Vector Algebra
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(_ QUICKRECAP )

VECTOR o Magnitude : The distance between the
points A and B is called the magnitude of the

@ A physical quantity having magnitude as well
as direction is called a vector. A vector is o
represented by a line segment, denoted as | AB|.

AB or a. Here, point A is the initial point o Position Vector : Let P be any point in space,
having coordinates (x, y, z) with respect to
some fixed point O (0, 0, 0) as origin, then

directed line segment AB . It is denoted by

and B is the terminal point of the vector AB.



the vector OP having O as its initial point
and P as its terminal point is called the
position vector of the point P with respect to

O. The vector OP is usually denoted by 7.

z
P(x,5,2)
0 Y
X
Magnitude of OP is, |OP|= \x? +y 2422
ie, |7 |= x? +y 2422,

In general, the position vectors of points A,
B, C, etc. with respect to the origin O are

denoted by a,b,c, etc. respectively.

0 Direction Cosines and Direction Ratios :
The angles o, P, ¥ made by the vector 7
with the positive directions of x, y and z-axes
respectively are called its direction angles.
The cosine values of these angles, i.e., cosa,
cosp and cosy are called direction cosines of
the vector 7, and usually denoted by /, m and
n respectively.

Direction cosines of 7 are given as

X
I= m= ) s
x2+y2+22 x2+y2+z2
z
n=

VX2 + 2+ 2
The numbers Ir, mr and nr, proportional to

the direction cosines of vector r are called
direction ratios of the vector r and denoted
as a, b and c respectively.

ie,a=Ir, b=mrand c=nr
Note: P+ m?>+n*>=1 and a®>+ b*+c*#1,
(in general).

TYPES OF VECTORS

0 Zero vector : A vector whose initial and
terminal points coincide is called a zero (or
null) vector. It cannot be assigned a definite
direction as it has zero magnitude and it is

denoted by the 0.

Q© Unit Vector : A vector whose magnitude is
unity i.e.,, |a|=1.1Itis denoted by a.

0 Equal Vectors : Two vectors aand b

are said to be equal, written as a = b, iff

they have equal magnitudes and direction
regardless of the positions of their initial
points.

o

Coinitial Vectors : Vectors having same
initial point are called co-initial vectors.

Collinear Vectors : Two or more vectors are
called collinear if they have same or parallel
supports, irrespective of their magnitudes
and directions.

(3]

Q Negative of a Vector : A vector having the
same magnitude as that of a given vector
but directed in the opposite sense is called

negative of the given vector i.e., BA = —AB.

ADDITION OF VECTORS

o Triangle law Letthe C
vectors be aand b L
so positioned such ¢ b

that initial point of

one coincides with 4

terminal point of the

other If a=AB,b=BC. Then the vector

a+b is represented by the third side of AABC
ie., AB+BC = AC

Q rarallelogram law : i
If the two vectors a

and b are represented b
by the two adjacent
sides OA and OB
of a parallelogram
OACB, then their sum @ + b is represented
in magnitude and direction by the diagonal
OC of parallelogram OACB through their
common point O i.e., OA + OB = OC

Properties of Vector Addition
»  Vector addition is commutative i.e.,
a+b=b+a.
»  Vector addition is associative i.e.,
a+(b+c)=(a+b)+c.
> Existence of additive identity : The zero
vector acts as additive identity i.e.,

o
Sy
o

a+0=a=0+a for any vector a.
»  Existence of additive inverse : The negative
of ai.e.,—a acts as additive inverse i.e.,

a+ (—;1) =0= (—1;) +a for any vector a.



MULTIPLICATION OF A VECTOR BY A
SCALAR

0 Let d be a given vector and A be a given

scalar (a real number), then 7La is defined as

the multiplication of vector a by the scalar A.

Its magnitude is IAl times the modulus of

aie., |7»a| = (Al lal.

Direction of Aa is same as that of a if A >0

and opposite to that of a if A <0.

Note : If A = % , provided that 4 #0, then

a
Ad represents the unit vector in the direction
. o~ d

of die.a=—

a|

COMPONENTS OF A VECTOR
o Let O be the origin and P(x, y, z) be any point

vvvyVvVvyy

in space. Let i, j i k be unit vectors along
the X-axis, Y-axis and Z-axis respectively.
Then OP = xi + yj + zk, which is called the
component form of OP. Here x, y and z are
scalar components of OP and xi, y ], zk are
vector components of OP.

If dand b are two given vectors as

i=aji+ayj+ak and p= blf+b2}'+b3l€
and A be any scalar, then
d+b=(a +b )z+(a2 +b,)
i-b =(q —b1)1+(a2 b,)j
Ad = (Aay)i +(Aay)j +(has )k
ﬁzl;";jalzbl,azzbz and a; = by
and b are collinear iff

bbb,

4 4 43

(ay +b; )k

j+
J +(a; — bk

QY

VECTOR JOINING TWO POINTS

0 If P,(xy, ¥1, z,) and z Py 2,)
P, (x,, Y2 z,) are
any two points in .
kA
< P (X 27)

the space then the
vector joining P,
and P, is the

vector P P,.

Applying triangle law in AOP,P,, we get
OP, + PP, =OP,

= RP=0h,-O0R

X

= (x22+y2}+2212)—(x12+)’1}+21];)

~

= (x, _xl);"'(}’z _)’1)}"'(22 -z))k
BBy 0 =) + (s — )P + (23— )

SECTION FORMULA
0 Let A, B be two points such that

>

OA = a and OB=b.

The position vector r of the point P which
divides the line segment AB internally in the

. .. - mb+na
ratio m : n is given by r =

. m+n
The position vector 7 of the point P which
divides the line segment AB externally in the

. I -~ mb—na
ratio m : n is given by r =

m-n
The position vector 7 of the mid-point of the
a+b

line segment AB is given by r=

PRODUCT OF TWO VECTORS
o Scalar (or dot) product : The scalar (or dot)

product of two (non- Zero) vectors a and b
denoted bya b (read as a dot b), is defined

asa - b= |a| |b|cose =abcos0,
where, a = |d|,lz = |l;| gnd 0(0 £ 6 <) is the

angle between a and b.
Properties of Scalar Product :

(i)  Scalar productiscommutative: d-b=>b-a

(i) d-0=0

(iii) Scalar product is distributive over
addition :
* G-(b+c)=ad-b+a-c
o (G+b)c=ac+b-¢c

(iv) Md-b)=(Ad)-b=a-(Ab), Abeany
scalar.

(v) If f, 3,]2 are three unit vectors along
three mutually perpendicular lines, then

AA A A AA A A

i-i=j-j= k-k= landi-j=j-k= k-i=0
(vi) Angle between two non-zero vectors

dandb is given by cos0 =

ie, 0= cos_l[ fzi J
la||b|

wx‘ SN




(vii) Two non-zero vectors dandb are
mutually perpendicular if and only if

a-b=0
(viii)If 6 = 0, then & - b = |al[B|
1f0 = 1, then @-b=—allb

Projection of a vector on
a line : Let the vector

AB makes an angle 0
with directed line /.

Projection of AB on Z=|Z§|COSB=K€’=Z).
The vector p is called the projection vector.

A

Its magnitude is | P|,which is known as
projection of vector AB.

Projection of a vector d on b, is given as
d-bie, —(a-p).
o]
Vector (or Cross) Product : The vector (or
cross) product of two (non-zero) vectors
aand b (in an assigned order), denoted
by a x b (read as a cross b ), is defined as
axb= ‘Zl‘ ‘l;‘ sin 07 where 6(0 < 0 < 7) is
the angle between @ and b and nis a unit
vector perpendicular to both a and b.
Properties of Vector Product :
(i) Non-commutative : d xb=-bxa
(ii) Vector product is distributive over
addition :
ax(b+c)=dxb+adxc
(iii) M@xb)=(Ad)xb=ax(Ab), A be
any scalar.
(iv) @)X (\,b) =M A, (@xb)
0 ixjek xkeiixiz)
(vi) Two non-zero vectors a, b are collinear
if and only if @ xb =0
Similarly, axa=0and ax(-a)=0,since
in the first situation 6 = 0 and in the

second one, 0 = 1, making the value of
sin O to be 0.

(vii) If 4 and b represent the adjacent sides
of a triangle as given in the figure. Then,

1
Area of triangle ABC = EAB -CD

1 - 1 -
=~|b||d|sin® ==|axb]|
2 2

(viii) If @ and b represent D C
the adjacent sides of
a parallelogram as 4
given in the figure. 4 E B
Then, area of parallelogram ABCD = AB-DE
= |b||a|sin®=|axb|
(i) If d=ai+ayj+ask,b =bji+b,j+bik,
ij ok
ixb= a, a, a,
by b, b
= (ayby — a3b, )i+ (asb, —a,by )}
+ (a;b, —a,b) )k
(x) Angle between two vectors 4 and b is

given by sinf = M
lallb]

ie,0=sin™ (M]
lallo]

Scalar Triple Product : The scalar triple
product of any three vectors a,band ¢ is
written as a (E XE) or [;1 bel.
Coplanarity of Three Vectors : Three vectors
a, b and ¢ are coplanar iff a- (l; X Z) =0.
Volume of parallelopiped formed by
adjacent sides given by the three vectors

a= (alf +ay )+ a312), b= (blf +byj+ b312),

and ¢ = (clf +ey)+ C3]€), is |ﬁ-(5xf)|.

a a4, a5
ie, |a-(bxe)l=|b, b, b,
G 6 G

For any three vectors a,b and ¢,
(i) [abc]=[bcal=[c ab]
(i) [abcl=—[acb] (i) [aab]=0




10.2 Some Basic Concepts

(1 mark)

1. Findavector 4 of magnitude 52, making

T
an angle of 1 with x-axis, g with y-axis and
an acute angle 0 with z-axis. (AI 2014)

2. If a unit vector @ makes angles Ewith i

kid with j and an acute angle 6 with k, then
4

find the value of 6. (Delhi 2013)

3. Find the magnitude of the vector

a=3i—2j+6k. (AI 2011C)

10.3 Types of Vectors
(1 mark)

4. The value of p for which p(i +j+ k) is a unit

vector is

(@) 0 (b) %

() 1 @ 3 (2020)
10.4 Addition of Vectors

(1 mark)

5. ABCD is a rhombus, whose diagonals
intersect at E. Then EA+EB+EC+ED

equals
@ O (b) AD
(c) 2BC (d) 2AD (2020)

6. Find the sum of the vectors 5:2—2}+1§,
b=—2i+4j+5k and c=i—6]—7k.
(Delhi 2012)
7.  Find the sum of the following vectors :
G=i-3kb=2j—k ¢=2i-3j+2k
(Delhi 2012)

8.  Find the sum of the following vectors :
a=i-2j,b=2i-3j,c=2i+3k (Delhi2012)

9. IfA,Band Carethevertices ofa triangle ABC,
then what is the value of AB+ BC +CA?
(Delhi 2011C)

10.5 Multiplication of a Vector by
a Scalar

(1 mark)

10. The position vector of two points A and B
are OA :21?—}'—12 and OB :25—}+212,
respectively. The position vector of a point P
which divides the line segment joining A and
Bin theratio 2: 1 is (2020)

11. Find the position vector of a point which
divides the join of points with position
vectors d—2band 24 +b externally in the
ratio 2 : 1. (Delhi 2016)

12. Write the position vector of the point which
divides the join of points with position
vectors 3@ — 2b and 2d + 3b in theratio 2: 1.

(AI 2016)

13. Findtheunitvectorin the direction of the sum

of the vectors 2{ +3j—k and 4i — 3] +2k -
(Foreign 2015)
14. Find a vector in the direction of g=j— 2}'

that has magnitude 7 units.  (Delhi 2015C)

15. Write the direction ratios of the vector 3a +2b
where a=i+j—2k and b=2i—4j+5k.

(AI 2015C)

16. Write a unit vector in the direction of the

sum of the vectors @ =2i+ 2}' —5k and

b=2i+j-7k. (Delhi 2014)

17. Find the value of 'p” for which the vectors
3i +2j+9k and i —2pj+3k are parallel.

(AI 2014)

18. Find a vector in the direction of vector

2i—3j+ 6k which has magnitude 21 units.
(Foreign 2014)



19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Write a unit vector in the direction of vector
Fé , where P and Q are the points(1, 3, 0)
and (4, 5, 6) respectively. (Foreign 2014)
Write a vector in the direction of the vector

i-2j+ 2k that has magnitude 9 units.
(Delhi 2014C)

Ifﬁ=xf+2}—zl€ andI;=3f—y}'+I€ are two
equal vectors, then write the value of x + y + z.
(Delhi 2013)

Write a unit vector in the direction of the sum
of vectors G =2{ —j+2kand b =—i +j+3k.
(Delhi 2013)
P and Q are two points with position vectors
3i—2band a+b respectively. Write the
position vector of a point R which divides the

line segment PQ in the ratio 2 : 1 externally.
(AI2013)

A and B are two points with position vectors

2d—3b and 6b —a respectively. Write the
position vector of a point P which divides
the line segment AB internally in the ratio
1:2. (AI2013)

L and M are two points with position vectors

2d—band @+2b respectively. Write the
position vector of a point N which divides the
line segment LM in the ratio 2 : 1 externally.
(AI2013)
Find the scalar components of the vector
AB with initial point A(2, 1) and terminal
point B(-5, 7). (AI2012)
Find a unit vector parallel to the sum of the
vectors 1A+]+l€ and 21?—3}'+512.
(Delhi 2012C)
Find a unit vector in the direction of the
vectord =3i — 2 +6k. (AI 2012C)
Write the direction cosines of the vector
—2i + j—5k. (Delhi 2011)
For what value of ‘@) the vectors 2] — 3} + 4k
and ai + 6} — 8k are collinear ? (Delhi 2011)
Write a unit vector in the direction of the

vector d=2i + } +2k. (AI2011)

32.

33.

Find a unit vector in the direction of

d=2i-3j+6k (Delhi 2011C)
Find a unit vector in the direction of the
vector 522;+3}'+612. (AI2011C)

m (2 marks)

34.

X and Y are two points with position vectors
3d+b and d-3b respectively. Write the
position vector of a point Z which divides the

line segment XY in the ratio 2 : 1 externally.
(AI 2019)

(4 marks)

35.

36.

The two vectors }+1Ac and 32—}'+4IA<
represent the two sides AB and AC,
respectively of a AABC. Find the length of
the median through A.

(Delhi 2016, Foreign 2015)

Find a vector of magnitude 5 units and
parallel to the resultant of the vectors
G=2i+3j—k and b=i—2j+k

(Delhi 2011)

10.6 Product of Two Vectors
(1 mark)

37.

38.

39.

40.

If the projection of d=i-2j+ 3k on
b =2i + Ak is zero, then the value of A is
(@) 0 (b) 1

-2 -3

(c) 3 (d) >

The area of the parallelogram whose

(2020)

diagonals are 2i and -3k is square

units.

The value of A for which the vectors
22—7»}'+l€ and f+2}'—l€ are orthogonal is
(2020)

If i, j, k are unit vectors along three mutually
perpendicular directions, then

(@ i-j=1 (b) ixj=1
(d) ixk=0 (2020)



41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

Find the magnitude of each of the two

vectors @ and b , having the same magnitude
such that the angle between them is 60° and

their scalar product is % . (2018)

Write the number of vectors of unit
length perpendicular to both the vectors

G=2i+j+2kandb=j+k.  (AI2016)
If &b,Care unit vectors such that
G+b+¢ = 0,then write the value of
a-b+b-C+¢-a. (Foreign 2016)

-2 -2
If |axb| +|a b| =400 and lal=5 then

write the value of | b . (Foreign 2016)

If G=7i+j—4kandb=2i+6j+3k, then
find the projection of d on b .
(Delhi 2015, 2013C)

If 4, b and ¢ are mutually perpendicular unit
vectors, then find the value of |2a+b+c|.
(AI 2015)
Write a unit vector perpendicular to both the
vectors g =f+}+]€ and I;=1A+]A (AI 2015)
Find the area of a parallelogram whose
adjacent sides are represented by the
vectors 2i — 3k and 4j +2k. (Foreign 2015)

If G and b are unit vectors, then what is the

angle between d and b sothat N2 @b is
a unit vector ? (Delhi 2015C)

Find the projection of the vector
d=2i+3j+2k on the vector E:zf+2j+}€.
(AI2015C)

Find the projection of vector i+ 3}' +7k
on the vector 2i — 3}' + 6k. (Delhi 2014)

If Gandb are two unit vectors such that
G+b is also a unit vector, then find the angle
(Delhi 2014)

If vectors dandb are such that,||=3,|5| _2
3

between Gandb.

and d@xbis a unit vector, then write the

angle between dand b. (Delhi 2014)

54.

55.

56.

57.

58.

59.

60.

62.

63.

64.

65.

66.

67.

If Gandb are perpendicular vectors,
|Ez +I;|:13 and |al=5, find the value of |].
(AI 2014)
Write the projection of the vector i +}'+I€
along the vector } (Foreign 2014)
Write the value of
ix(j+k)+jx(k+i)+kx(i+]). (Foreign 2014)
Write  the the
(3=2f—}'+l€ on the vector I;=f+2}+212.
(Delhi 2014C)

projection  of vector

If Gand b are unit vectors, then find the angle

between dandb , given that (\/gﬁ - 5) isa

unit vector. (Delhi 2014C)

Write the value of cosine of the angle which

the vector @ =i + j + k makes with y-axis.
(Delhi 2014C)

b|=3 and |axb|=12, find the
(AI 2014C)

If lal=s8,
angle between dandb.

Find the angle between x-axis and the vector

i+j+k. (AI 2014C)
Find ||, if for a unit vector a ,
(x-a)-(x+a)=15 (AI 2013)

Write the value of A so that the vectors
ﬁ=2f+7uj+12 and 5=f—2}'+3l€ are
perpendicular to each other.
(Delhi 2013C, AI 2012C)
For what value of A are the vectors i +2Aj + k
and 2i +j— 3k are perpendicular?
(AI 2013C, 2011C, Delhi 2012C)

Write the projection of b+cond, where

d=2i-2j+k,b=i+2j—2k and ¢=2i — j+4k.
(A 2013C)

Find A the
a=\i+j+4k on b=2i +6j+3k is 4 units.
(Delhi 2012)

when projection  of

Write the value of (zA X ]) k+i- j. (AI2012)



68.
69.
70.

71.

72.

Write the value of (]2 X j) g+ ]A k. (AI2012)
Write the value of (£ x7)- j +i-k (AI2012)

Write the angle between two vectors a and b
with magnitudes V3 and 2 respectively
having a - b = /6. (AI2011)
Write the projection of the vector i —jon

the vector i + . (AI 2011)

If | a |= \/§,| b |=2 and angle between aand b

is 60°, find a-b. (Delhi 2011C)

(2 marks)

73.

74.

75.

76.

77.

78.

Find a unit vector perpendicular to each of the
vectors @ and b and where @ = 5f+6}—21€
and b=7i+6]+2k. (2020)
Show that for any two non-zero vectors
Gand b, la+bl=la-bliffaandb are
perpendicular vectors. (2020)
Show that the vectors 2i —j+k, 3i+7j+k
and 5i+6j+2k form the sides of a right-
angled triangle. (2020)

If the sum of two unit vectors is a unit vector,
prove that the magnitude of their difference

is /3. (Delhi 2019)
Let =i +2j—3k and b=3{ —j+2k be
two vectors. Show that the vectors (d@+b)

and (d@—b) are perpendicular to each other.
(A 2019)

If © is the angle between two vectors
i—2j+3k and 3i—2j+k, find sin 0. (2018)

(4 marks)

79.

80.

and b=2i+4j-5k

sides of a

If aG=i+2j+3k
represent adjacent
parallelogram, find unit vectors parallel to
the diagonals of the parallelogram.  (2020)

two

Using vectors, find the area of the triangle
ABC with vertices A(1, 2, 3), B(2, -1, 4) and
C(4,5,-1) (2020, Delhi 2013, AI 2013)

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

AANA A A A A A A A
If i+j+k,2i+5],3i+2j—3k andi—6j—k
respectively are the position vectors of points
A, B, C and D, then find the angle between
the straight lines AB and CD. Find whether

AB and CD are collinear or not. (Delhi 2019)
Let d= 42-%—5}'—1;, b =;—4}'+5IA< and
F=3i+ } _k . Find a vector 4 which is

perpendicular to both ¢ and bandd-a=21.
(2018)

If @ b, ¢ are mutually perpendicular
vectors of equal magnitudes, show that

the vector d@+b+¢ is equally inclined
to @ band .Also, find the angle which
d+ b+ ¢ makes with @ or b or ¢.
(Delhi 2017)
Show that the points A, B, C with position
vectors 2i— j+k, i—3j— 5k and 3i— 4] — 4k
respectively, are the vertices of a right-angled
triangle. Hence find the area of the triangle.
(AI2017)
The two adjacent sides of a parallelogram are
2i—4j—5k and 2i+2j+3k. Find the two
unit vectors parallel to its diagonals. Using

the diagonal vectors, find the area of the
parallelogram. (AI 2016)

If dxb=c¢xdanddx¢=bxd,show
that d—d is parallel to b—¢, where d#d
and b#¢. (Foreign 2016)

If szf+y}+zl€, find (Fxf)~(?><j)+xy.
(Delhi 2015)
If G=i+2j+k b=2i+jand ¢ =3i—4j-5k,
then find a unit vector perpendicular to both
of the vectors (d — E) and (E—E) . (AI 2015)

Vectors @, b and ¢ aresuchthat @+b+¢=0
and |d| =3, |E| =5 and |E| =7. Find the

angle between 4 and b. (Delhi 2014)

The scalar product of the vector @ =1 + j +k
with a unit vector along the sum of vectors

5222+4]—512 and C=Ai+2j+3k is



91.

92.

93.

94.

95.

96.

97.

98.

99.

100.

equal to one. Find the value of A and hence

find the unit vector along b +¢. (AI2014)

Find a unit vector perpendicular to both
d+bandd—b where
(Foreign 2014)

of the vectors
G=i+j+kb=i+2j+3k.
If G=2i-3j+k,b=—i+k, ¢=2j—k are
three vectors, find the area of the parallelogram
having diagonals (G + ) and (b +¢).
(Delhi 2014C)
Find the vector p which is perpendicular to
both i=4i+5j— kand B=i —4j+5kand

D4 =21, where §= 31+] k. (AI 2014C)

If Gand b

| i+b | =|a|, then prove that vector 2 + b
(Delhi 2013)

are two vectors such that

is perpendicular to vector b.

If a=i+j+kandb=j—k find a

vector ¢, suchthatd X ¢ = bandid- ¢ = 3.
(Delhi 2013)

If a=i—j+7k and b=5i—j+Ak, then
find the value of A, so that @+b and d—b

are perpendicular vectors. (AI2013)

If 4,b,¢ are three mutually perpendicular
vectors of the same magnitude, prove that
d+b+¢ is equally inclined with the vectors
d,bandc. (Delhi 2013C)
Dot product of a vector with vectors

i—j+k,2i+j-3k i+j+k

and are
respectively 4, 0 and 2. Find the vector.
(Delhi 2013C)

Find the values of A for which the angle
between the vectors d@=2A% i +4Aj +k and
b=7i—2j+\k is obtuse. (AI 2013C)

If E,E and ¢ are three vectors such that
each one is perpendicular to the vector
obtained by sum of the other two and
|a |: 3,| b |: 4 and |E | = 5, then prove that

la+b+¢|=5V2. (AI2013C)

101.1

102.

103.

104.

105.

106.

107.

108.

109.

If@a=3i—j and b=2i +] 3k then express
b ntheform b = b, + b, where b, ||a@ and
b, L

(AI 2013C)
If ab,¢
|a|—5|b|—12and|c|—13anda+b+c— ,

find the value of G-b + b-¢ +¢-a.
(Delhi 2012)

are three vectors such that

Let d=i+4j+2kb=31-2j+7kandc=2i—j+4k.
Find a vector p which is perpendicular to
both @ and b and p-c =18. (AI 2012)

If the sum of two unit vectors d and bis a
unit vector, show that the magnitude of their
difference is f (Delhi 2012C)

Find a unit vector perpendicular to each
da+b and d—b, where
d=3i+2j+2k and b=i+2j-2k.

(Delhi 2011)

of the vectors

If two vectors @ and b are such that
|a|=2, G-b=1 then find the
value of (3G —5b)-(24+7b).  (Delhi 2011)
Using vectors, find the area of the triangle

with vertices A(1, 1, 2), B(2, 3,5) and C(1, 5, 5).
(AI2011)

If 4,b and € are three mutually perpendicular
vectors of equal magnitude, show that
G+b+¢ is equally inclined to Zz,g and ¢.
Also find the angle. (Delhi 2011C)
If Zi,l; and ¢ are three vectors such that
|ﬁ|=3,|5|=4 and |E|=5 and each one
of them is perpendicular to the sum of the
other two, then find |;+E+E |. (AI2011C)

10.7 Scalar Triple Product
(1 mark)

110.

111.

Find A, if the a=i+3j+k,
b=2i— } —kand ¢= Aj+ 3k are coplanar.

(Delhi 2015)

vectors

Find g- (b><c) if G=2i+j+3kb=—i+2j+k
and ¢= 3z+]+2k (AI2014)



m (2 marks)

112. Find the volume of the parallelepiped
whose adjacent edges are represented by

2d,-b and 3¢, where
d=i—j+2k b=3i+4j-5k and
E:

2i - j+3k. (2020)
113. If G=2i+3j+k b=i-2j+kand
c=-3i+j+2k find[dbc].  (Delhi 2019)

(4 marks)

114. Find the value of x, for which the four
points A(x, -1, -1), B(4, 5, 1), C(3, 9, 4) and
D(-4, 4, 4) are coplanar. (AI2019)

115. Leta:§+}'+lz, b=i and E:c1;+c2}'+c312,
then
(a) Letc¢,=1andc,=2,find ¢; which makes
d, band ¢ coplanar.
(b) Ifc, =-1and ¢; =1, show that no value
of ¢, can make @, b and ¢ coplanar.
(Delhi 2017)
116. Find the value of A, if four points with position
vectors 3i+6j+9k, i+2j+3k 2i+3j+k

and 4i+ 6}' + Ak are coplanar. (AI2017)

117.

118.

119.

120.

121.

122.

123.

Show that the vectors G, b and ¢ are coplanar
ifd+b,b+cand ¢ +4a are coplanar.

(Delhi 2016)
Find the value of A so that the four points A,
B, C and D with position vectors 4 +5j+l€,
—j—k, 31 +\j+4k and —4i +4]+4k

respectively are coplanar. (Delhi 2015C)

Prove that : [a,b+c,d]=[a,b,d]+[a,c,d].
(AT 2015C)

Prove that, for any three vectors a@, b, ¢

[G+b b+¢ ¢+ad]=2[db¢c] (Delhi2014)
Show that the four points A, B, C and D
with position vectors 4i + 5}' + 12 - j - I%
3i+9j+ 4k and 4 (—f +j+ k) respectively

are coplanar. (AI2014)

Show that the vectors Ei,I;,E are coplanar if
and onlyif @+b,b+¢ and ¢ +d are coplanar.

(Foreign 2014)
If the three vectors @,band¢ are coplanar,

prove that the vectors G+b,b+¢ and ¢+a

are also coplanar. (Delhi 2014C, 2013C)

Detailed Solutions /

T 1
1. Here, |=cos—=—, m=cos£:0,
4 2 2
n = cosO
Since, P+ m* + n*=1
1 1
= —+0+c0s’0=1 = cos’O=1——=—
2 2 2

1 b
= cosez—:>9:Z

V2
The vector of magnitude 5v2 s
a= S\E(l§+ m}'+nl§)

= 5\/5(%%0%%12):5(?”2)

T 1
SoN=C0S—=—=
4

V2

1 1
2. l=cosE=7,m=cosE=— and n=cos0
3 2 4

V2

Now, Pam? +n? =1

=

* (]

= —+-+n =l=>n" =
4 2

N
N | —

1
cosO==+—
2

But 0 is an acute angle (given).

0 = cos™ (l): T
2 3

Here, a=3i —2j+6k

Its magnitude = |4|

=32+ (-2)2+6% =V9+4+36 =49 =7.



4. (b):Leta=(i+j+k)
i+vi+k 1

So, unit vector of d = === =—( 1+ +k
Ji+1+1 3 J
1
The value of p is —.
RN

5. (a): EA+EB+EC+ED
= EA+EB-EA—EB
[As diagonals of a rhombus bisect each other]
=0

6. The glven vectors are

a= 2]+k b——21+4]+5k c=i-6j-7k

Their sum =G +b +¢
=(i—2j+k)+(~2i+4j+5k)+(i—6]—7k)

=—4j— k.

7. Requiredsum=d +b + ¢

=(i—3k)+ (2] — k) + (2i — 3] +2k)

=3i—j -2k

8. Required sum =g+b+¢

=(i—2])+(2i—3j)+(2i+3k) =5i

9. Let ABC be the given C
trlangle

Now AB+BC = AC
(By Triangle law)

—5]+3k.

= AB+BC+CA=AC+CA=0
10. Required position vector of point P
102 — j—k)+2(2i — j+2k)
2+1
—j—k+4i-
3
%(62—3}4312): 2i-j+k

2j+4k

11. Required position vector

B 2.(25.,.5)_1(5_2;;) _ 4a+2b—a+2b
B 2-1 1
=3d+4b

12. Required position vector
2(2d +3b)+1(3d-2b) _7a+4b 1. 4
= = =—a+ gb

2+1 3 3

13. Let a=2i+3j—k and b=4i -3} +2k.
Then, the sum of the given vectors is
c=d+b=02+4)i+(3-3)j+(-1+2)k=6i+k

and |¢|Ha+b |=V6% +12 =36 +1=4/37

Unit vector, c= = = i+

14. A unit vector in the direction of d =i —2]

o 1—2]

isa= 1—2]
o JEeP F

The required vector of magnitude 7 in the

%(z’—z}).

15. G=i+j—2k;b=2i—4j+5k

directionof a=7-a=

. 3d+2b=3(+ j—2k)+2(2i — 4] +5k)
= (3i+3]—6k)+(4i— 8] +10k) = 7i — 5] + 4k
The direction ratios of the vector

3a+2bare7,-5,4.
16. Refer to answer 13.
17. Let a=3i+2j+9%and b=i—2pj+3k
For a and b to be parallel, b = Aa.
=i-2pj+3k=N(3i +2j+9k) =3Ai +22j+90k
= 1=3L-2p =21 3 =94

1 1
> A=-andp=-A=--

3 3
18. Letd=2i —3j+6k.
The vector in the direction of 4 with a magnitude
of 21 =21 xa

_ —3j+6k
.. Required vector =21x

22 + (=32 +6°

2i -3j+6k

=21x =61 —9j+18k

19. We have %=FQ—@
=(4i+5]+6k)—(i+3])=3i+2]+6k
3i+2j+6k  3i+2j+6k

\/32+22+62 7

Required unit vector=



20. Refer to answer 18.

21. Given,d=0»b

= xi+2j-zk=3i-yj+k
x=3,y=-2,z=-1

Hence, the value of x + y +z=0

22. Refer to answer 13.
23. Refer to answer 11.
24. Refer to answer 12.
25. Refer to answer 11.
26. Vector AB=OB—-O0A
=(=5i+7])—(2i+j) =71 +6]
So, its scalar components are (-7, 6).
27. Letd=i+j+kandb=2i-3j+5k
nd+b= (f+}'+l§) + (2?—3}'+51Ac)
=3i—2j+6k
Any vector parallel to @ + b
= Ma+b) = M3i—2j+6k)
The unit vector in this direction
A(3i—2j+6k)
YB3 + (20 +(61)?

_M3i-2j+6k) _,

1 ~ ~ =
—(3i—2j+6k
[Al-7 7(1 J+6k)

28. The given vector is d = 3i—2j+6k

= ldl =32 +(=2)* +6> =7

A unit vector in the direction of vector 4 is

R TR AP
a=T=—(3i —2]+6k)
a7

29. We have, d=-2i + j—5k
Direction cosines of the given vector are

-2 1
(J(—z)z 2+ (=52 2R+ (=57

-5

J2)2 + @7 + (=57

) 1 -5
_(J4+1+25’ Jat1+25 \/4+1+25)
1 =5

-2
V307 307 V30

*. Direction cosines are(

)

30. We have, 2i —3j+ 4k and ai + 6j— 8k

Two vectors are collinear if and only if,

ﬂ:ﬁzc_l:x =>%:__3=i=__1=x
a, bz c, a 6 -8 2

2 -1
= Z=—_—=g=-4

a

31. G=2i+j+2k

lal =22 +12 + 27 =Va+1+4 =/9=3.

: . G 2i+j+2k
Required unit vector is g :i:u
a 3

2, 1+ 24
=—i+—j+-k
3 3" 3
32. Refer to answer 31.

33. Refer to answer 31.

34. Position vector which divides the line
segment joining points with position vectors
3G +b and d —3b in the ratio 2 : 1 externally is
given by
2(G—3b)-1(3d+b) 2d—6b—3i—b
2-1 - 1
=—di-7b

35. Take A to be as origin (0, 0, 0).
Coordinates of Bare (0, 1, 1) and coordinates
of Care (3, -1, 4).

A(0,0,0)
A A AN A
j+k 3i-j+4k

B(0,1,1) D C(3,-1,4)

Let D be the mid point of BC and AD is a median
of AABC.

3 5
Coordinates of D are (E ,0,5)

3 > 5 2
So, length of AD= (5—0) +(0)? +(5_0)

25 34
+

2 Y7 ynits

4 2
36. @=2i+3j—k b=i-2j+k

E
4

G+b=(2+3j—k)+(i-2j+k)=3i+]



la+b|l=+3* +12 = V10

A vector of magnitude 5 in the direction of
5@G+b) _ 5(3i+ )
la+5l Jio

37. (c):Here,

a+bis

d=i-2j+3k b=2i+1k

Since, projection of @ on b =0

- ;b=0 . (1—2]+3k)-(21+7hk)=
V22 422

bl
2
=0 = 2+3A=0 > A= -3

Q)

2+3A

Va+r2

38. Given, two diagonals d; and d, are

2iand — 3k respectively.

ij ok
dxdy=[2 0 0[=i(0)-j(—6-0)+k(0)=6]
00 -3

So, area of the parallelogram = %|Eil x ¢§2|
1
= EX6 = 3 sq. units

39. Let a=2i—Aj+k and b=i+2j—k
We know, @ and b are orthogonal iff d-b =0
= Qi-N+h)-((+2j-k)=0

= 2-24-1=0= 1-2A=0 = k:%

~

40. (c):Since, i ]A,l% are mutually perpendicular.
i

i-k=0
41. Given, |d|=|b|,06=60° and 4 5:3
Now, cosO= fl}i
la||b]
= cos60°=—9/§ = 12_9/§
la| 2 |a|

= |if=9 = |d|=3

42. Given, Zi=2§+}'+2i€ and I;z}'+]2

Unit vectors perpendicular to d and b are

i( iZJ

Q)

Ql

i
Now, Gxb=[2 1
0 1

= —i-2j+2k

— N x>

Unit vectors perpendicular to d and b are
—i-2j+2k A 24 2
xT ( ! J ) :+(_11_EJ+ k)
Jen? o2 v@? V2

So, there are two unit vectors perpendicular to the
given vectors.

43. We have 5,5,6 are unit vectors.
Therefore, || = 1,|5] = 1and 2] = 1
Also, Ei+l;+E:6(given)
= la+b+el =0
= |aP+ Bl + [P +2G - b+b-c+2-3) =0
=1+1+1+2(@a- b+b-c+¢- a)=0
:>3+2(a-b+b-c+c~a)=

= 3

:>(a-E+E-z+c.a)=—5

|a ><5|2 +|Zz-l;|2 =400
= {|d||l§|sin 6}2 + {|ﬁ||l§|cos 6}2 =400

= |(i|2 |l;|2 sin? 0 + |d|2 |l;|2 cos’ 0 = 400

= lal*|5]" = 400 = 25x |6 =400 [ |d|=5]
~2 -
:>|b| =16 :>|b|=4
- ab
45. Projection ofaonb:m
_(7i+j-4k)-(Qi+6j+3k) _14+6-12 8
7

J2? (67 + 3 7

46. Here 4,band ¢ are mutually perpendicular
unit vectors.

= |albl¢Flanda-b=b-c=c-a=0 ..(1)
+c¢)

)

W‘)

=(a+b+o).2a+

b-b+b-

ﬁ)
Q>

=44-G+24-b+2a-¢+2b-a+

SN ﬁ>

+C-b+c-¢
—4|aP +|bf +|cP +4a-b+2b-c+4a-c

(- bra=a-bc-a=a-c,c-b=b-c)



=41+ 1%+ 1° [Using (1)]

=6

. |2a+b+c|=6.

47. Here, d=i+j+kandb=i+]

Vector perpendicular to both d and b is
Dk

ixb=[1 1 1|=—i+j+0k=—i+]
1 1 0

Unit vector perpendicular toboth @ and b

B axb —z+]

“laxb| VD2 + \f (i)

48. Let a=2i—3k and b=4j+2k

The area of a parallelogram with a and bas its

adjacent sides is given by |d xb |.
ij ok

Now, axb=[2 0 -3|=12i—4j+8k
0 4 2

laxb|= \/(12)2 +(—4)% +(8)? =, [144+16+ 64
24 = 44/14 sq. units.

49. Let O be the angle between the unit vectors d
and b.

¢ lal=1=b]) (1)

) (cd-b=b-a)
=3-2J2d-b
- 1 1 .
= d-b=— 0=— [By using (1)]
\/5 = cos \/E Y g
0=m/4

50. Refer to answer 45.

51. Refer to answer 45.

52. Given ldl=1=b],la+5l =1
= la+6f =12 @+b)-@+b) =1
=ad-d+d-b+b-a+b-b=1

-2 -
= lalf+2a-b+bl =1 =>1+2a-b+1=1

= 2d-b=-1=2ldl-|blcosd = -1
= 2-1-1cosO=-1

= cosO=—%:>9=120°

53. Given, |d|=

) -
3,b|==,|dxb|=1
3
il . 2 .
:>|a||b|sm6=1 :>3.§sm6=1

T
= sin0 = =>ng

54. Given:a L b =ad-b=0

Also, |@l = 5 and |Zz+l;|=l3

li+b] =132 = @+b)-(@+b) =169
G-a+d-b+b-a+b-b=169

laf +0+0+5l" =169

2 2 5

I6]" = 169 —|al* = 169 — 5% = 144
b= 12

Ullllllll

55. The projection of the vector (; + } + IQ) along

j .

V0?2 +12 +0%
56. We have,

zx(]+k)+]><(k+z)+k><(z+])

the vector j is (; + } + 12) .

—zx]+1><k+]><k+]><z+k><z+k><]
=k—]+z—k+]—z=0.

57. Refer to answer 45.

58. Refer to answer 49.

59. Let O be the angle between the vector
a—z+]+kandyax1sze b= ]

ab _ (i+j+k).j

s.cosO= =
\aHb\

~

1+]+k

IRVET +1f f

60. Let angle between the vectors dand b be .
Given: ld| = 8,|l;| =3 and |ﬁ X l;| =12

= |dl-|p|-lsinBl =12 = 8x3sinO@=12

12 1
:>sin9=—:—:>9=£
24 2 6




61. Here, d
Angle between @ and i is given by

i=i+] +k and vector along x-axis is 7 .

(f+}'+l€)~i 1
V31 V3

a.i
NOEREN o

i)

=X-X+x-da—d-Xx—d-a=15

cosO =

= 0=cos

62. Here(% (¥+d) =15, where d is unit

vector.

= |z’ -laf =15

>lE -1=15

>l =16=4> = |7 = 4
63. Here,5:2;+7u}'+ic and Ez;—2}+3i<
Fora is perpendicular to b, a-b =0

= (2 +aj+k)-(f-2j+3k)=0

=2X1+A(-2)+1x3=0
=2-2A+3=0
=>7»:E

2
64. Refer to answer 63.
65. Here,d=2i —2j+k
Ezf+2j—2]€andf=2f—j+4l€
=  b+c=3i+]+2k
<. Projectionof b + ¢ ond
C(b+e)a  (3i+j+2k).(2i-
- lal |2 -2 + k|
_3X2+41x(=2)+2Xx1 _6
e 3

2j+k)

=2

66. Here, a=\i + j+4k, b=2i+6j+3k
Given : Projection of aonb =4

_ a_-b:4:> (Ni+ j+4k)- (21+6]+3k)

|b] |2i +6j +3k |
N 2A+6+12 —4

V22 +6% +3?
= 2A+18=4x7
= 2A=28-18=10=>A=5.

67. (ixj)k+ij=kk+ij=1+0=1

68. (kxj)-i+jk=—ii+jhk=—140=-1

69. (]2><{).j+{.]2:j.j+o =1+0=1
70. Let O be the angle between aand b, then

Q|
S
Y

71. Letﬁzg—jand5=§+}'
Bl=v2+12 =T71=42
Also, a.z;=<;_;>.<;+;->=;.;; ; 333
Projection of donb = -9
IbI V2

72. Here, |a|—\/5,|l;|=2 and angle between
a and b is 60°.

Now :1-5=|a|~|5|~cos60° :\/EXZX%:\B,

73. Here, G=5i+6j—2k and b=7i+6]+2k
Vector perpendicular to both @ and b is
ik
ixb=|5 6 —2
76 2
1(12+12)— j(10+14) + k(30— 42)
24 —24j—12k = 12(2i —2j—k)
Unit vector perpendicular to both 4 and b

.

_daxb  24i-24j-12k  1202i —2j-k)
lixb| 576+576+144 J1296
1202i-2j-k) 1, ~ »

=20 A 2 -2]—k

36 332K

74. For any two non-zero vectors d and b, we
have

la+bl=la-bl = |ﬁ+l;|2=|a—5|2
= a+b*+2a-b=a’+b>-2a-b
= 4d-b=0 = d-b=0
So, @ and b are perpendicular vectors.
75. Let AQ2i —j+k), B(3i +7]+k) and
C(5i +6+2k)
Then, AB=(3-2)i+(7+1)j+(1—-1k=i+8]



AC=(5-2)i+(6+1)j+Q2-Dk=3i+7j+k
BC=(5-3)i+(6-7)j+@2-Dk=2i—j+k
Now, angle between AC and BC is given by
AC-BC _ 6-7+1
|A—C||%|_\/9+49+1x/4+1+1

= cos0=0 = ACLBC
So, A, B, Care the vertices of right angled triangle.

= cosO=

76. Given, a+b=2¢
= (&+l;) (a+b) c-C

=2a4-b=—1 ()
Now (a-b) = (a—b)-(a-b)
=4-4—a-b—b-a+b-b=1—a-b—a-b+1
=2-2a-b=2-(-1) [Using(i) ]
=3

la-b|=3

77. Given,&:/1}+2;'—3IA<andl;:3/i\—/]\'+21A<
Now, d+b=4i+j—k

Also, H—E:—Z?+3/J\'—Sl/é

Now, (@+5)-(d—b)=(4i+j—k)-(~2i+3 j-5k)
=@E2) +(G) + (-1)(-5) =

Hence, (d+b)and (@—b) are perpendicular to

-8+3+5=0

each other.
78. Let a=i—2j+3k b=3i-2j+k

Now, d-b=|d||b|cosd

= (1-2j+3k)-Gi-2j+k)=(1)2 +(-2) +(3)?
xA/(3)% +(=2)* +(1)? cosO

= 3+4+3=\/EX 14 cos©
= cosezm
14
.. sin@=+1-cos?0 = 1—m ,/&
196 196
= sinG—4 6—2 6

79. Let d=i+2j+3k and b=2i +4j—5k
Then diagonal AC of the parallelogram is
b

p=a+b B C
f+2]+3l€+2f+4}'—5l€ a@a
3i+6) -2k A=—=D

Therefore unit vector parallel to it is
P _3i+6j-2k 1
Bl Vo+36+4 7
Now, d1agonal BD of the parallelogram is
P=b-d=2+4j- 5k—1—2] 3k—z+2] 8k
Therefore unit vector parallel to it is
P i+2j-8k 1
7] Vit4a+64 J_(l +2j-80
80. Given, AABC with vertices
A(1,2,3)=i+2]+3k, B(2,-1,4)=
C(4,5-1)=4i+5] -k
Now ﬁ=ﬁ—ﬁ=(21¢
=i-3j+k.

~@3i +6] 2k)

—Jj+4k,
—j+ak)-(i+2j+3k)

AC=0C-0A = (4i +5j—k)— (i +2]j+3k)

=3i +3]—4k.
ik A
(ABx AC)=|1 -3 1|=9i+7j+12k
3 3 4

Hence, area of AABC

= LaBxacl=1|9i +7j+12F]
2 2

15 2 2_1\/7
—5 9" +7° +12 —5 81+ 49 + 144

274 sq. units

A AN
81. Given, position vector of A = j + 3\ +k

A A
Position vector of B= 2i +5j

A A A
Position vector of C= 3i +2j—3k
Position vector of D = ?—6?—1@
" AB=Qi+5))—(i+]+k)=i+4]—Fk and
— A A A A A A A A A
CD=(i—6j—k)—(3i +2]—3k)=—2i -8 +2k

Now |ABl = ()% + (42 +(1)* =18



Dl = (=2 + (=87 + (2 =Ja+64+4
=J72=2\18

Let 0 be the angle between AB and CD.

. AB-CD (i+4j—k)-(—2i-8]+2k)
s =R — =
| AB||CD| (V18)(2V18)
_T2-32-2 36
36 36

= cos=-1 = 0O=m
Since, angle between ABand CD is 180°.
ABand CD are collinear.

82. Letd= x;+y}+zlAc
Now, it is given that, 4 is perpendicular to
b=i—4j+5k and ¢=3i+j—k

.~ d-b=0and d-¢=0

= x-4y+5z=0

(1)

and3x+y-z=0 ..(ii)
Also, d-a =21, where d :4f+5}—12
= 4x+5y-z=21 ...(1ii)
Eliminating z from (i) and (ii), we get
16x+y=0 ..(iv)
Eliminating z from (ii) and (iii), we get
x+4y=21 (V)
Solving (iv) and (v), we get

-1 16

BEREANE 53
Putting the values of x and y in (i), we get z= 3

Ld= _?1;+ %} + ?l; is the required vector.

83. |d|=|b|=|2| (Given) (i)
..(ii)
Let (ﬁ +b+ E) be inclined to vectors a , b , € by
angles o, B and vy respectively. Then

and a-b=0,b-¢=0,8-d4=0

(G+b+¢)d  G.a

cosoim _ +b-a+c-a
a+b+éllal  |a+b+clal
”2+0+0
:m [Using(ii)]
__ 4 (i)
|a+b+ﬂ

Similarly, cosf = % -(iv)
at+o+c

2]

(V)

and cosy=

‘ a+b+¢ ‘
From (i), (iii), (iv) and (v), we get
cosa=cosP=cosy=a=p0=y
Hence, the vector a + b +Cis equally inclined to

the vector @, b and ¢.
Also the angle between them is given as

(XZCOS_1 (%),, B = C0871 L ,
|a+b+¢| |G+b+¢|

T
Yy=cos | ————
|G+b+¢|
84. We have, A(2§—}‘+IA<), B(;—3}'—512) and
CGi-4j-4k)
Then, AB = (1-2)i+(-3+1)j+(-5— 1k
_idjoeh
AC=(3-2)i+(-4+1)j+(-4—Dk=i-3j—5k
andFC:(3—1);+(—4+3)}'+(—4+5)IA<:2;—}'+IA<
Now angle between AC and BC is given by
_ (AC)(BC) _ 2+3-5
|AC||BC| 1+9+25.a+1+1

= cosO0=0=BCLAC
So, A, B, C are vertices of right angled triangle.

1, — _
Now area of AABC = —| AC X BC |

2
1 P ]AC 1
=5 1 -3 -5 :5|(—3—5)i—(1+10)j+(—1+6)k|
2 -1 1

1 A A A
=~ |—8i—11j+5k
2| j+5k|

1 0
=5 64+121+25= sq. units.

85. Let d=2i—4j—5kandb=2i+2j+3k

B, b C

-
a

8

<



Then diagonal AC of the parallelogram is
p=a+b
=2i—4j—5k+2i+2]+3k=4i—
Therefore, unlt vector parallel toitis
5 —2j- 2k 2i—j—k
15l \/ 16+4+4 J6

Now, diagonal BD of the parallelogram is
P=b-d=2i+2j+3k-2i+4]j+5k=6j+8k
Therefore, unit vector parallel toitis

2j -2k

|~a

a3l

P’ 6j+8k 6]+8k 3 + 4k
|5’ V36+64 10 5
ik
Now, pXp’=|4 -2 -2
0 6 8

=i(-16+12) — j(32—0) + k(24— 0)

= —4i—32j + 24k
|pxp’|

Area of parallelogram =

_ J16+1024+576
2

=2+/101 sq. units.

86. Two non zero vectors are parallel if and only
if their cross product is zero vector.

So, we have to prove that cross product of d — d

and b — ¢ is zero vector.

(@-d)x(b-2)=(Gxb)-(axc)-(dxb)+(dxz)
¢

Since, it is given that @xb=¢ xdanddxc=bxd
And, dXb =—bxd, dX¢=—¢xd

Therefore,
@—d)x(b—¢) = (¢ xd)—(bxd)+(bxd)— (¢ xd)=0

Hence, d —d is parallel to b —¢, where
d#d and b#C.
87. (Fxi)-(F X j)+xy
= [(xi + yj + zk) X i]-[(xi + y ]+ zk) X )]+ xy
= (—yk +zj)-(xk —zi)+xy = -xy +xy=0
88. Here, G=i+2j+k b=2i+], c=3i—4j—5k
L d—b=(+2j+k)—(Q2i+])=—i+j+k
C—b=(3i—4j—5k)—(2i+j)=i—5]—5k
Vector perpendicular to both d—b and ¢—bis

@-b)x@-b) =|-1 1 1
1 -5 =5
=(=5+5)i—(5-1)j+(5- 1k = —4] + 4k
Unit vector perpendicular to both 4 —b and
i-b
_ —4j+ak | —4j+vak
|-4j+ak| fcap +42

_—4jrdk 1, . b

42 f(

89. Given d+b+c=0and |51|=3,|E|=5, |E|=7

We have G+b+¢ =0

s a+h=- = |a+b| =|-f
= |af +[5[ +2@-5) =[]

= 9+25+2/a|b|cos 6 = 49

= 2x3x5xcos0=49-34=15

=>cosO=E=l = 0="1 —60°
2 3
90. Here, d=i+j+k; b=2+4j-5k and
c=M+2j+3k
=b+c=0Q+MNi+6j—2k
The unit vector along b + ¢ is p = ?L
|b+ﬂ
__Q+Mi+ej-2k  (+n)i+ej-2k
JeraP 16 +(2F W +an+ad
Also, d@.p =1 (Given)
Q+M)+6-2
= — =
VA + 40 + 44
= VA* +4L+44 = A +6
= A +4h+44=27 + 12A +36
= 8A=8=A=1
The required unit vector
- (2+1)z+6] 2k 1(3l+6] %),

Vita+44 7
91. We have a=f+j+1€,5=f+2}+312
Let 7=d+b=2i+3]+4k
and p—a-E:-j—zié
A unit vector perpendicular to both 7 and pis
xp
|7 xp]

=y

given as +

=y



i j ok
Now, FXp=|2 3 4|=-2i+4j-2k
0 -1 -2
So, the required unit vector is
L (2fraj-2k)
V27 +42 +(=2) Vo

92. Here, a=2i —3j+k;b=—i+k; c=2j—k

*. Area of a parallelogram whose diagonals are
i+bandb+¢

= 2|(@+8)x (5 +2) =3l-4i-2j-A]

=%\/(—4)2 +(=2)° + (=) =g sq.units.
93. Refer to answer 82.
94. Here |d + bl = |a|

. =d-a
=2i-b+b-b=0 [“b-da=ab]
= (2d+b)-b=0 = (2d+b) Lb
95. Givend=i+j+kandb=j—k

LetE=xi+yj+zk

Now we have, d X ¢ =b

= (§+}'+IA<) (xz+y]+zk) } k

= f(z—y) ](z x)+k(y x) = ] k
z-y=0,x-z=1landy-x=-1

= y=zx-z=lLx-y=1 .. (1)
Also,wehave d -¢ =3

= (+j+k)-(xi+yj+zk) =

= x+y+z=3

= x+x-1+x-1=3 [Using (i)]

= w-2=3mx=2,y=2,7=2
3 3 3
5. 2+ 2=~
Hence, ¢ = =i+~ ]+ k
3 3
96. Herea—z—]+7k b= }+7J€
nd+b=6i—2j+(7+N)k

i—b=—4i+(7- Nk
For d+b and @ — b to be perpendicular,
G+5)-G-b)=0 A

= [6i —2j+7+Ni]-[-4i +(7-0k] =0
= 6X(-4)+7+A)x(7-A)=0
= -24+49-1=0= A =25= A=+5
97. Refer to answer 83.

98. Let the required vector be 7=xi +yj+ zk.
Also let,
d=i—j+ k b= 2i+j— 3kandc—1+]+k

Fa=4 Fb=07-C=2 (Given)
= x-y+z=4 (1)
2x+y-3z=0 ...(ii)
xX+y+z=2 ...(iii)

Now (iii) - (i) = 2y=-2=y=-1
From (ii) and (iii)
2x-3z2-1=0,x+2z-3=0 = x=2,z=1
The required vector is 7 =2i —}+I€.
99. Here, a = 27sz+4%}'+1€ and
b=7i—2j+\k
If 0 is the angle between the vectors @ and b,
ab
then cos6=——
[ae]
For 6 to be obtuse, cos@<0=>ad-b <0
= (0% +4xj+k)-(7i —2j+2k)<0
=207 7+40-(2)+1-A <0
= 140" -7h < 0= AM2L-1) <0
= FEitherA<0,2A-1>00rA>0,2A-1<0
:>Either7»<0,7h>%or7u>0,7u<%

First alternative is impossible.

1 1 1
CA>0,A< 2 ie,0 <A< 3 ie,\e ]0,—[

100. Given,

|
and 4 - (b+E



=0+0+0=0
=2G-b)+206-8)+2@C-a)=0 (i)
Now lg+b+cl =G+b5+¢)-G+b+¢)
=G+b+c)a+@+b+c) b+G+b+c)c
=G-d+b-a+c-a+d-b+b-b+c-b+d-c+b-¢
+c-cC
slaf+|p[ +]ef +2-5)+2(5-0)+2(-a)
=324+ 42457+ 0 [Using (i) and (i)]
=50
clavb+e|=5V2.

101. Here @ =3i —j, b=2i +j—3k

We have to express : b = b, + b,, where

l;l |I5and52J_a

Let Elzka:l(ﬁ—j) andEZ:xf+y}+z]2
Now EZJ_E:>52~Z:=0

(s sk ) =0

= 3x-y=0 ()
Now,l;:El+l;2

= 2i +j—3k = M(31 = )+ (i + yj + 2k)

On comparing, we get

2=3A+x
l=-A+y

and -3=z=2z=-3

:|:>x+3y=5 .. (ii)

_3
)

1
Solving (i) and (ii), we get x = >

.-.1=—x+y=—x+§:x=%

- oy 3 1a
Hence, b, = 7»(31—])=51—E]
and l;z=%f+%}—3ic
102. We have,
lal=51bl=121¢l=13andd +b +¢ =0
= (G+b+¢) =|6|2 (Squaring on both sides)
= |af+ b +[cf+2d-b+b-c+c-al=0
= 25+144+169+2[G-b+b-c+c-d]=0
= 2[@-b+b-¢+¢-d]=-338

+E-E+z-a=%=—169

<

Q.

=

103. Refer to answer 82.
104. Refer to answer 76.

105. Refer to answer 91.

106. Wehave |d| = 2, |E| =land d-b
Now, (3 - 5b) - (24 + 7b)

—6la +21a-5-10d-b - 355"
=6|af +11d-b-35|b |
=6(2)*+11(1) - 35(1)*=24+11-35=0

1

107. Refer to answer 80.

108. Refer to answer 97.
Also the angle between them is given as

o= cos ! L
|a+b+¢|

[3=c0s_1 —|b|
|a+b+¢|)

y=c0s_1 —|€|
|a+b+¢|

109. Refer to answer 100.

110. Since the vectors are coplanar.

1 3 1
2 -1 -1=0
0 A 3

1(=3+A)-3(6-0)+12A-0)=0
3+A-1842A=0
3V-21=0 = A=7

Ll

111. Here d =2i + j+3k, b=—i +2]+k,
¢=3i+j+2k

i
Now, bx¢ =|-1

3
o d@-(bXE) = (2i+j+3k)-(3i+5] - 7k)
=2X3+1Xx5+3x%(-7)
=6+5-21=-10

k
1| =31 +5] -7k
2

_— N o

112. Given, d=i-j+2k b=3i+4j-5k and
G=2i-j+3k )
. 2d=2i-2]+4k

~b=-3i—4j+5k

3¢ =6i—3j+9%



2 -2 4
Now, 2d-(—bx3¢) =|-3 -4 5
6 -39

=2(-36 + 15) + 2(-27 - 30) + 4(9 + 24)
=2(=21) - 2(57) + 4(33)
=-42-114+132=-24
Volume of parallelepiped

|2-(—b x3¢)| =|-24| = 24 cubic units

. A A AN A A A
113. Given, d=2i+3j+k, b=i—-2j+k and

- A A A
c=-3i+j+2k

A A A
ij ok
Now, bxc=[1 -2 1
-3 1 2

—i(-4-1)-jQ2+3)+k(1-6)
= 5i-5]-5k
- (bx8)=Qi+3]+k)-(=5i—5]—5k)
=-10-15-5=-30

114. Given points are A(x, -1, -1), B(4, 5, 1),
C(3,9,4) and D(-4, 4, 4).

AB=(4-x)i +(5+1)]+1+Dk
—(4-x)i+6]+2k

A—C=(3—x)/i\+(9+1)?+(4+1)12
=(3-x)i+10]+5k

AD=(~4-x)i +(4+1) ] +(@d+1k
=—(4+x);'\+5?+5£

The given points will be coplanar iff
[AB AC AD]=0

4—x 6 2
Now, [AB AC AD]=0 = | 3—x 10 5/=0
—(4+x) 5 5

= (4-x)(50 - 25) - 6(15 - 5x + 20 + 5x)
+2(15-5x+40+10x) =0

= (4-x)(25)-6(35)+2(55+5x)=0
= 100-25x-210+110+10x=0
= -15x=0

= x=0

115. We have, =i+ j+k, b=i, c=cji+c, j+c3k
@ =16=2 . E=i+2j+cik
Given that 4, b and € are coplanar

111
1 0 0(=0
1 2 ¢
= -1)+1(2)=0 = =2
(b) ¢;=-1,¢5=1 ..

~

Let d, b and ¢ are coplanar.

1 1 1
1 0 0]=0
q -11

= -1(1)+1(-1)=0 = -2 =0, which is false.
So, no value of ¢; can make d, b and ¢ coplanar.

116. Let A, B, C, D be the given points. The given
points will be coplanar iff any one of the following
triads of vectors are coplanar.

AB, AC, AD ; BC, BA, BD etc.

If AB, AC, AD are coplanar, then their scalar triple

product [AB AC AD] =0 where, A(3i + 6 +9k),

B(i+2j+3k), CQ2i + 3]+ k) and D(4i + 6 + 1k).

Now, AB = (i +2j+3k)— (3i + 6] +9k)
=—2i—4j—6k

AC=Qi+3j+k)—(3i+6j+9k)=—i—3j—8k

AD = (4i + 6]+ k) — (3i + 6 +9k) = i + (A —9)k

-2 -4 -6
[AB AC AD]=|-1 -3 -8 |=0
1 0 A-9

2(-3A+27)+4(-L+9+8)-6(0 +3)=0
230 -27)-4(A-17)-6(3)=0

6L -54-4A+68-18=0

2h-4=0 = A=2

tuul

117. Since, d+5, b+cand C+a are coplanar.
@G+b)-[G+6)x @ +a)]=0
@+b)-lbxc+bxa+exc+exal=0
(@+b)-(bxc+bxd+ixa)=0 [ Exc=0]

U

U



= G-(bxc)+a-(bxa)+a-(Exa)+b-(bxc)
+b-(bxad)+b-(Exd)=0

— 2[a-Gxe)]=0=a (bxe)=0

— &, band € are coplanar.

118. Here position vectors of A, B, C and D are
4i +5]+k,— j—k,3i + \j+ 4k and — 4i + 4 + 4k
respectively.

= AB=—j—k—(4i+5j+k)=—4i—6j—2k

AC=(3i+Aj+4k)—(4i +5j+k)=—i+(A—5)j+3k

AD = (—4i +4j+4k)—(4i +5]+k) = —8i — j+ 3k
For points A, B, C, D to be coplanar

& Vectors AB,AC,AD will be coplanar

& [AB AC AD]=0
-4 -6 -2
= |1 A-5 3|=0
-8 -1 3

—4(3A—15+3) +6 (=3 +24) - 2(1 + 81— 40) =0
~12A +48 + 126 + 78 - 16A. =0
28A =252 = A =09.

LUl

119. We know that [a, b, ¢c]=a - (bXc)
LHS.=[a,b+c,d] =a-[(b+c)xd]
=a-[bxd+cxd] =5~(I;><El)+5-(2><;l)

—[a,b,d] +[a,c,d] = RH.S.

120. We have, [d+b b +¢ ¢ +d]
=(@+b) {(b+¢)x(E+a)}
=@+Db)-{(bx?)+(bxad)+ (€ x%)+(Exa)}
=@+b) {(bx?)+(bxa)+Exa)} [ ¢X¢=0]
=G-(bxc)+d-(bxad)+ad-Exa)+

) ) b-(bxc)+b-(bxad)+b-(¢xad)
=[a b ¢l+[b ¢ ad)
[ Scalar triple product with two equal vectors is 0]
=[G bc)+[G b7 (s [bcal=[abc)
=2[a b7l
121. Refer to answer 118.
122. If the vectors d + I;,I; +cand ¢ +a
are coplanar, then [5 +bb+2C+ 5] =0

o @+b) [E+e)xG+a)]=0

bo(bxe) s (bxd) s @xa)mo
elabe]+[abal+[aca]+
[6bcl+[bbal+[bea]=0
c]=0

. The vectorsd, b, ¢ are coplanar.
Hence the vectors d,b,¢ are coplanar if and only
if d+0b,b+¢ and ¢ + d are coplanar.

123. Refer to answer 122.
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