M ATHEMATI CS

HYPERBOLA

INTRODUCTION OF HYPERBOLA

g@ What you already know

» Basics about conics « Basic understanding of

. Conditions for different conics geometrical figures

« Analytic interpretation of different conics - Basic algebraic formulas

Egl What you will learn

« Mathematical interpretation of a hyperbola - Standard equation of a hyperbola

Visualising Hyperbolas

Let us analyse the configuration of the following figures:

Plane and cone arrangement Isometric view Side view

¢ 4

o 4\

Thus, we can say that when the cutting plane intersects both the nappes of a double-sided right
cone, we get a conic hyperbola.

« The cutting plane divides both the nappes into two unequal parts.
+ We get a symmetric hyperbola when the cutting plane is perpendicular to the base of
the cone.



nalytic interpretation

A conic is the locus of a point such that the ratio of its distance from a fixed point to a fixed line is
always a constant.

P —>Moving point

M
Distance from a fixed point (focus) [ ] \

= constant
Distance from a fixed line (directrix)
= eccentricity (e):E S (Focus)
PM l
For hyperbola eccentricity (e)>1 . .
Y Y ( ) Fixed line Fixed point
(Directrix)
A\ 4
IL

Hyperbola

P —> Moving point

A
A hyperbola is the locus of a moving point such \

that the ratio of its distance from a fixed point

(focus) and a fixed line (directrix) is a constant S (Focus)
that is always greater than 1. (e > 1) l
PS
For hyperbola = m =e,; e>1 Fixed line Fixed pOint
(Directrix)
WV
L
N N
. « e+ F(Focus) * F(Focus)




On tracing the trajectory of a moving P, such that its distance from the fixed point, focus (F) and
perpendicular distance from the line L is greater than 1, we get a hyperbola as shown in the figure
above.

Consider a plane mirror line (R) and then take
the image of focus (F,), which will be F,. Now,
mirror image of line D, by taking line (R) as
mirror, we get D,. M

R
\% A
2
Furthermore,
ore PFl _eand PFZ e . o

Conditions PM, PM, will be valid c(dentre)
for any point P on the hyperbola. Hence, for F, F,
a hyperbola, there are two foci (F, and F,) and

y/ N

two directrices (D, and D,). The two directrices
are parallel to each other. The midpoint of the
line segment joining its foci is the centre of the
hyperbola.

%@ Find the equation of the hyperbola whose focus is (1, 2), directrix is 2x +y-1 =0, and

eccentricity is B,

Step 1: /\ :
Given,F=(1,2),e=+3 T~

F(1,2
Directrix,L:2x+y-1=0 (1.2)
Let us consider P(h, k) to be amoving point.
Now, by definition, % =e=PF=ePM
2h+k-1| 2X+y-1=0

22 +1°

As we can see after comparing
with equation
ax?+ 2hxy + by?+ 2gx + 2fy + c=0

Now, after squaring both the sides, we get, i
= 5(h?+ 1-2h + k?+ 4 - 4k) = 3(4h?+ k? + 1 + 4hk - 2k - 4h) ! Weget,h=6,a=7andb=-2

= (h-1)%+ (k- 2)°= % (2h + k- 1)?

= 7h2- 2Kk2+ 12hk - 2h +14k - 22 = 0 = h?-ab =50> 0, so the equation
Now, to obtain equation of hyperbola replace h - x and will represent a hyperbola

k-y

= 7x*+ 12xy - 2y*- 2x + 14y - 22 =0



equation of a hyperbola

Given, a hyperbola having two foci (F, and F,), two AN A AN
directrices (D, and D,), and vertices as A and A’
The line passing through foci of a hyperbola and
perpendicular to the directrices is known as the axis
of symmetry. Here, x - axis is the axis of symmetry.

Let us consider a point P(h, k) lying on the a /

N

a
hyperbola. 5

< ¢ &
Now, by the definition of hyperbola, F, Al Ol M| A I X
AF, A'F,
—=e and =e
AM A'M

By using basic interpolation from figure, we get,
AF, OF -OA OF -a

= f— =e
AM OA-OM a-OM
Ora-OF =eOM-ea ---(i)
And,
A'F, _OA'+0OF _ a+OF

= - =e
A'M OA'+OM a+OM
Ora+OF =eOM +ea  ---(ii)
Now, adding equations (i) and (ii),
2a =2e0OM
—oM=2

e

Now, after subtracting (ii) from (i), we get,
-20F =-2ea = OF =ae

ya
N
ya
N
ya
N

Now,Let A=(a,0)and A'=(-a,0)
be the vertices.
Then, F, =(-ae, 0)andF, =(ae, 0)

-ae, 0 , 0
Now, equations of directrices, (-ae, 0) (ae, 0)

F, JA|O A F X

N

=]

-a a
D,:x=—andD, :x=—
e e

ya
N
ya
~
ya
N

n
-



Now, for locus, Y
Let us consider P = (h, k) be any point on the T
hyperbola.
As we know by the definition of a hyperbola,

PF,

PM,

= PF, =ePM,

h-a|
= (h-ae) +k> =e><|e—
Jin-ae) =

:>1/(h-ae)2 +Kk? :|eh-a|

Now, squaring both the sides, we get,
(h-ae)*+k?*=(eh-a)? -a
=h?+ a%e?- 2aeh + k*= e?h?+ a’ - 2aeh X=— X=
=h?(1-e?) +k*=a*(1-e?) 3
h2 kZ
or—+——+=1
a’ a’ (1- e2)
As we can see, e >1=(1-e%) <0
Therefore, the equation becomes the following:
h? k?
a’ a2 (e2 -1)

2 2
:>h—-k—2:1;whereb2:a2(e2-1)
b

=e

N

N
ya
~
ya
N

[\S}
fu

=1

a2

Now,replace h—»>xandk — y
2 2

We get,x—z-y—:l

a

b2

Therefore, the standard equation of a hyperbola is

the following:
2 2

S A
22 b2 (-ae, 0) Z (ae, 0)

Where b?=a?(e?- 1) F, JA 7| A B, X

N
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N
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~
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Comparison of a hyperbola and an ellipse

Hyperbola Ellipse
Y
AN N AN N /\Y N

(-ae, 0) (ae, 0)
¢ e e
F, |0 | A F x
Vv WV 4
D, D,
2 2
a- b
b’ =a’ (e2 = 1)

When we replace b? by -b?in the equation
of a hyperbola, then we get the equation of
a standard ellipse. Similarly, if we replace b?
by -b? in the relation between a,b and e, we
get a similar relation for ellipse.

A\ F, O F /A
(-a,0 (a, 0)

N

i\ %

_a a
X=— X=—
e
A4 A4 A4
DZ Dl
2 2
X
LS
a- b
b2=a2(1-e2)

When we replace b? by -b? in the equation
of an ellipse, then we get the equation of a
standard hyperbola. Similarly, if we replace
b? by -b? in the relation between a, b and e,
we get a similar relation for hyperbola

Let us consider the following:

e=+15=b =a2(e2 -1):>b2 =a’ x(0.5)
=b<a

Now,e=2=Db?=a’x3=>b>a

Therefore, we can say that the relationship
between a and b is not impacting the
configuration of the hyperbola.

= There is no concept of major axis and
minor axis in case of hyperbolas.

However, in case of an ellipse, when a > b,
then it is a horizontal ellipse, and when
b > a, then it is a vertical ellipse.

For a hyperbola, as we know that e > 1,

d
— —<a<ae
e

This means that for a hyperbola, the

a
directrix Xx=— comes first, followed by the
e

For an ellipse, as we know that 0 <e <1,

d
—ae<a<-—
e

This means that for a ellipse , the focus
(ae, 0) comes first, followed by the vertex




vertex (a, 0), followed by the focus (ae, 0). (a, 0), followed by the directrix x=2.
Similarly, on the negative x-axis. Similarly, on the negative x-axis
N /\Y/\ N N Y N
-ae, 0 ae, 0 6\0
G0N | | | [ (0 . (-ae, 0) @) | |
F, JA| ok Al F X F, O , A X
a ae
e N
a’ . a
ae ~ =

NN N 2 X=g N2 e N2 X=—J

D, D,
\_

X
Terms associated with the standard hyperbola 5
Y
N N AN

The centre of a hyperbola is the midpoint
of the line segment joining its foci. The
centre of the standard hyperbola
x* y* -ae, 0 ae, 0
A, e\ | || [ @0,

a’ b’

7 7

For hyperbola x_zy_2= 1the foci are
(£ ae, 0).

ya
N
ya
N
ya
N




Y
. AN N N
Vertices

The points of intersection of the hyperbola
with the line passing through the foci are

known as vertices. P
«2 yz _

Here, in hyperbola —2-?= . F, A
a

vertices are A'(-a, 0) and A(a, 0).

7
| Z
\Z
A

ol
> |
/-
<

N

Y
Directrices N AN A

2 2
Xy . .
In hyperbola a—Z-F= 1 the directrices are
) a
given by X:ig (-ae, 0) (ae, 0)

|

X
D, D,
Y
Transverse axis N A A
The line joining the vertices A and A’ is
known as the transverse axis.
The length of the transverse axis is 2a (AA')
. a a
\ < >
< ——4—8—8%—9
F, Al O A F X




The line through the centre and perpendicular
to the transverse axis is known as the
conjugate axis.

The length of the conjugate axis is

2b (BB’).

Focal chord

A chord passing through the focus is
known as a focal chord.

Double ordinate

A chord perpendicular to the transverse
axis is known as the double ordinate.

A4
D
N
AN
2 A,
——
A4
D

4

ol
N

WV




The focal chord perpendicular to the transverse axis
is known as the latus rectum.

In the figure,

P.Q,; P,Q,— LR = Latus rectum

As we know that the coordinates of point P are .
(ae, y,).

Now, by the standard equation of hyperbola, we get,
X2 y2 _ a2e2 y02 _

PN

Ory, =b*(e’ - 1)
Now, substitute b*> =a*(e* - 1)in the
given equation,

2 b2

b
:>y02=b2xa—2:>yo=i:

2 2
=P E(ae, b—j and Q, E[ae, b—j
a a

2b?
Andnow,lengthof LR: PQ, =—
a

Now, same for LR: P,Q,

2 2
=P, E(-ae, b—j and Q, z[-ae, b—j
a a

2
Length of LR: P,Q, = 22~
d

Focal distance

The distance from the focus to any point on
the hyperbola is known as the focal
distance or the focal radius.

P& Y)
) (-ae)\0)
F, JA
-a
X=—

Y
N N AN

B

b

___Zb
0 A\ F, X
y v ¥ Q\
2 Dl

Y
N N AN

B
\\

Z, (ae, 0)
0|Z| A Iy X
a

B'| x=—

e
y Vv WV
D



Focal distance calculation T™ 1T
~SEY)
Let P = (x, y) be any point on the hyperbola.
Here, the focal distance is PF, and PF, _
As we know by the definition of hyperbola, ™~
(-ae)\0) Z, (ae, 0)
PE, PE, —e < - —— -
PM, PM, F, A OlZ) AL F X
Vv W WV
D, D,
Y
N N AN

Here, we can see the following:
PM, =x+=andPM, =x - = ~NPEY) M,

: e e
= PF, =e(PM, )and PF, =e(PM,))
a a ’ (-ae, 0)
= PF =e| x+— |andPF, =e| x-—
e e I
OrPF, =ex+aandPF, =ex-a
.. Focaldistance of P(x,y) =ex*a
Vv WV WV
D

We can see that focal distance of a point P(x, y) on a hyperbola is as follows:

PF =ex+aandPF,=ex-a

Now, as we can see that |[PF - PF |=ex +a- (ex-a),

= |PF - PF,|=2a (For both the branches)

= The difference of the focal distances of any point on the hyperbola is equal to the length
of the transverse axis.

. Alternative definition of hyperbola
Hyperbola is the set of all points in a plane, the difference of whose distances from two
fixed points (foci) in the plane is a constant (2a).

oncept Check

1. Let 0<0 <§_ If the eccentricity of the hyperbola x* sec?0 - y* cosec? 8= 1 is 2, which of the
following is/are true?
(a) e:%, (b) The length of LR is 3.

(c) The distance between the foci is 2. (d) The equation of the directrices is x = £1



Q Summary sheet

i_o

Hyperbola
+ Hyperbolais the locus of a moving point such that the ratio of its distance from a fixed point

(focus) and a fixed line (directrix) is a constant that is always greater than 1. (e > 1)
2 2

X
Terms associated with the hyperbola Z =1

» Centre - The centre of a hyperbola is the midpoint of the line segment joining its foci. For a

standard hyperbola the centre is (0, 0).

Foci - The foci are (+ ae, 0).

- Vertices - The points of intersection of the hyperbola with the line passing through the foci are
known as vertices. Here, the vertices are A'(-a, 0) and A(a, 0).

a
- Directrices - The directrices are given by X= ig

- Transverse axis -The line joining vertices A and A’ is known as the transverse axis. The length
of the transverse axis is 2a (AA).

- Conjugate axis - The line through the centre and perpendicular to the transverse axis is
known as the conjugate axis. The length of the conjugate axis is 2b (BB’).

« Focal chord - A chord passing through the focus is known as a focal chord.

- Double ordinate - A chord perpendicular to the transverse axis is known as the double
ordinate.

« Latus rectum - The focal chord perpendicular to the transverse axis is known as the latus
rectum.

- Focal distance - The distance from the focus to any point on the hyperbola is known as the
focal distance or the focal radius.

Double ordinate

Directrices

/ Focal distance

Terms associated
with a hyperbola

Foci

Focal chord

Transverse axis

Conjugate axis




Self-Assessment

1. Find the equation of a hyperbola whose axes are the coordinates axes and the distances of

one of its vertices from the foci are 3 and 1.
2 2

X
2. If the LR subtends a right angle at the centre of hyperbola a—z-%= 1, then find its eccentricity.

@ Ans
pt Check 1

Step 1: Y

Given, equation of hyperbola
x* sec’ 0-y” cosec’ 9=1;0<6<§

XZ y2
-———=1, having eccentricity as 2

= 2 2
cos O sin“0

Now, comparing the given equation with

2 2 < >
standard equationx—z-%=1, we get, F, F, X
a
—a’= cos’ Bandb* =sin’ O
2
As we know, e= 1+—2
,,,,,,,,,,,,,,, a_
2
:>2— 1 Sln262>2= 12 WV
cos” 0 cos” 0
1
=2
|cos 6|
Step 2:

As we know that for 96(0, gj Foci=(+ae,0)=(£1,0)

. . a
|cos 9|=c056 Equation ofdlrctrlces,x—iz—i

Therefore, we get, Hence, options (b) and (c) are the
correct answers.

Now, a’ =%and b? "

2b’
As we know, length of LR=——=3

cos€)=lor9=E :
2 3 }
a l



ssment 1 _ ,
Step 1:

Given, axes of a hyperbola are the coordinate
axes and distances of one of its vertices from the
foci are 3 and 1. (ae,0)

, 0 ’
=ae-a=1 ---(i) and 5 (2.0) >
ae+a=3 ---(ii)

Now, dividing equations (ii) by (i), (ae)
e+l

> ——=3=>e=2anda=1
e-1

N

Step 2:
Also, from b?= a%(e*- 1),
We get, b?=3

Now, final equation,
2 2 2

Step 1: TY 5 b
Given, LR of a hyperbola subtends a right ac, =

a
2 2
(ae, 0)

L
angle at the centre of hyperbola ?-?= 1 /
As given, m, x m, = -1 o ))(
b2

2
=2 |x|-2& |=-1 -b?
ae ae Q ae,T

N

Step 2:
As we know, b?=a?(e?- 1)
=>(e?-1)’=e?ore*-3e?+1=0
Or we get,

, 345
e =

2

[+ As we know that for a hyperbola, e > 1]

:>e2=3+\/g

2

Now, multiply and divide by 2

(6+2\/§) (1+2\/§+5)

Sel= ‘—e’=
2 4

_1+45

2

|
|
\
\
|
|
\
!
!
, =e
|
\
\
\
|
|
\
|
|



M ATHEMATI CS

HYPERBOLA

EQUATION OF VERTICAL, SHIFTED
AND ROTATED HYPERBOLAS AND PARAMETRIC
COORDINATES OF HYPERBOLA

» Standard equation of hyperbola
Vertices, directrices of hyperbola

Equation of vertical hyperbola
Equation of shifted hyperbola
Equation of rotated hyperbola
Parametric coordinates of hyperbola

Transverse axis and conjugate axis of
hyperbola

Focal chord, double ordinate of hyperbola
Latus rectum, focal distance of hyperbola

Quick Recap

2 2
The standard equation of hyperbola is % - y_z =1, where a is the length of the semi-transverse
axis and b is the length of the semi-conjugate axis. The relation between a, b, e is b? = a% (e? - 1)

2. Foci: The foci are F, (ae, 0) and F, (-ae, 0).

—

N /\Y N
P(h, k 1B
(h, k) M,
\
) (-ae, 0) B (ae, 0)
. /& |z, 0 z| A\ F, X

Y 1B | 4-a
€ Vv Vv Vv €

DZ Dl

3. Vertices: The points of intersection of hyperbola with the line passing through the foci are
known as vertices. Here, the vertices are A'(-a, 0) and A(a, 0)

4. Directrices: The equations of directrices are x = -% and x =%
5. Transverse axis: The line joining vertices A and A’ is known as the transverse axis. The equation
of the transverse axis is y = 0. The length of the transverse axis is AA’ = 2a.

6. Conjugate axis: The line through the centre and perpendicular to the transverse axis is known
as the conjugate axis. The length of the conjugate axis is BB’ = 2b.



7. Focal chord: The chord passing through the focus is known as the focal chord.
8. Double ordinate: A chord perpendicular to the transverse axis is known as double ordinate.
9. Latus rectum: The focal chord perpendicular to the transverse axis is known as latus rectum. The

length of latus rectum is 25 The end points of latus rectum are (ae, —) (ae, b )for the LR passing
through (ae, 0); and (-ae, —) (-ae, b )are the end points for the LR passing through (-ae, 0).

10. Focal distance: The distance between the focus to any point on the hyperbola is known as the
focal distance or focal radii.

Horizontal hyperbola

2
If in the equation of elllpse =i b_z =1 (where a > b), we replace b? with -b?, then we get the

2 2
equation, ? - % = 1. This is the equation of the standard hyperbola.

N /\Y N
1 B(0,]b)
) (-ae, 0) (ae, 0) .
) F, /A 0 A\ F, X
X = - ® B’(O, -b) —_4da
e x=<
N\Z N\Z N\Z e

i) For an ellipse (a>b), the relation between a, b, and e is given by b* = a%(1 - e?). For a hyperbola
we replace b? by -b2.
Hence, the relation between a, b, and e for a hyperbola is given by b? = a?(e* - 1)

ii) For a hyperbola, e is a real quantity such that e > 1 and & <a < ae. So, in a hyperbola, the
directrix comes first, followed by the vertex and the focls.

iii) The line (x-axis) passing through both the foci and perpendicular to both the directrices is
known as the transverse axis of the hyperbola.

iv) The line (y-axis) passing through the centre and perpendicular to the transverse axis is known
as the conjugate axis for the hyperbola.

v) The quantity ‘a’ represents the distance from the origin to each of the vertices. Hence, ‘a’ is
also known as the length of the semi-transverse axis. Also, ‘2a’ is the length of the transverse
axis, which is the distance between the vertices.

vi) The quantity ‘b’ represents the distance from the origin to the points B(0, b) or B’(0, -b) . Hence,
‘b’ is also known as the length of the semi-conjugate axis. ‘2b’ is the length of the conjugate
axis, which is the distance between the points B(0, b) and B’(0, -b) .



We have b? = a?(e?- 1)
2 2
22 e’ 1=>e2=1+%

Se=1+ b— as e is a positive quantity.
w/1+(2 7a)? or=e= CTZ,

T? is the square of the length of the transverse axis.

where C? is the square of the length of the conjugate axis and

Vertical hyperbola

Let us rotate the horizontal hyperbola by 90°, we get another hyperbola. The centre does not get
disturbed by the rotation, so the centre is still at the origin. After the rotation, the foci get to the
y-axis, and the directrices become parallel to the x-axis. Also, after the rotation, the branches start
opening upward and downward along the y-axis and hence, we refer to the hyperbola obtained
as vertical hyperbola.

.= b

- L > D, 1y=-

< . * > X

2 A’ O A N -

] Br [4 D2 . y = F

P Q 2
2 2 b D A
F, (0, -be) 22 b
WV
a?=b%e?-1)

. . . o x: Yy
i)  The equation of the vertical hyperbola is given by prall -1

vii)

2
The relation between a,b and e is given by a?=b? (e?-1)>e= /1 + W

The line (y-axis) cutting both the branches of the hyperbolic curve is known as the transverse
axis of the vertical hyperbola.

The line (x-axis) that is not intersecting the hyperbolic curve is known as the conjugate axis of
the vertical hyperbola.

The coordinates of both the foci are given by F_ (0, be) and F, (0, -be).
b -b

The equation of the directrices are given by D, 1y = . Both the directrices are

parallel to the x-axis.

and D, YT

For a hyperbola, e is a real quantity such thate > 1 and = b <b < be. So, in the hyperbola, the
directrix comes first, followed by the vertex and the focus



viii) The points where the hyperbolic curve intersects the transverse axis are known as vertices.
The coordinates of the vertices are given by B(0, b) and B’(0, -b)

ix) The quantity b represents the distance from the origin to each of the vertices. Hence, b is
also known as the length of the semi-transverse axis. Also, 2b is the length of the transverse
axis, which is the distance between the vertices.

x) The quantity ‘a’ represents the distance from the origin to points A(a, 0) or A'(-a, 0). Hence, ‘@’
is also known as the length of the semi-conjugate axis. Also, 2a is the length of the conjugate
axis, which is the distance between points A(a, 0) and A'(-a, 0).

We havea2=b2(e2—1)=>ﬁ—e -1=>e?= 1+F
se=J1+ bz as e is a positive quantity.
L (2a)® _ C? 2
2b)2 or=e= + Tz where C? is the square of the length of the conjugate axis

and T? is the square of the length of the transverse axis.

xi) Latus rectum : It is a focal chord that is also a double ordinate. Let P, Q, and P, Q, be the latus
rectums for a hyperbola. The length of a latus rectum denotes the spread of the curve at

the focal points and is given by 2{;‘ The length of the semi-latus rectum is given by %2. The
coordinates of end-points of LR passing through (0, be) are given by <%2 be) and (b be)

The coordinates of end-points of LR passing through (0, -be) are given by ( T —be) and ( —be).

b’

xii) Focal distance: Let P(x, y) be any point on the hyperbola. Then, focal distances will be the
distance of P from each of the foci, i.e., PF, and PF, are the focal distances for point P, which in
the combined form are given by ey + b

We can observe that difference of focal distances = 2b

i

The horizontal and vertical hyperbolas are known as conjugates of each other, i.e., the horizontal
hyperbola is the conjugate of the vertical hyperbola and the vertical hyperbola is the conjugate of
the horizontal hyperbola.



= =1 and its conjugate hyperbola

2
We know that for a horizontal hyperbola = e = /1 + b—z
1 a

_af+b? 1 __ a°
= (el)z = a2 (e )2 = 22 + b2
.. bz
Similarly, e, = /1 + £ => e, )2 ———
1 1 a’ b2 a?+b?
NeTTS (e,)? (e 2~ a+b? trpr  aZ+pr 5 Hence proved.

@ Note

The foci of a hyperbola and its conjugate
hyperbola are concyclic and form a square.

We know that the segments F, F,and F’F.’
are perpendicular.

(i) Proof for square : Let e, be the eccentricity of
horizontal hyperbola and e, be the eccentric-
ity of vertical hyperbola.

f b’ f a’
= 1+a—2;e2= 1+F
b’ 2(a2+b2) 2,12
=ae, =a 1+—2= a —2=\/a +b
, 22 a +b2
=be, = 1+ | S — \/a +b’

Now, OF, = ae, and OF ' = be; Since ae, = be,,

F, F,and F’F, are perpendicular bisectors.

(ii) Since OF, = OF, = (OF )’ = (OF,) =+a’ + b?,
they are concyclic.




Rectangular Hyperbola

If the lengths of the transverse axis and conjugate axis of a hyperbola are equal, then it is known as
rectangular/equilateral hyperbola.

=>2a=2b=>a=b NY
Fora=b,
Horizontal hyperbola:
) yp , B(O )
XXy XXy D h =
a_z'b_2:1’=>a_2'a_2:1=>x -y°=a
— bz_ < N
ande= [1+%=/2 A(-a, 0) 0 A(a, 0)
Vertical hyperbola: ;
2 2 2 2 B( 'b)
X Yy X Yy 22 2
az pz= L P slex-y=-a
2
and e = ‘/1"'3—2:\/5 N2

T

If the axes of the hyperbola are rotated by an angle of 2 about the origin, then the equation of

fud 19

2
the rectangular hyperbola x* - y* = a?transforms to xy = 37 or Xy = c?

Translated hyperbola

2 2
Consider the horizontal hyperbola :—2 - 1};—2 = 1. The centre of the hyperbola is shifted to C(h, k).

(i) Equation of the hyperbola with respect to the

new coordinate plane X'Y’ YT ™NY

X' 2 ( ')2
= (az) - }é_z = \

(i) Equation of the hyperbola with respect to \

the original coordinate plane XY p qh. k) %

X - h)? - k)?
=>'(az)'(ybz) =1 ¢ / \ N
Under shifting/translation, the lengths do ) (0, o \ ,
not change. Hence, the relation between

WV Vv

a, b, and e remains the same for both the
hyperbolas, b? = a? (e - 1)

(2] Consider the hyperbola, 9x? - 16y? -72x + 96y - 144 = 0. Find the following:
% Centre, Vertices, Eccentricity, Foci, Equation of directrices, Length of transverse axis,

Equation of transverse axis, Length of conjugate axis, Equation of conjugate axis, Length of
latus rectum.




Solution

Step 1:

Given, 9x* - 16y* - 72x + 96y - 144 =0

= 9x? - 72x - 16y* + 96y = 144

= 9(x* - 8x) - 16(y? - 6y) = 144 = 9(x* - 8x + 16 - 16) - 16(y*- 6y +9 -9 ) = 144

N2 22
= 9x- 47 - 16(y -39 = 144 = X2 ULy

. (x-h)? (y-k? _ . . . . .
This is of the form —— - vl 1, i.e., equation of translated horizontal hyperbola having its
centre at (h, k).

=>a’=16,b*=9,h=4 andk=3

Step 2:

Letx-h=x"andy-k=y’

(x-47 (y-3P_,
16 9

Centre (x, y') = (0, 0)

=>x-h=0andy-k=0 =2x-4=0andy-3=0 2x=4&y=3

~ Centre (h,k)=(4,3)anda=4,b=3

=

Step 3:

For an original standard hyperbola, the vertices are given by (za, 0).
= (x,y’) = (za, 0)

=>x-h=taandy-k=0 =x=h taandy=k

=>x=4 t4andy=3=>x=8,0andy=3

= A(0, 3), A'(8, 3) are the vertices for the translated hyperbola.

Step 4:
The coordinates of a foci standard hyperbola are given by (x,y’) = (tae, 0)

_ L2 [[,9_[25_5
Wheree—\/1+a12 \/1+16 16~ 2

se=2

Foci: (x),y') = (+ae, 0)
=>x-h=taeandy-k=0=x=h taeandy=k

:x:4i4(%)andy:3:x:4J_rSandy=3

=>x=9,-landy=3
= Foci: F (-1, 3) and F (9, 3)



Step 5:
b?
+ a )

2
End points of the latus rectum of a standard hyperbola are given by (ae, + b—), -ae,
2
= Endpoints of the latus rectum of translated hyperbola are given by (ae +h, + E— + k),

a

(—ae +h, + 2—2+ k).

= End points of the latus rectum of a translated hyperbola are given by (9, 3+ 2), (—1, 3+ %)

Step 6:

_2b*_5(9\_9
Length of the latus rectum = b 2(4) )

The equation of the transverse axis for a standard horizontal hyperbola having its centre at the
origin is given by y = 0

= The equation of the transverse axis for a translated hyperbola is given by y’ = 0
=>y-k=0=>y=k=>y=3
=y = 3 is the equation of the transverse axis for the translated hyperbola.

Step 7:

The equation of the conjugate axis for a standard horizontal hyperbola having its centre at the
origin is given by x =0

= The equation of the conjugate axis for a translated hyperbola is given by x’ =0
>x-h=0=>x=h=x=4

= x = 4 is the equation of the conjugate axis for the translated hyperbola.

Step 8:
The equation of directrices for a standard hyperbola is given by x = i%

= The equation of directrices for a translated hyperbola is given by x’ = + %

>x-h=t8=x-4=216-y-4,16
e 5 5
16

>x=4+ T are the equations of directrices of the translated hyperbola.

Step 9:
Length of transverse axis of the translated hyperbola =2a =8
Length of conjugate axis of the translated hyperbola=2b =6



Consider a standard horizontal hyperbola
whose centre is at the origin, x-axis is the
transverse axis, and y-axis is the conjugate N AY P

y2

2
axis. ;(—2 Vi 1, where x and y are coordinates X
of any point on the hyperbola. Np
Consider a point in the first quadrant P(x, y) ae O) e, 0) y
on this hyperbola and M and N are points on pl .

1 AN
the x-axis and y-axis, respectively, such that 0 A\F, M x
PM is perpendicular to the x-axis and PN is
perpendicular to the y-axis.

= PM =y and PN = x, where PM is the a
perpendicular distance from the transverse e 5
axis and PN is the perpendicular distance from 2 1
the conjugate axis of point P.
PN)? (PM)?

L BNE (M)

Now, the centre is shifted to (h, k). Hence, the x=h Px,y
new equation of the translated hyperbola \\ N

_h\2 _1-\2
becomes (Xazh) _(ybzk) =1

N

Again, consider a point P(x, y) on this translated
hyperbola, and M and N are points on the /
transverse axis and conjugate axis, respectively, /
such that PM is perpendicular to the transverse
axis and PN is perpendicular to the conjugate
axis. v
= PM=y-kand PN=x-h.
2 2
- (BN:_ (M)

N
Vv

\

=1

¥

For a hyperbola, it is not necessary for the coordinate axes or axes parallel to them, to be the axes
of the hyperbola. Any two perpendicular lines can be the axes of a hyperbola.

Equation of a hyperbola referred to two perpendicular lines as axes

Consider lines L tax+by+c =0andL,:bx-ay+c,=0 astwo mutually perpendicular lines,

-a
which are the axes of the hyperbola such that the slope of L (m,) = b_l and of L,(m,) = a_l
1 1



Let L, be the conjugate axis and L, be the transverse axis. Then their intersection will be the
centre of this hyperbola. To find the equation of such hyperbola, consider a point P(x, y) on this
translated and/or rotated hyperbola, and let M and N be the points on the transverse axis and
conjugate axis, respectively, such that PM is perpendicular to the transverse axis and PN is

perpendicular to the conjugate axis.

Now, using the equation derived for the
standard hyperbola in terms of PM and PN,
we get,

2

(PN)" (PM)
a2 b =1
Also PN:MandpMzw

(a, )2 +(b, )2 (a, )2 +(b, )2

2
Eccentricity is still unchanged, i.e., e= 1+ b—z
a

L 4

1

N

The centre of the hyperbola is the point of intersection of lines L, =0 and L, =0

Auxiliary Circle

Consider the standard horizontal hyperbola
whose centre is at the origin, x-axis is the trans-
verse axis, and y-axis is the conjugate axis. Its
equation is given as follows:

X2 Yy

> - 15 = 1, where x and y are coordinates of
a? b
any point on the hyperbola.

The circle described on the transverse axis as
diameter is known as the auxiliary circle of the
given hyperbola. Its equation is given as

X2+ y?= a

Consider the standard vertical hyperbola
whose centre is at the origin, y-axis is the
transverse axis, and x-axis the conjugate axis.
Itg equation is given as follows:

g—z - ;—; = 1, where x and y are coordinates of
any point on the hyperbola.

Then, the equation of the auxiliary circle of
such hyperbola is x* + y? = b2

™Y x2+y2=a2
/\/ a \
Center =(0,0) < diam = 2a
X2+ y?= b?

Y
B
B

fﬁx



2
Consider the hyperbola, ;(—z - ]);,/_2 =1, with the
centre at origin O.
Auxiliary circle: x*+ y?= a? Ny
Let P(x, y) be a point on the hyperbola and T
Q be a point on the transverse axis such that
PQ L x-axis.
QP’ is known as the tangent from Q to the
auxiliary circle.

/
<

N

OP’ 1 QP’ A
Let § = P'0Q , where 8 € [0,2m) - {-%, 3T} and
the positive sense of 8 be in the anti-clockwise X2+ y2= a2 Jd

direction, and is a real parameter.

Let us consider the auxiliary circle and the tangent QP’.

P'(x,, y,) as a point on this circle and its parametric point can be written as (a cos6, a sin6)
Equation of tangent at P’ is T : xx, +yy, = a°

= T:x (acosb)+y (asinb) = a?

2
When this tangent meets the x-axis, its ordinate is 0 and abscissa = 3 caose = a secb.
However, 1 exists only when 6 excludes values {l 3n
cosO 2°2
Hence, 6 cannot take values zl :2-3_11 in the interval [0, 2m)

Also, Q is the point of the intersection of the tangent with the x-axis. Hence, Q = (a sec6, 0)
However, PQ is L to the x-axis. Therefore, the abscissa of P will also be a sec6

Putting the value of abscissa of P in the equation of hyperbola and solving for its ordinate, we get
point P as (a secB, b tan®) , which is indeed the parametric form of any point of this hyperbola.
Parametric equations: x = a secO and y = b tanf

—

0 is the eccentric angle of point P, which is not the angle measured between the x-axis and OP but
the angle measured between the x-axis and OP” where P’ is the point corresponding to point P on
the auxiliary circle.

2 2
Similarly, following the same steps, the parametric equation for hyperbola: ;(—2 - t})l_z =-1is

x =atan® and y = b sec6, where 0 € [0, 2m) - 21 g_“



@ Summary sheet

?

- | 4

Key Takeaways

2 2
« The equation of a vertical hyperbola is given by :—2 - y_z =-1.

. . . . (x-h)? (y-k)p?
- The equation of a translated horizontal hyperbola with centre at (h, k) is Z b2
y2

2
. Parametric equations of standard horizontal hyperbola - 25 =1, are x = a sec8 and y = b tan®.
a2 b

=1.

Hyperbola
Equation of vertical Equation of shifted Equation of rotated Para!metnc
hyperbola hvoerbola SVisER 6l coordinates of
* P b hyperbola

Self-Assessment

1. A circle cuts the rectangular hyperbola xy = 1 in the points (x, y ), r = 1, 2, 3, 4. Find the value of
X XXX, &Y, Y, Y3V,

2. The curve represented by x = sec + tan6, y = sec - tan0 is which among the following options?
(@) A parabola  (b) Anellipse (c) Acircle (d) A rectangular hyperbola

Let the circle be x* +y? = a?

Since (t, %) (t= 0) lies on xy = 1, the points of intersection of the circle and the hyperbola are

given byt2+%=a2=>t4-a2t2+1:0=>t4+0(t3)-a2t2+0(t)+1=0

Ift, t, t, t, are the roots of the above biquadratic, thent, t, t,t, =1
(%, ) = (t, =), T =1,2,3, 4, then x, X, X, X, = t, t, t, t, = 1
1

t
And Y. Y. Y:Ys " Tt et -

1727374






MATHEMATI CS

HYPERBOLA

TANGENT TO A HYPERBOLA

g@ What you already know

« Equation of vertical hyperbola

S N - « Position of a point (c) Slope form

* EqQuation of shitted hyperbola . Equation of tangent -

« Equation of rotated hyperbola d . E »  Point of contact
(@) Point form of a tangent

. Parametric coordinates of )
(b) Parametric form

hyperbola
2 y2
(i) The equation of a vertical (conjugate) hyperbola is given by — — el = -1
a

(i) The equation of a hyperbola, whose transverse axis is parallel to x-axis; and the centre is

2 2
x—h -k
shifted to (h, ), is ¢ 2) _ b 2) 1
a b
X2 y2
(iii) The equation of the auxiliary circle of a—z - = =1lisx*+y*=a’

2 2

(iv) The parametric equations of a hyperbola :—2 — % = larex=asecB andy=Dbtan 6 where 6

is parameter (0 < 0 < 2m)

Position of a point P(x,, y,) with respect to a hyperbola

Y
N
Let P(x,,y,) be a point in the plane of the Reide
<2 2 [ E—
hyperbola, == _ ¥ _ 1 e —
a® b , S — . .57
The hyperbola divides the Cartesian plane F, A O] A i

into three distinct regions, namely inside,
on, and outside.

Inside

On

b Outside



« Interior: The portion that contains foci F, F, constitutes the inside region of the hyperbola.
Both these portions are disjoint from each other, but any point coming from either of these
regions is termed as the interior point of the hyperbola.

« Exterior: The portion that contains the centre (0) constitutes the region outside the hyperbola,
and any point coming from this region is known as the exterior point of the hyperbola.

« On: The infinitely many points on the two branches of this hyperbolic curve constitute the
region on the hyperbola.

$,>0 P(x,,y,) lies inside the hyperbola
S, <0 P(x,,y,) lies outside the hyperbola
S,=0 P(x,,y,) lies on the hyperbola
Xy () _ ()
Where, S: pelile i 1,S,: alz - 1

Explanation

Case 1: Let us take F (ae, 0).

2 2 2
Now, S, =1—f - % 1 =¢e"-1>0(Ase>1)

Hence, S, > 0 = The inside region of the hyperbola.

Case 2: Let us take 0(0,0).
0’ 0
NOW,SO:a—2 = ? -1=-1<0
Hence, S, < 0 = The outside region of the hyperbola.

Case 3: If a point is on the hyperbola it will satisfy its equation.
Hence, S, =0

Circle, Parabola, Ellipse Hyperbola
Interior S1 <0 Interior S1 >0
On S =0 On S =0

Exterior S >0 Exterior S <0




A Line and a hyperbola

If we are given a line and a hyperbola, we obtain 3 cases:

« Intersecting: The line will be an intersecting hyperbola at two distinct points
« Tangent: The line touches the hyperbola
« Non-intersecting: The line does not intersect the hyperbola

Y/

Consideraline,L:y=mx+c...(1)

XZ y2
and a hyperbola: — — o =1...(2)

a
Substituting (1) in (2) and simplifying, we get:
(b2 - a?m?)x? - 2a%cmx - (a%c? +a?b?) = 0 < 0 > X
The discriminant of the above equation,
D = (-2a%?cm)?+ 4(b? - a> m?) (a®c? + a b?)
D =4a*c? m? + 4b%a? c? + 4a%? b* - 4a*m? c?- 4a*m? b?
= D =4a?b?(c® + b? - a’m?)

WV
D>0 D=0 D<0
L Y/\

Case 1: When a line intersects hyperbola

As a hyperbola has a two-degree equation and
a line has a linear equation. When we solve
them simultaneously, we get a quadratic
equation that can have at most two distinct real
roots. Therefore, the number of points of < > X
intersection between a line and a hyperbola will
be at-most two.

If line L meets the hyperbola at two distinct
points, then the equation has two distinct real
roots.

~D>0 orc?>a’m?-b? \Z

Case 2: When a line touches hyperbola

In this case, a tangent is a line that has a single point of contact also known as point of tangency.
Therefore the line will touch exactly one of the branches, not two. From the figure, T, T are two
tangents on each branch of the hyperbola.



Y/\

Reason: We get two real and repeated roots
of the quadratic equation obtained by solving
equations of the line and the hyperbola

simultaneously. 0 7
~D=0or c?2=a’m?-b? = c=4++va’m?-b?

N

Case 3: When a line is not intersecting hyperbola

In this case, the line completely lies on the region
that is outside the hyperbola.

If line L does not meet the hyperbola, then the \> 0 <' L

equation has imaginary roots.

~D<0orc?<a’m?-b?

Equation of Tangent

2 2

Consider a standard horizontal hyperbola, X—2 - % =1
a
Line L is the tangent line to the hyperbola at point P(x,, y,)
Xz yz (Xxl) (yyl)_1:O

Equation of tangent to hyperbola — — el = 1,atpointP(x,y,)isT=0= EPUE
a a
Which is obtained by taking all the terms to the LHS and replacing x* with xx, and y* with yy,
2 2

@ Note
y

Equation of tangent to ellipse S: X Y _1-0at point P(x,y,)isT=0

() ov) . "

a’ b*

=



2 2
—

y
7 1=01i.e,T=0.

Yy _q
a b?

Replace b? with -b? in the ellipse equation, we get equation of tangent to hyperbola — -
XX
ata point P(x,, y,) as () _ (vy,)

2 2
The equation of the tangent to the standard horizontal hyperbola, X—z _ 7
P(8) = (asecH,btan 0) is x sect

_ y tanb

= 1 at a point
a b? >
1=0
a b

Equation of tangent at point P(8) = (asecH,btan8) isT=0=
Substitute x, =asec®andy, =b tan 6

A
After simplifying, we get:
x sec y tan®

a b

The equation of the tangent to the standard vertical hyperbola,
XZ 2
2

1=0

y

2 b?

—1, at a point P(6) = (atan®, bsec9) is

X tan® y sec6 N
a

b
Slope form

1=0.

The equation of tangents of slope m

Y
L, - Slope=m 4
to the standard horizontal hyperbola
XZ y2

¥ b7 1 are given by

4

y = mx * va’m’-b? '

N

2 2
y =mx +c touches the hyperbola = — % =1
if c2=a?m?- b?

Therefore, ¢ = ++a’m?* —b?

WV
The coordinates of the points of contact of tangents are
(—azm s

, —J, where ¢ = ++a’m? —b?
c c



@ Note

for an ellipse.
Replace b* with —b?, we get:

for an hyperbola.

The coordinates of the points of contact of tangents are ( a

a
The coordinates of the points of contact of tangents are (

2

C

2

C

m b
, — |, where c =
c

m
, —j,where c =

2

+ va’m? +b?

2

+ va’m*-b?

C

2 2

Hyperbola: % A 9

1
Given line, 5x+12y +k=0 (k<0)

-5 k
S>y=|—x-— =>m-=
12 12

2 2
y_
2

(a*=9, b’ =1)

K
12

-5
—, C
12

=1 = ¢* = a’m*-Db*

aZ

2 2
KY _o(3) 4
12 12
After solving,

k?=81=k=4+9.

However, k < 0 (Given)
So,k=-9=L:5x+12y-9=0

Step 2
—a’m

Point of contact = [ ,
C c

y =mx + ¢ touches

b _9(3) -1
e
g

Thus, the required point of contact is P(S,

—
N
d




A tangent to hyperbola 4x*- 9y*= 36 meets the coordinate axes at A and B, respectively.
Find the locus of the midpoint of AB.

Y
oo

Equation of the hyperbola is

N

XZ y2
4x* -9y’ = 36 = — - Z— = 1, which gives,
9 4 B ©
a=3,b=2 <

Equation of tangent in the parametric form is < 5 > X

R
(EJsece - (thane =1
a b
= (Ejsece - (thane =1
3 2

It meets the axes at A and B, where v
A=(3 cos 6, 0) and B=(0, —2 cot 0)

Let the midpoint of AB be P(h, k), which is the locus point.
P is the midpoint of A & B

(x+x y1+y2]=(3cose+0 O—2cot6}
2 - )

(o]

]cos Oandk= —cot® = cos 0= % and

P

o
11

<

cot 6 =

N | W

sec9=iandtan6=_—1
2h k

Since sec’0 — tan’0 =

-

Locus of point P(h,k) :



A pair of tangents are drawn from the point (4, 3) to the hyperbola, f—6 - —

Let 6 be the acute angle between them. Which of the following is/are true?

(@) tan 6 = % (b) One of the tangents is horizontal.

(c) One of the tangents is 3x—4y =0. (d) One of the tangents is vertical.

Given,
Standard horizontal hyperbola,
2 2
X L - 1 = a’=16andb*=9
16 9
Let the vertices of the given hyperbola be A and A' = A(4, 0) and A'(—4, 0)
g . X4 Y
' 16 9

Substituting the value of point P in S,, we get,
S;=-1=S5<0

= Point P is an exterior point.

Y L
Observation: Point P(4, 3) lies on the
vertical line, L : x = 4, which also passes (P, 3)
through point A.
= Line L : x =4 is one tangent to the hyperbola 3 > X
from point P(4, 3), and the point of tangency is (-4, 0)A 0 A(4,0)
A(4,0).
= One of the tangents is vertical and therefore,
option (d) is correct.
WV 4

To find other tangent, let us consider the tangent equation for a hyperbola, y = mx + va?m? - b?
Now, this tangent passes through point P(4, 3) (given) and a? = 16, b*=9.

Therefore, putting the values of x, y, a%, and b?, in the given tangent equation, we get,
3=4m+vV16m?-9 = (3-4m)*=16m?-9
=>9+16m2-24m=16m2-9=>18-24m=0:m=%



Hence, the equation of tangent at point P(4, 3) with slope (m) = % is given by:
y-3=%(x-4) or4y-12=3x-12 = 3x- 4y = 0
Hence, option (c) is also correct.

N N
T

A * N\

Vv Vv Vv

Now, to find the acute angle (8) between the two tangents, i.e., x = 4 and 3x - 4y = 0, consider ‘o’

to be the angle made by line 3x - 4y = 0 with positive direction of x- axis = tan a = %
However, the angle between x =4 and 3x - 4y = 0 will be 90° - «

Hence, tan 0 = tan (90° - a) = cot a = %
=tan 0 = o
3

Hence, option (a) is also correct
Thus options (a), (c) & (d) are the correct answers.

2 2
@ If PQ is a double ordinate of hyperbola % - y? =1, (P is in the first quadrant) such that

OPQ is an equilateral triangle (O is the centre of the hyperbola), then find the area of
AOPQ.

2 2
Given, = - Y =1
ven, - - 5
) o X2 YR
Comparing with — - = =1, we get, a’=3andb?=2

a’ b2
The given hyperbola is a horizontal hyperbola whose centre is at origin 0(0,0).



PQ is the double ordinate, which is a chord to
the hyperbola and is perpendicular to the x-axis
such that AOPQ is an equilateral triangle.

Area of an equilateral triangle = \/Zg (side)?

Let PQ cut the x-axis at R. Now, we see from

the figure that AOPR and AOQR are congruent
by S.A.S property.

Hence, ZPOR = £QOR = (say)

However,

2P0Q =60°= 2POR+ £ZQOR = + ¢ = 2¢
= 20 =60°= ¢ =30°

Now, line OP makes angle ¢ = 30° and
passes through (0,0)

Slope of line OP = tan 30° =

<\/§ secH, \/E tane),
\/E tan6 \/E .
= sin0

1
V3
LetP = Q=

(\/§ secO — 2 tane)

2
/ %

m=tan30° =

Vv

\

Slope of OP =

@sece_ﬁ °

As m = slope of OP = \/E sin® = i

B V3
"

:>sin9=i:>9=

V2

Therefore,
P = (3 seck, V2 tanZ | = (\B(2), VE(1) = (V. V2]
= Pis (\/g, \/E), and Q is (\/E, —\/E)

Length of OP=+/6+2 =8

= Area of AOPQ = %(\/g)z = 2\/§ sq. units.

y

N
(\/§ sec 0, —+/2 tan 9)



2 2

Find the value of ‘m’ for which y = mx + 6 is a tangent to the hyperbola 1)?? T =1

Summary Sheet

« Position of a point with respect to a hyperbola
i) S, >0= Point lies inside the hyperbola
ii) S, <0 = Point lies outside the hyperbola
i) S, = 0 = Point lies on the hyperbola

- Parametric form
2 2

Equation of tangent to a hyperbola X—Z—i—zzl, at a point P(6)=(a sec6, b tan@) is
2

x sech y tan6
a b

1=0

o Slope form
2 2

Equation of tangent to hyperbola, X—z—%zl, having slope m is y=mx * +a’m?®—b?
a

o Point form

2 2
Equation of tangent to a hyperbola X—z—z—zzl, ata point P(x,, y,) is T=0
gl

Position of a point

Equation of a tangent

Hyperbola
Tangent to hyperbola v( l
Point form Parametric
form
Point of contact of a J

tangent
: Slope form



The point of contact of 5x + 6y + 1 = 0 to the hyperbola 2x? - 3y? = 2
(a) (5, 4) (b) (-5, 4) (©) (-5,-4) (d) (5,-4)

@ Answers

Concept Check

XZ yZ
Ify = mx + c touches = - == = 1thenc’=a’m’-b’
2 y2
Given y=mx+6 is a tangent to the hyperbola - — =
y : o 100 49
Here, ¢ = 6, a°= 100 and b* = 49.
Therefore 36 = 100m* - 49 = 100m’= 85 = m = + ;—(7)

Self-Assessment

Given, 5x + 6y + 1 = 0 is the tangent to the hyperbola 2x? - 3y* = 2

2x* 3y’ XX vy

2x°-3y’=2 => — - =1=>—-2-=1=2a*>=1andb’
2 2 1 2
3
Line: 5x+6y+1=0 :>y=_—5x = 1 = m:__S,C:__l
6 6 6 6

Point of contact

—a’m  -b’
c c

(59

So option (b) is the correct answer.

w N



M ATHEMATI CS

HYPERBOLA

NORMAL AND ASYMPTOTES OF HYPERBOLA

A
@‘D What you already know ggl What you will learn

» Position of a point + Director circle
. Equation of tangent « Chord joining two points
» Point form « Chord with given midpoint

» Parametric form Equation of normal to a hyperbola
» Slope form » Point form
- Point of contact of a tangent » Parametric form

» Slope form

Asymptotes

Quick Recap

1. Position of a point
Position of a point P(x,, y,) with respect to a hyperbola

(i) S,> 0 = Point P(x,,y,) lies inside the hyperbola
(i) S,<0 = Point P(x,y,) lies outside the hyperbola
(iii) S,= 0 = Point P(x,,y,) lies on the hyperbola
2. Parametric form: .
Equation of tangent to a hyperbola, :—2-%= 1, at a point P(6)=(a secB, b tan0) is

xsecO ytan6

" - 1=0
3. Slope form: ,
Equation of tangent to a hyperbola, ;(—z-i—z= 1, having slope 'm' is y = mx +4/a’m?* - b’
4. Point form: .
Equation of tangent to a hyperbola, %-%: 1,atapointP(x,y,)isT=0

D(X)zl)-(};}zl)'l=0
a



Director Circle

The locus of the point of intersection of
perpendicular tangents to a hyperbola is
a circle concentric with the centre of the
hyperbola and that circle is known as the
director circle.

Equation of the hyperbola,

2 2

Xy _

2

Equation of the director circle of hyperbla,
<2 + yz =a2-b?

:>(x-0)2+(y-0)2=(\/m)2

@ Note

- For horizontal ellipse,

2
Director circle is x* +y° =(«/a2 +b2) ,wherea>bandr=4/a’ +b’

- For horizontal hyperbola,

N

2
Director circle is x> +y*=a’-b’ =(\/a2 -b2) ,where a>bandr=4/a’-b’

2 2
Equation of tangent to a hyperbola, X_2y_2: 1is

y=mx*.a’m’-b> ... (i) 4

Let P(h, k) be the locus of point of intersection of two
tangents T, & T,
Equation (i) is passing through the locus point P(h, k)

k=mh +./a’m’ - b’
=k-mh=+,a’m’-b’
= (k- mh)2 =(i Ja’m’ -b’ )2

k?+ m?h?- 2mkh = a’?m?- b?

m?(h%- a%) - 2mhk + (k>+ b?) =0

m, and m, are the roots of the given quadratic
equation but m, and m, are the slopes of
tangents that are distinct and real.

For director circle, m,.m, = -1

N

> =<

ya
N

<\



k? + b?
h%-a’ -
—k>+b*=a’-h’

=h?’+k’=a’-b?

-1

Replace (h, k) with (x, y), we get
X2+ yz =a2-bh?

Centre (0, 0) and r=4/a*-b’

@ Note

For director circle, r=4/a’-b’

If a> b?, then it is a real director circle.

If a?= b?, then it is a point circle. This point circle is
at the origin and the hyperbola will be rectangular
hyperbola.

If a?< b?, then it is an imaginary circle.

@ Note

Equation of the director circle for the vertical
hyperbola

Xy .
=-Zr=-lisx’+y’ =b’-a’
b
If a< b, then it is a real circle.
If a > Db, then it is an imaginary circle.

If a=b, then it is a point circle.

@ Note

Equation of director circle of shifted hyperbola

(ch) (k)

a’ b’
(X-h)2 +(y-k)2 =(\/m)2

As lengths don't change while shifting, the radius will
remain the same.

) 4
VAN

>\

N

<

N

y

IR\



Chord Joining Two Points

Equation of the chord joining the two points Y

P(a) & Q(B) on the hyperbola

Let a be the eccentric angle of P then the
coordinates of P wil be (a seca, b tana) and similarly
let B be the eccentric angle of Q then the
coordinates of Q will be (a sec 3, b tan f3).

AN
7

f

So, the equation of the line segment joining the two < ?
: . X
points P& Q is \\
YooV
y-yi = —(X-X
e ) QBN

On substituting the values of x,,y,, X,,¥,,

we get

E CcoS ﬂ - X Sin a—+B =COoS a—-l-B
a 2 b 2 2
Chord of Contact

If the pair of tangents drawn from an external point

Chord of contact

P(x,,y,) to the hyperbola S = 0 touch it at the points
A & B, then AB is called the chord of contact with <
respectto P(x,,y,);

Equation of ABis T=0

@ Note

Point of intersection of the tangents at A(a), B() on the hyperbola S=0is
acos(a-B) bsin(OHBJ
2 2
2 2

- + +
Equation of chord AB interms of a & 3 : X cos [OLTB) -Xsin(aTBj =cos (OLTBJ ....... (1)
a

b
Equation of chord ABin terms of (x,,y,) is T =0

We know that the equations (i) & (ii) represents the same line. So their ratio of corresponding
coefficients will be equal.



Chord with given midpoint

The equation of a chord of the hyperbola
S = 0 whose midpoint is P(xl, yl) isT=S§,

where P is the interior point of the hyperbola.
2 2

Xy
Now,S:—-—-
a’ b’

2 2 &

X y N
Sl (alz) -(blz) -1
T (Xa)il)_(};)};l) 1

Now, equate T with S, to get the equation of
the chord with a given midpoint.

(2] Tangents are drawn to the hyperbola 4x*- y>= 36 at the points P and Q. If those tangents
intersect at the point R(0, 3), then what is the area of APQR (in square units)?

(a) 455 (b) 5443 (c) 603 (d) 3645

Step 1: Given, hyperbola,

So, itis the standard horizontal hyperbola.

R(0, 3)

R(0, 3)is the point of intersection of the
.%/5 12

tangents at P and Q.

So,PQis the chord of contact of R(0, 3).

= The equationof PQisT=0

So,ﬂ-ﬂ=1:>y=-12
9 36

/1IN P(3V5,-12) ‘

S



= y-coordinate of Pand Qis-12
On putting this value of y in

2 2 2
X__Y_=1:>X_=1+ﬁ:>x=i3«/§
9 36 9 36
Step 2:

PE(3J§,-12)ansz(-3J§,-12)

So, Sis the mdipoint of the PQ chord,
$=(0,-12)
PQ=35+3v5=65RS=3+12=15

So, area of the triangle PQR
=%(PQ)(RS)=%(6\/§)(15)=45J§ square units

Therefore, option (a)is the correct answer.

Equation of Normal to a Hyperbola
 pointform_ 1
N

Equation of the normal to the hyperbola
S=0atP(x,y,)is

2 2
ﬂ + b_y = a2 + b2

X ¥

X
Equation of normal of horizontal ellipse /

N

2 2
ax by _ oo
Y
By changing b? to -b?, we are getting the
equation for normal to hyperbola as
2 2
ax by .y
X N

Y
Equation of the normal to the hyperbola \/

S=0atP(0)is ’/ P(6)
ax by —32 +b? (eio,ﬁ,ﬂtj

X

N

+
secO tanO

i\ %

Where parametric coordinates are
(asecB,btan0)




@ Note

In parametric form comparison with ellipse equationsis not possible as their parametric coordinates

are not same. Parametric coordinates for ellipse are (a cos 6, b sin 0 ) while parametric coordinates
for hyperbola are (asec 0, b tan 0).

Slope form ,Y

N
N
Equation of the normal to the hyperbola
S =0 whose slope is m is m
(a2 +b2)m a a P
y=mx+-——-—=— whereme| —,— ,/\l
Ja’-b’m’ b

b
This can also be obtained by comparing it
with equation of normal to horizontal ellipse,

(a2 -bz)m

2 2.2
\Ja“+b'm J

N

i\ %

y=mx*

N

i\

m\P//
7\

Vv

There will be two distinct normals parallel to one another.



2 2

X
() LetP 3, 3) be a point on the hyperbola XY o9 . If the normal to it at P intersects the
% a’> b’

x-axis at (9, 0) and 'e' is the eccentricity, then what is the ordered pair (a? e?) equal to?

) 9 3
(a) (9,3) (b) (E’ZJ ) (5,3j ) (E’Zj

X2 2
Step 1: Given, hyperbola, _2-§_Z= 1
a
We have a normal to the hyperbola at (3, 3). Equation of the normal to the hyperbola S =0 at
P(xl, yl) is
2 2
ﬂ + b_y = az + b2
X Vi
We get the equation of normal as follows::
2 2
N:AXLDY e (i)
3 3

Step 2: We know that,

b? Y
€ =1+—=a’+b’=a’e’....(ii) 0
a

N

The normalintersects the x - axis at (9, 0). 9, 0)§ XE
aZ
:>T+O=a2e2 —e’=3

- . b’
On substituting e* =3ine* =1+ — > we get
a

the following:
b2
=3=1+—=b’=2a’
a

Step 3: Now, P also lies on the hyperbola.
On substituting (3, 3) in the equation of hyperbola we get the following

Therefore, the ordered pair is (% 3].



Asymptotes

If the distance between a line and a hyperbola
tends to be zero when one or both of the xand
y coordinates approach to infinity, then that
line is known as ‘asymptote’ to the hyperbola.
In short, an asymptote is a tangent to the
hyperbola at infinity.

N

N

Equation of asymptotes to a horizontal hyperbola

We know that the line y = mx + c touches the X
2 2
Xy
hyperbola 2
If c2=a’m?- b? and the point of contact is o| @
_aZm _b2 7 2
c ¢ , then this point of contact should , R
X
represent infinity. For y = mx + c to be asymptote of P [D
the hyperbola, c should be equal to 0. 212
So, 0 = a’m?- b? :>m=J_rE
a4 b
Hence, equations of asymptotes: y == (;)X N

@ Note

b b
1. y= 2 xandy =- 2 X are the two asymptotes.

2. Both these lines pass through the centre (0, 0) of the hyperbola.
3. Both are inclined equally with the transverse x-axis and conjugate y-axis.
4. The x and y axes are acting as the angle bisectors of the angle between both the asymptotes.

5. Fory= b x:>ay=bx:>ay-bx=0:>X-§=0:>§-X=
a b a ab
Fory=-(£)x:>ay+bx=0:>§+z=0
a a b
X2 y2
Onmultiplying both these equations, we get the combined form —-- v =0
a



(1) Equation of both the asymptotes for this hyperbola, y =+ (ij
a

So, m1=9>0andm2=£<0, Y

a a T

2
slope of T, asymptote > 0 because line T making
a positive (anticlockwise) angle from the
positive direction of x-axis and slope of T, <0
because line T, making a negative (clockwise)

N

angle from the positive direction of x-axis. So,

Tl:y=(2jxandT2:y=-(EJx
a a

(0

0)

N

(a) If B is the acute angle between asymptotes,
b -b

then ml =_;m2 S=—

a a

C|m-m, |
So,tan6—|1+m1m2| ‘_b b

K

o\ %

(0

b 0 0 4(b a(b
(b) m;=—=tan| — [=>—=tan” | — |=>0=2tan" | —
a 2 2 a a

(c) As we know b?= a?(e?- 1):>E: Jei-1
a

Il

[o5)

NN

)

o | T

(3]
N
/><
\

0

-
/

E=tan (gj= Je'-1=e’=1+tan’ (gjz sec’ (g)

a
(9)
=e=sec| —
2

(2) A hyperbola and its conjugate have the same asymptotes.

Asymptotes of the horizontal hyperbola,
X2 y2 b X2 y2
H:—-—=1larey=1+|—|x or A:—-—=0

a’ b’ Y a A

b2

Asymptotes of the conjugate hyperbola,

2 2

> =<

i\ %

N

NS
/TN

2 2
C:X—-y—=-1arey=i[2jx or A:X Y =0
a~ b a

a’ b’

o\ %



Xy oo XY a0 XY _

(3)H.a—z'—z'l—O,A.a—z'—z—O,C.y-—2+1—0
X2 y2 X2 y2 X2 2

H+C= ?-F'1+a—2-?+1=2 a—z'? =2A

@ Note

1. Hyperbola, pair of asymptotes, and conjugate hyperbola differ by a constant with H + C = 2A
2. If H: ax?+ by?+ 2hxy + 2gx + 2fy + c = 0, then A : ax*+ by?+ 2hxy + 2gx + 2fy + c+ k=0

%@ Find the equation of the asymptote of the hyperbola xy - 3y - 2x = 0.

Step 1: Given hyperbola is xy - 3y - 2x = 0, combined equation of pair of asymptote is
xy -3y -2x+A=0 (Represents a pair of lines)

General equation of a straight line in second degree is,

ax’+ 2hxy + by?+ 2gx + 2fy + c= 0 and A = 0 = abc + 2fgh - af*- bg?- ch?=0

Here we have, 0(x*)+ 2(%])(3/ +0(y*)+2(-1)x + 2(§]y +1=0

Comparing it with the general equation, we get,

a=0,b=0,c=k,h=l,g=-1,f=£
2 2
2
:0+2(ﬁj(-1)(1j-0-0-x(1J =0
2 2 2

Step 2: So, the equation of the pair of asymptotes is xy - 3y - 2x+ 6 =0
X(y-2)-3(y-2)=0=>(x-3)(y-2)=0=1L,:x-3=0and L,:y-2=0
So,L;:x-3=0andL,:y-2=0 are the equations of asymptotes of the hyperbola.

b
We have observed that a pair of asymptotes for any standard hyperbola are y = i(—)x. If angle
a

between the asymptotes is 90° then it is a rectangular hyperbola and that implies a = b. lts
asymptotes will be, y = x and y= -x



So, their inclinations are 45° and 135°, / y=x
respectively. The slopes are 1 and -1 and
they both intersect at origin. Asymptotes are
perpendicular to each other.

Note that any hyperbola with these two 45°
lines as their asymptotes will always be a
rectangular hyperbola.

N

o\ %

o

@ Concept

1. Find the equation of the hyperbola that has 3x-4y + 7 =0 and 4x + 3y + 1 = 0 as its asymptotes
and passes through the origin.

Q Summary s

2 2
« Equation of the director circle for the hyperbola X—Zi—zz lis
a
2
x*+y’=a’-b’ =(\/a2 -b2) ,wherea>bandr=,/a’-b’
XZ y2

- Equation of the director circle for the vertical hyperbolaa—Z-b—2= -lis X2+ y?=Db?- a®

2 b2y
- Point form: Equation of the normal to the hyperbola S =0 at P(x,,y,) is ——+—2=a’+b’

X

1 1

+ Slope form: Equation of the normal to the hyperbola S = 0 whose slope is m is
(a2 + bz)m A &
y=mx*-——-2-— whereme| —,—
a’-b’m? b b
« Parametric form: Equation of the normal to the hyperbola S = 0 at P(0) is

ax i by =a2+b2 6750, E,TC
secO tanO 2

. x> yz b X2 yz
« Asymptotes of the horizontal hyperbola H:—2-?=1arey=i — |x or A:—Z-F=O
a a a

. x>y’ b x>y’
« Asymptotes of the conjugate hyperbola C:—Z-b—2=-1 arey=+| —|x or A:—z-?=0
a a a



@ Mind Map

Director circle ——

Chord joining

> Asymptotes

Hyperbola

two points

Chord with given
mid points

Equation of

a normal

{ ! )
S ) 8

Self-Assessment

1. Find the locus of the middle points of chords of hyperbola 3x* - 2y + 4x - 6y = 0 parallel to

y = 2X.

@ Answers

Concept Check

Step 1:

Combined equation of the asymptotes is
(Bx-4y+7)(4x+3y+1)=0

= 12x%- 7xy - 12y*+31x + 17y + 7 = 0.....(1)

Since the equation of hyperbola and combined equation

of its asymptotes differ by a constant, the equation of
hyperbola may be taken as follows:
12x%- 7xy - 12y*+ 31x + 17y + k=0 .....(ii)

Step 2:

As (ii) passes through origin (0, 0),
we have k=0

Hence, the equation of the required
hyperbola is

12x%- 7xy -12y*+ 31x + 17y =0

Self-Assessment

Step 1:

Let the locus of the midpoint of the chord be (h, k).
We know that the equation of chord whose
midpoint is known is given by T =§,.

So the equation of chord whose midpoint is (h, k) is,
3xh - 2yk + 2(x + h) -3(y + k) = 3h? -2k? + 4h - 6k

= x(3h + 2)-y(2k + 3) -2h + 3k - 3h?+ 2k?=0

Step 2:

. 3h+2
Its slope is
3h-4k=4 2k+3
3x-4y=4
Therefore, the locus of the middle points of
chords of hyperbola
3x%- 2y?+ 4x - 6y = 0 parallel to y = 2x is
3x -4y =4.

(As it is parallel to y = 2x)



M ATHEMATI CS

HYPERBOLA

SPECIAL RECTANGULAR HYPERBOLA AND
PROPERTIES OF HYPERBOLA

n
g@ What you already know What you will learn

« Director circle » Rectangular hyperbola
« Chord joining two points « Rectangular hyperbola referred to
. Chord with a given midpoint its asymptotes as the axes of the

coordinates

« Equation of normal to a hyperbola

(@) Point form

« Terms related to hyperbola

(b) Parametric form

(c) Slope form

« Asymptotes

2 2
1. Equation of the director circle for the hyperbola, = ﬁ =1 is the following:

x*+y*=a?-b*= (Va*-b?)? where a>b and r = va?- b?

2

2
2. Equation of the director circle for the vertical hyperbola, % gvin -1 is the following:
X2 + yz =b?-32
3. Point form: The equation of normal to hyperbola S=0atP(x,,y,) is
2
dx 4 by _ = a’+ b?
Xl yl
4. Slope form: The equation of normal to hyperbola S = 0, whose slope is m is the
. (@*+ b?*)m
following; y =mx + —m where m € (b b)
5. Parametric form: The equation of normal to hyperbola S = 0 at P(0) is the
by _ 2.4
following: Sec 6 + tano -2 +b
6. The asymptotes of horizontal hyperbola H-X—Z-L2 =larey= +(b)x orA: —Z-LZ =0
' ymp yp 'a2 bz Y=*\a a? b?
2 2
7. The asymptotes of conjugate hyperbola C: ;-E =-larey= +(b)x orA: ;-% 0




If the lengths of the transverse axis and

2 2
conjugate axis of a hyperbola, % - % =

1,

are equal, then it is known as a

rectangular(equilateral) hyperbola, i.e.,

2a=2b=>a=b

The equation of a rectangular hyperbola in the

standard form is as follows:

Case I: x2 - y2 = a? and e = V2, and the pair of

asymptotes are given by y=xand y = -x

Casell: x*-y?=-a’and e = V2, and the pair of

asymptotes are given by y=x and y = -x

(@) The equation of a pair of asymptotes is given
by x? - y? = 0, where both y =x and y = -x are
equally inclined with the coordinate axes.

(b) Both of them intersect at the origin, which is
also the centre of both the hyperbolas.

(c) Also, they are mutually perpendicular to each
other.

Deduction: For a hyperbola to be a rectangular

hyperbola, both its asymptotes should not just

intersect at the centre but also be mutually

perpendicular to each other.

The given deduction will help us generate new

rectangular hyperbolas other than the ones in

cases land Il.

Rectangular hyperbola referred to its asymptotes as the axes of the coordinates

When the centre of any rectangular hyperbola is at the origin and its asymptotes coincide with

the coordinate axes, the equation of this rectangular hyperbola is xy = c?

1. In this hyperbola, the branches lie only in the first and third quadrants.

2. Coordinate axes, i.e., y-axis and x-axis, are the tangents to this hyperbola that meet at infinity
and are therefore asymptotes to this hyperbola.

N

N

i\ 2

3. With the help of our deduction, we can see that this hyperbola is also a rectangular hyperbola,

as the asymptotes are perpendicular to each other as well as they intersect at the centre of

this hyperbola, which is also the origin.



Finding the equation of the given hyperbola. Claim: xy = ¢

Proof TY
x+y=0 x-y=0
Consider the horizontal rectangular hyperbola,
X% - y* = a?, with the centre at the origin, whose
asymptotes are given by x-y=0andx+y =20

N

<\

Exercise

Rotate the axes of the rectangular hyperbola by 45° in clockwise direction without changing the
origin. Now you can notice that the new axes have coincided with asymptotes and the position
of hyperbola with respect to the axes has changed. You can notice that one of the hyperbolic
branches completely lies in the first quadrant now while the other completely lies in the third
quadrant with respect to the new coordinate axes.

/\Y

45°

N

i\ %

I
x

A4

= Now, under rotation, line y = x becomes the new y-axis (Y’) and line y = -x becomes the new
x-axis (X).

Original equation of the hyperbola was x? - y* = a%, but now, we want to find a new equation of
the hyperbola with respect to X’ and Y’, which are the new coordinate axes.



Recall

The rotated formulae for x & y axes are as follows:
x'=xcos B + ysin B and y'’=-xsin 8 + y cos 6,
where 0 is in the anti-clockwise sense.

= For our required rotation, 68 = -45°

Putting the value of 6 = -45°, we get,

X' =x cos(-45°) + y sin (-45°) and

y’ = -x sin(-45°) +y cos(-45°)
:x’:L-Landy’:i+—

y
V2 V2 2 V2

Therefore, the equation of hyperbola
x?-y*=a’reduces to (x +y)(x-y) = a?
We can write the above equation as

(x + y) (u) — %2 e))

V2 A2 s
Substituting the values of 5 and N in (i),
we get, 2 2

a2
:>~y’x’=?=c2:>x’y’=c2
Hence proved.
Therefore, when the centre of any rectangular
hyperbola is at the origin and its asymptotes
coincide with the coordinate axes, then its
equation is xy = c?

C

x+y=0

x-y=0

X

Y/\

N

N\/(

1. Some parameters will remain the same for all rectangular hyperbolas. They are as follows:
(@) The distance between the centre and the foci is still ae.
(b) The distance between the centre and each vertex is still a.

(c) The distance between the centre and the directrix is still %.

2b?

(d) The length of the latus rectum will still be =3— = 2a, as a = b for a rectangular hyperbola.

(e) Eccentricity, e = V2

2. The asymptote equations for xy = c® are given by x=0 and y = 0

3. The equations of the axes of hyperbola xy = c? are y = x (transverse axis) and y = -x

(conjugate axis)



Terms related to hyperbola xy = c?

(i) Asymptotes: Equation of the asymptotes are
given by x=0and y =0, i.e., x-axis and y-axis
are the asymptotes.

(i) Eccentricity: As the asymptotes are
perpendicular to each other and intersect at
the centre of the hyperbola, it is a rectangular
hyperbola, and we know that the eccentricity Y
of a rectangular hyperbola is V2.

We can look at this in another way. To get this

rectangular hyperbola, we simply rotate the axes

of the horizontal rectangular hyperbola by 45°

in the clockwise direction without disturbing its

shape and position . The rotation of the axes

does not affect the eccentricity as eccentricity A(c o)™ |~ X
only measures the degree of flatness of the // A

curve, so the eccentricity will remain V2.
(iii) Centre: The centre is (0, 0).
iv) Equation of the transverse axis (T.A.): y =x

(
(v) Equation of the conjugate axis (C.A.): y = -x \Z
(vi) Vertices: We know that vertices are the

points where the transverse axis cuts the

hyperbolic curve. So, in order to get the

coordinates of the vertices, we need to solve

xy = c? and y = x simultaneously.
=>x’=c’=>x=tcandy=*c

Now, A lies in the first quadrant and its coordinates will therefore be A(c, ¢), and A’ is in the third
quadrant and its coordinates will therefore be A'(-c, -c).

The distance from the origin to vertices OA and OA’ is given by a = V2c

(vii) Length of the T.A. (= C.A.): The length of TA. is the distance between the two vertices and is
given by 2v2c.

(viii) Foci: F_ is lying on the line y = X. So both the coordinates are equal. i.e.(X, X)

a=v2c=ae=v2cxV2=2c&V2x=2c=x=+2c. The coordinates of the foci are given by

Fl(\/fc, V2¢) and FZ(-\/EC, ~V20).



(ix) Equation of the latus rectum: Both of the Y
latus rectums are parallel to the line y = -x
One is passing through F, and other is
passing through F,. Therefore, the slopes of
both latus rectums are the same, i.e., -1.
The equation of latus rectum P_Q, through
Fl(\/ic, V2¢) is given by x + y = 2v2c, and
the equation of latus rectum P,Q, through
FZ(-\/EC, -V2¢) is given by x +y = -2v2c

(x) Length of the latus rectum: As the length
of latus does not change, the lengths of the
latus rectums P.Q, & P,Q, is given by

2 2
%z%zZazZﬁc )

(xi) Equation of the directrices: Let D, and D, be
the two directrices. We will use the normal
form to write the equations of D, and D.. Let
M be a point on transverse axis D,.

LetOM =p

= D;:xcosa+ysina=p

Now, p is the distance between the origin to
directrix D, along the transverse axis.

p= % %—cAlso,a=45°
So, D,: x cos(45°) +y sin (45°) =c
+L—cox+ =2c
ART y

Similarly, D:x+y= /2¢

E

We want to know how to represent any point
on a rectangular hyperbola xy = c?

Let P be any point on our hyperbola. Hence,
it is represented by the following:

P(ct, §), where t is just a parameter such that \_P\/
X

Y/\

N
\ 4

teR- {0}

0
Hence, x = ct and yz%(ti 0) are the ’—\

parametric equations of this rectangular
hyperbola.




Equation of the tangent for the rectangular hyperbola xy = c?

Consider a tangent (T) at point P(x,, y,) to our hyperbola.

The equation of tangent with the help of the point form is given by T =0
Using the rules for replacement in finding T = 0 with the help of the point form, we get,

Xy, + yX
T=O:%=c2=>xyl+yx1=2c2
= Hence, its slope = %

1

) Y. -
Also, notice that X—l is always positive as
1

points (x,,y,) either lie in the first or the third
quadrants. Hence, the slope of the tangent
for our given hyperbola is always negative.

1. The slope of the tangent is always -ve.
2. The area formed by the tangent and the
coordinate axes is always constant.

2
X-intercept = s
Yi

2
y-intercept = ZX—C
1

Area of AOMN = 2(0M)(ON) = 1(—2) (—)

2
_ 4t _act

— 2 i
oy, 28 2c¢*sq. units

Parametric form: x =ct,y = %

Equation of tangent in parametric form: x 4+ yt? = 2ct

Equation of normal to the hyperbola: xy = c?

Xy = c?
Equation of tangent at point P(x,, y,) is
T:xy, + yx, = 2¢?

Slope of tangent (m,) = %
1
Xl
= Slope of normal (m,) = V.
1
X
Equation of normalis y -y, = y—l(x - X))
1
=y, - () =xx, - (x,)*

= XX, -yy, = (x)*- (v,)°
The slope of a normal is always +ve.
Equation of normal in parametric form is :

_ 1
tx-y= c(t3 - f)

Y/

P(x,y,)

N

N

I
/]







Conjugate rectangular hyperbola: xy = -c?

In order to obtain the equation of the
conjugate hyperbola which has asymptotes
as coordinate axis we rotate the axes of
reference through an angle of -45°. Hence

Xy = -c? is the conjugate of the rectangular

N

hyperbola xy = ¢ This is achieved by rotating
the axes by 45° in anticlockwise sense.

Property 1

If the normal at point with parameter t, to the rectangular hyperbola, xy = ¢?, meets it again at

point with parameter t,, then (t,)’t, = -1
Proof

Given, xy = c?
Normal N at point P(t,) intersects the curve again at Q(t,)

Note

Equation of normal at (x,, y,)
in point form: xx, -yy, = (x,)* - (y,)*

Let P(t) = (ctl, 9)
tl

The equation of normal at P(t,),

N

P(t)

Q(t,)

= (t)x-ty-c(t)*+ c=0...()
Q(t) = (ctz, %2) lying on the normal
Equation (i) Passes through the point
Q(t) = (ctz, %)

2

l\
= x(ct) -y(8) =) - & ’—\

N\

y

= (1)) 4 (S)-ct) +e=0 5 (P -t - (1), +5=0 = [ +1]¢t-t) =0

Since P and Q are two distinct points, t, is not equalto t, =t #t,
[(t)*, +1]=0=(t)’t,=-1



Property 2

If an incoming light ray passing through

one focus, S, strikes the convex side of the
hyperbola, then it will get reflected towards
the other focus, S’.

Proof

T is the tangent at point P. We must prove

that £i = zr of PSS’, with PM being the angle
bisector of £SPS’

Property 3

If an ellipse and a hyperbola are confocal

i.e., their foci are same, then they intersect

orthogonally.

(The tangent of the ellipse at the intersection

is the normal for the hyperbola.)

Property 4

PSQ is a focal chord of hyperbola where S

is the focus and P & Q are the points on the
hyperbola S =0 then

semi-latus rectum is the harmonic mean of SP

and SQ.
b2
a

bZ
PS, =, QS are in HP.

Ial
1 a 1

PS’ b?’ QS
2a_1

b? " PS

— are in AP.

1 1 _2a

SPTSQ” b

— = Harmonic mean of SP and SQ

or the

é (This property is connecting a

random focal chord to the latus rectum.)

Reflected ray

MY

Incident ray

a,

N S'/ X
A4
/\Y
T
™ 90°
) X
VvV
/\Y
¢ . N
0 X




Property 5

The feet of the perpendicular from the foci
upon any tangent to a hyperbola lie on the
auxiliary circle.

Property 6

The product of the lengths of the

perpendiculars from the foci upon any tangent
2 2

of hyperbola %% = 1 is equal to the square

of the semi-conjugate axis.

Let the perpendicular distance from focus S’

to the tangent be d, and the perpendicular

distance from focus S to the tangent be dz,

thend,d, = b?

Property 7

The portion of the tangent to a hyperbola
between the point of contact and the directrix
subtends a right angle at the corresponding
focus.

T
74
NY
T
/’\{
| /\{(

\Y N

N

wn
wn
A Z
¢ >
= \
pa N pa N 2 N
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Property 8

If a triangle has its vertices on a rectangular hyperbola, then its orthocentre also lies on the same
hyperbola.

Proof

Suppose that the parametric points on the

hyperbola are P(ctl, £ ), R(ctz, & ) and
tl tZ

Q(ct3, %) respectively. Y
3

Now slope of QR is
C

Y
t3 tz 1

Ct3 = Ctz t2t3

Hence the slope of PM is tt,
The equation of altitude PM is

C _
y == tt(x-ct)
1

= ty-c=xttt, -c(t)’tt, ..(1)

Similarly equation of altitude RN
Is t,y - ¢ = xt,t,t, - c(t,)t,t, ...(ii)

Solving (i) & (ii)
We get the orthocentre of APQR will be

— -C ) )
= (m’ 'Ct1tzt3) which lies on xy = ¢?
17273

PQ and RS are two perpendicular chords of the rectangular hyperbola xy = ¢ If C is the centre of
the rectangular hyperbola, then find the product of the slopes of CP, CQ, CR, and CS.

» Equation of a rectangular hyperbola in the standard form is as follows:
Case I: x2 - y2 = a? and e = V2, and the pair of asymptotes are given by y =x and y = -x

Case II: x* - y? = -a? and e = V2, and the pair of asymptotes are given by y = x and y = -x



Rectangular hyperbola of the form
%2 - yz = 32

Y

AN
7

N

><\/

ya
N

N
Rectangular hyperbola of the form
Xy = c?

Asymptotes are perpendicular

Asymptotes are perpendicular

Asymptotes linesi.e.x+y=0 linesie.x=0&y=0
Eccentricity e=12 e=v2

Centre 0(0,0) 0(0,0)

Foci S(V2a, 0), S'(-V2a, 0) S(V2¢,V2¢), S'(-V2¢, -V2¢)
Directrices X== % X+y=+V2c

Latusrectum 2a 2V2c

Equation of tangent in o 2 o2 X Y
Sl forT XX, -yy,=a Xy, +yx, = 2c*or X, + V- 2

Equation of tangent
in parametric form

xsecO-ytanB =a

X + yt? = 2ct

Equation of normal X,y _ _ 5 5
in point form X, T v, 2 XX, -yy, = () - (7,)
Equation of normal in X y 1
——+—=—=2a t?x - =c(t3-—)
parametric form secH tan6 x-y t




Hyperbola

Geometric properties

Rectangular hyperbola Equation of normal

Propertiees of
rectangular hyperbola

Self-Assessment

@ Answers

Step 1
Let the coordinates of

P,Q R, and S be (cti, e ), respectively (where i =1, 2, 3, 4)

t
Now, it is given that PQ L RS, so product of their slopes will be -1.
c._c c_c
=>t2 t1 Xt4 t3 —
ct,-ct, " ct, - ct,
1 1
S5 —X—=-1
tltZ t3t4
1 = -
Stter o L



Step 2

|0

Slope of CP = -

ct,

c C c
t t t
Similarly, slope of CQ, CR, and CS is =%, =%, and —* respectively.
ct, et © ' ct,
c c c c
. tl t2 t3 t4—
Product of their slopes = — X —= X — X —
ct, "t et ",
2
_ ( 1 ) 1
L,

Self-Assessment

Step 1
1

Let the variable line of slope 4 cuts the hyperbola xy = 1at P(tl, —) and Q(tz, tl) Let R(h, k)be the
2

t
point dividing PQ in the ratio 1:2 then, '

Slope of PQ =4
1.1
L, 4L _ 1 ,
W =4= tltZ = 'Z(l)
Step 2
R divides PQ in the ratio 1:2. therefore,
2,1
2t +t, t,
3 =h and 152 =k=2t, +t,=3hand 2t, + t =3kt t,
_ ) :
2t +t,=3handt +2t,=- e [using (i)]
3(t,+t)=3h- % andt -t,=3h+ %[on adding and subtracting]
Step 3
_nh. Kk _ k
t+t,=h-Xandt,-t,=3(h +X)
— k _ k _ (8h +k\(-2h-k
:t1—2h+Zand tz——h—i:tltz—( ) )( > )
N Tl _ . (8h + k)8(2h + k) [l (0]

= 2 = 16h* + 10hk + k?
= 16h? + 10hk + k?-2=10
Hence the locus of (h, k) is 16h? + 10hk + k?-2 =0
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