
da s T

da?® T
For ax = 2r, sum of areas is least.

Hence, sum of areas is least when side of the square is double the radius of the circle.
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13.

Sol.

14.

Sol.

2 2

Find the area of the greatest rectangle that can be inscribed in an ellipse — + % =1.
a
[CBSE (AI) 2013]
Let ABCD be rectangle having area A inscribed in an ellipse
2 2
Xy .
—+—=1 (1
R (i)
Let the coordinate of A be (a, ).
Coordinate of B=(a,, —B),C=(-a,-B), D=(-a, B)
Now A =Length x Breadth =20 x 2 = 40
” " (a,B) lies on ellipse (i)
= = 4a. b2<1—2) > B2 / 2( a2>
St —5=1ie,B=,/b(1-—
! v g a?
2 2].2 o’ a_ 160 5,
= A” = 16a b(1—2> = A’=—(a*a’-a?) YA
a a
2 2
- d(A%) - @(Za%z _40%) (-0, B) D A(a, B)
do az
For maximum or minimum value
2 —_———
d(A%) _ 0 o X
da
= 20%0 - 40° =0 =  20@*-205)=0
C 0= (-a, —B) C B (o, -B)
= a=0,a= /2
d*(A%) _16b° d*(A?) 16b° a
Again — 5= (2a% -1207) =———(zﬂ-12x——><o
& da? a? da? a= a? 2
= Fora= %, A?ie., A is maximum.
: —_a_ b o
i.e., for greatestarea A, a = /2 and f3 /2 (Using (7))

.. Greatest area =4a.f =4 % X % = 2ab
Tangent to the circle x* + y* = 4 at any point on it in the first quadrant makes intercepts OA and
OB on x and y axes respectively, O being the centre of the circle. Find the minimum value of
(OA + OB). [CBSE Ajmer 2015]
Let AB be the tangent in the first quadrant to the circle Y
x* +y* = 4 which make intercepts OA and OB on x and

y axis respectively. Let S = OA + OB. "8 (0. 2 cosec 0)
S=0A+O0B ()
Let 6 be the angle made by OP with positive direction P (2 cosb, 2 sinb)
of x-axis. 2
Coordinates of P = (2 cos 6, 2 sin 0) 0
Coordinates of A = (2 sec 6, 0) O N A (2)§ec6, 0)

Coordinates of B = (0, 2 cosec 0)
()= S=2secH+2cosecH

= g%=2{sec9tan9—cosececot9}
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For extremum value of V

g—g= 0 = 2{secOBtanB - cosecBcotB} =0

= sec O tan 6 — cosec 6 cot 0 =0
1 sinf 1 cosf sinf _ cosf
cos0 cos® sin sinb cos20  sinZ0
= sin® 0 = cos® 0 = sin 6 = cos 0
= 0= % [ 0 lies in first quadrant = 0<0 < %]
d’s 3 2 3 2
Now, s =2{(sec’0 + tan”0sec 0) + (cosec® 6 + cosec 6 cot*0)}
d’s ... T
= - =+ve =  Sis minimum when 6= Y
do e:%

Minimum value of S = OA + OB is ?_sec% + 2cosec% =2/2+2/2 =42 units.
15. Find the absolute maximum and absolute minimum values of the function f given by
flx) = sin?x — cos x, x € [0, «l. [CBSE Panchkula 2015]
Sol. Here, f(x)= sin” x — cos x
f(x)=2sinx.cosx +sinx =  f'(x)=sin x(2cos x + 1)
For critical point: f '(x) =0

1
= sinx(2cosx+1)=0 = sinx=0 or cosx =~
27 27
= x=0 or €Os x = Ccos 3~ = x=0 or xZZnKiT,wheren:O,il,irZ...
= x=0orx= ZTT[ other values does not belong to [0, «].

For absolute maximum or minimum values:
f(O):sin20—cosO=0—1=—1
J(M) .o on (fs)z ( 1) 3.1_5
—)=sin"—F—-cos——=\—7|-|\-%5)|=7F+7=—
3 3 3 2 2
fim)=sinn—cost=0-(-1)=1

. 5 ..
Hence, absolute maximum value = T and absolute minimum value = -1 .

16. If the function f(x) = 2x° — 9mx® + 12m*x + 1, where m > 0 attains its maximum and minimum at
p and g respectively such that p* = g, then find the value of m. [CBSE Patna 2015]
Sol. Given, f(x)=2x>-9mx*+ 12m’x + 1
= f(x) = 6x* — 18mx + 12m*

For extremum value of f(x), f "(x) =0

= 6x* — 18mx + 12m*= 0 = X = 3mx +2m* =0
= x* = 2mx — mx + 2m*=0 = x(x —2m) —m(x —2m) =0
= (x=m)(x-2m)=0 = X=m or x=2m

Now, f"(x)=12x—-18m

= ff(x)at[x=m]=f"(m)=12m-18m=-6m <0

And, f"(x)at[x=2m]=f"(2m)=24m—-18m = 6m >0

Hence, f(x) attains maximum and minimum value at m and 2m respectively.
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17.

Sol.

18.
Sol.

= m=pand 2m=gq

But, p’=g [Given]
: m? =2m = m?—2m=0

= m(m —2) = m=0 or m=2
= m=2asm>0

The sum of the surface areas of a cuboid with sides x, 2x and % and a sphere is given to be

constant. Prove that the sum of their volumes is minimum, if x is equal to three times the
radius of sphere. Also find the minimum value of the sum of their volumes. [CBSE (F) 2016]

Let r be the radius of sphere and S, V be the sum of surface area and volume of cuboid and sphere.

Now V:(x.2x.£>+irtr3

3/ 3
= V=£)c3+i7tr3 = V=£(x3+27tr3) o §=2|x2x xS+ 2 2x |+ 4m?
3 3 3 3 3
1 _ 18x2 2 _ 2 2
25— am?\2 X = S= 3 +4mr° = 6x" +4mr
= V=§ 6 +2mr S 4 5\32
=>x2= — 4mr :>x3=<S—47tr>
1 6 6
v 2|3(S—4m?\? 1 5
= dr_3{2( 6 ) .6.(—87tr)+67tr}
For maximum or minimum value
av _
ar ~ 9
1 1
- 2 5 S —4mr? 2+6 2oy o S—4nr*\2 _ 6mr?
376 s 6 " omr
1 1
S-4nr’ . - _ 1 (S-4nr*\2
6 - T3l e
2
Obviously, e ] _1(5—4m2)% =+ve
T3\ 6
1
L 1(S—4nr*\2
Vis minimum when r = {——
3 6
1
S —4mr?\2 S - 4nr?
= 3r=(76m ) = 9r2=(76m> = 54 =S —4mr?
= 5417 = 6x* + 4nr* — 4nr? [0 S=6x*+4nr?]
= x? =97 = x=3r
i.e., x is equal to three times the radius of sphere.
2 3
Now, minimum value of V (sum of volume) = §{x3+2n<%) }
_ 2[5, 21 3}_& 3 . .
= S{x + 7 [ =¥ (27 + 27m) cubic unit.

Find the maximum and minimum values of f(x) = sec x + log cos®x, 0 < x < 2n. [CBSE (South) 2016]
We have f(x) = sec x + log cos” x

"(x) =secx.tanx + 1 2cosx(—sinx) =secx.tanx—2 tan x = tan x (sec x —2
2
cos“x
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For critical point

fx)=0
= tan x (secx-2)=0 = tanx=0 or secx-2=0
= X=nT or secx =2 = X =nm or cosx=%
= X=nm or cosx:cos% = X =nn or x:2nni§,n20,il,i2 .......
5
Thus possible value of x in interval 0 < x < 2w are x = %, 7'[,?7.t
2
LI L 2 _ (l)
Now, f(S) sec3+logcos 3 2 +log >
=2+2(log1-log2)=2-2log2=2(1-log?2) [ log1=0]
f(n)=secn+logcos27c=—1+log -1)?=-1
51 51 51 T T
A?>—sec?+210g cos 5~ = sec <2n—§)+2log cos(Zﬂ:— 3>

= sec% +2log cos% =2+ ZIOg%
=2+2(log1-log2)=2-2log2=2(1-log?2)
Hence, maximum value of f (x) = 2(1 - log 2)
minimum value of f (x) = -1
19. Prove that the least perimeter of an isosceles triangle in which a circle of radius r can be
inscribed is 6@ . [CBSE (Central) 2016]

Sol. Let AABC be isosceles triangle having AB = AC in which a circle with centre O and radius r is
inscribed touching sides AB, BC and AC at E, D and F respectively.

Let AE=AF=x,BE=BD =y ar (AABC) = ar(ABOC) + ar (AAOC) + ar (AAOB)
Obviously, CF = CD =y = L AD.BC = +.BC.OD +~. AC.OF +~ AB.OE
Let P be the perimeter of AABC. 2 2 2 2
=>2y.(r+\/r2+x2) =2yr+(x+y).r+t(x+y).r
P=2x+4y = 2y (r+y/rt+ %) = 2yr+2(x +y).r
P [2, .2 _
= P=—7" +4y (From (i)) DYrrydr ot =yreartyr
y-r = y/rr+x? =xr+yr

Differentiating w.r.t. y, we get = y2 (r* +x%) = X2r* + szZ + 2xyr2
. dP _ @2*r2)-4r2*4yrz(2J/*0)+4 = y?r? + 1%yt = ¥+ + 2xyr?

dy 0*—r?)? = x%y* = 1 + 2xyr?

dP 4y2 ]/-2 — 4r4 — 8y2 ]/-2 = xy2 = x7’2 + 2]/7’2
T gy 297

=Xx= N (Z)

dp 4RGP ) v =)
= =44

dy 07 — )2

. . dP _
For critical point dy 0
42 (242
rz(r . Z ) +4=0

(y*-r)
= 470+ yz) + 4(]/2 - =0
= —r4—r2y2+y4+r4—2y2r2:0
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= y4 - 372y2 =0
= yz[y2 -371=0
= y=v3r [y#0]
Also 2—2 =+ve
ar® 13,
= when y = J3r , the value of P is minimum.

_4ﬁ+4r x/gr 4ﬁr

Least perimeter = 4y + = 4[’1 r+ = 6\@ r units
20. A window has the shape of a rectangle surmounted by an equilateral triangle. If the perimeter
of the window is 12 m, find the dimensions of the rectangle that will produce the largest area

of the window. [CBSE(AI) 2011] [HOTS]
Sol. Letx and y be the dimensions of rectangular part of window and x be side of equilateral part.

V3

If A be the total area of window, then A = x.y + ¥ ()
Also, x+2y+2x=12 = 3x+2y =12
- y= 12 E 3x X X
12-3 3
A= x.M + sz [From (i)]
2 4

_ 3x* V3, y y
= A=6x- 5 + 1 X

L I— ﬁ . . . . x
= A'=6-3x+5x [Differentiating with respect to x]

Now, for maxima or minima

3
A'=0 = 6-3x+—x=0 = x=

2 6-+3
/3

Again  A"=-3+-5<0 (forany valueofx) = A"]  1» <0 ie, is maximum if
Te_J3
12
12- 3( )
X = 12 and y = ﬂ
6-+3 2
i.e., for largest area of window, dimensions of rectangle are
12 18-6v3

= d v=
x6_ﬁany6f

I, PROFICIENCY EXERCISE /A

m Objective Type Questions: [1 mark each]
1. Choose and write the correct option in each of the following questions.

(i) The points at which the tangents to the curve y = x° — 12x + 18 are parallel to x-axis are
(ﬂ) (21 _2)/ (_2/ _34) (b) (2/ 34)/ (_2/ O) (C) (01 34)/ (_2/ 0) (d) (2/ 2)/ (_2/ 34)

(i) The sides of an equilateral triangle are increasing at the rate of 2 cm/sec. The rate at which
the area increases, when side is 10 cm is

(@) 10 cm?/s (b) V3 cm?/s (c) 1043 cm?/s (d) % cm?/s
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(iif) The maximum value of slope of the curve y = - X +3x%+12x-51s [CBSE 2020 (65/3/1)]

(a) 15 (b) 12 (©) 9 @ 0
(iv) If the function f(x) = 2x% —kx + 5 is increasing on [1, 2], then k lies in the interval
(@) (-, 4) (b) (4, ) (©) (-, 8) (d) (8, )
(v) If the curve ay + ¥¥=7and x®= y, cut orthogonally at (1, 1), then the value of a is
(@) 1 ()0 () -6 @) 6
(vi) The approximate value of (33)% is
(a) 2.0125 (b) 2.1 (c) 2.01 (d) none of these
(vii) The equation of the normal to the curve y = x (2 — x) at the point (2, 0) is
(@) x-2y=2 G)yx-2y+2=0 (c) 2x+y=4 (d) 2x+y-4=0
(viii) The angle of intersection of the parabolas y* = 4ax and x> = 4ay at the origin, is
@) ¢ ® 3 © 5 @ 7

2. Fill in the blanks.

(i) The slope of the tangent to the curve y = x° — x at the point (2, 6) is .
[CBSE 2020 (65/4/1)]
(i1) The maximum value of f(x) =x+ %, x<0is

(iif) The rate of change of the area of a circle with respect to its radius r, when r = 3 cm, is

[CBSE 2020 (65/4/1)]
1
iv) If f(x)= , then its maximum value is
(iv) If f(x) P
W Very Short Answer Questions: [1 mark each]

3. If the rate of change of volume of a sphere is equal to the rate of change of its radius, find the
radius of the sphere.

4. Find the interval in which the function f given by f(x) = 7 - 4x — x” is strictly increasing.
[CBSE 2020 (65/3/1)]
At what points on the curve x* + y* — 2x — 4y + 1 = 0, the tangents are parallel to y-axis?

It is given that at x = 1 the function x* — 62x” + ax + 9 attains the maximum value on the interval
[0, 2]. Find the value of a.

7. Find the least value of A such that the function (x* + Ax + 1) is increasing on [1, 2].

W Short Answer Questions—I: [2 marks each]

8. The contentment obtained after eating x-units of a new dish at a trial function is given by the
function C(x) = x* + 6x* + 5x + 3. If the marginal contentment is defined as rate of change of C(x)
with respect to the number of units consumed at an instant, then find the marginal contentment
when three units of dish are consumed. [CBSE (F) 2013]

9. Prove that the function f(x) = tan x — 4x is strictly decreasing on (—%,%) .

10. Find the value of a for which the function f(x) = sin x —ax + b increasing on R.
11. Show that the function f(x) = 4x° — 18x* + 27x -7 is always increasing on[R. [CBSE Delhi 2017]

12. Prove that f(x) = sin x + ¥3 cos x has maximum value at x = % .
13. Show that the function f defined by f(x) = (x — 1) ¢" + 1 is an increasing function for all x > 0.
[CBSE 2020 (65/4/1)]
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W Short Answer Questions-II: [3 marks each]

14.

15.

x-7 .
m at the point
where it cuts the x-axis. [CBSE 2019 (65/3/1)]
A ladder 13 m long is leaning against a vertical wall. The bottom of the ladder is dragged
away from the wall along the ground at the rate of 2 cm/sec. How fast is the height on the wall

Find the equations of the tangent and the normal to the curve y =

decreasing when the foot of the ladder is 5 m away from the wall? [CBSE 2019 (65/4/1)]
16. Find the intervals in which the function f(x) = 3x* — 4x®> - 12x* + 5 is

(a) strictly increasing () strictly decreasing. [CBSE Delhi 2014]
17. Find the point on the curve 9y* = x°, where the normal to the curve makes equal intercepts on the

axes. [CBSE (F) 2015]
18. Find the equations of the normals to the curve y = x> + 2x + 6 which are parallel to the line

x+ 14y +4=0. [CBSE Delhi 2010]
19. Prove that the semi-vertical angle of the right circular cone of given volume and least curved

surface area is cot ™ y/2. [CBSE Delhi 2014]
20. Find all the points of local maxima and local minima of the function

flx) = —%x‘* —8x° - 42—5x2 +105
21. Using differentials, find the approximate value of v0.082 .
B Long Answer Questions: [5 marks each]

22. Find the dimensions of the rectangle of perimeter 36 cm which will sweep out a volume as large

23.

24.

25.
26.

27.

28.

29.

30.

31.

32.

33.

as possible, when revolved about one of its side. Also, find the maximum volume.

[CBSE 2020 (65/4/1)]
Show that a right circular cylinder of the given volume open at the top has minimum total surface
area, provided its height is equal to the radius of the base. [CBSE (F) 2014]
Show that the equation of normal atany pointton the curve x = 3cot t — cos’t and y = 3 sint — sin’t
is 4(ycos’t — xsin’t) = 3sin 4t. [CBSE Delhi 2016]
Find the angle of intersection of the curve y* = 4ax and x* = 4by. [CBSE (F) 2016]

The volume of a sphere is increasing at the rate of 3 cubic centimeter per second. Find the rate of
increase of its surface area, when the radius is 2 cm. [CBSE Delhi 2017]

Find the local maxima and local minima, of the function f(x) = sin x — cos x,0 <x<2m, Also find the
local maximum and local minimum values. [CBSE Delhi 2015]

Find the value of p for which the curves x* = 9p(9-y) and x* = p(y+1) cut each other at right angles.
[CBSE Allahabad 2015]

Find the point on the curve y = Lz , where the tangent to the curve has the greatest slope.
Lrx [CBSE Chennai 2015]

Find the absolute maximum and absolute minimum values of the function f given by

flx) = cos’ x +sinx, x e [0, 7] [CBSE Guwahati 2015]
Find the equation of tangents to the curve i = cos (x + y), — 21 < x < 27, that are parallel to the line
x+2y=0. [CBSE (F) 2016]
Determine the intervals in which the function f(x) = x* — 8x” + 22x* — 24x + 21 is strictly increasing
or strictly decreasing. [CBSE (South) 2016]
Find the equation of the normal at a point on the curve x* =4y which passes through the point
(1, 2). Also find the equation of the corresponding tangent. [CBSE Delhi 2013]
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34. A manufacturer can sell x items at a price of ¥ (5 - %) each. The cost price of x items is

4 (% + 500). Find the number of items he should sell to earn maximum profit. [CBSE (Al) 2009]

35. A wire of length 34 m is to be cut into two pieces. One of the pieces is to be made into a square and

the other into a rectangle whose length is twice its breadth. What should be the lengths of the two
pieces, so that the combined area of the square and the rectangle is minimum? [CBSE (F) 2017]

36. Show that the rectangle of maximum perimeter which can be inscribed in a circle of radius r is the

square of side 72 . [CBSE Delhi 2011]

37. Show that the rectangle of maximum area that can be inscribed in a circle is a square.

[CBSE Delhi 2008, 2011]

38. Show that the normal at any point 6 to the curve x =acost+a0sin6,y =asinf-a06cos0 is ata

constant distance from the origin. [CBSE(AI) 2011]
Answers
1. (i) () (i) (c) (iit) (a) (iv) (a) (v) () (vi) (a)
(vii) (@)  (viii) (c)
2. ()11 (it) -2 (iif) 6m cm?/cm (iv) %
3. 1 units 4. (-, -2) 5. (-1,2)and (3, 2) 6. a=120 7. h=-2
2yn
8. 68 units 10. (—oo,-1) 14. x - 20y —7 = 0 and 20x + y — 140 = 0 respectively
15. % cm/sec 16. (a) (<1,0) U (2, ) (b) (=0, -1) L (0, 2) 17. (4, %) and <4, _3_8>
18. x +14y—-254=0and x + 14y + 86 =0 20. Local maxima at 0, -5; and local minima at -3
21. 0.2867 22. Length =12 cm, breadth = 6 cm and maximum volume = 271[76 cm®
25. 90° 26. 3cm?/sec.  27. Local maximum value = /2, local minimum value = - y/2
28.p=0,4 29. (0,0)

30.

31.
35.

Absolute maximum value = % at x= % and 5%[ , absolute minimum value =1 atx =0, % and 7
x+2y=0 32. (1,2)u B, ©);(-»1)u(2,3)33. x+y-3=0; x-y-1=0 34. 240 items

16 m, 18 m

I, SELF-ASSESSMENT TEST A

Time allowed: 1 hour Max. marks: 30
1. Choose and write the correct option in the following questions. @4x1=4)
(i) If y = x* = 10 and x changes from 2 to 1.99, then what is the change in y?
(2) 0.32 (b) 0.032 (c) 5.68 (d) 5.698
(i1) The maximum slope of curve y = — x> +3x% +9x - 27 is
(@) 0 (b) 12 (c) 16 (d) 32
ogx
(iii) The maximum value of —— in [2, ) is
@0 o)1 © + @ e

252 Xam idea Mathematics—XII



(iv) The function f(x) = x> —27x +51s monotonically increasing when
(@) x<-3 ® |x| >3 () x<-3 (d) |x| =3
2. Fill in the blanks. 2x1=2)
(i) The equation of normal to the curve 2y + x* = 3 at point (1, 1) is
(ii) The maximum value of sin x . cos x is
B Solve the following questions. 2x1=2)
3. The maximum and minimum value of the function f(x) = |x + 2] - 1.
4. Show that f(x) = ¢ do not have maxima or minima.
B Solve the following questions. @4x2=8)
5. Show that the tangent to the curve i = 7x° + 11 are parallel at the points x = 2 and x = 2.
6. Find two numbers whose sum is 24 and whose product is as large as possible.
7. Find the least value of A such that the function (x* + Ax + 1) is increasing on [1, 2].
8. Find the value of a for which the function f(x) = sin x —ax + b increasing on R.

B Solve the following questions. B3x3=9)

4 sin x — 2x -
9. Find the intervals in which the function f given by f (x) = > xz n c):)s ; 8T s

(i) increasing (if) decreasing.
10. Find the equation of tangent to the curve y = /3x — 2, which is parallel to the line 4x -2y + 5 =0.
11. The fuel cost for running a train is proportional to the square of the speed generated in km per
hour. If the fuel costs ¥ 48 per hour at speed 16 km per hour and the fixed charges amount to

%1200 per hour then find the most economical speed of train, when total distance covered by train
is 5 km.

W Solve the following question. (1x5=5)

12. A square piece of tin of side 18 cm is to be made into a box without top by cutting a square from
each corner and folding up the flaps to form a box. Find the maximum volume of the box.

Answers

1. (i) (a) (i) (b) (iii) (c) (iv) (d)

2. ()x—-y=0 (i) %

3. Min value = - 1 & maximum value does not exist

6. Both numbers are same and is 12. 7.0=-2 8. (-, -1)

9. (i) f(x) is increasing in the interval <0, g) and <37n, 27'[) (if) decreasing in the interval (%, 3%)
10. 48x — 24y -23 =0 11. v = 50 km/hour 12. 432 cm?®

(] ]

Application of Derivatives 253



