SINGLE CORRECT CHOICE TYPE
A E

1.

ach of these questions has 4 choices (a), (b), (c) and (d) for its answer, out of which ONLY ONE is correct.

An arc of a bridge is semi-elliptical with major axis
horizontal. If the length of the base is 9 meter and the
highest part of the bridge is 3 meter from the horizontal,
the best approximation of the height of the arc 2 meter from
the center of the base is

[
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Locus of all such points so that sum of its distances from
(2,-3)and (2, 5) is always 10, is

-2, (-D° _
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Coordinates of the vertices B and C of a triangle ABC are
(2, 0) and (8, 0) respectively. The vertex 4 is varying in

B C .
such a way that 4 tan; tan; = 1. Then locus of 4 is

( 5)2 2 ( 5)2 2
( 5)2 2 ( 5)2 2

2 2

If the line Ix + my + n = 0 cuts the ellipse x—2+z—2 =1lin
a

points whose eccentric angles differ by %, then

&’ + b*m? _
n2
(@ 1 (b) 2
3
(c) 4 @ =

2

2 2

A point on the ellipse )1(—6 + % =1 at a distance equal to

the arithmetic mean of the lengths of the semi-major axis
and semi-minor axis from the centre is

@ (ﬂ@ +3MJ ® (*%ﬁﬁmJ
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An ellipse is drawn with major and minor axis of lengths 10
and 8 respectively. Using one focus as centre, a circle is
drawn that is tangent to the ellipse, with no part of the
circle being outside the ellipse. Then the radius of the
circleis.

(@ 4 (b) 5
() 2 (d) None of these.
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7. In an ellipse, if the lines joining a focus to the extremities of ) 5
the minor axis make an equilateral triangle with the minor 12, Tangents are drawn to the ellipse Y + Y —1atendsof
axis, then the eccentricity of the ellipse is 9 5
ﬁ ﬁ laterarecta. The area of quadrilateral so formed is
(@& — b — 27
2 4 @ 27 b)) —
2
1
© —= @ 3 27 27
V2 2 (© vy (d) =
8. P d OR two focal chords of 11 d th
© an. QR are two focal chords of an ellipse an. © 13.  The locus of the point of intersection of tangents to an
eccentric angles of P, 0, Rare 20, 26, 2y respectively. ellipse at two points, sum of whose ecentric angles is
Then tanP tany is equal to constant is a/an
5 (a) Parabola (b) Circle
(@) cota (b) cot”a (c) Ellipse (d) Straightline
(c) 2cot a (d) None of these 14. If CF is perpendicular from the centre of the ellipse
9. The sum of the squares of the perpendiculars on any s,
2 2 x_z + y—z =1 to the tangent at P and G is the point where
tangent to the ellipse —5 + -5 =1 from two points on the a
a b the normal at P meets the major axis, then CF' x PG =
minor axis each at a distance +/ a? —b? from the centre is (a) a2 (b) b2
: 242 2 2
+b
@) 24 ®) 252 © a”b d) a
2432 2 2
© a+b @ a*-b 15.  Theline2px+y+4/1- p2 =1(]|p|<1) for different values
2 2
10. If ABis a double ordinate of the hyperbola x_z - y_2 =1 of p, touches
a b
2
Anelli f tricity —
such that A OAB (O is the origin) is an equilateral triangle, (@) Anellipse of eccentricity ﬁ
then the eccentricity ‘e’ of the hyperbola satisfies
: B
2 b) Anellipse of eccentricity —
(a) e>\/§ (b) 1<e<ﬁ (b) p y 2
(c) Hyperbola of eccentricity 2
2 2 -
© e=-— d) e> = (d) ahyperbola of eccentricity /2
5 5
16. A tangent is drawn at the point (3 \/5 cos0,sinf);0< 0
2 2
11. 2 yz

From any point on the hyperbola — — b_2 =1, tangents
a

< % ofan ellipse % + T = 1. The least value of the sum

2 2 of the intercepts on the coordinate axes by this tangent is

are drawn to the hyperbola a_2 - Z—z =2. The area cut off attained at O =
by the chord of contact on the asympotes is equal to (2) E (b) 3
6 3

@ 2 ®) ab

T
© = @ =
(c) 2ab (d) 4ab 8 4
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| | 22. Ifxcosa +ysina = p,avariable chord of the hyperbola
17.  Anellipse has eccentricity 5 and one focus at S (E, lj . ) 5
XY 1 subtendsa right angle at the centre of the
Its one directrix is the common tangent, (nearer to S) to the 24
circle x° + yz =1 and ¥ — y2 =1. The equation of the hyperbola, then the chords touch a fixed circle whose radius
. . is equal to
ellipse in standard form is
2 @ 24 ® V3a
S| 12— =1
® 9(x 3) =D © 2a @ ~5a
5 23.  The centre of a rectangular hyperbola lies on the line y =
b) 12 (x _l) 19(y - 1)2 -1 2x. If one of the asymptotes is x +y + ¢ = 0. Then the other
3 Y asymptote is
(@ x—-y-3c=0 (b) 2x—y+c=0
1] 2 () x—y—-c=0 (d) None of these.
Py 2
() 2 + =D ’ 22
12 9 24. Ifthenormal at ‘ © ’ on the hyperbola 5 =5 = 1 meets
a” b
1 2 ) the transverse axis at G, then AG X A'G is
(d) 3{x+ 9 H4(y-D7 =1 (Where A and A’ are the vertices of the hyperbola).
18.  The locus of the foot of perpendicular from the centre on (a) a’seco (b) a’( et sec? g + 1)
Xy © a*(e* sec? 0 -1) (d) None of these.
any tangent to the ellipse ? * b_2 =lis 25.  The area of the rectangle formed by the perpendiculars
(a) acircle (b) a pair of straight lines 2 y2
(c) another ellipse (d) None of these from the centre of ellipse =t b_2 =1 to the tangent and
a
19.  The tangent at any point on the ellipse 16x>+ 25 y2 =400
. . LT
meets the tangents at the ends of the major axis normal at a point whose eccentric angle is ik (a>b)
at7] and 75 .The circle on Tj 7, as diameter passes through
@ (3,0) (b) (0,0) @ (a® —b*)ab ®) (@ +b*)ab
© (0,3) d 40 a* +b? a* —b?
20. The two concentric rectanular hyperbolas, whose axes
meet at angles of 45°, cut at a’h?
(@) 45° (b) 90° (©) ab @ =3
a +b
(¢) nothing can be said (d) None of these.
21.  The point of intersection of two tangents to the hyperbola 2 y2
s 26.  From any point on the hyperbola — 7" 1, tangents
x_z_y_z =1, the product of whose slopes is ¢, lies on a
a b 2 2
the curve. are drawn to the hyperbola x_2 — y—2 =2
a b

(a) y2 —b* = cz(x2 +a2)

®) y2+a? = A7 -b?)

The area cut off by the chord of contact on the region
between the asymptotes is equal to

b
(c) y2 +b? = cz(x2 —a2) (@ % (b) adb
@ »-d* = PEE+bY) (©) 2ab (d) 4ab

#
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27. If ¢ is the angle between the diameter through any point 33.  PM and PN are the perpendiculars from any point P on the
on a standard ellipse and the normal at that point, then the 2
. rectangular hyperbola xy = ¢” to the asymptotes. The
greatest value of tan ¢ is : ) ) .
locus of the mid-point of MN is a hyperbola with
2ab a® +b? eccentricity
@ — s (b)
a“+b ab 1
@ 2 O 2 © — @ 22
a2 b2 B2 V2
©) 2ab (d) - 34.  If the sum of the squares of slopes of the normals from a
a a
point P to the hyperbola xy = c?is equal to A (L € R"),
2 2 . .
28. In the ellipse x_2 + y—z = 1, the length of the then the locus of the point P is
| “ b | @ * =2 ®) =2
perpendiculars from the centre upon all chords, which join
the ends of perpendicular diameter, is () xy=Ac’ (d) x2y? = a2
ab [ 2 2 2 2
@ [2 .2 ®) VaT+b 35.  Ifeis the eccentricity of the hyperbola XY _and
a +b 2 b
(©) Jab (d) None of these. ) 0 .
29.  PQand RS are two perpendicular chords of the rectangular 0 is the angle between the asymptotes. Then cos P 1
hyperbola xy = ¢2. If C is the centre of the rectangular equal to
hyperbola. Then the product of the slopes of CP, CQ, CR
and CS is equal to . e 1 1
a \/2 b c) — d) —
() 0 (d) None of these.
30. Equation of the largest circle with centre (1, 0) that can be 36. LetP(asecO,btan@)and Q(asecd,btand), where 0
. . . . 2 2 . 2 2
X7+ =
inscribed in the ellipse 4y 16, 1s . g _ be two points on the hyperbola x_2 3 y_2 _
@ 2% +2y% —4x+7=0 o S a b
If (h, k) is the intersection point of the normals of P and Q
) x*+ 2 -2x+5=0 then & is equal to
2 2
© 37 +35% 6x-8=0 @ @b ) (d?+p?)
(d) None of these a L a J
31.  Ifthenormals at P, O, R on the rectangular hyperbola xy =
2 2 2 2
¢? intersect at a point S on the hyperbola, then centroid (©) a~+b d - (a +b )
of the triangle POR is at the ............... of the hyperbola. L b J
(a) centre (b) focus
(c) vertex (d) director circle X, , s L
32.  Ifthenormal to the rectangular hyperbola xy = c? at the point 37. Ifthe ellipse 4 +y7 =1 meets the ellipse ¥ +a_2 -
[ct, f) meets the curve again at (ct " 3) , then four distinct points and g = 2 —5p + 7, then b does not lie
! ! in
@@ £it=1 (b) £r=-1 (@ [4,5] (b) (-0,2)U(3,)
() tt'=1 @ tt'=-1 (©) (=,0) @ [2,3]
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38.

39.

40.

41.

42.

43.

With a given point and line as focus and directrix, a series of
ellipses are described, the locus of the extremities of their
minor axis is

(a) elllipse (b) parabola
(c) hyperbola (d) pairof lines
If normal at P[Z,%J meets the major axis of ellipse
x2 yZ
EJF? =1 at Q and S and §’ are foci of given ellipse,
then SQ:S'Q is
@ =0 o 2V
a
8++/7 247
67 d 4-7
©) 647 (d) 447

The locus of the point which is such that the chord of
x2 2

contact of tangents drawn from it to the ellipse — + b_2 =1
a

forms a triangle of constant area with the coordinate axes is
(a) astraightline (b) a hyperbola

(c) anellipse (d) acircle

The curve xy =c(c >0) and the circle x4+ y2 =1 touch

at two points, then the distance between the points of
contacts is
(@ 1 (b) 2

© 242 @ 2

2 2
X
Portion of asymptote of hyperbola —Z—Z—z =1 (between
a

centre and the tangent at vertex) in the first quadrant is cut
by the line y+A(x—a) =0 (A is a parameter) then

@ AeRr (b) Ae(0,)

(©) Ae(-»,0) (d reRrR-{0}

If the sum of the slopes of the normal from a point P to the

hyperbola xy =¢? is equal to A(L e R*), then locus of

44.

45.

46.

47.

48.

49.

If aray of light incident along the line 3x + (5 — 4\/5)); =15,

2 2

gets reflected from the hyperbola )16_6_?= 1, then its

reflected ray goes along the line
(@ x/2-y+5=0 (b) 2y—-x+5=0

© V2y-x-5=0 (@ 3x—y(42+5)+15=0

2

If the circle (x+c)2+y2=a and ellipse

(x=h)’
bZ

tangent parallel to x-axis only then

@ c>b+a—nh ®) c<b+a-h

©) c¢c>b+a (d) none of these

Equation of chord of contact of pair of tangents drawn

2
Y ..
+—2=1 (a, b, ¢, h are positive) have common
a

to ellipse 4x2 -|-9y2 =36 from the point (m, n) where
m.n=m + n, m, n being non-zero positive integers, is

(&) 2xt9y=18 (b) 2x+2y=1

(¢c) 4x+9y=18 (d 9x+4y=18

The locus of the point of intersection of tangents to an
ellipse at two points, sum of whose eccentric angles is
constant is a/an

(a) parabola (b) circle

(c) ellipse (d) straight line

The locus of a point whose chord of contact with respect to
the ellipse x% +2 y2 =1 subtends a right angle at the centre

of the ellipse is
@ x*+4y?=3 (b) 3> =4x

© 2x2+y?=1 (@ 4x*+3*=3
If the equation the family of the ellipse is

2 2
X T
— yz =1 (0<a<zj then the locus of the

5—+
cos“ o sin”
extremities of the latus rectum is
@@ 2y(1-x?)=1+x?

() 2y>(1+x%)=(1-x%)

point P is © y2 =(l—x2)2
@ x2=n? b y? =2
2
2 2 2
©) xy=Ac? (d) none of these @ 2y (-x*)=(+x?)
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50. If eccentric angle of a points lying in the first quadrant on (@ xy+2x-3y=0

2 2
X b) xy+3x—-4y=0
the ellipse _2+y_2 =1 be 0 and line joining centre to the () xy Y
a” b () 2xy+3x—-4y=0
point makes angle ¢ with x-axis then 6 — ¢ will be maximum (d) none of these
when 0 is equal to 54. The maximum distance of the centre of the ellipse
b x2 y2
-1 |4 -1 —+-—=1 from chord of contact of mutuall
tan — b) tan — Yy
(a) \fb (b) \E 16 9

perpendicular tangents of the ellipse is
i _1( b
© - (d) tan”! (—j
4 a
51. Let P beany point on any directrix of an ellipse. Then chords
of contact of point P with respect to the ellipse and its ~ 55. If a rectangular hyperbola (x—1)(y—-2)=4 cuts a circle
auxiliary circle intersect at
(a) some point on the major axis depending upon the

144 16 9
(@ 5 (b) 5 (©) 5 (d 5

x2 + 3% +2gx+2fp+c =0 atpoints (3,4), (5, 3),(2, 6) and

position of point P (-1, 0), then the value of (g + f) is equal to
(b) mid point of the line segment joining the centre to the (@ -8 (b) -9 © 8 d 9
corresponding focus 56. The minimum value of px + gy when xy = r2 is (where

(c) corresponding focus

(d) none of these P» g, rare positive)

52. Let Pbe any point on a directrix of an ellipse of eccentricity @ 2r{pq (b) 2pq Jr
e. S be the corresponding focus and C the centre of the — —
ellipse. The line PC meets the ellipse A. The angle between ©  -2rypq @ P4
PS and tangent at 4 is o then o, is equal to 2 2
ﬁ 57. Anormal to the hyperbola 2 yT =1, has equal intercepts
-1 b —
@ tan"le ®) 2 on the positive x and y axes. If this normal touches the
-1 2 -1 2 2 2
(€ tan "(I-¢7) (d) tan (1+e?) ellipse x_2+y_2 =1, then ¢® +5? is equal to
53. If normals are drawn to the ellipse x* +2)? =2 from the av b
point (2, 3), then the co-normal points lie on the curve 25
@ 5 (b) 25 (© 16 @ 3

&

MARK YOUR 50.@®OW@D 5L@OOOG [ 52.@0®OO@ 53.@000O0 | 4 @®OWD
RESPONSE 5.@O®0O@ | 56.@®OW | 57.@®OW@

COMPREHENSION TYPE
This section contains groups of questions. Each group is followed by some multiple choice questions

based on a paragraph. Each question has 4 choices (a), (b), (c) and (d) for its answer, out of which ONLY
ONE is correct.

The equation,

PASSAGE-1
(xz y2 ) 2 2 3
Suppose that an ellipse and a circle are respectively given by the La_z + 2 U FAOT YT A28+ 2y +C) =0 3)
equation
5 5 represents a curve which passes through the common points of
X LY D the ellipse (1) and the circle (2).
at  p? We can choose A so that the equation (3) represents a pair of

s straight lines. In general we get three values of A, indicating three
and  x7+)"+2gx+2fy+c=0 (2 pair of straight lines can be drawn through the points. Also when



(3) represents a pair of straight lines they are parallel to the lines

2 2
X
_2+y_2+ 7L()C2 +)/2)= 0, which represents a pair of lines
a b

equally inclined to axes (the term containing xy is absent). Hence
two straight lines through the points of intersection of an ellipse
and any circle make equal angles with the axes. Above description
can be applied identically for a hyperbola and a circle.

1. The radius of the circle passing through the points of

2 2
intersection of ellipse P + 7 =1 andx?*-)*=01is

\/Eab
® J e
a* —b? a* +b?
(c) —W (d) m

2. If o, B, v, O be eccentric angles of the four concyclic points of

ab
(@ [2 4 b2

22
the ellipse _2+b—2=1,thenoc+[3+y+6:
a

(@) (2n+1)§ ®) Qn+r

() 2nm (d) nm [nis any integer]
3. Suppose two lines are drawn through the common points

2 2
of intersection of hyperbola —2—b—2=1 and circle
a

x% +3% +2gx+2f +c=0. If these lines are inclined at

angles o and B to x-axis then,

@ o=p ®) a+p=7

(c) a+P=m

(d) a+p=2tan”! (2]
a

4. The number of pair of straight lines through points of

intersection of rectangular hyperbola x*> —y? = 1 and circle

¥ +)?—4x-5=0is

(@ 0 (b) 1

© 2 @ 3

PASSAGE-2

The equation of a curve C is given by

C=21x> —6xy+29y> +6x—58y—151=0, then

5. Thecurve Cis
(a) parabola (b) ellipse
(c) hyperbola (d) pair of straight lines

6.  Eccentricity of the conic section C is epual to

1
@ 5 (b) 1

5
© 5

7.  The centre of the conic C is

(@ (1,0) (®) (0,0)
© (©1) (d) none of these

(d) none of these

PASSAGE-3

Consider a hyperbola whose centre is at origin. A

line x + y = 2 touches this hyperbola at P(1,1) and intersdects the

asymptotes at 4 and B such that AB = 6+/2 units. (you can use
the concept that in case of hyperbola portion of tangent
intercepted between asymptotes is bisected at the point of
contact).

8.  Equation of asymptotes are

(@ 2x%+2y*+5xy=0
(b) 3x? +4y2 +6xy=0

() 2x? +2y2 —5xy=0

(d) none of these
9.  Angle subtended by AB at the centre of the hyperbola is

(a) sin”! (b) sin”!

(VRN
(AR

1 1

[N R)
(VRN

(c) sin (d) tan~

7
10. Equation of the tangent to the hyperbola at [_175) is

(a) S5x+2y=2 (b) 3x+2y=4

(¢) 3x+4y=11 (d x+2y=6

#
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PASSAGE-4

Read the following writeup carefully:

If ax? ery2 +2hxy+2gx+2fy+c=0 represents an ellipse,

then 32 < 4p and abc+2 fgh— af2 —bg2 —ch? #0. Ifforevery
point (x;,y;) satisfying above equation (24 —x;,2k—y;) also

satisty it, then (4,k) is centre of it. The length of semi major axis
is the maximum and minimum value of the distances of points

lying on the curve from its centre.
Now answer the following question (1-5):

11. Forthe ellipse 2x? —2xy+4y% —(3++/2) =0, the

inclination of major axis of it with x-axis is

K r
@ 3 ®) 3
3n 5
© 5 @ o

12. The equation of tangent to 2> —2xy+ 4y2 -3+ \/E) =0

such that sum of perpendiculars dropped from foci is 2 units,
is

(a) cos3—n—xsin3—ﬁ—l
a reosy 4

b sin3—n—xcos3—n—l
(b) ysm-g 3

(©) xcosE—ysinzzl

8 8
d ycoss—n+xsin5—n—l
(d) 3 3

13. The product of perpendiculars from the foci to any tangent
to above given ellipse is

@) 4 ® 2
© 1 @ 5
PASSAGE-5

Read the following concept carefully:
The locus of the mid-points of parallel chords of an ellipse is
called diameter of the ellipse. Two diameters are said to be

conjugate when bisects all chords parallel to the other. Two
2 2

diameters y =myx and y =m,x, of ellipse _2+b_2: 1, are
a

bZ
conjugate if MMy =—=—.
a

Now answer the following questions (1-3):
14. Ifthe eccentric angles of the end points P and Q of a pair of

conjugate diameters be ¢; and ¢,, then ¢; —¢, is equal to

(@) =£45° (b) +90°
(c) =+£135° (d) +60°
2 2

X
15. If Cis the centre of the ellipse —5 + Z_Z =1 and Pand Qare
a

the end points of two conjugate diameters, then CP? + CQ2

is equal to
@ 2o ®) a2 452
a
a’ +b? as+b
b* +a* a +b?
(© 22+ (d) 4
2 2

X
16. Cis the centre of the ellipse —2+b—2 =1 and P and Q are
a

the end points of a pair of conjugate diameters. If the tangents
to the ellipse at P and Q meet at R, then the area of the

quadrilateral CPRQ is

(a) 4ab (b) 2ab

(c) ab (d) none of these
PASSAGE-6

An ellipse whose major axis is parallel to x-axis such that the
segments of a focal chord are 1 and 3 units. The lines

ax+by+c =0 are the chords of the ellipse such that a, b, c, are
in AP and bisected by the point at which they intersent. The
equation of its auxiliary circle is

X2+ 3% +20x+ 2By —20—1=0 then.
17. The centre of the ellipse is

@ (11D (b) (1,2

© (1,-2) d 21

&
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18. Equation of the director circle is
(@ x?+)y?>-2x+4y+1=0
(b) x2+y2+2x+2y—3=0
© x?+)y?+2x+4y+1=0

d x?+)?-2x+4y-2=0

19. Eccentricity of ellipse is

(@) (b)

2
1

© Gy

SN

PASSAGE-7

A coplanar beam of light emerging from a point source have
equation Ax—y+2(1+A)=0,A e R. the rays of the beam

strike an elliptical surface and get reflected. The reflected
rays form another convergent beam having equation

wx —y+2(1—p) =0,u € R. Further it is found that the foot of the
perpendicular from the point (2, 2) upon any tangent to the ellipse

lies on the circle x2 + y2 —4y—5=0. Itis given that point source

of incident beam and the point of convergence of reflected beams
lie on the axis of the ellipse of the cross-section of the reflecting
surface by the plane.

Now answer the following questions:

20. The eccentricity of the ellipse is equal to

1
@ 3 (b)

2
© 3 @ 5

21. The area of the largest triangle that an incident ray and the
corresponding refleted ray can enclose with the axis of the
ellipse is equal to

@ 45 () 25
(© 5 (d) 3.5

22. Total distance travelled by an incident ray and the
corresponding reflected ray is the least if the point of
incidence coincides with
(2) anend of the minor axis
(b) an end of the major axis
(¢) an end of the latus rectum
(d) none of these

&
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REASONING TYPE

(b)  BothStatement-1and Statement-2 are true and Statement-2is not the correct explanation of Statement-1.

(©) Statement-1 is true but Statement-2is false.
(d)  Statement-1isfalsebutStatement-2is true.

In the following questions two Statements (1 and 2) are provided. Each question has 4 choices (a), (b), (c) and
(d) forits answer, out of which ONLY ONEis correct. Mark your responses from the following options:
(@)  BothStatement-1and Statement-2 are true and Statement-2is the correct explanation of Statement-1.

: The distance between the foci of an
ellipse is always less the sum of focal
distances of any point on it.

: The eccentricity of an ellipse is less
than 1

1.  Statement-1

Statement-2

2 2
X y 1

_ =
12-p p-8

14

Statement-1 : The equation

represents a real ellipse if 8 < p <12
Statement-2

#

¢ Eccentricity of an ellipse is less than 1

3. Statement-1 : Number of integral points on the ellipse

2 2
XY 1is4
5 4

5
Statement-2 ¢ The eccentricity of the ellipse is 3

4.  The transverse axis of a hyperbola is given 2a and its vertex
bisects the distance between the centre and focus.
Statement-1 : The latus rectum of the hyperbola is 6 a

Statement-2 : The eccentricity of the hyperbola is /2

L @0OO | 2. @OWG

MARK YOUR
RESPONSE
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MULTIPLE CORRECT CHOICE TYPE

Each of these questions has 4 choices (a), (b), (c) and (d) for its answer, out of which ONE OR MORE is/are correct.

If (5, 12) and (24, 7) are the foci of a conic passing through 6. If a quadrilateral formed by four tangents to the ellipse 3x2
the origin then the eccentricity of conic is +4)2=12 is a square then
. . 4
% ) 356 (a) The vertices of the square lieonis y = +x
@) 12 (b) 38 (b) The vertices of the square lic on xZ+ 32 =7
(¢) The area of all such squares is constant
V386 (d) Only two such squares are possible
© ~— @ 2
25 7. If the normal at P to the rectangular hyperbola x> — y? = 4
meets the axis in G and g and C is the centre of the
. . . . x2 y2 hyperbola, then
If P is any point lying on the ellipse — + — =1, whose
a2 b (a) PG=PC (b) Pg=PC
fociare Sand S’. Let £ PSS'= o and Z PS'S= B, then (© ~2PG=Pg (d) Gg=2pPC
() PS+PS'=2a,ifa>b 8. The locus of extremities of latus rectum of the family of
(b) PS+PS'=2b,ifa<b ellipses b2x? + 32 = a’b* where b is a parameter (b> < 1), is
a B _l-e @ x*+d’y?=d°
(¢) tan— tan— = ——
2 2 l+e
) x*+ay=d?
2 42
a a”—b [
(d) tanEtan%_b—z[a a2 —b2 ]Whena>b (C) x2 —ayzaz
2 2 2
If the normals at (x;,»;) i =1, 2, 3, 4 to the rectangular @ x"-a’y=a
hyperbola xy =2 meet at the point (3, 4), then 9. Ifthestraight line 3x+4y = 24 intersects the axes at 4 and
@ xtxp+tx3txy=3 (b) y+y,+y3+ys=4 B and the straight line 4x +3y =24 at C and D, then points
(©) 1 X X3 x4 =—4 ) 2y s =4 4,B,C, Dlieson
(a) circle (b) parabola
If the circle x? + y2 =1 cuts the rectangular hyperbola xy (c) ellipse (d) hyperbola
=1 1infour points (x;,y; )i =1,2,3,4 then. 2 2
10. If the normals to —2+Z—2 =1 at the ends of the chord
a

(@) Xxpx3x4 =1 (b) 2y3va=1

© X+X+x3+x,=0 (d »N+yaty3+y4=0

The equation

(-1 =P+ +1)? ‘:me

represent a hyperbola for

hx+my=1and L,x+m,y=1 are concurrent, then

Ll S b) mym L
(@ 42 2 (by mm 2

(@ K<(0,2) b) K< (0,1) y 1 1
() Ke(1,o) d) K< (0, ) (© 42 a2 (d mm P

I @®OG@
6. @O

4. @®OW |5 @OO
9. @O | 10. @O

2. @®OG
7. @®OO

3. @O
8. @O
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11.

If two concentric ellipses be such that the foci of one be on
the other and their major axes are equal. Let ¢ and e, be
their eccentricities, then

(a) the quadrilateral formed by joining the foci of the two

ellipses is is a parallelogram
(b) the angle 0 between their axes is given by,

©

if e12 +e§ =1 then the angle between the axes of the

two ellipses is 90°

2

(d) area of the quadrilateral = az\/ 612 +e” + 612 e% -1

~

12.

If from (1,) two tangents are drawn on exactly one branch

2
y

of a hyperbola XT_T =1, then value of B may satisfy

o [41
o (43

ENg e

>

N

(b) [_

3
@ [—;a

|
|

AW

MARK YOUR
11.
©000

o
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MATRIX-MATCH TYPE

Each question contains statements given in two columns, which have to be matched. The
statements in Column-I are labeled A, B, C and D, while the statements in Column-II are
labelled p, q, r, s and t. Any given statement in Column -1 can have correct matching with ONE
OR MORE statement(s) in Column-II. The appropriate bubbles corresponding to the
answers to these questions have to be darkened as illustrated in the following example:

If the correct matches are A—p, s and t; B—q and r; C—p and q; and D-s and t; then the correct

darkening of bubbles will look like the given.

P ar s t

V0600
®OOGO®
®OOOO
OO0

o ow»

Observe the following columns :
Column-I

(A)
through an end of minor axis, is

B)

a given major axis is

The locus of the foot of perpendicular from a focus

of the ellipse on any tangent is

©

D)
A and B. The locus of the mid point of AB is

The locus of an end of latus rectum of all ellipses having

A variable line drawn through a fixed point cuts axes at

The locus of mid-points of chords of an ellipse which are drawn p-

S.

t.

Column—II
pair of straight lines

circle
parabola

ellipse
hyperbola

Let the circle (x — 1)?+ (y — 2)>= 25 cuts a rectangular hyperbola with transverse axis along y = x at four points A,B,C and D having
coordinates (x,,y;), i = 1,2,3,4 respectively. O being the centre of the hypeprbola. Now match the entries from the following two

columns :

Column-I

X, +X,+ X, X, is equal to

X3 +x2, x5+, is equal to

© y* +y5,ty,+y%, isequal to
(D) OAZ+0B?+0C?+ 0D?is equal to

(A)
B)

+ »ornoo

Column-II
2

4

M

56

100

MARK YOUR
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3.  Letanellipse has major axis and minor axis parallel to x-axis and y-axis respectively. Its two foci Sand §' are (2, 1), (4, 1) and a line
x +y =9 is atangent to this ellipse at point P, let e be the eccentricity of the ellipse.

Column-I Column—II
1
(A) The value of " is equal to p. 5
(B) Length of major axis axis of ellipse is q 13
S 24
(C) The latus rectum of ellipse is L. _\/B
(D) If x—y+c =0 be another tangent to to the ellipse meeting S. 213
the given tangent at D and C is the centre of ellipse then CD is
4. Column-I Column-II
2 2
. Xy .
(A) If 3bx + ay = 2ab touches the ellipse — +b—2 =1 at a point whose p. O
a
eccentric angle is 6 then cosec 0 equals
(B) Let e(k) be the eccentricity of (x—3)(y+2) = kz, then e(2)—e(3) q- 1
equals
© If X2+ y2 = ¢* is drawn without intersecting the curve xy = 9 then L 2

integral value of a equals

D) If xy=1+ sin2 @ (0 being parameter) be a family of rectangular s. 3
hyperbolas and A is the area of triangle formed by any tangent with
coodinate axes then A can be equal to t. 4
5.  Column-1 Column-II
Xy 4
(A) If P is point on the ellipse T + 2 =1 whose foci are p. 5

Sand S, then pS + PS’ is
(B) The eccentricity of the ellipse 2x% + 3y2 —4x-12y+13=0 is q- NG
(C) Tangents are drawn from the point on the line x—y—-5=0 L. 8

to x2 +4 y2 = 4. Then all the chords of contact pass through a fixed

point, whose abscissa is

(D) The sum of the distances of any point on the ellipse .

I

3x2 +4y? =12 fromits directrix is

&

P g r s P g r s t P g r s
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NUMERIC/INTEGER ANSWER TYPE

The answer to each of the questions is either numeric (eg. 304, 40, 3010 etc.) or a single-digit

integer, ranging from 0 to 9.

The appropriate bubbles below the respective question numbers in the response grid have to

be darkened.

For example, if the correct answers to a question is 6092, then the correct darkening of bubbles

will looklike the given.

Forsingle digitinteger answer darken the extreme right bubble only.

[0)(©]
DD
[©](]
[©](€]
[©](0]
6)(6]
[c](6]
ol
PI®

®I®
O](0)

GRBLERIEIE
PRrEEIeLCIE

1. Let A, be the area of a triangle POR inscribed in an ellipse
and A,be the area of the triangle P' Q' R ' whose vertices
are the points lying on the auxiliary circle corresponding
to the points P, O, R respectively. If the eccentricity of the

and R. If the chord QR subtends right angle at the centre

and e be the eccentricity of the ellipse then ey/1+ sin® ¢ is

equal to

4. If ¢,, ¢,, ¢5, ¢, are the eccentric angles of four concyclic
ellipse is then the ratio 42 is equal to
Ay . X2 2
points on the ellipse St 5= 1, then
2. If p is the length of the perpendicular from a focus upon a b
2 y2 cos (¢, + ¢, + ¢; + ¢,) is equal to
the tangent at any point P of the ellipse a_z + b_z =land 5 If S, and S, be the foci of the hyperbola whose transverse
axis length is 4 and conjugate axis length is 6, S, and S, be
a b2 the foci of the conjugate hyperbola then the area of the
r is the distance of P from the focus, then ———is quadrilateral S, S, S, S, is
r
P 6.  Avariable point P on the ellipse of eccentricity e is joined to
equal to the foci S and S'. If the locus of the incentre of the triangle
3. The tangent at a point P (a cosd, b sin¢ ) of an ellipse
5 PSS’ is a conic of eccentricity €1, then %—l equals to
2 e e
X 4+ z—z =1, meets its auxillary circle in two points Q :
a
1. |QIOO@]2. QOO 3. OOOO 4. OOOO 5 OO 6. OOOO
0][o)(o)e] OO|D|D DOODO|D DOODOID DOODO|D DOODID
QOO PRI PO (PO (PO QOO
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If the tangent and normal to a rectangular hyperbola at a 10 [f the normals at the four points (x;, 1), (%2, 7). (X3, ¥3)
point cut off intercepts a;,a, on transverse axis and b;,b,
2 2
on conjugate axis, then aja, + b b, is equal to and (x4,y4) on the ellipse —2+b—2 =1 are concurrent,
a
x2 y2
A straight line PQ touches the ellipse —+——=1 and the (1 1 1 1)
16 9 then the value of (X1 +x; +x3 +x4)kx—+x—+x—+x—
1 2 3 4
circle x? + y? =2(3<r<4). RS is a focal chord of the is equal to
ellipse which is parallel to PQ and meets the circle at point R
. 2 2
and S. Then the length of RSis equal to 11. C is the centre of the hyperbola xT_yT =1, and '4' is
If a chord of hyperbola xy = ¢? is normal at point A, . .
any point on it. The tangent at A to the hyperbola meets the
subtending an angle o at origin O, then the value of line x—2y=0 and x+2y=0 at Q and R respectively.
sin(o.— A) . The value of CQ.CR is equal to
m (where 4= /0AB) is equal to
OIOIOO] 8. OOV 9. OIOOO 10.OOOIO 1. OO
[0][0)(0)(©)] [0][0)(0](©)] 0)[0)©0)(©] 0)[0)(©0)(©] 0)[0)(©0)(©]
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' [ S
SINGLE CORRECT CHOICE TYPE
1 (b) 11 (d) 21 (©) 31 (a) 41 (b) 51 (c)
2 (d) 12 () 22 (a) 32 (b) 42 (b) 52 (b)
3 (a) 13 (d) 23 (a) 33 (a) 43 (a) 53 (b)
4 (b) 14 (b) 24 () 34 (a) 44 (d) 54 (b)
5 () 15 (b) 25 () 35 (d) 45 (b) 55 (a)
6 (c) 16 (a) 26 (d) 36 (d) 46 (c) 56 ()
7 () 17 (a) 27 () 37 (d) 47 (d) 57 (d)
8 (b) 18 (d) 28 (a) 38 (b) 48 ()
9 (a) 19 (a) 29 (b) 39 (a) 49 (b)
10 (d) 20 (b) 30 (c) 40 (b) 50 ()
COMPREHENSION TYPE
1 (b) 5 (b) 9 (c) 13 (c) 17 (c) 21 (b)
2 (c) 6 (a) 10 (b) 14 (b) 18 (d) 22 (d)
3 (c) 7 (c) 11 (b) 15 (b) 19 (b)
4 (c) 8 (a) 12 (b) 16 (c) 20 (©)
REASONING TYPE
L1 ] @ 2 (d) 3] ® 4 | ©
IEIE MULTIPLE CORRECT CHOICE TYPE
1 (a,b) 3 (a,b,c) 5 (a,b) 7 (a,b,d) 9 (a,b,c,d) 11 (a,b, )
(a,b,c) 4 (b,c,d) 6 (b,c) 8 (b,c) 10 (a, b) 12 (b, ¢)
MATRIX-MATCH TYPE
1. A-s;B-r;C-q;D-t 2. A-p;B-r;C-s;D-t
3. A-q;B-s;C-r;D-p 4. A-r;B-p;C-p,q,ns,t;D-1,5,t
5. A-q;B-s;C-p;D-r
NUMERIC/INTEGER ANSWER TYPE
1 7 3 1 5 26 7 0 9 3 11 5
2 1 4 1 6 1 8 6 10 4




SINGLE CORRECT CHOICE TYPE

1.

b)

@

@

Let the equation of the semi elliptical arc be,

x2 yz
REYY
a b

=1 >0

9
Length of the major axis=2a=9 = a= By

Length of the semi minor axis = b =3.

, 4xr P
So, the equation of the arc becomes % + 2 =1

9

1 8
If x = 2, then y2 :% :>y:§1/65 :5

approximately.

As per the definition, the locus must be an ellipse, with
given points as foci and 10 as its major axis. Since the
line segment joining (2, — 3) and (2, 5) is parallel to y-
axis, therefore, ellipse is veritcal.

4
2be=8and2b=10 = b:5ande:§

a? = p2 (1-e?) =9
and centre of the ellipse is (2, 1)
Equation of the required ellipse is

2
(x=2)°  (-D* _
9 25

1

4t Bt =1
an2 anzf

. \/(s—c) (s-a) (s-a)(s=b) _1

s(s—b) s(s—c) 4
s—a 1 2s—a 5
= = = = —
K 4 a 3

5
:>b+c:§ x6=10 (*wa=BC=06)

Thus, sum of distance of variable point 4 from two
given fixed points B and C is always 10, therefore,

b

@

©

2 2
equation of locus of 4 is x=3)° + 2
25 16
(See Q.N.2)
Let the points of intersection of the line and the ellipse

be (acos 0, bsinQ ) and
T . (m . .
[a cos(z+6] ,bsin (EJFOD . Since they lie on the

given line Ix + my + n =0,

lacos® +mbsin® +n=0

= lacos® + mbsin@=-n

and —lasing +mbcos +n=0

= lasin® —mb cosO =n.
Squaring and adding, we get a’1> +b*m? = 2n?

242 2. 2
N a“l +2bm _y
n

Lengths of semi-major axis and semi-minor axis of the

2 2
ellipse )IC_6+% =1 are 4 and 3 respectively. So that

7
the mean of these lengths is 5 Let the co-ordinates

of any point on the ellipse be P (4cos 6, 3sin 0) . If the

distance of P from the centre O (0, 0) of the ellipse is
7 . 49
E,then 16cos’ 0 +9sm26 = T

= 28c0s20 =13

f13 N
= cosO == 2_8 —i%and sin® = t 105.

14
So, the co-ordinates of the required point are

14 7 14 7 77 14

Let the semimajor and semiminor axes be a and b
respectively and the distance of centre to the focus be
c. Most students would assume that the circle touches
the ellipse in two points, but this is not true! Suppose
it were true, and let one of the points of tangency be P.
Consider a tangent (to both circle and ellipse) at P, call
the centre of the circle F' (one focus) and call the other
focus G. Consider a ray emanating from F and boucing



@

)

off the tangent at P. By reflection properties, the ray
must bounce back to F (since it bounces off a tangent
to a circle), but it also must bounce directly from Pto G
(since it bounces off a tangent to the ellipse). This is
only possible if P, F'and G are collinear.

Thus P must be the end of the major axis? Apparently
ellipse are sufficiently rounded at their ends to ensure
that a tangent circle actually fits right into that end!
The problem is now easy. The radius must equal to a —

¢, which equals a — 4/ 1[52 —4%2 =2,

a2—b2 =5—
y
A
NS

-
N

2 2

X

Let the equation of the ellipse be —+ y_2
a

Since length of the minor axis BB' is 2b, the length of the
line joining the focus S (ae, 0) to B (0, b) is also 2b.

=1.

= a2+ b =42 = > — B2+ b® =4b?

2 2 2 2
-b 4b° - b
= a’ =4b> :>e2:a = :3

2 4p* 4
¥

IS

= o=
T
x2 y2
Let the ellipse be -t = 1 and the points are P
a
(acos2a , bsin2a.), Q (acos2B, bsin2P), R (acos
2y, bsin 2y).

The equation of the chord PQ is
X v .
Zcos(a +B)+ Zsm(oc +B)=cos(a —PB)
a
If PQ passes through focus(ae, 0), then
cos(oL— .
= coslazB) (i)
cos(a+ )

Similarly, if the chord PR passes through the focus

Cae.0) then —e= 8@V (ii)
cos (a+7)

Thus from (i) and (ii), we have

cos(aa—PB) _ B

cos(a + )

cos (o —Y)

cos (a+Yy)

Apply componendo and dividendo, we get

cos (o + B) + cos (o — PB) _ cos (ot +7vy)—cos(a—7)

cos (ot + ) —cos (o — PB)

cos (o +y)+cos(a—7)

9.

10.

2cosacos  2sinasiny

2sinasin B 2cos asin y

2
= tanf tany = cot” a

(@ The eccentricity e of the given ellipse is given by

@

2 b2
e :17—2361

a

2_p? = a?et, So, the points on the

minor axis, i.e. y-axis at a distance g% — b2 from the

centre (0, 0) of the ellipse are (0, £ ae) .
The equation of the tangent at any point
(acosB, bsin0) on the ellipse is

icosG + Zsine =1
a b

So, the required sum is
. 2 .
aesme_1 —a esm@_l
b b
2 2 + 2 )
\/cos 9+sm 0 \/cos 6+sm 0
a2 b2 aZ b2
_ (a esin@-h)* +(a esinB+b)* 2

a
(b2 cos 0+ a’ sin’ 00)

_ 2012(012e2 sin? 0 +b2)
b% cos? 0+ a’sin 0

2a%[(a® —b?)sin? 0+ b7 ] ,
= = 2a
b2 cos” 0 +a’sin’ 0
LetAB=2[/,then AM =1

2 72
Thus, we have 4 = {u l}
b b

N
oK

Now, since OA4B is an equilateral triangle,
Therefore we have, 04 =2

2

ie. OM? + AM?* = (21)*

2 12 2
ie'M_,_ﬂ:gZ
b2
242
b
Gives I = —>—— >0 ie. 36> — @ >0
36" —a



ie. 3d? (2 —1)> a?

2
Gives e> —.
3

ALTERNATE SOLUTION
Let coordinates of 4 be (asec6, btan6)

then / AOM =30°

o AM btan0
Stan 30 =——=
OM asecB

2
= L:ésin6:>cosec26 =—=3(€2 —1)

\/ga a’

2 4 2
>—0ore>—
3

NE)

+ cosec’0>1= 3(e2 —1) >l=e

11. (d LetP (x,y) be apoint on the hyperbola

2 2
X y2 _ X N
—7—2—1,then —27—2—1
a b @ b

The chord of contact of tangents from P to the

2 2
hyperbola x_2 Yoo il

mo_ ~
a2 b at b 2 ®

The equation of the asympotes are XY
a

b

and£+Z:0

a
The point of intersection of (i) with the two asymptotes
are given by
2a 2a
x'= YV = s X T 5
XN 6 _n X,
a b a b a b

—2b
BN
a b

1
Area of the triangle = 5 (x'y"=x"y"

! dabx2
) 0 w? | =4ab

a> b’

2 2 5 4 2
V 2

+ = — —_— —

5 —1:>e —1 9—9 :}e—3

One end of latusrectum is (2, %)

13. @

14. (O

+

242
9

Equation of tangent at [2, g] is %

1 9
AreaofACPQ:E X 5 x3=—

27
Area of quadrilateral PORS =4 x i 27.

The equation of tangents at two points having eccentric

angles 0; and 6, are .

X cos0; + Lsind, =1 (i)
a b

100562 + %sinez =1

oo (i)
a

The point of intersection of (i) and (ii) is
reo(t5%) wm(3%)

cos(61 _62) c:os(e1 _62)
2 2

It is given that (6, + 6,) = K = Constant. Therefore, if

(x1, ;) s the point of intersection of (i) and (ii), then

acos K bsinK

xl_wandy“w
COoS 2 CoS T

a

»$ob
. . . b

= (1, » ) lies on the straight line y = p cot K |x

Equation of the tangent at P (a cos 9, b sin9) to the

2 2
. X Voo
ellipse —+=—5 =1is —cosO+=sin0 =1
a b a
Length of the perpendicular from the centre C (0, 0) on

this tangent is given by
-1
CF= | lcos’® N sin® 0

a’ b?




15. ()

16.

@

B ab

\/b2 cos” 0 + a? sin’ 0

Equation of the normal at P to the ellipse is

ax by _dip?

cos® sin0

Which meets the major axis at the point G

L

((az - bz) cos 6 0\

P

= PG
( (@ —b?)cos0)
- Lacose——) +b%sin’ 0
a
4 2
_\/[)C%e+b2sin26
a

= 2\/bz cos® 0+ % sin” 0
a

From (i) and (ii), we get CF x PG = b?.

2p P 2p
pzx+\/1_p2’m \/1_p2

y= \/1__

2
m? — 4p2 = 1712:(4+m2)p2
I-p
2
m
= p2 = 3
44+ m
1 4+ m?
y=mx+ = y=mx+ 4
__m
4+ m?
L)
= y=mx+ I+Zm
x2 y2
Which touches the ellipse — + — =1
1/4 1
1 3
whose eccentricity e = ‘/1—— = £
4 2
. . xcos0 .
Equation of tangent is +ysing =1

Sum of intercepts on the axes / =

ﬂ—s
de

33
343 |
+

cos® sin0

\/Esecetane —cosech cotg =0

(i)

17.

18.

19.

@

@

@

= 3\/§tan3971:0

tan ! = 0 L
anp = — = —
3 6

(check for minima by yourself).

For the circle x> + 3 = 1 and rectangular hyperbola x? —
y% =1, one common tangent is evidently x = 1, the other
being x=— 1. There is no other common tangent (verify).
We require in standard form the ellipse with focus at S

(%, 1J and directrix x = 1 which is

1 2 2> (1 2 2
(x—gj (1) @ (1-)

2 3 1 2
2 2
-+ -1 =0 —(x——) + —1
or (y ) or 3 (y )

1 1) >
=153 9[x§j +12(y-D" =1
x2 y2
Equation of a tangent to the ellipse —+t5 =1 is
a” b

y=mx+ Ja? m? + b? (i)

Equation of a perpendicular from the centre (0, 0) on

this tangent is y = — ix ..... (i)
m

Eliminating m from (i) and (ii), we get the equation of

[ 2
X
the required locus as y = A —+ b?
y y

2
= y2+x =4/ 2x2—1-l72y2

= (x2+y2)2 =d° x2+b2y2.

xcos0 N ysin6
4

Any tangent to the ellipse is 1



20.

21.

b)

©

4
Thismeetsx=a=5at Ty {5, ——(1—cos 6)}
sin O

= ( 5,4 tangj
2

4
and meetsx=—a=-5at T, {5,_—(14—0056)}
sin©

= (— 5, 4cot9j
2

The circle on Tj , 75, as diameter is

x=5x+5)+ (y74tang) [y4cotgj =0

or x° +y2 —4y (tanngcotg] -25+16=0

= x2+y2 —8ycosech —9=0

This is obviously satisfied by (3, 0).

NOTE : It can be verified by taking general equation of
an ellipse that such a circle passes through the foci of
the ellipse.

Let the equation to the rectangular hyperbola be

2oy =4l ()
As the asymptotes of this are the axes of the other &
vice versa, hence the equation of the other hyperbola
may be written as xy = ¢? .. (i)
Let (i) and (ii) meet at some point whose coordinates
are (aseca,atana ).

Then the tangent at the point (a sec o, a tana.) to (i)
is x— ysina =acosa ... (iil)
and the tangent at the point (a sec o, a tan ) to (ii) is

2

. c
ytxsino = ——cosa
a

e (iV)

Clearly, the slopes of the tangents given by (iv) and

(iii) are respectively —sin o, and , so their product

sina
=— 1. Hence the tangents are at right angle.
Let the slopes of the two tangents to the hyperbola

2 2
Rl

X
a b

Then the equation of the tangents are

=1 be cmand ¢/m.

a*cPm? - b? ... ()
oo (1)

Squaring and subtracting (ii) from (i), we get (¥ — emx)?

y=cmx+

and my —cx = a*c? —b*m?

- (my—cx)2 = a?Pm? -b*_ d*c? + bPm?

23.

24.

@

@

(©)

= (1-m?) (=22 =— (1-m?) (@*P +b?)
= y2 +b? = (:2(x2 —az),

Equation of the pair of straight lines joining the origin
to the intersection points of the variable chord and the

2 2 . 2

hyperbolais = — 2 - [w} o
a 2a p

Which will represent a pair of perpendicular lines, if

Coeff. of x? + coeff. of y2 =0

e L_coszoc 1 +sin2a ~0
e a2 p2 2a2 p2

1 1 1
le. 50— =—

@ 24° p2
Givesp:ﬁa.

Thus the variable chords have a constant perpendicular
distance from the origin. Hence, the variable chords
are all tangents to the circle centered at origin having

radius equal to \/5 a.

The asymptotes of a rectangular hyperbola are
perpendicular to each other.

Given one asymptote, x+y+c=0

Let the other asymptote be x —y+ A =0

We also know that the asymptotes pass through centre
of the hyperbola. Therefore the line 2x — y = 0 and the
asymptotes must be concurrent.

2 -1 0
Thuswehave, |1 1 «¢[=0
1 -1 A

Gives L =-3c.

Hence equation of other asymptoteis x—y—3c¢=0
The equation of the normal at (a sec , b tan 9 ) to the
given hyperbola is ax cos @ + by cot § = (a® + b?)
This meets the transverse axis i.e. x-axis at G..

. (az +b° )
So, the coordinates of G are k sec 0, OJ

a

The coordinates of the vertices 4 and 4' are 4 (a, 0)
and 4' (- a, 0) respectively.
. AGA'G
SN G VA
:L—a+a il seceJ La+ secGJ
a a

=(-a+ ae’ sec 0) (a+ ae® sec 0)

—d? (e4 sec’ 0 -1,



b
25. (a) Equation of the tangent at g is y =— —x meets the chord of contact at R

a
[ 1 ] [ 1 j ( 2a -2b )
. ND . Y NG L secO+tan0®  secOH+tan0
¢ i 0 0 1
e, Z+2_y2=0 . () { 2a 2b
a b AreaofAOQR=5 secO—tan® secO—tan0

2a -2b
secO+tan® secO+tan0O

. T .
Equation of the normal at 7 is

X y_ a b (i) = 4ab square units.
b a b2 a2 27. (¢) Anypoint Pon ellipsein (acos@,bsing)
P =length of the perpendicular from the centre to Equation of the diameter CPis y = ( b tan 9) N
a
—_‘/E 2ab The normal to ellipse at Pis
the tangent = 1 1 | =—/7—
a7+b7 Va? +b? ae sec® — by cosecp = a’e?

p> = length of the perpendicular from the centre to
b

A
- 2 2 ¢
the normal = b2 a2 __a-b . k_,/
\/124-12 \/E\la2+b2
a b

Slopes of the lines CP and the normal GP are 2 tan 9

ab(a* —b%) P
Area of the rectangle= p; p, = — 3
a“+b a
. and —tan@
26. (d) Let P(asecH,btan0) be any point on the hyperbola b
2 2
XY 9 an0-Lan 0
@ b S tan ¢ = p ab
Equation of the chord of contact of tangents from P to 1+ b tan 0. 4 tan O
the hyperbola -~ 22 ~2 22
eyperoaa—z—bzf is _d* b e
ab  sec? 0
xasecO  ybtan0
> 5 =2 a2 B2
a b = sin@ cos 0
a
0
o oy, L ) )
b -4 5in 20
The two hyperbolas have a common set of asymptotes a
b The greatest value of
=t—x
4 a a® - b? a® - b?
tan ¢ = 1=
2ab 2ab

b
y=,% meets the chord of contact of tangents at O 28, (@) Let OL and OM be the semi perpendicular diameter of

2 2
( a2 ] theellipse 5 + 25 =1 (i)
secO—tan0 secO—tan0 a b




29. (b)

Suppose the equation of LM is

xcosa tysina=p .. (i)
So that the perpendicular from centre O upon LM is p.
To find the combined equation of OL & OM,
we have to make (1) homogenous with the help of (2);

. 2
X y2 X Ccosd+ ysina
So,weget—2+—2: _—
a p
Ay

xz(l cos? oc\ _ 2xysino cos o
or L_z_ 2 2
a p p
(1 sin2a)
2 sin” o
Yy L_z_ 2 JZO
b p

As the lines OL and OM are mutually perpendicular,

the coefficient of x* + coefficient of y2 must be equal

to zero.
1 cos’a | sin® o
So, = - >t - 2 =0
a p b p
1 . 1 sin® o + cos® o 1
or — _—— = —
2
a b p2 p

ab
or p= ——.
\/az+b2

Let 4, t, , 3 and t4 be the parameters of the point P,
0, R and S'respectively. Then, the coordinates of P, O,

() | AR )
R and S are Lctl, EJ , kct2, iJ , kct3, £\ and
l ) &}
[ ¢ .
kct4, —) respectively.
Iy
Now, PQ is perpendicular to RS
c c c c
t t
B2 h 4 B
ctz — Ctl Ct4 — Ct3
1 1
= —— x ——— =_]
ht tty
= tl t2 t3 t4 ==t .. (1)

30.

31.

(©)

@

Product of the slopes of CP, CQ, CR and CS=

1 1 1 1 | [Using ()]
= X X —— X — = sing (i
Woon 5t

2 2

Given ellipse is )lc_6 +2 =1

4

Equation of a circle centered at (1, 0) can be written as
(x— l)2 + y2 =52
The abscissae of the intersection points of the circle
and the ellipse is given by the equation

2
(x=1) + 16-—x" 2

w«h 0)

e, 4(x* 2x+1)+16- x2 =4 2

ie. 3x%-8x+20-4r> =0
If the circle lies inside the ellipse, then the roots of the
above equation must be imaginary or equal

ie. D<O0ie 64+12(4r>-20)<0

/1 1 .
Hence, greatest value of = 3 and the equation of

11
required circle is (x = 1)* + y% = 3
. 2 2

ie. 3(¥ +y7)-6x—8=0.

Equation of the normal at any point (ct, ] to the

~|a

rectangular hyperbola is #y— Bx+cat —c=o0.

If it passes through a point (ct , %) on the hyperbola

then £1' +1=0 (i)
Which give three value of tsay ¢, ,, #; and hence the

co-ordinates of three point P, O, R on the hyperbola
the normals at which intersect on the hyperbola.

[ ¢)
The coordinates of P, O, R are Lct,-, ti) i=1,2,3.
i



So that the coordinates of the centroid of the triangle

then Zti _h and Zfi tj =0,
c

k
ztitjtk = *Z and tl t2t3t4 =—1

o+t +t
POR are [Cu, E(l+i+i\\
3 3y n f3J

or (0, 0), which is the centre of the hyperbola

2 2
(asfrom(i) 4, + 1, + 1 :0,zt1 Hh=0,4 t, ty :7%) Given Zri =) = (zti) - 22% =
. c ﬁ 0=\ h2 =2 2
32. (b Equation of the tangent at | ct, 7 to the hyperbola = 2 - = ¢

. e 2 2
xXy= s x & +y.ct= 202 Required locus is X~ = Ac
t 35. () If 6 is the angle between the asymptotes, then

1 . 0
- an— = —
¢ 2 a

Hence, we have

Slope of the tangent = —

and slope of the normal = 1?

a 1 1
cos— = = =—.
Equation of the normal at (ct, %) isy— = 12 (x—ct) 2 \/az + b2 \/ »> e
t 1 +—
612
. 1 € c ¢ 2 . .
If it passes through (Ct > ;j , then Pr— =1 36. (d) Equation ofthe normal to the given hyperbola at P(6 ),
is given by
(ct'—ct) = (t-1')=L1'@t'-1) = 1" =1 .
(acos O)x+(bcot O)y=a” +b" ie. x+ [ - e}y
sin
33. (a) Any point P on the hyperbola is [ct,gj ¢
t
_ a® +b? 0
Y acos6
A
and equation of the normal at Q(¢), is given by x +
c b _ a* +b? (i)
NQ P[Ct’ ?) asin ¢ Y acos¢p
5 »X Subtracting equation (ii) from equation (i) gives the
M ordinate k of their intersection point as.
) . ct ¢ b| 1 1 a® +b? 1 1
0, the mid - pointof OP= | —,— kx —|———— = -
22t a|sin® sin¢ a cos® cosd
Since OMPN is a rectangle. .
mi — : 0-—
[~ mid pt of OP = mid point of MN] el k= a +b 5 095 c'os [0} X tan . tan
2 b sin © —sin ¢
Locus of Q is xy = CT which is a rectangular
s 9 2 sin(d)j. sin(e_d)j
hyperbola with eccentricity V2. _a+b % 2 2 %1
e
c 2 cos . sin
34. (a) Equation of normal at any point [ct,?] is 2 2
4 3 _ . T
ct” — xt’+ty—c=0 L. (1) 1f6+¢25thentan 0.tand =1
.. Slope of normal = £
The normal (1) passes through the point P (4, k) a2+ b2 0+ a2+ b2
= _ 1 = _
ct* — he® +ki— ¢ =0. If the roots of this equation [ 2 } b

are t; i=1,2,3,4



37. () For the two ellipses to intersect in 4 distinct points,
a>1
= pr-5h+7>1
b2 -5b+6>0 = be (—OO,Z)U(3,0())
b doesnotliein[2, 3].
38. (b) Let S be the given point and ZM be the given line.
M

B

| AT

L B’

2
a b
Then SZ="-ae =2(1-e*)=2_=k (say)
e e ae

[ bt = a2(1—e2)]

Now take SC as x-axis and [,S].' as y-axis.

Let (x, y) be the coordinates of B w.r.t. these axes
thenx=SC=ae,y=CB=»

2 2

hence L2 sz , which is constant
X ae

. y2 = kx is the required locus which is a parabola.

39. (a) Normalat P is bisector of angle between focal distances
SP and S'P. Hence
SQ SP
s'Q S'P
9 7
Now the eccentricity of ellipse, € = l_E = %

Focal distances are a+ ex and a —ex, so

SP:a—ex:4—4x2:¥

N7 8447

S'P=a+ex=4+—x2=
4 2

SO 8-+7

40. () The chord of contant of tangents from (x;,y) is
aad AL a*
— *+=5 =1 Itmeets th t the points | >0
2 52 meets the axes at the points |~
b2
d |0
Area of the triangle =~ «“ v k
rea of the triangle =75 -— -7 =/ (constant
g = T ( )
a’bt 5
= X1} =——— =¢" (cis constant)
2k
So, xy = ¢ is the required locus.
41. (b) The curvexy = cand the circle x% + y2 =1 touch each
other so
2
2, ¢ _
X +x—2—1—0 = x4—x2+02=0
will have equal roots so (~1)> —4c? =0 = 4c2 =1
= ! c= !
= il o
Roots of the equations Xt x? +l =0 are X= iL
4 V2
yo7 1
= +_.
= V2
Clearly distance between the points of contact =2 units.
42. () Theline y+A(x—a)=0 will intersect the portion of
the asymptote in the 1% quadrant only if its slope is
negative.
= -A<0 = A<0
A € (0,0)

(a, 0)

c
43. (a) Eqn. of normal at any point (Cf,7j is

ct4—xt3+ly—c=0



4. @

45. ()

=  slope of normal _ ;2

LetPbe (h k) = ct* —h3 +thk—c=0

= zfi=%and Zt,-tj:O
= X =(Xa)

= =

. ) 2
=  required locus is x~ = Ac

For the hyperbol ﬁ—ﬁ_l
or the hyperbola —==== =1,

tricity, € = 1+9—5
eccentricity, ,/ 6 2

Coordinates of foci are * (5, 0).

We note that the point (5, 0) is satisfying the equation
ofincidentray 3x + (5 — 4\/5) y =15. So, the reflected
ray must pass through the other focus (-5, 0)

S5, 0 ol

Let the incident ray strikes at point P(4sec, 3tan6)
of hyperbola, then

3.4sech +(5-4v2).3tan0 =15

= lZ(secG—ﬁtanG)zlS(l—tane)

A simple observation hints that 0 =% vanishes both

the sides hence 0 =% is the solution (The equation

can be solved in usual ways but it is lengthy)
So, the point P is (4\/5, 3)
Now the equation of the reflected ray PS'' is

y—0= (x+5) = 3x— (42 +5)+15=0

e

The given circle and ellipse have common tangent
parallel to x-axis only.

46.

47.

48.

©

@

@

= the circle and the ellipse intersect at 2 distinct
points.

= h+c<a+b
= c<a+b-h.

Y

(-, 0) (h, 0)

Given m(n—1)=n

n is divisible by n —1

=>n=2=m=2

Hence chord of contact of tangents drawn from (2, 2)

2 2

Y

to —+—=11s £+2y
9 4

bt |
4

= 4x+9y=I18.
Equations of tangents at two points having eccentric

angles 6; and 0, are

X V.
—cos0; +=sin0; =1
P 1 1 (D

X V.
—co0s0, +=sin6, =1
P 27y 2 (2

The point of intersection of (1) and (2) is

2 2
o O=06 o O=6
2 2

It is given that ©; +6, =2k = constant

. point of intersection A(xy,y;) is

v acosk _ bsink
= =
o =02 0,) cos| 1792

2 2

= Mootk
n b
.. Required locus is X% oth=2cot [ﬂj
y b b 2

which is a straight line.
Let (4, k) be the point.
Equation of chord of contact with respect to ellipse

x? +2y? =1 is given by hx +2ky =1 (1)

Making curve x2 +2 y2 =1 homogenous with the help



of (1) we can write. chord of contact of P w.r.t the auxiliary circle is
2 2 _ 2
X% +2y° = (hx +2ky) gx+ky=a2 e
; 2 : 2 _
Now coefficient of x + coefficient of y~ =0 (1) and (2) intersect at (ae, 0).
= (1-h)+(Q2-4*)=0 232
52. (b Lettheellipsebe —5 +-5 =1 and let
= h+4k? =3 a® b

so locus of (,k) is x* +4y? =3. A= (acos®,bsin0).

b
49, (b) Here a2+b2 =] = a2+a2(1—e2):1 EquationofACWﬂ]be’ yzgtane.
2
) 1 2 _ 2a° -1 a a b
= 2-e =2 = ¢ 2 Solving with ¥ =~ we get PE(;,;tanej.

=  Extremities of latus rectum are

b
2 Slope of tangent at 4 =—
[J_r /2a2—1,i1_a ] atan©
a
b
S . —tan 0
on eliminating a, from equations e _ btanb _a tan 0
Slope of PS ~ 4 PN .
x=+~24> -1 and P “—ae a(l-¢) b
1-d?
y P So o = >
we get 5 o
2 2 22 : 11 .o X Yy =1
= 2y°(1+x7)=(1-x°)". 53. () Givenellipseis 7+T_ .
50. (@ tan(6—¢)= tan 6 —tan ¢ Equation of normal to the ellipse at (x;,)y) is
1+ tan O tan ¢
) P 4 |
tan ¢ = bsin® :étane %/2 ni2
acos® a It passes through (2, 3),
- - . 22— -
. tan(6—¢)=tan9(a b) = a-b S w=3_yl
’ a+btan29 acotO+bhtan6 X1 N

. Ay, - 23y =3 —
'.'ee(O,gj:acotfﬂbtanGzz@ and equality = I TAAN =LA AN

. Locus of (x1,y;) is xy+3x—4y=0.

occurs if acot®=>btan 6 54. () The mutually perpendicular tangents will be drawn by
a—b taking any point on the director circle of given ellipse.
= tan(0-¢)< N and maxima occurs if Any point on the director circle can be taken as
“ (5co0s 6,5sin6). Equation of corresponding chord of
tan20 =4 contacct is
Sx

—cose+5—ysin9—1= 0.
2 2 16 9

. X Yy o
51. (¢) Letthe ellipse be 2 +b_2 =1 It’s distance from the origin is equal to

a 1 144 1 144
Any point on one of the directrix is [e’ j \/2500s29+255in29 5 \/256—175cos29 5.9
Chord of contact of P w.r.t the ellipse is 256 81
ax ky 16
——2+b—2 =1 (1) =—

€ q 5



NOTE :

x2+yz=az+b2

The equation of director circle is

55. (@ Weknow that if a circle cuts a rectangular hyperbola
then arithmetic mean of points of intersection is the
mid-point of centre of hyperbola and circle.

3+5+2+(-1) -g+1 4+3+6+0 —f+2
& 4 2 4 2
7 9
= =+ =| ——|[4+| ——|= —8
s/ ( 2) ( 2)
g’ 57.

56. @ [)=prigy = JO)=pre——

qrz q
f()=p--—=0 = x=%r |-
X p

f"(x)>0forx= r\/g
“ S (Omin = pr\/7 \/7

pq.r+\/%.r :2r\/E

ALTERNATE SOLUTION

Any point on xy =72 is [rt, 1)
t

@

" f(x)sz+qy:prt+q(§)

r
rt+ 4"

p [
—t > rt.ﬂ
2 P t

. prt+%2 2r \pq
£ (x)=2rpg

The equation of the normal to the hyperbola

2 2
%—yT:l at (2secO,tan 0) is

2xcosO+ycotO=5

If £ >0 then

(1)

1
Slope of thenormal = —2gin@=-1 = sinb = 5

T

= 0=
6

5
cotO

_3
V3
2 2
Since it touches the ellipse —+ =5 =1
a

b2
2
(ij = a%(=1)* + b*

NE)

Y-intercept of the normal =

= a* +b? :2

COMPREHENSION TYPE

L o

Two curves are symmetrical about both axes and
intersect in four points, so, the circle through their
points of intersection will have centre at origin.

2 2
Solving x? — y> = 0 and —2+Z—2=1, we get
a

5 5 a2b2

a’ +b?

2a%b2  y2ab
212

a®+b \/ a’ +b?

The equations of chords of the ellipse are

X o OtB vy, atp _ a-P
2 2 2

Therefore radius of circle =

2. (©)

) y-9
+Lsin X0 = cos
b 2 2

©

©

If a, B, v, 6 are concyclic points then these lines will
make equal angles with axes and therefore,

o+p

tan—=—tanﬂ
2
3‘%3+ﬂ

As the lines joining common points of intersection must
be equally inclined to axes, so,

=nr=>a+pB+y+0=2nm, nel

tana=—tanf=>oa+pf="n

Any curve through the points of intersection of given
curves is

X 4y? —Ax-5+Ax* +y7 -1 =0

= 1+0)x>+(1-1)y? —4x-5-1=0

It represents a pair of straight lines, when

A+ (A=) (=5-21)+0—(1+21)0
—(1-2).(-2)> +(5+1).0=0



©

@

©

=S A=D{A+DA+5)+4}=0
= A-DA2+6L+9)=0

= A-DA+3)>=0=r=1or -3

Hence, two pairs of straight lines can be drawn.

21x2 —6xy+29y% +6x—58y—151=0
= 3(x=3y+3)> +23x+y—1)* =180

(x=3y+3)%> Gx+y-1)7?
= + =

1
60 90
2 2
(x—3y+3] +£3x+y—lj _
i+3206 ) \W1+323
X% y?
—t—=1
6 9

Thus Cis an ellipse whose lengths of axes are 6, 2./6.
The major and the minor axes are x—3y+3=0 and

3y+y—1=0 respectively. Their point of intersection

gives the centre of the conic.
-, centre = (0,1).

6 | &3

]
5

Eccentricity € = 1—[

Equation of tangent in parametric form

x—1 y—1
B LI e R N2
~1/\2 12

= A= (49 _2)9B = (_29 4)
Equation of asymptotes (O4 and OB) are

-2
y+2:7(x—4) = 2y+4+x-4=0

2y+x=0

4
and y—4=—2(x+2) = y—-4=-2x-4

2x+y=0

2x+y)(x+2y)=0 = 2)cz-i-2y2 +5xy =0.

1
Mo4 = =7 Mo = -2

-1/2+2

. tanO =
1+1

3
4

1

| W

3 _
sinezg: 0 =sin

10. ()

1. o)

12. O

13. (©

14. O)

Equation of the hyperbola is 2x? + 2y2 +5xy+A=0.
It passes through (1, 1)
S0, 2+2+5+1=0 = A=-9

Hyperbola 2x2 +2y2 +5xy =9 so, the tangent at

7
1= |;
(-1 )i

Zx(_1)+ 2y(%j+5w =0,

2

3x+2y=4.

Clearly centre of the ellipse is origin. Taking point

(rcos0,rsin0), we get

2 3442

3—\/§sin(29+g

3442
Frnax = 2| ———=7,

5 in — 1
max 3_\/5 min

T e Y
istwhen 20+~ =2~ _ 0=—
max €x1st when 4 5 = 8

Length of semi minor axis =1 unit => tangent is at
the end of minor axis. so its equation can be

xsinz—ycoszzil. = xcos3—n—ysin3—n=i1
8 8 8 8

Product of length of perpendiculars from foci = 2

(bis length of semi minor axis )= 1.
If C is the centre of the ellipse then slope of CP, where

C(0,0)and P(acos ¢;,bsin ¢;) is

b
Similarly slope of CQ1s ;tan ;.

Since CP and CQ are conjugate,

b* b*
a—ztandh tan ¢, == = tan ¢, tan ¢, = —1

= sin¢; sind, +cosd; cosh, =0

= c0s(¢; ~¢2) =0 = ¢y~ p =90°.
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16. (¢)

(17-19)

1.

@

centre of the auxiliary circle, so, —o. =1, = -2

= a=-1,p=2.

Radius of auxiliary circle = \/]+4—-1=2

. Major axis of ellipse = 4. Also if segments of focal
1 1 2

chord are /; and /, then Z"’Z: b /a)

1 1 4

. 1+§:b_2 = p2 =3
. Equation of director circle is

(x-D?+(y+2)* =4+3

.. 3 1
Eccentricity = 1—Z = E

(20-22) Incident beam have equation Ax—y+2(1+A1)=0
If the point P is (acos¢,bsing), then Q is = Mx+2)+(-y+2)=0
(—asin ¢,bcos ¢), and hence = the rays are coming from (-2, 2) Reflected beam
follow th ti —y+2(0-p)=0
cP? + CQ2 = a? cos® (I)-i—b2 sin ¢ ollow the equation pr =y +2(1-w)
-2)+(-y+2)=0
+a” sin® o+ b? cos? ) = K=+ +2)
= the rays converge at (2, 2)
=a® +b%. So, the foci of the ellipse are ;(2,2) and S,(~2,2)
By definition the tangent at P is parallel to CQ and . . )
tangent at O is parallel to CP Thecentreis C(0,2). Further the given circle must be
— CPRQisa parallelogram. Also auxiliary circle. So its radius =3 = semi-major axis (a)
. . 2
P and Q are respectively P (acos,bsin¢), and 20. S,Sy =4 =2al. Thus €= 5
O(—asin ¢,bcos ¢). Equation of the tangent at P is ) ] ] o
21. The triangle has largest area if the point of incidence
xcos¢ ysind . coincedes with an end of major axis
———+=———=1. The length of the perpendicular
a b . Largestarea = bae = a\1—e’ae
from C to this tangent N I
4
ie. pR= . 2ab : :% :3/1—§><2:2\/§
\/b cos” ¢+a”sing 22, Since for every position of the point P on the ellipse
= area of parallelogram CPRQ = ab. PS| + PS, = constant (= 2a = 6). So, no such point
a-2b+c=0 exists.
= ax+by+c=0
passes through (1, -2)
So, the centre of the ellipse is (1, -2), which is also the
REASONING TYPE
Distance between foci =2 ae 3. () Any point on ellipse is (3cos0,sin®). Clearly only

@

Sum of focal distance =2 a> 2 ae (- e<1)
The equation represents an ellipse if

p €(8,12), p #10. for p =10, itisacircle.

integral points are (13,0),(0,12)



4. (¢) Let the centre be origin and a vertex be (a, 0) then

focus is (2a,0) = e=2
b = a\/4—1 = -\/ga
x? 2
Equation of hyperbolais — ——— = 1
a” 3a

= 3x2 —y2 =34’

2
2b
Latus rectum = —— = 6a
a

@E MULTIPLE CORRECT CHOICE TYPE

1. (ab) If two foci be S (5, 12) and S '(24, 7) and it passes

through origin O.
Then SO = +/25+144 =13; S'O= +576+49 =25
and SS'= /386
If conicbe an ellipse, then SO+ S'O=2aand SS'=2ae

88T 4386

‘" s0+s'0 " 338
If conic be a hyperbola, then S'O— SO =2a
and SS' =2ae
SS' /386

e= =
S'0+ S0 12

2. (a,b,c) PS+PS'=ePZ+ePZ =e(PZ+PZ)=e.ZZ =e. 2a
e

=2a,ifa>b =e.% =2b,ifa<b
e

If co-ordinates of P be (x, y) then
PS+PS'+S8S'=2a+2ae=2a(l+e)

. s=a (1 + e), semi perimeter of the A PSS
ands—SS'=a(l—e)

B J<s—c>(s—a)(s—a)(s—b)

a
Now, tan > tan — =

2 s(s—b)s(s—c)
s—a l-e
= =— [a=SS',PS’=c,PS=b)
K l+e
Yy
7 P V4

-
NS

(a,bye) Let (x;, ;) = (ﬁti,

a—\/az—b2 a2+a2—b2—2a\/a2—b2

0t+\/a2—b2 b
B 24% —b? —2a\ja2 —b?
= 2 )

2
)

i=1,2,3,4.

(= \2)
The equation of the normal at L\/El ) T) toxy=21is
y—ﬁ = 2 (x—21)
t
( )
[+ Equation of the tangent at k\/it, £) toxy=21s

V2 o+ £x=4. Slope of the tangent is —iz]
t t

= = Px+2-21% Tfit passes through (3, 4)
then

4t=38 + 2 -2t or V2t — 383 +4t— 2 =0

If the roots of this equation are # ,t,,# ,t, then

3
tl +t2 +t3 +t4: _\/E = X tXy)t+tXx3+Xy =3

4
Zfﬂz =0and Zﬁ iz = h
and ftBty=—1=>NI2V3 )4

= X Xp X3 X4 T _(\/5)4 =4

I 1 1 1
and y1+yz+y3+Y4=\/5{—+—+—+—}

2 bt
_ 2123:4.

11Z2Z3f4



2 2
Pg :\/xl +Cyn—-») =\/x12+J’12 =PC

(1)
4 bedlet )= 0] 51,234
1

_ 2 2 _ 2 2 _
Any point on the rectangular hyperbola xy = 1 is and Gg = \/(2x1) +(2n)" =2 \/xl o =2PC

1 S . 2 2
(f > —] which lies on the circle 8. (b,c) The given ellipse Y has eccentricity e=
t a2 a2 b2
2002 Cqir2 4L - 424 .2
X“+y 11ft+t2 l= " —-t"+1=0 1- 5% .
Thus if P (h, k) be the ends of the latus rectum of the
The roots of this equation are # ,#,,t3 ,¢4 where ellipse then we have
f]+f2+t3+t4 202 X]+X2+X3+X4:0 2 42
h=*age=%a1-b>, k= = a b =+ qp°

a
ZtltZ =1, Ztlt2Z3 =0

Eliminating b from equations (i) and (ii), we have

hitytztg =1 = XXpX3X4 = V1V2)V3V4 =1

1- == ie. W+ ak=d’

W k
1 1 1 2
and Nttty =—+—+—+— a

h ot 3ty

a

Hence, equation of the required lotus is x* + ay= a*

_ ztlt2t3 B 9. (a, b, c, d)
- =0. Equation of the curve passing through all four points

A, B, C, D can be written as
(Bx+4y—-24)(4x+3y—-24)+2xy =0.

hitatsty

5. (ab) Wehave V22 +(r = D2 =22+ (y +1)? ‘:K

Whichisequivdent to|S, P — S,P| = Const.
Where S| =(0,1), S =(0,—1)and P = (x, ).
Using properties of a hyperbola, the above equation
represents a hyperbola, then we have.

2a=K
[where 2a is the transverse axis and e is the eccentricity]

and 2ae= 51 S5, =2

= 12x% +12)% +(25+ 1) xp —168x 168y +576 =0

Clearly for A = -235, itrepresents a circle for different
values of A, it can represent other curves

10. (a,b)
Suppose the chords i x+my=1 and Lx+myy =1
cut the ellipse at P and Q and R and S respectively,
such that the normals to ellipse at P, O, R and S pass

Dividing, we have e= —
K through 7' (A, k). Let (a.,3) be one of the points P, O, R
Since, e > 1 for a hyperbola, therefore K <2.

Also, K must be a positive quantity. Hence, we have, or S. Then equation of normal at (a,B) is

K €(0,2). 2. 2
6.  (b,c) Clearlythe vertices of the squares will lie on the director ax ovy_ a—p?
circle, i.e. on x?+ y? =4 + 3 and hence the area of the o B
squares is 2 (4 + 3) = 14. Only one such square is possible it passes through T (4, k). Therefore
7.  (abd) 5 5
. 2 2 ah bk _ 2 2
Let P(x;, ¥;) be any point on the hyperbola x~ —y o B =a
= 4, then equation of the normal at Pis
2 2
h bk
Y=y =Ty (x=x) = xy+yx= 2xy. <. locusof (a.p) is — ;¢
Then coordinates of G are (2x;, 0) and of g are = d’hy—bhkx=(a* -b*)xy (1)

The equation of the curve passing through the
intersection of the elllipse and one of the chords

2, .2 .
Sothat PG = \/(le —x)? = \/xl )" =PC hx+my=1or hx+my=1is

(0,2y1)




(2 2
Y -
La—2+b—2—lJ +A(x+my - (Lx+myy—-1)=0

o)

(1) and (2) both represents the same curve.

1 1
a_2+7\.1112 = 0, b—2+Km1m2 =0and -1+A =0

1 1
_+1112 = , +m1m2 =0
42 b?

1
m]mz =——=

Ll =—— .
= 12 b2

2 >

11. (a,b,¢)

iz
%

Clearly O is the point of §§' and HH'

= diagonals of quadrilateral fSg'S’ bisect each
other so, it is a parallelogram.

Let H'OH =2r = OH =r=ae,

2 2

X Yy
H lies on a—2+ 2 =1 (suppose)

r2cos’® r’sin’0
>t !
a b
2 .2
2 2 628111 6
ey cos“ 0+—=——=1 ) 2 2
2 o2 (. B2 =d?(1-¢}))

2 2 2
0
:>e§c052€)+ezcos2 =1- 622
l—el l—el
1 1 1
= C0829=—2+—2+ﬁ
g & 9qe
If g =90°
e12+e§ 1 5
elzeg 8128% = € +€2 =1.
Also, area of parallelogram
=1HH‘SS'sin6
2
1 1 1 1
:5(2(162)(2(161)\/1——2——24'?
g & €&
:2a\/elze§—elz—e%+1
=2ay(1-¢) (1-¢3)
12. (b,0)
Y
N x
Y—E A

et

iy=-2= "B
:y 2

X L 1

Two tangents can be drawn if the point lies between

the asymptotes O4 and OB. The asymptotes are
+_

7T

1 1
x =1 intersects these at C (1, E) and D[L _Ej

4

EE MATRIX-MATCH TYPE

A-s;B-r;C-q;D-t
(A) The chord with mid-point (%, k) is

hx ky h? k2

— t—5 =5 * 5, which passes through (0, b).
a” b a“ b
NN
o b a2 b2

x2 2

. y
= Locusis 5 +-5 =",
a b b

(B) If (A, k) be an end of latus-rectum, then % = ae and

which is an ellipse.

k=a (1 —e?). Eliminating e, we get 4> = —a(k—a)

= Locus is x> = —a(y —a) , a parabola.



(©) Any tangentis y—mx = Na’m? +b?

Perpendicular to it from (ae, 0) ismy +x =ae
Squaring and adding we get x> + y? = @2, which is a
circle.

(D) If the line £+% =1 passes through the fixed point
a

(a, B) then %Jr% =1. The mid point (%, k) of AB is

,k:2:>g+E:2
2 h

ven by =
given by i

NN

a B o B)_aB
820 -2)-2
..Locu51sx 5 5 y 5 4

Which is a rectangular hyperbola.
A-p;B-r;C-s;D-t
The circle is x> +y? — 2x — 4y — 20 = 0 and let the hyperbola
C . . .
be xy = 2. If | ¢t 7 be the points of intersection then

2

22 +c—2—20t—£—20:0
t

=2t 2 2e 207 —det+c2 =0

If 7, ), 5, t, be its roots then,
2 20
H==3) fty=——;
=2 S -

4
Zl‘]l‘zl‘_g =— and t1f2f3f4 =1
C
(A) x;+x,txy+x,=ct,tetytetytet, =2
(B) lexz = sztltz = —20
5> 2 _ 2 _
. xl = (le) —ZEXIXZ =44
Zhitot
A3 gy

c
yy=X—=c¢
© 4ttty

Sy =T ——= 20
htp
S 2 2 _
Sy =(E0)T 2%, =56
D) 04> +0B*+0C?+0D? =3(x + y%) =100

A-q;B-s;C-r;D-p
Product of length of perpendiculars from foci upon any

tangent _ p2

[2+1-9[[4+1-9|

V2 V2

SS'=2ae = 2=2ae=>ae=1

- b 12

5.

1
= g*=13and e=—
13

Now 52 = 42 — 422

2% 24

Latusrectum =——=—F—
a 13

Two tangents are perpendicular, so they intersect on the
director circle. Thus CD =radius of director cirle

=va® +b* =5

A-r;B-p;C-p,q, 5,5, t;D-1s,t

3 1
(A) Equation of tangent is £7+%E =1 and equation
a

of tangent at the point (acos ¢,bsin¢) is

fcosd) +%Sin¢ =1. Both are same i.c.
a

3 . 1 T
=—, sinp=— =—.
cos ¢ 5 ) 5 = ) 5
(B) Since eccentricity of conic is independent of &, hence

e(2)—e(3)=0.
Also, for all k the equation represents rectangular
hyperbola, so, e(k) =+/2 Yk # 0

(C) Ifthe circle touches the curve xy =9

2 81 5
= X +—5=a should have equal roots
X

= a=32.
For ¢ =0,1,2,3,4, the circle does not intersect the curve

xy=9

(D) Ifhyperbolais xy = 2 Tangent at point (xl, yl) on

the curve is

+

Mzczji+l=2 ('-'xl)ﬁzcz)
2 XN

.. Area of triangle,

1
A= E(le ) (2_)/1) = 2X1y1 = 2C2

A=2(1+sin20)

= 2<A<4
A-q;B-s;C-p;D-r

(A) Here 4° = 16, h? =20
= 4% <b?

5. PS+PS'=2b=2+20 = 445.



(B) Givenellipseis 2x* +3y? —4x—12y+13=0 or (20y—-4)+t(x+4y)=0
Which is a family of straight lines, each member of this

(x— 1)2 (y— 2)2 . , 1 2 1 family passes through point of intersection of strainght
+ =1. a =—,b"=— . L
1 1 ore 2 3 lines 20y —4=0 and x+4y=0. So the point is
2 3
4
1 1 575
e=,[l-—%x2=—.
3 NE] 22 1
(C©) Any point on the linex—y—5 =0 will be of the form (z, D) T+?:1 = a=2,b=+3 and 625
t-5). Chord of contact of this point with respect to
2 2 : . 2a 4
curve x“ +4y° =41s Sum of distances =— = 72 8.
e
tx+4(t-5y-4=0
EE NUMERIC/INTEGER ANSWER TYPE
1. Ans:7 Length of perpendicular from the focus (ae, 0)
Let P (a cosO;, b sin0;), Q (a cos0,, bsin0,) and R 0 cos 0 -1 ab(e c0s 0 — 1)
. . . . . p = =
(a cos 03, b sin 05 ) be the vertices of the triangle inscribed cos2 0 . sin2 0 \/ b2 cos? 0+ a2 (1- cos2 0)
22 a? b2
in the ellipse —2+b—2 = 1. The points on the auxiliary
a
) g ) ' 0 _ ab(ecos 0 —1) _ b l1-ecosB
circle corresponding to these points are P’ (a cos 0, \/ 7 22028 T+ecos0
a sin®;), Q'(a cosB,, a sinB,) and R ' (a cos b5,
. 2
1+ 0
asin03). N b” _l+ecos
p> l-ecosb
| acos® bsinB 1
Ay = Area of APOR = 5408 0, bsin®, 1 Now r* = (ae—acos0)? + b2 sin’ @

acosB; bsinB; 1
= 4% [(e - cos 0)° + (1 — ¢?)sin? 0)]

1 cos; sinB; 1 = a?[€* cos? 0 —2ecos 0 +1] = a* (1— e cos 0)?
= —ab|cosB, sin6, 1

2 2 ) 2 = r=a(l—ecosp)
cos B3 sinB; 1

2a b 2 l+ecos®
1 Now — — — = - =1
and A, :AreaofAP'Q'R'=E rp I-ecos® 1-ecosb
3. Ans:1
acos®; asinB; 1 . cos 0, sinB; 1
acos0, asin@, 1|= 5 a’|cos B, sin6, 1 Ay
acosB; asinby 1 cos B3 sinB; 1
3 3 3 3 A P(¢)
Ay b > 1 90° B
Clearly, — = — =+l-¢" =— »X
PAy 4 7 O
2. Ans:1

The equation of the tangent at P(a cos 9, b sin @ ) on the

. . . X Y . . . . .2 2 2
given ellipse is ;COSG+ZSIHO =1. Equation of the auxillary circleis x“ + y~ = a

.. ()



Equation of tangent at a point P (a cos ¢ , bsin ¢ ) is (3)
a

cos ¢ + (%] sin ¢ =1 )

Which meets the auxillary circle at point 4 and B.
Equation of pair of lines O4 and OB is obtained by
making homogenous (i) with the help of (ii) as

2
4y =d? (Ecos¢+%sin (I)j
a

2 _2xyasin¢cos¢
b
a2
+ 1—7sin2¢ 32 =0

Coefficient of x” + coefficient of y2 =0

=(1- cos? d)x

But £ZAOB=90°

2
= 1—c052(|)+1—a— sin2(|):O
b2

([ 2
= sin? ¢ LI_G_ZJ +1=0= (a2_b2)sin2¢:b2
b

= a* e sin ¢ = o 1-¢%)

= (1+sin2¢)e2:1:>e: !
1+sin2¢

= e\/l+sin2¢ =1
Ans:1
Letacirclebe x? + 2 +2gx+2 fy + ¢ = 0, which
intersects the ellipse at (acos ¢, bsin ¢) , then

2 2 2 2 : _
a”cos” ¢p+b"sin” dp+2gacosd+2fhsindp+c=0
2

2
l—tanzi

N E—

¢

2tan

1+ tan

24)
2

a? (1 —2tan? i—i— tan? 9] +4b? tan? 9
2 2 2
+2ga [1 tan* ¢) +2fb [2 tan (12) +2tan’ ¢)

+c(1+2tan29+tan4$) =0
2 2

¢ 30

:(a2 —2ga+c)tan4 +4ﬂ)tan 2

+(4b2 —24° +2c)tam2 d) +4ﬂ)tan 42) +(a +2ga+c)=0

(1)
Clearly ¢y, ¢,, ¢3, ¢4 are the four values of ¢ obtained
from equation (1)

4
o, St 4P
2 a”-2ga+c
4b 24 +2¢

a? —-2ga+c

Z tan Ly tan

4
Z tanﬂtan(l)—ztan(l)—3 = —z—fb
2 2 2 a”—-2ga+c

2
2
and tanﬁtan 92 (a0 93 tan 84 _ w
2 a®“—-2ga+c
Now,
tan(¢_1+¢_2+¢_3+¢_4] -
2 2 2 2

Z tan Z tan A tan ?2 tan %3

G, 0a. 03 By

l—Ztanﬁtan¢—+tan—tan—tan—tan—
2 2 2 2 2 2

=0

bbb b
2 2 2 2

SO0y Hh3+dy =2nm = cos(d) +dy +03+dy) =1
Ans : 26

Due to summitry the desired area =4 xarea of AS;0S;

=nm

=4><lae><be1
2




Where €, is eccentricity of conjugate hyperbola

=2x2ex3e =12e¢

Now b% =a?(® —1) = ¢? =13/4

1 1 13
and —2+—2=12>612 =—
e € 9
.. Required area =12 x%x@ =26

Ans:1

N

2
Let the ellipse be x_2 + y_2 =1, Foci are S (ae, 0) and
a

S’ (—ae,0)

Let P (a cos @, b sin @ ) be any point on the ellipse.
Then SP=a—e(acos@)=a(1—ecosQ)and
S’P=a+e(acos 9)=a(l+ecos Q).

Also, S8’ =2ae

Let (&, k) be the in centre of the A PSS’, then

_ —ae.a(l —ecos 0) + ae. a(l + ecos 0) + acos 0. 2ae
a(l—ecosB)+a(l+ecosB)+2ae

=aecos 0.

B bsin 6. 2ae
a(l—ecos0)+a(l+ecos )+ 2ae l+e

_ bsin0Be

h (I+e)k
L CosS O =—,sln 0=
ae eb

h? . (+e)? k%

a* & e b?

=

1

2 2
J -1

+ )
a2 b i+e)?

Hence locus of (4, k) is

Which is an ellipse,

e b?

Its eccentricity e12 =1- -
e"a(l+e)

ad(1-¢e*)  2e 2 1
=1-— 5= = ———=1
a“(l1+e) l+e elz e

Ans: 0

Equation of a rectangular hyperbola can be chosen as
P =
Any point on the above hyperbola can be chosen as

P=(asecp,atang)
. dy _x
For the given hyperbola, we have = —
dx y

asec6 1

Thus, slope of the tangent at P = =
atan® sin 0

and slope of the normal at P=—sin 0
Thus, equations of the tangent and the normal at P are

y—atang = (x—aseco)

1
sin 6
andy—atan@ =—sin @ (x —a sec @ ) respectively.

The x and y intercepts of the tangent and the normal are
given by

a; =asec® —asing tan® =acos® and

a tan 6 2a
ay =asecQ + —; = —
sin O cos 0
asec 0 acos 0
and b =atan — —; == — and
sin O sin O
2a sin ©

b, =atang +asing sech =
cos 0

Hence, we have a1 92 + b b, =24 -24*=0
Ans: 6

y=mx+ Va?m? +b? is tangent to the ellipse

x2 y2
—2+—2: 1.
a b

This tangent also touches the circle e y2 S

_ O—O-i—\jazm2 +b?

= *r=
\/1+m2
2 _p?
m=,—>3 (v b<r<a) (1)
a” —r

RS passes through (ae, 0) and parallel to PQ
= Equation of RSisy—0=m (x — ae)
= mx—y—ame=0



Let T be foot of perpendicular dropped from origin on RS,

sin(o — A4)
then - ——=
sin(o + A4)
RT? = OR* - OT?
2272
= RT?=p?-270 A (p,@
1+m k p
_ 12+ r2m? —aPm*e? _ a*m? +b* —a’m?e?
1+m? 1+m?
m*b? +b>
=—— =b (from (1))
1+m
RS=2b = RS=6 (- givenb=3)
°‘ )
0 (0,0) BT p
10. Ans:4

Let the point of concurrency be (4, k).

R
%

x=x'_y-y'
Equation of normal at (x’,y") is x; ) %
a b
Ans : 3 It passes through (4, k), then
y24a? (h=x")+b>x"}? = b*Kx? ()

A(c i\ ; _ 2
Let L D> pJ be a point on hyperbola xy = ¢*.

2 2 2
! ’ b
Normal at point 4, again cuts the hyperbola at B ch',i,J a 4
p Putting in (1),
' 1 b o a2 2 22 34,202
where p Y —z(a —x"Ya h+(®d" —a”)x'} =b"k"x'
p a
1 2
Slope of OA:? - b—z(az—x’z){a“hz+(b2—a2)2x'2+2a2hx’
a
Slope of OB = p° B =)} = b 2x
15 Rearranging above equation as a 4™ degree equation in ',
oo _p2 r _1_p4 we get
an o = R 5
1+
4 p _(az_bz) x'4+2ha2(a2—b2)x'3+
2 1 2
P - 44 [az (bz—az) —a4h2—azbzk2Jx'2
tan(£04B) = ——L— =2~ il .
1+1 2p +2a h(b —-a )x'+a h*=0
tano tan o sin a.cos A The roots of the above equation are x;,x,,x3,X4
—_—=2= =2=>— =2
tan OAB tan 4 cosasin 4 (11 1 1)
. . (X1+x)+x3+x4)| —F+—+—+—
sin(a + A) + sin(a — A4) _ Lxl Xy X3 Xy

= sin(a + A) —sin(o. — A4) B



_2ha® 2a*n(a® -p?)
a® —b* a®n?
11. Ans:S5S
The tangent at any point A(2secH,tan®) is given by

-4

xsec® ytan6 -

2 1

It meets the line x—2y =0

xsecO xtan0O 2

2 2

secO—tan©O

- Q:( 2 1 j
~secO—tan0’ secO—tan 0 ~(1)

Also, thetangent meetstheline x+2y =0 atR, so

X X 2
—secO+—tan0 =1 X=—-
= 2 2 = secO+ tan 6
2 -1
R= ,
= (sece+tan9 sece+tan6j ~(2)
22412 22412
Now, CO.CR = 5 5
(secO—tan0)” \ (secO + tan 0)
=2%412
= CQ.CR=5

S



