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Types of Algebraic Expressions :
INTRODUCTION

(i) Monomial : An algebraic expression having

Algebra is that branch of mathematics which only one term is called a monomial. For ex.
treats the relation of numbers. 8y, ~7xy, 4x?, abx, efc. ‘mono’ means ‘one’.
(i) Binomial : An algebraic expression having
CONSTANTS AND VARIABLES two terms is called a binomial. For ex. 8x +
3y, 8x + 3, 8 + 3y, a + bz, 9 — 4y, 2x2 — 4z,
In algebra, two types of symbols are used : 6y2 — Sy, etc. ‘bi’ means ‘two’

constants and variables (literals). (iii) Trinomial : An algebraic expression having

@ Constant : three terms is called a trinomial. For ex.

It is a symbol whose value always remains the ax — S5y + 8z, 3x2 + 4x + 7, 9y? — 3y + 2x, efc.
same, whatever the situation be. ‘tri means ‘three’.



FACTORS AND COEFFICIENTS

@

Ex.

Sol.

DEFINITION OF POLYNOMIAL

(iv) Multimonial An algebraic expression
having two or more terms is called a
multimonial.

Factor :

Each combination of the constants and variables,
which form a term, is called a factor.

For examples :

(1) 7, x and 7x are factors of 7x, in which 7 is
constant (numerical) factor and x is variable
(literal) factor.

(i) In — 5x2%y, the numerical factor is —5 and
literal factors are : x, y, Xy, x2 and x2y.

Coefficient :

Any factor of a term is called the coefficient of
the remaining term.

For example :
(i) Im7x; 7 is coefficient of x

(i) In —5x%y; 5 is coefficient of —x2y; -5 is
coefficient of x2y,

1  Write the coefficient of :

(i) x2in3x3-5x2+7

(i) xy in 8xyz

(iii) —y in 2y%— 6y + 2

(iv) x%in 3x + 7

G) -5 (ii)8z (i) 6

(iv) Since x9 = 1, Therefore
3x+7=3x+7x0

coefficient of x0 is 7.

A polynomial is an algebraic expression in
which each variable involved has power
(exponent) a whole number.

For example :

In 3x2 — y5 + 8z, the power of variable x in the
term 3x2 is 2, the power of variable in the term
—y? is 5 and the power of variable z in the term
8z is 1 (z = z!). Therefore, the algebraic
expression

3x2 —y3 + 8z is a polynomial.

DEGREE OF A POLYNOMIAL

© Polynomial in one variable :

The algebraic expression like 8x, 7x + 3, 4y — 3,
8x2+5,6— 272, x2 - 5x+6,3y? + 8y + 9, etc. each
of which involves only one variable (literal) are
called polynomials in one variable.

Polynomials in two or more variables :

An algebraic expression, whose term or
involves/involve two or more variables (literals)
such that the exponent of each variable is a whole
number, is called a polynomial in two or more
variables.

For examples :

(a) 3x2 — 6xy + 8y? is a polynomial in two
variables x and y.

(b) x + xy3 — 8x%yz — 15 is a polynomial in three
variables x, y and z.

The greatest power (exponent) of the terms of a
polynomial is called degree of the polynomial.

For example :

(a) In polynomial 5x% — 8x7 + 3x :
(i) The power of term 5x2 =2
(ii) The power of term —8x7 =7
(ii1) The power of 3x =1

Since, the greatest power is 7, therefore degree of
the polynomial 5x% — 8x7 + 3x is 7

(b) The degree of polynomial :
(i) 4y3—3y+8is3
(ii) 7p + 2 is 1(p = p})
(iii) 2m — 7m8 + m!3 is 13 and so on.

+ EXAMPLES <

Ex.2 Find which of the following algebraic

expression is a polynomial.

(i) 3x2 - 5x

(iii) [y -8

(i) x + +
X

(iv) 25— 3z +38

Sol. (i) 3x2 — 5x = 3x2 — 5x!

It is a polynomial.



.. 1
(i) x+ — =xI+x1
X

It is not a polynomial.

(iii) [y —8=y!2-8

Since, the power of the first term (ﬁ ) is % ,

which is not a whole number.

(iV)Z5— Yz +8=725—73+38

Since, the exponent of the second term is
1/3, which in not a whole number. Therefore,
the given expression is not a polynomial.

Ex.3  Find the degree of the polynomial :
(i) 5x-—6x3+8x7 + 6x2
(i) 2y2+3yl0 —yI5+y+3
(iii) x

(iv) 8

Sol. (i) Since the term with highest exponent (power)

is 8x7 and its power is 7.

The degree of given polynomial is 7.

(i1) The highest power of the variable is 15
= degree = 15.
(i) x =x! = degreeis 1.

(iv) 8 =8x0= degree=0

TYPES OF POLYNOMIALS

(i) Constant Polynomial :
It is a polynomial with degree 0 (zero).
Ex. 20,-8,-1,1,5, 7, «, etc.

(ii) Linear Polynomial :

It is a polynomial with degree 1 (one).

Ex. -8x, 3x, x,x+x/5,\/§xf2, Sy — %,%z+

1 etc.
(iii) Quadratic Polynomial :

It is a polynomial with degree 2 (two)

Ex. 6x2, y2, %zz, x2 — 3x, x2 — 3, 8 — 3y2,

5x2+3x+2,7—2z+ 72, etc.

(iv) Cubic Polynomial :
It is a polynomial with degree 3 (three).
Ex. 15y3, x3, 823, x3 — 5x2, 3y2 + y3,

V2 +32-222+ 623, Ty — 2 — 12y3, etc.

VALUES OF A POLYNOMIAL

For a polynomial f(x) = 3x2 — 4x + 2.
To find its value at x = 3;

replace x by 3 everywhere.

So, the value of f(x) =3x2 —4x +2 atx =3 is

f3)=3x32-4x3+2
=27-12+2=17.

Similarly, the value of polynomial

f(x) = 3x2 — 4x + 2,

(i) atx=-2is f(-2)=3(-2)2 4(-2)+2
=12+8+2=22

(i) atx =01is f(0) = 3(0)2 - 4(0) + 2
=0-0+2=2

2
(iii) at x = ~ is f(lj =3(1] 4[1] 42
2 B2 2 2

o42=3
4

nlw

Ex.4  Find the value of the polynomial 5x—4x2+3 at:

()x=0 (i) x =1
Sol.  Letp(x)=5x —4x2+3.
(i) Atx=0,p(0)=5x0—4x (0% +3

—0-0+3=3
(i) Atx=—1,p(-1)=5(-1)—4(-1)2+3
— 5 4+3=_6

ZEROES OF A POLYNOMIAL

If for x = a, the value of the polynomial p(x) is 0
ie., p(a) = 0; then x = a is a zero of the

polynomial p(x).

For example :

(1) For polynomial p(x) =x-2;p(2)=2-2=0

x =2 or simply 2 is a zero of the polynomial

p(x)=x-2.



(ii) For the polynomial g(u) = u? — 5u + 6;
gB3)=(BP2-5x3+6=9-15+6=0
3 is a zero of the polynomial g(u)
=u?-5u+6.
Also, g2)=(2)?-5%x2+6=4-10+6=0
2 is also a zero of the polynomial
gu)=uZ-5u+6

(a) Every linear polynomial has one and only
one zero.

(b) A given polynomial may have more than
one zeroes.

(c) If the degree of a polynomial is n; the
largest number of zeroes it can have is
also n.

For example :

If the degree of a polynomial is 5, the
polynomial can have at the most 5 zeroes; if
the degree of a polynomial is 8; largest
number of zeroes it can have is 8.

(d) A zero of a polynomial need not be 0.
For example : If f(x) = x2 — 4,
then f(2)=(2)2 -4 =4-4=0

Here, zero of the polynomial f(x) = x% — 4
is 2 which itself is not 0.

(e) 0 may be a zero of a polynomial.
For example : If f(x) = x% — x,
then f(0) =02-0=0

Here 0 is the zero of polynomial f(x) = x2 —x.

« EXAMPLES <

Ex.5  Verify whether the indicated numbers are

zeroes of the polynomial corresponding to
them in the following cases :

i) p()=3x+1,x=—+

[O8)

) px)=xx+1)x-2),x=-1,2
(iil) p(x) =x2,x =0

(iv) p(x) = Ax + m, X = — %

) p(x):2x+1,x:%

Sol.

1 px)=3x+1

= p(—lj —3x—lii=_1+1=0
3 3

X=f%isazeroofp(x)=3x+1.

(i) px)=(x+1)(x-2)
= p-1)=(-1+1)(-1-2)=0%x-3=0
and, p2)=Q2+1)(2-2)=3x0=0

x =—1 and x = 2 are zeroes of the given
polynomial.

(i) p(x) = x?

x = 0 is a zero of the given polynomial

= p(0)=02=0

(V) px)=Ax+m = p(—%} = x[_%j +m

=-m+m=0

m . .
X = - o is a zero of the given

polynomial.
™) p)=2x+1 = p[%) P
=1+1=2#0

X = is not a zero of the given

!
2
polynomial.

Ex.6  Find the zero of the polynomial in each of the

Sol.

following cases :
Hpx)=x+5
(iii) p(x) =3x -2

To find the zero of a polynomial p(x) means
to solve the polynomial equation p(x) = 0.

(i) p(x) = 2x + 5

(1) For the zero of polynomial p(x) =x+ 5
p(x) =0

.. x = =5 is a zero of the polynomial
p(x)=x+5.

(i) p(x)=0

= Xx+5=0 = x=-5

= 2x+5=0

= 2x=-5 andx:_j5

XZf%S is a zero of p(x) = 2x + 5.



GEOMETRIC MEANING OF THE ZEROES OF

(1)

(i) p(x) =0= 3x-2=0

= 3x=2andx=

W | N

X=§ is zero of p(x) = 3x — 2

A POLYNOMIAL

Let us consider linear polynomial ax + b. The
graph of y = ax + b is a straight line.

For example : The graph of y = 3x + 4 is a
straight line passing

through (0, 4) and (2, 10).

X 0|2
y=3x+4|4 |10
Points |A | B

B(2, 10)

A0, 4)

X (0] y

Let us consider the graph of y = 2x — 4 intersects
the x-axis at x = 2. The zero 2x — 4 is 2. Thus, the
zero of the polynomial 2x — 4 is the x-coordinate
of the point where the graph y = 2x — 4 intersects
the x-axis.

X 210
y=2x-4
Points |A | B

[
|
N

(i) A general equation of a linear polynomial is ax + b.
The graph of y = ax + b is a straight line which

. . -b
intersects the x-axis at (—, 0] .
a

Zero of the polynomial ax + b is the x-coordinate
of the point of intersection of the graph with x-
axis.

(iii) Let us consider the quadratic polynomial x2— 4x+3.
The graph of x2 — 4x + 3 intersects the x-axis at
the point (1, 0) and (3, 0). Zeroes of the
polynomial
x2 — 4x + 3 are the x-coordinates of the points of
intersection of the graph with x-axis.

X 1121|3415
y=x’-4x+3[0|-1]|0|3
Points A|B|C|D|E

The shape of the graph of the quadratic
polynomials is U and the curve is known as
parabola.

(iv) Now let us consider one more polynomial
—x2 + 2x + 8. Graph of this polynomial intersects
the x-axis at the points (4, 0) (-2, 0).

Zeroes of the polynomial —x2 + 2x + 8§ are the
x-coordinates of the points at which the graph
intersects the x-axis. The shape of the graph of the
given quadratic polynomial is N and the curve is
known as parabola.

X -2|-110(1(2|3|4
y 0|5
Points| A | B|C|D|E

[ore]
O
o]
3
(e




The zeroes of a quadratic polynomial ax? + bx + c,
a # 0 are the x-coordinates of the points where the
graph of y = ax® + bx + ¢ intersects the x-axis. There
are three types of the graph of y = ax? + bx + c.

Casel:

Graph of y = ax? + bx + ¢ intersects the x-axis at
two distinct points A and B. The zeroes of the
quadratic polynomial ax2 + bx + ¢ are the x-
coordinates of the points A and B.

y

y

.
v

Condition :b> —4ac>0anda >0 |

For example : Quadratic polynomial x2 — 7x + 12

Graph of y = x2 — 7x + 12 will cut x-axis at the
two distinct points (3, 0) and (4, 0). Zeroes of the
polynomial are 3 and 4.

Casell :

Here the graph intersects the x-axis at exactly one
point i.e., at two coincident points. These two
coincident points A and B coincide and becomes
one point A. Zero of the quadratic polynomial is
the x-coordinate of point A.

| Condition : b> ~4ac=0anda >0 |

For example : y = (x — 1)?

The graph of y = (x — 1)? will cut x-axis at one
point (1, 0). Zero of the polynomial of the point of
intersection with x-axis.

Case III :

Here the graph of the quadratic equation will not
cut the x-axis. Either the graph will be completely
above the x-axis or below the x-axis So the
quadratic polynomial ax? + bx + ¢ has no zero in
this case.

For example : y=x2-2x+4

Graph of y = x2 — 2x + 4 will not intersect the
x-axis and the graph will be above the x-axis. The
polynomial xZ — 2x + 4 has no zero.

y

A

y
~

Let y=-x2+2x-2

Graph of y = — x2 + 2x — 2 will not intersect the x-
axis and the graph will be below the x-axis.

The polynomial —x2 + 2x — 2 has no zero.

]

X «— } + t 1
210 2 3




In Brief : It means that a polynomial of degree \Z
two has at most two zeroes.

Cubic polynomial : Let us find out geometrically

how many zeroes a cubic has. X' % X
Let consider cubic polynomial x3 — 6x2 + 11x — 6.
A
x 0] 05 [1] 15 [2] 25 [3]35 |4 y
3 2 . . .
y=x-6x"+1lx—-6]-6|-1875) 00375003750 |1875|6 In brief : A cubic equation can have 1 or 2 or
Points Al B |[C] D JE] F |G H]I 3 zeroes or any polynomial of degree three
Case 1 : can have at most three zeroes.

The graph of the cubic equation intersects the Remarks : In general, polynomial of degree

x-axis at three points (1, 0), (2, 0) and (3, 0). n, the graph of y = p(x) passes x-axis at most
Zeroes of the given polynomial are the x-
coordinates of the points of intersection with
the x-axis.

at n points. Therefore, a polynomial p(x) of
degree n has at most n zeroes.

% EXAMPLES <«

Ex.7  Which of the following correspond to the
graph to a linear or a quadratic polynomial
and find the number of zeroes of polynomial.

y y
. \ ..
() (i)
x'<6 X X' 0 X
y Y
y y
(iii) (iv)
X" o) X X' o) X
Y y
Case2: y y
The cubic equation x3 — x2 intersects the x- < 0, «
axis at the point (0, 0) and (1, 0). Zero of a v T (vi)
polynomial x3 — x? are the x-coordinates of ‘
the point where the graph cuts the x-axis. X‘ﬁ, X
y yl y‘
/ y
— O R X
N X wiy  ©
v y'
y
Zeroes of the cubic polynomial are 0 and 1. y Y
Case3:
ix X) X' X
- W N0

Cubic polynomial has only one zero.



Sol.(i) The graph is a straight line so the graph is of
a linear polynomial. The number of zeroes is
one as the graph intersects the x-axis at one
point only.

(i) The graph is a parabola. So, this is the graph
of quadratic polynomial. The number of
zeroes is zero as the graph does not intersect
the x-axis.

(iii) Here the polynomial is quadratic as the graph
is a parabola. The number of zeroes is one as
the graph intersects the x-axis at one point
only (two coincident points).

(iv) Here, the polynomial is quadratic as the graph
is a parabola. The number of zeroes is two as
the graph intersects the x-axis at two points.

(v) The polynomial is linear as the graph is
straight line. The number of zeroes is zero as
the graph does not intersect the x-axis.

(vi) The polynomial is quadratic as the graph is a
parabola. The number of zeroes is 1 as the
graph intersects the x-axis at one point (two
coincident points) only.

(vii)The polynomial is quadratic as the graph is a
parabola. The number of zeroes is zero, as the
graph does not intersect the x-axis.

(viii) Polynomial is neither linear nor quadratic as
the graph is neither a straight line nor a
parabola is one as the graph intersects the x-
axis at one point only.

(ix) Here, the polynomial is quadratic as the graph
is a parabola. The number of zeroes is one as
the graph intersects the x-axis at one point
only (two coincident points).

(x) The polynomial is linear as the graph is a
straight line. The number of zeroes is one as
the graph intersects the x-axis at only one
point.

)@l WORKING RULE TO DIVIDE A POLYNOMIAL
BY ANOTHER POLYNOMIAL

Step 1: First arrange the term of dividend and the
divisor in the decreasing order of their
degrees.

Step 2 : To obtain the first term of quotient divide the
highest degree term of the dividend by the
highest degree term of the divisor.

Step 3: To obtain the second term of the quotient,
divide the highest degree term of the new

dividend obtained as remainder by the highest
degree term of the divisor.

Step 4 : Continue this process till the degree of
remainder is less than the degree of divisor.

© Division Algorithm for Polynomial
If p(x) and g(x) are any two polynomials with

g(x) # 0, then we can find polynomials q(x) and
r(x) such that

p(x) = q(x) * g(x) +1(x)
where r(x) = 0 or degree of 1(x) < degree of g(x).

The result is called Division Algorithm for
polynomials.

| Dividend = Quotient x Divisor + Remainder |

< EXAMPLES %

Ex.8 Divide 3x3 + 16x2 +21x + 20 by x +4.
Sol.

3+ 4x+5 5

x+4[3x + 16x” + 21x + 20 First term of q(x) X 3x?

3%+ 12x° X

- 2 - 4x? -
4x* +21x + 20 Second term of q(x)=——=4x
4x* + 16x X

5x+20  Third term of q(x) X 5
5x+20 X

0

Quotient = 3x2 +4x + 5
Remainder = 0

Ex.9 Apply the division algorithm to find the
quotient and remainder on dividing p(x) by
g(x) as given below :

p(x)=x3-3x2+5x -3, g(x) =x2-2
Sol. We have,
p(x) =x3 - 3x%+5x —3 and g(x) = x2 -2
x—3 3

. .. X
X2 [xX’ =3x" + 5x - 3 First term of quotient is —-=x
X -2x X

_ + 2
—3x°+ 7x—3 Second term of quotient is — j =-3
-3 +6 X
+ —

7x-9

We stop here since



Ex.10

Sol.

Ex.11

Sol.

degree of (7x — 9) < degree of (x2 —2)
So, quotient = x — 3, remainder = 7x — 9
Therefore,

Quotient x Divisor + Remainder
x-3)(x2-2)+7x-9

= x3-2x-3x2+6+7x-9

= x3-3x2+ 5x -3 =Dividend
Therefore, the division algorithm is verified.

Apply the division algorithm to find the
quotient and remainder on dividing p(x) by
g(x) as given below

p(x)=x*-3x2+4x+5,g(x)=x2+1-x
We have,
p(x)=x*-3x2+4x+5,g(x)=x2+1-x

X +x-3
2 7 7
X —x+1|x"=3x"+4x+5
x4fx3+x2
o+
3 2
X —4x"+4x+5
x3fx2 +X
-+ _
3x*+3x+5
—-3x*+3x-3
+ -+
8

We stop here since

degree of (8) < degree of (x2 —x + 1).

So, quotient = x2 + x — 3, remainder = 8
Therefore,

Quotient x Divisor + Remainder
=(x2+x-3)(x2-x+1)+38
=xt-x3+x2+x3-x2+x-3x2+3x-3+8
=x4-3x2+4x+5 =Dividend

Therefore the Division Algorithm is verified.

Check whether the first polynomial is a factor
of the second polynomial by applying the
division algorithm.

2 - 3; 2t4 + 363 — 2t2 - 9t — 12.
We divide 2t* + 363 — 2t2 - 9t — 12by t2 - 3

Ex.12

Sol.

2% + 3t + 4
232t +30 - 28— 9t— 12

2t -6t
- +
3 +42+9t— 12
3¢ -9t
-+
4¢? -12
4¢? -12
- +
0

Here, remainder is 0, so t2 — 3 is a factor of
2t4 +3t3 - 2t2 - 9t — 12.

214+ 3683 - 222 -9t 12
=(2t2+3t+4) (2-3)

Check whether first polynomial is a factor of
the second polynomial by applying the
division algorithm.

x2+3x+1,3x*+5x3-7x2+2x + 2
We divide 3x*+5x3—7x>+2x+2 by x> + 3x + 1

3x +4x+2

Xo3x+1 |35 - 7P+ 2x +2
3x+9x3 + 3x2

—4x> —10x> +2x +2

4% - 12x% —4x
+ + +
2x% + 6x +2
2x2+ 6x3+2
0

Since, here remainder is zero.
Hence, x2 + 3x + 1 is a factor of
3x4+ 5x3 - 7x2 +2x + 2.
Checking
3x+5x3 - Tx2 +2x +2
=(3x2—4x+2)(x2+3x+1)+0

=3x4+5x3 — 7x2 + 2x + 2 = Dividend

>

REMAINDERTHEOREM AND FACTOR
THEOREM

Remainder Theorem

Let p(x) be any

polynomial of degree greater than or equal to one
and let a be any real number. If p(x) is divided by
the linear polynomial x — a, then the remainder is

p(a).



Proof : Let p(x) be any polynomial with degree
greater than or equal to 1. Suppose that when p(x)
is divided by x — a, the quotient is q(x) and the
remainder is 1(x), i.e., p(X) = (x — a) q(x) + 1(x)

Since the degree of x — a is 1 and the degree of
r(x) is less than the degree of x — a, the degree of
r(x) = 0. This means that r(x) is a constant, say r.

So, for every value of x, r(x) =r.

p(x) = (x—a)q(x) +r

In particular, if x = a, this equation gives us
p(a)=(a—-a)q(a)+r

:r,

Therefore,

which proves the theorem.

Ex.13 Find the remainder when x* + x> — 2x2 +x + 1
is divided by x — 1.
Sol.  Here, p(x) = x* + x> — 2x> + x + 1, and the

zeroofx—1is 1.
So, p(1)=(*+ (1)} -2(1)*+1+1
=2

So, by the Remainder Theorem, 2 is the
remainder when x* + x*> — 2x%> + x + 1 is divided
by x—1. Ans

So, we can say

(1) Remainder obtained on dividing polynomial
p(x) by x —a is equal to p(a) .

(i1) If a polynomial p(x) is divided by (x + a) the
remainder is the value of p(x) at x = —a.

(iii) If a polynomial p(x) is divided by (ax —b), the
remainder is the value of p(x) at x = %

(iv) If a polynomial p(x) is divided by (b—ax), the
remainder is equal to the value of p(x) at

=b
b/
(v) (x—a) is a factor of polynomial p(x) if p(a) =0

(vi) (x + a) is a factor of polynomial p(x) if
p(-2)=0

(vi)(ax — b) is a factor of polynomial p(x) if

(viii) (x — a)(x — b) is a factor of polynomial p(x),
if p(a) = 0 and p(b) = 0.

% EXAMPLES <«

Ex.14 Find the remainder when 4x3 — 3x2 + 2x — 4
is divided by
(a)x—1 (b)yx+2 (c)x+%

Sol.  Letp(x)= 4x3-3x2+2x-4

(a) When p(x) is divided by (x—1), then by
remainder theorem, the required remainder
will be p(1)

p(1)=4 (13 -3(1)2+2(1) -4
—4x1-3x1+2x1-4
—4-3+2-4=—1

(b) When p(x) is divided by (x + 2), then by
remainder theorem, the required remainder
will be p (-2).

P(-2)=4 (-2 -3 (22 +2(-2)-4
=4x(-8)-3x4-4-4
=-32-12-8=-52

(¢) When p(x) is divided by, (x+%) then by

remainder theorem, the required remainder
will be

- ] )

_ b3 4t 3
2 4 2 4
_ —2-3-20 _ 25
4 4
Ex.15 Determine the remainder when the
polynomial p(x) = x* — 3x2 + 2x + 1 is
divided by x — 1.
Sol. By remainder theorem, the required

remainder is equal to p(1).

Now, p (x) =x*-3x2+2x + 1
= p(1)=(1)*-3x12+2x1+1
=1-3+2+1=1

Hence required remainder = p(1) =1



Ex.16

Sol.

Ex.17

Sol.

Ex.18

Sol.

Find the remainder when the polynomial
fix) = 2x* — 6x3+ 2x2 — x + 2 is divided by x + 2

We have, x + 2 = x — (-2). So, by remainder
theorem, when f(x) is divided by (x—(-2))
the remainder is equal to f(-2).

Now, f(x) = 2x4-6x3 + 2x2 —x + 2

= f(-2) =2 (-2)* - 6(-2)3 + 2(-2)2 - (-2)+2
= f(-2)=2x16-6x-8+2x4+2+2

= f(-2)=32+48+8+2+2=92

Hence, required remainder = 92

Find the remainder when

p(x) = 4x3 — 12x2 + 14x — 3 is divided by
g =x- 2

By remainder theorem, we know that p(x)

when divided by g(x) = [x—%) gives a
. 1
remainder equal to p [5] .

Now, p(x) = 4x3 - 12x2 + 14x -3

3 3
ORI IR
2 2 2 2
S
2 8 4 2

= p(l] =%f3+773

p2 2

Hence, required remainder = p (%) = %

If the polynomials ax3 + 4x2 + 3x — 4
and x3— 4x + a leave the same remainder
when divided by (x—3), find the value of a.
Let p(x) = ax3 + 4x2 + 3x — 4 and
q(x) = x3-4x + a be the given polynomials.
The remainders when p(x) and q(x) are divided
by (x—3) are p(3) and q(3) respectively.

By the given condition, we have
p(3) =q(3)
= ax33+4x32+3x3-4=33_4x3+a

Ex.19

Sol.

= 27a+36+9-4=27-12+a

= 26a+26=0

= 26a=-26

= a=-1

Let R; and R, are the remainders when the
polynomials x3 + 2x2 —5ax—7 and

x3 + ax? — 12x + 6 are divided by x + 1 and
x — 2 respectively. If 2R; + R, = 6, find the

value of a.
Let p(x) = x3 + 2x2- 5ax — 7 and

q(x) = x3 + ax?~ 12x + 6 be the given
polynomials.

Now, R; = Remainder when p(x) is divided by
x+1

= Ry=p(-1)
= R =(1P+2(-1)2-5ax—1-7
[0 p(x) = x3 + 2x2 — Sax—7]
— Ry=—1+2+5a-7
= R;=5a-6

And, R, = Remainder when q(x) is divided by
x—2

= R;=qQ)
= Ry=(2P+ax22-12x2+6
[© q(x) = x3 + ax? — 12x-6]
= R,=8+4a-24+6
= R,=4a-10
Substituting the values of R; and R, in
2R; + R, =6, we get
2(5a—6)+ (4a—10)=6
= l0a-12+4a-10=6
= l4a-22=6
= 14a=28

= a=2

Factor Theorem :

If p(x) is a polynomial of degree n > 1 and a
is any real number, then (i) x — a is a factor of
p(x), if p(a) =0, and (ii) p(a) =0, if x —ais a
factor of p(x).



Ex.20

Sol.

Ex.21

Sol.(2)

Proof : By the Remainder Theorem,

p(x) = (x—a) q(x) + p(a).

(1) Ifp(a) =0, then p(x) = (x — a) q(x), which
shows that x — a is a factor of p(x).

(i) Since x — a is a factor of p(x),
p(x) = (x — a) g(x) for same polynomial
g(x). In this case, p(a) = (a—a) g(a) = 0.

Examine whether x + 2 is a factor of x3 + 3x2
+5x + 6 and of 2x + 4.

The zero of x + 2 is —2. Let p(x) = x* + 3x* +
Sx+6ands(x)=2x+4

Then, p(-2)=(-2)> +3(-2)>+5(-2)+6
= 8+12-10+6
=0

So, by the Factor Theorem, x + 2 is a factor
of x> +3x2 + 5x + 6.

Again, s(-2)=2(-2)+4=0

So, x + 2 is a factor of 2x + 4. Ans.

To use factor theorem

Step 1 : (x + a) is factor of a polynomial p(x)
if p(-a) = 0.

Step 2 : (ax —b) is a factor of a polynomial p(x)
if p(b/a)=0

Step 3 : ax + b is a factor of a polynomial p(x) if
p(-b/a)=0.

Step4:(x — a) (x — b) is a factor of a
polynomial p(x) if p(a) = 0 and
p(b) =0.
< EXAMPLES <

Use the factor theorem to determine whether
x — 1 is a factor of

(@) x3+8x2-7x -2

)22 x3+52x2-742
(c) 8x*+12x3 - 18x + 14
Let p(x) =x3 +8x2 - 7x - 2

By using factor theorem, (x—1) is a factor of
p(x) only when p(1) =0

p(1)=(1)3+8(1)?-7(1) -2
=1+8-7-2
=9-9=0

(b)

(©

Ex.22

Sol.

Ex.23
Sol.

Hence (x — 1) is a factor of p(x).

Letp(x)=2\/5x3+5\/gxzf7\/5

By using factor theorem, (x—1) is a factor of
p(x) only when p(1) = 0.

p(1) =242 (13 +542 (12— 742
=2J2+542-742
=742 =742 =0

Hence (x—1) is a factor of p(x)
Let p(x) = 8x4+ 12x3 — 18 x + 14

By using factor theorem, (x—1) is a factor of
p(x) only when p(1) =0

p(1)=8(1)*+12(1)3 - 18(1) +14
=8+12-18+14
=34-18=16#0.

Hence (x—1) is not a factor of p(x) .

Factorize each of the following expression,
given that x3 + 13 x2 + 32 x + 20. (x*+2) is a
factor.

Let p(x) =x3 + 13x2+ 32 x + 20
= (x12) is a factor of p(x)

p(x) = (x+2) (x2 + 11 x + 10)
=(x+2)(x2+10x+x+10)
=(x+2) (x+10) (x+ 1)

Factorize x3 — 23 x2 + 142 x — 120

Let p(x) = x3—23x2+142x 120

Constant term, p(x) is — 120

+1, 42, £3, +4, +5, £10, 12 .............. +120
P(1)=1-23+142-120=0

= x—1 isa factor of p(x). We find the other
factor by dividing p(x) by (x — 1)

p(x) =(x—1)(x2-22x+120)
=(x—1) (x2-10x —12x + 120)
= (x— 1) [x(x —10) — 12(x10))
=(x—-1) (x-10) (x-12)



Ex.24

Sol.

Ex.25

Sol.

Ex.26

Sol.

Show that (x — 3) is a factor of the polynomial
x3—-3x2+4x—12

Let p(x) = x3 — 3x2 + 4x — 12 be the given
polynomial. By factor theorem, (x — a) is a
factor of a polynomial p(x) iff p(a) = 0.
Therefore, in order to prove that x — 3 is a
factor of p(x), it is sufficient to show that
p(3) = 0. Now,

p(x)=x3-3x2+4x - 12

= p(3)=33-3x32+4x3-12
=27-27+12-12=0

Hence, (x — 3) is a factor of

p(x) =x3 - 3x% +4x — 12.

Show that (x — 1) is a factor of x!0 — 1 and
also of x!1 — 1.

Let f(x) =x19— 1 and g(x) = x!! - 1.

In order to prove that (x — 1) is a factor of
both f(x) and g(x), it is sufficient to show that
f(1)=0and g(1) =0.

Now, f(x)=x!9—1 and g(x)=x!1-1
= f(1)=110-1=0andg(1)=11-1=0
= (x—1)is a factor of both f(x) and g(x)

Show that x + 1 and 2x — 3 are factors of
2x3 —9x2 + x + 12.

Let p(x) = 2x3 — 9x2 + x + 12 be the given
polynomial. In order to prove that x + 1 and
2x — 3 are factors of p(x), it is sufficient to
show that p(-1) and p(3/2) both are equal to
ZEero.

Now, p(x) =2x3 - 9x2 +x + 12

= pD)=2x (1P -9x (1P + (-1 +12

3 3

and,p(ij—2x[ij —9><[ij +§+12
2 2 2 2

= p(-1)=-2-9-1+12 and

NENNEIE I PR
2 8 4 2

= p(-1)=-12+ 12and
3)_ 54-162+12+96
P2 8

= p-1)=0 andp(%} =0

Ex.27

Sol.

Ex.28

Sol.

Ex.29

Sol.

Hence, (x + 1) and (3x — 2) are factors of the
given polynomial.

Find the value of k, if x + 3 is a factor of
3x2+ kx + 6.

Let p(x) = 3x2 + kx + 6 be the given
polynomial. Then, (x + 3) is a factor of p(x)

= p-3)=0

= 3(3)2+kx(3)+6=0

= 27-3k+6=0

= 33-3k=0 = k=11

Hence, x + 3 is a factor of 3x2 + kx + 6 ifk = 11.

If ax3 + bx2 + x — 6 has x + 2 as a factor and
leaves a remainder 4 when divided by (x — 2),
find the values of a and b.

Let p(x) = ax3 + bx2 + x — 6 be the given
polynomial. Then, (x + 2) is a factor of p(x)

= p(-2)=0 [x+2=0=x=-2]
= a(-2)> +b(-22+(-2)-6=0

— 8a+4b-2-6=0 = -8a+4b=38

— 2a+b=2 (i)

It is given that p(x) leaves the remainder 4
when it is divided by (x — 2). Therefore,

p2)=4 [x-2=0 = x=2]
= a@2P +bQP2+2-6=4

— 8a+4b-4=4 — 8a+4b=38

= 2a+b=2 ....(i)

Adding (i) and (ii), we get
2b=4 = b=2
Putting b =2 in (i), we get
2a+2=2 = 2a=0= a=0.

Hence,a=0and b= 2.

If both x — 2 and x — % are factors of
px2 + 5x + 1, show that p =r.

Let f(x) = px? + 5x + r be the given

polynomial. Since x — 2 and x — % are factors

of f(x). Therefore,

f(2)=0and f(%j =0



Ex.30

Sol.

Ex.31

Sol.

[@ Xx—2=0=>x=2and x—%:O:x:%}

= px22+5x2+r=0and

2
1 1
—|+5x=+r=0
p(Zj 2

- 4p+10+r:0and%+%+r:0

- 4p+r=710and@ -0

= 4p+r=—10andp+4r+10=0

U

4p+r=—10andp +4r=-10
= 4p+tr=p+4r

[® RHS of the two equations are equal]
= 3p=3r = p=r

If x2 — 1 is a factor of ax# + bx3 + cx? + dx + e,
show thata+c+e=b+d=0.

Let p(x) = ax* + bx3 + cx? + dx + e be the
given polynomial. Then, (x2 — 1) is a factor of
p(x)

= (x—-1)(x+1)is afactor of p (x)

= (x—1)and (x + 1) are factors of p(x)

= p(l)=0andp(-1)=0
[x-1=0=x=landx+1=0=>x=-1]
—a+b+c+d+e=0anda—-b+c—d+e=0

Adding and subtracting these two equations,
weget2(a+c+e)=0and2(b+d)=0

= at+tc+e=0andb+d=0
= at+tct+te=b+d=0

Using factor theorem, show that a — b, b — ¢
and ¢ — a are the factors of

a(b? — c2) + b(c? — a?) + c(a? — b?).

By factor theorem, a — b will be a factor of
the given expression if it vanishes by
substituting

a=binit.

Substituting a = b in the given expression, we
have

a(b? — c?) + b(c? — a?) + c(a? - b?)

=b(b? — ¢2) + b(c? — b2) + c(b? — b?)

APPLICATION OF REMAINDER THEOREM

=b3 —bc2 +bc2 — b3 + (b2 -b2) =0
(a—Db) is a factor of
a(b? — c?) + b(c? — a?) + c(a? - b?).

Similarly, we can show that (b —c¢) and (c — a)
are also factors of the given expression.

Hence, (a — b), (b — ¢) and (c — a) are also
factors of the given expression.

IN THE FACTORIZATION OF POLYNOMIALS

(i) Obtain the polynomial p(x)

(i) Obtain the constant term in p(x) and find its
all possible factors. For example, in the
polynomial
x* + x3 — 7x2 — x + 6 the constant term is 6
and its factorsare £ 1, £2,+3, £ 6.

(iii) Take one of the factors, say a and replace
x by it in the given polynomial. If the
polynomial reduces to zero, then (x — a) is a
factor of polynomial.

(iv) Obtain the factors equal in no. to the degree of
polynomial. Let these are (x—a), (x-b), (x—c.).....

(v) Write p(x) = k (x—a) (x-b) (x—) ..... where k
is constant.

(vi) Substitute any value of x other than a,b,c ......
and find the value of k.

% EXAMPLES <«

Ex.32 Factorize x2+4+9 22+ 4x—-6xz—12z

Sol.  The presence of the three squares viz.x2, (2)2,
and (3z)? gives a clue that identity (vii) could
be used. So we write.

A =x2+2)2+(Bz)?2+4x-6xz—12z
We note that the last two of the product terms
are negative and that both of these contain z.
Hence we write A as
A=x2+ 22+ (32 +22x-2x.(32) +
2.2 (-3z)= (x+2 - 3z)?

= x+2-32)(x+2-32)

Ex.33 Using factor theorem, factorize the
polynomial x3 - 6x2 + 11 x — 6.

Sol.  Letf(x)= x3-6x2+11x—-6

The constant term in f(x) is equal to — 6 and
factors of —6 are £1, £2, £ 3, £ 6.



Ex.34

Sol.

Putting x = 1 in f(x), we have
fl1) =13-6x12+11x1-6
=1-6+11-6=0
(x— 1) is a factor of f(x)
Similarly, x — 2 and x — 3 are factors of f(x).

Since f(x) is a polynomial of degree 3. So, it
can not have more than three linear factors.

Let f(x) =k (x—1) (x—2) (x — 3). Then,
x3—6x2+ 11x — 6 = k(x-1) (x-2) (x- 3)
Putting x = 0 on both sides, we get
-6=k(0-1)(0-2)(0-3)

= —-6=—-6k= k=1

Putting k = 1 in f(x) = k (x- 1) (x— 2) (x-3),
we get

f(x) = (x-1) (x-2) (x-3)
Hence, x3-6x% + 11x — 6 = (x— 1) (x — 2) (x-3)

Using factor theorem, factorize the
polynomial x4 + x3 — 7x2—x + 6.

Let f(x) =x4+x3-7x2x+6

the factors of constant term in f(x) are £1, +2,
+3and £ 6

Now,

f()=1+1-7-1+6=8-8=0

= (x—1)1is a factor of f(x)
f-1)=1-1-7+1+6=8-8=0

= x +1 is a factor of f(x)
f2)=2%423-7x22-2+6
=16+8-28-2+6=0

= x-2 is a factor of f(x)
f(-2) = (-2)*+(-2)3 - 7(-2)> (-2) + 6
=16-8-28+2+6=-1220

= X+ 2isnot a factor of f(x)
f(-3) = (-3)*+(-3)3 - 7(-3)2 «(-3) + 6

=81-27-63+3+6=90-90=0
= x+3isafactor of f(x)

Since f(x) is a polynomial of degree 4. So, it
cannot have more than 4 linear factors

Thus, the factors of f (x) are (x—1), (x+1),
(x-2) and (x+3).

Let f(x) = k (x-1) (x+1) (x-2) (x + 3)

Ex.35
Sol.

= x4+x3-7x2-x+6

—k (1) (x +1) (x—2) (x + 3)
Putting x = 0 on both sides, we get
6=k (1)(1)(2)(3) =6=6k=k=1
Substituting k = 1 in (i), we get
xA+x3-7x2—x+6=(x-1) (x +1) (x-2) (x+3)
Factorize, 2x*+x3— 14x2—19x— 6

Let f(x) = 2x% + x3 — 14x2 — 19x — 6 be the
given polynomial. The factors of the constant
term — 6 are £1, 2, +3 and +6, we have,

f(=1) =2(-1)* + (=1)3 = 14(=1)2 - 19(-1)- 6
=2-1-14419-6=21-21=0

and,

f(-2) = 2(-2)* + (-2)3 — 14(-2)2 - 19(-2)- 6
=32-8-56+38-6=0

So, x + 1 and x + 2 are factors of f(x).

= (x+ 1) (x+2)is also a factor of f(x)

= x2+ 3x + 2 is a factor of f(x)

Now, we divide

f(x) = 2x* +x3 - 14x2-19x — 6 by

x2 + 3x + 2 to get the other factors.

2x2 - 5x -3
2x4+x3 —14x2-19x -6
2x4 + 6x3 + 4x2

x2+3x+2

—5x3-18x2 - 19x— 6

—5x3-15x2 - 10x
+ + +

—3x2- 9x -6

—3x%- 9x -6

ER I

0
2x4 +x3 — 14x2-19x - 6

=(x2 +3x +2) (2x>-5x - 3)
=(x+1)(x+2)(2x2-5x-3)

Now 2x2-5x—-3 = 2x2—-6x+x-3
=2x(x—-3)+1(x—3)
—(x=3)(2x+ 1)

Hence, 2x4 +x3 — 14x2-19x — 6

—(x 1) (x +2) (x— 3) (2xH)




Ex.36 Factorize, 923 — 2722 — 100 z+ 300, if it is
given that (3z+10) is a factor of it.

Sol.  Let us divide 9z — 27z2 — 100 z+ 300 by
3z + 10 to get the other factors

372 -19z2 +30

3z+10 | 923 —2772- 100z + 300
973 + 3022

— 5772100z + 300
— 5722190z
+ +

90 z + 300

90 z + 300

973 — 2772100 z+ 300
= (3z+ 10) (32>-19z + 30)
= 3z + 10) 32210z — 9z + 30)
= (3z+ 10) {(3z%-10z) — (9z — 30)}
=(3z+10) {z(3z-10) — 3(3z-10)}
=(3z+10) (3z-10) (z-3)

Hence, 923—2722-100z+ 300
=(3z+10) (3z-10) (z-3)

Ex.37 Simplify :
4x -2 n 3 8x+3

x2—x-2 2x2—7x+672x2—x—3

2(2x-1) . 3 B 8x+3
x-2)(x+) (2x-3)(x-2) (2x-3)(x+D

The L.C.M. of the factors in the denominator
is(x—2)(x+1)(2x—13)

The given expression can be reduced to

22x -1 (2x=3)+3(x+1)-(Bx+3)(x—-2)
x=-2)(x+1) (2x-3)

_ 2(4x7 —8x+3)+3(x +1) - (8x” —13x - 6)
(x=2)(x+1) 2x-3)

_ 15
(x-2)(x+1) 2x-3)

Ex.38 Establish the identity

2 —
6x°+11x-8 = (2x+5)+ 2
3x-2 3x-2
Sol. 3X—2)6x2+11x—8(2x+5
6x2 — 4x
15x— 8
15x—10
2
2 p—
6x° +11x—-8 —(2x+5)+ 2
3x-2 3x-2

ALGEBRAIC IDENTITIES

(a+b)’ =a’+2ab +b’=(-a—b)
(a—b)*=a’—2ab+b’
(a—b)(a+b)=a’—b’
(a+b+c)?=a’+b’>+c>+2ab+2bc + 2ca
(a+b-c)’=a’+b’+ ¢+ 2ab—2bc—2ca
(a—b+c)?=a’+b’+c*—2ab— 2bc + 2ca
(-a+b+c)?=a’+b’+c’—2ab+2bc—2ca
(a—b-c)*=a’+b*+c?—2ab+2bc—2ca
(a+b)’=a’+b’+3ab(a+b)
(a—-b)’=a’-b’—3ab(a—b)
a’+b’=(a+b)’ —3ab(a+b)
=(a+Db)(a*—ab+b?)
a’— b’ =(a—b)’ + 3ab(a — b)
=(a—b)(a’ +ab+b’)
a’+ b’ + ¢’ — 3abe
=(@+b+c)(a’+b*+c’—ab—bc—ca)
ifa+b+c=0thena’+b’+ ¢’ =3abc

% EXAMPLES <«

Ex.39 Expand each of the following :
(X Yy ?
(i1) [5+§j
Sol.(i) We have,
(3x —4y)? = (3x)? — 2 x 3x x 4y + (4y)?

= 9x2 - 24xy + 16y?
(i) We have,

(i) 3x — 4y)?



Ex.40

Sol.(i)

(i)

Ex.41

Sol. (i)

(i)

Find the products :
(1) (2x+3y)(2x—3y)

o (g

We have,

(2x + 3y) (2x —3y)

= (2x)? — (3y)? [Using: (a+b)(a—b) = a2 —b?]
= (2x)? - (3y)? =4x2 - 9y?

We have,

Evaluate each of the following by using
identities :

(1 103x97
(iii) (97)?
We have,
103 x 97 = (100 + 3) (100 — 3)

= (100)2 — (3)2 = 10000 — 9 = 9991

We have,

103 x 103 = (103)?2

= (100 + 3)2=(100)2 + 2 x 100 x 3 + (3)?
= 10000 + 600 + 9 = 10609

(ii) 103 x 103
(iv) 185 185—115x 115

(iii)) We have,

(97)2 = (100 — 3)2
= (100)2 — 2 x 100 x 3 + (3)2
= 10000 — 600 + 9 = 9409

(iv) We have,

185 x 185~ 115 x 115
= (1852 — (115)2 = (185 + 115) (185 — 115)
=300 x 70 = 21000

Ex.42

Sol.

Ex.43

Sol.

Ex.44

Sol.

Ifx + - =6, find : x4+

X X

We have,

24 L34 S
X — = = X+_2 —( )

X X

2
= (x2)2+(L2j F2xxdx L = 1156
X X

S x4 4221156 x4+ = 11562
X X

= x4t L= 1154
X

If x2 +L2 =27, find the value of the x — 1

X X
We have,
2
(x—lj —x2o2xxx 4+ L
X X  x?
2
= (x—lj —)(2—2+L2
X X
2
= (x—lj :x2+L2—2
X X
N2
= [x——j =27-2
X

{ x? +X1—2 =27 (given)}

1 1
= |x——| =) =>x-—=%5
X X
If x + y =12 and xy = 32, find the value of
x2+y2.
We have,
(x +y)2=x2+y2+2xy
= 144=x2+y2+2x32
[Putting x + y =12 and xy = 32]
= 144=x2+y2+64
= 144 -64=x2+y?2

= x> +y2=80



Ex. 45

Sol.

Ex.46

Sol.

Ex.47

Sol.

(@)

Prove that :
2a2 +2b? + 2¢2 — 2ab — 2bc — 2ca
=[(a-by+(b—c)*+(c—a)’]
We have,
L.H.S. = 2a% + 2b2 + 2¢2 — 2ab — 2bc — 2ca
= (a2 — 2ab + b2) + (b2 — 2bc + ¢2)
+ (¢ — 2ca + a?) [Re-arranging the terms]
=(a—-b)2+(b-c)*+(c—a))=RH.S.
Hence, 2a2 + 2b2 + 2¢2 — 2ab — 2bc — 2ca
=[(a-by>+(b-c)*+(c—a)’]

If a2 + b2 + ¢Z — ab — bc — ca = 0, prove that
a=b=c.

We have,
Ifa2+b2+c2—ab-bc—ca=0
= 2a2+2b2+2¢2 - 2ab—2bc—2ca=2x0
[Multiplying both sides by 2]
= (a2 —2ab+b2) + (b2 - 2bc +c?)
+(c2—-2ac+a?)=0
= (a-b)2+(b-cP+(c-a)P=0
= a-b=0,b-c=0,c—a=0
[. Sum of positive quantities is zero if
and only if each quantity is zero]
= a=b,b=candc=a
= a=b=c
+» EXAMPLES <
Write the following in expanded form :
() Ox+2y+2z7 (i) Bx +2y - 2)?
(iil) (x -2y — 32)?  (iv) (-x + 2y +2)?
Using the identity
(a+b+c)2=aZ+b2+c2+2ab+2bc+ 2ca
We have,
(9x + 2y + z)?
=(9x)2 + (2y)2 +z2 +2 x 9x x 2y
+2X2yXZ+2X9X X 7

= 81x2 + 4y2 + 72 + 36xy + 4yz + 18xz

(i1) We have,

(Bx +2y—z)?

= [3x+2y + ()

= (3x)2+ (2y)? + (—2)? + 2 x 3x x 2y
+2 X2y x(—2z)+2x3xX%X(-2)

=9x2 +4y? + 722 + 12xy — 4yz — 6xz

(ii1) We have,

(x -2y —3z)?
=[x+ (2y)+(32))?
=x2 + (-2y)? + (-3z)2 + 2 x x x (-2y)
+2 % (2y) X (3z) +2 x (3z) x x
=x2 +4y2 + 972 — 4xy + 12yz — 6zx

(iv) We have,

Ex.48

Sol.

Ex.49

Sol.

(—x + 2y +z)?

=[(—x)+ 2y +z]?

= (%) + (2y)2 + 22 +2 % (-x) x (2y)
+2X2yxz+2XxX(=X)Xz

=x2+4y2 + 722 - 4xy + dyz — 27x

Ifa2+b2+c2=20anda+b+c =0, find
ab + bc + ca.

We have,
(a+b+c)2=a2+b?+c?+2ab+2bc+ 2ca
= (a+b+c)2=a2+b2+c2+2(ab+bc+ca)
= 02=20+2 (ab+ bc +ca)

= -20=2(ab + bc +ca)

20 | 2(ab+bc+ca)
: —_—— = -
2 2

= ab+bctca=-10
Ifa+b+c=9andab+bc+ca=40,
find a2 + b2 + ¢2.

We know that
(a+b+c)2=aZ+b2+c2+2(ab+bc+ca)
= 92=a2+b2+c2+2x40

= 8l1=a2+b2+c2+80

= a2+b2+c?=1



Ex.50

Sol.

Ex.51

Sol.(i)

If a2 + b2 + ¢2 = 250 and ab + bc + ca = 3,
finda+b+c.

We know that
(a+b+c)2=a2+b?+c?+2(ab+bc+ca)
= (a+b+c)2=250+2x3
= (a+b+c)?2=256
= (a+b+c)2=(£16)?

[Taking square root of both sides]

= a+b+c=%16
< EXAMPLES <«

Write each of the following in expanded
form:

(i) 2x +3y)3 (i) 3x —2y)?
Replacing a by 2x and b by 3y in the identity
(a+b)3=a3+ b3+ 3ab(a+b), we have
(2x+3yP = (2xP + (By)? +3 x 2x x 3y x (2x + 3y)
= 8x3 + 273 + 18xy x 2x + 18xy x 3y
= 8x3 + 27y3 + 36x2y + 54xy?

(ii) Replacing a by 3x and b by 2y in the identity

Ex.52

Sol.

Ex.53

(a—b)?>=a3 - b3 - 3ab(a—b), we have

(3x — 2y)3= (3x)® — (2y)3 — 3 x 3x x 2y X
(3x —2y)

=27x3 - 8y3 — 18xy x (3x — 2y)
= 27x3 — 8y3 — 54x2y + 36xy?

If x + y =12 and xy = 27, find the value of
x3 +y3.

We know that
x+y)P=x3+y3+3xy(x+y)

Putting x + y = 12 and xy = 27 in the above
identity, we get

123=x3+y3+3x27x 12
= 1728=x3+y3+972

= X3+y3=1728-972

= x3+y3=756

If x —y =4 and xy = 21, find the value of
x3 —y3.

Sol.

Ex.54

Sol.

Ex.55

Sol.

We know that

(x—yP=x> -y} 3xy(x-y)
Putting x —y =4 and xy = 21, we get
P=x3-y3-3x21x4
=64=x3-y3-252 = 64+252=x3—y3

= x3-y3=316

Ifx + + =7, find the value of 3 + .
X X

We have,
3
(x+lj =x3+ % +3xxx l[X-ﬁ-lj
X X X X

3
= (x+lj :x3+% +3(x+lj
X X X

. 1
Putting x + — =7, we get
X

73:x3+i3+3><7
X

= 343=x3+ L 421
X

= X0+ =33-21 0+ L =32
X X

If a+ b =10 and a2 + b2 = 58, find the value
of a3 + b3.

We know that
(a+b)2=a2+b2+2ab
Putting a + b = 10 and a2 + b2 = 58, we get
102=58+2ab = 100=58+2ab
= 100-58=2ab = 42=2ab
= ab=21
at+tb=10andab=21 Now,
(a+b)3=a3+b3+3ab(a+b)
= 103=a3+b3+3x21x10
[Putting a+ b =10 and ab =21]
= 1000=2a3+b3+630
1000 — 630 = a3 + b3

= a?+b>=370

Thus, we have

y



Ex.56 Ifx%+ Lz =7, find the value of x3 + L}

Sol.

Ex.57

Sol.

X X
We have,
2
(x+lj :x2+L2+2Xx><l
X X X
1,1
= |[x+—| =x"t — +2
X X
2
= (x+—j =7+2 {Putting x2+—2:7}
X
1)’ 1)’
= [x+—] =9 = (x+—] 32
X X
L oeele
X

[Taking square root of both sides]

1 3
= (x+—j =33
X
1

= x3+i3 +3(x+—j =27
X X

[Cubing both sides]

- (x3+i]+3x3—27
X3

= X3+L3=27*9 :>X3+L3=18
X X

If x4 +L4 =47. Find the value of x3 + %

X X
We know that

2
(XZJFLJ =x4+ %+2XX2+L2

X2 X X

Ex.58

Sol.

Ex.59

Sol.

Ex.60

Sol.

2
:>[x+l] =7+2 [using:x2+%=7}
X X

3
= (x +lj =33 [Cubing both sides]

X

:>x3+i3 +3(x+lj =27
X X

= x3+ 1 +3 x 3 =27| Putting x+l:3
x? X

St =279 B+ L =18
X X

Ifa+ b =10 and ab = 21, find the value of
a3 + b3.

We know that

a3 +b3=(a+b)(a?—ab+b?

= (a+b) (a2 +2ab + b2 — 2ab — ab)

[Adding and subtracting 2ab in the second bracket]
=(a+Db)[(a+b)?—-3ab]

=10x (102-3 x 21)

=10 x (100 —63) =10 x 37 = 370.

If a— b =4 and ab = 45, find the value of
a3 —b3.

We have, a3 — b3 = (a —b) (a? + ab + b?)
= (a—b) (a® — 2ab + b2 + 2ab + ab)
=(a—b) {(a—Db)?+ 3ab}
—4x (4243 x45)=4x (16 + 135)
=4 x 151 = 604.
< EXAMPLES

Ifa+ b+ c=0, then prove that
a3 + b3 + ¢3 = 3abc
We know that
a3 +b3+c3-3abc

=(a+b+c)(az+b2+c2—ab—bc-ca)
putting a+b+c=0onR.H.S., we get
a’+b3+c3-3abc=0

= a3 +b3+c3=3abc



Ex.61

Sol.

Ex.62

Sol.

Ex.63

Find the following product :
(x +y+2z) (x2+y2+ 472 —xy — 2yz — 27X)
We have,
(x +y+22) (x2+y2+ 472 —xy — 2yz — 27X)
=(x+y+2z) (x2+y2+(2z)2 —xxy

—y X 2z—27XX)
=(a+b+c)(az+b2+c2—ab-bc- ca),
wherea=x,b=y,c=2z
= a3 +b3+¢3 - 3abc
=x3+y3+ (22> -3 xxxyx2z
=x3 +y3 + 823 - 6xyz

Ifat+tb+c=6andab+bc+ca=11, find the
value of a3 + b3 + ¢3 — 3abc.

We know that
a3 +b3 +c3 - 3abc
=(a+b+c)(az+b2+c2—ab—bc-ca)
= a3 +b3+c3-3abc=
(a+b+c) {(a®2+ b2 +c2) - (ab + bc + ca)}...(1)

Clearly, we require the values of a + b + c,
a2 + b% + ¢2 and ab + bc + ca to obtain the
value of a3 + b3 + ¢3 — 3abc. We are given the
values of a+b + ¢ and ab + bc + ca. So, let us
first obtain the value of a2 + b? + ¢2.

We know that
(a+b+c)2=aZ+b2+c2+2ab+2bc+ 2ca
= (a+b+c)2=(a2+b2+c2)+2(ab+bc +ca)
= 62=a2+b2+c2+2x11

[Putting the values of a+b + ¢ and ab + bc + ca]
= 36=a’+b>+c2+22

= aZ+b2+c2=36-22

= a2+b2+c2=14

Now, puttinga+b+c=6,ab+bc+ca=1
and a2 + b2 + ¢2 = 14 in (i), we get

a3 +b3+c3-3abc=6x(14-11)
=6x%x3=18.

Ifx+y+z=1,xy+yz+zx=-1 and
xyz = -1, find the value of x3 + y3 + 73.

Sol.

We know that :
x3+y3 +23 - 3xyz
=(x+y+z)(x2+y2+2z2—xy—yz—2zX)
= xX3+y3+23-3xyz
=(x+y+z)(x2+y2+z2+2xy+2yz

+ 2zx — 3xy — 3yz — 3zx)
[Adding and subtracting 2xy + 2yz + 2zx]
= xX3+y3+23-3xyz
= (x+y+2) {(x+y+2?-3(xy +yz+2x)}
Sx3+y3+z23 -3 x-1=1x{(1)2-3x-1}
[Putting the values of x +y + z, xy + yz +
= XB+y3+23+3=4
= xX3+y3+23=4-3

= X3+y3+3=1

TYPES OF FACTORIZATION

@® Type I :

Factorization by taking out the

common factors.

Ex.64

Sol.

Factorize the following expression :
2x2 y + 6xy2 + 10x2y?
2x2 y + 6xy2 + 10x2y2 = 2xy(x + 3y + 5xy)

® Type II : Factorization by grouping the terms.

Ex.65

Sol.

Factorize the following expression :
a2-b+ab—a

a-b+ab—a
=a2+ab-b-a=(a%+ab)—(b+a)

=a(at+tb)—-(a+tb)=(@+b)(a-1)

® Type I : Factorization by making a perfect
square.

Ex.66

Sol.

Factorize of the following expression :
9x2 + 12xy + 4y?

9x2 + 12xy + 4y?

= (3%)2 +2 % (3x) x (2y) + (2y)?

= (3x +2y)?



Ex.67

Sol.

Ex.68

Sol.

Factorize of the following expression :

X2 2

y
— +2+7,x¢0,y¢0
y X

(6606

Factorize of the following expression

1)? 1
(SX——j +4 (5){——] +4,x#0
X X
2
[SX—lj +4[5x—lj +4
X X
1y 1
(SX——] +2x [SX——] x 2422
X X
2
[5x—1+2j
X

@ Type IV : Factorizing by difference of two
squares.

Ex.69

Sol.

Ex.70
Sol.

Factorize
(a) 2x2y + 6 xy? + 10 x2y?
(b) 2x* + 2x3y + 3xy? + 3y3
(a) 2x%y + 6 xy2 + 10 x2y?2
= (2xy) (x + 3y + 5xy)
(b) 2x* + 2x3y + 3xy2 + 3y3
= (2x* + 2x3y) + (3xy? + 3y3)
=(2x3 +3y?) (x +y)
Factorize 4x2 + 12 xy + 9 y2

Note that 4x* = (2x)2 = a? say, and

9y2 = (3y)? = b? say, where a = 2x and
= 3y. This suggests the use of identity (i)

may be used and the given expression is equal

to

(a + b)2. Hence

4x2+12xy+9y?
=(2x)2+2 (x) By) + (y)?
=(2x + 3y)?

=(2x +3y) (2x + 3y)

Ex.71

Sol.

Ex.72

Sol. (i)

(i)

Ex.73

Sol.

Ex.74

Sol.

If the expression A can be reduced to an
expression, three of whose terms are the
squares of some expression, then the identity
(vii) may be useful.

Factorize each of the following expressions :
(i) 9x2 — 4y2

(i) x3 - x

(i) 9x2 — 4y? = (3%)? - (2y)?

(3x +2y) (3x-2y)

() x3-x = x(x%2-1)

x(x=1) (x+1)

Factorize each of the following expressions :

() 36x2— 12x + 1 — 25y2

(i) a2~ =, a %0
a

36x2 - 12x + 1 —25y2

= (6x)2 -2 x 6x x 1 + 12— (5y)?
= (6x-1)2 — (5y)?

= {(6x —1)- 5y} {(6x—1) + 5y}
=(6x—-1-15y) (6x—1+5y)
=(6x—Sy—1) (6x+5y—1)

2
32— % = (a)2 — (ij
a a

-

Factorize the following algebraic expression :
x4 —8ly*

x4 =81yt = [(x)2]* - 9y?)?

= (x> - 9y?) (x2+ 9y?)

= {x2 = (3y)%} (x* +9y?)

= (x=3y) (x + 3y) (x> + 9y?)

Factorize the following expression:
X(x+2z) -y (y+2)

x(x+2) —y (y+z) = (x* - y?) + (xz-y2)

= (xy) (xty) + 2 (x-y)

= (x-y) {(x+y) + z}

= (xy) (xty+z)



Ex.75

Sol.

Factorize the following expression :

x4 +x2+1
xt+x2+1 =(x4+2x2+1) - x2
=(x2+1)2 - x2=(x2+ 1 - x) (x2 + 1+x)

=x*=x+1)x*+x+1)

@ Type V : Factorizing the sum and difference of
cubes of two quantities.

Ex.76

Sol.
Ex.77
Sol.

(i) (a3+b%=(a+b)(@a2—ab+b?)

(i) (a3-b%)=(a—Db) (a2 +ab+b2)

Factorize the following expression :
ad+27

ad +27 =a3 +33=(a+3) (a2 -3a+9)

Simplify : (x+y)* — (x —y)* - 6y(x* —y?)

Letx+y=aandx—y=b.

Then, ab = (xty) (x-y) =
a—b =(xty) - (x-y) =2y

(x+y)? — (x—y)3 — 6y (x>—?)
=a’-b*-3ab(a-b)= (a-b)?
= {xty) —(x-y)}P=  Qy)1 =8y’

x2-y2 and

POLYNOMIAL BY SPLITTING THE

P FACTORIZATION OF THE QUADRATIC
MIDDLE TEAM

@® Type 1

Factorization of Quadratic

polynomials of the form x2 + bx + c.

@)

(i)

Ex.78

Sol.

In order to factorize x2 + bx + ¢ we have to
find numbers p and q such that p + q =b and

pq=_c.

After finding p and q, we split the middle
term in the quadratic as px + gx and get
desired factors by grouping the terms.

% EXAMPLES <«
Factorize each of the following expressions :
() x2+6x+8 (if) x% + 4x 21

(i) In order to factorize x2 + 6x + 8, we find
two numbers p and q such that p + q = 6 and

pq=28.
Clearly,2 +4=6and 2 x4 =38.

We know split the middle term 6x in the
given quadratic as 2x + 4x, so that

(i)

Ex.79

Sol.

Ex.80

Sol.

x2+6x+8=x2+2x+4x+8
= (x2+2x) + (4x +8)
=x(x+2)+4x+2)

— (x+2) (x+4)

In order to factorize x2 + 4x — 21, we have to
find two numbers p and q such that

ptq =4andpq=-21
Clearly, 7+ (—3)=4and 7x -3 =-21

We now split the middle term 4x of
x2 +4x — 21 as 7x — 3x, so that

X2+4x-21=x2+7x-3x-21
(x2+ 7x) — (3x + 21)
XxxX+7)-3x+7)=x+7) (x-3)

Factorize each of the following quadratic
polynomials: x2—21x + 108

In order to factorize x2 — 21x + 108, we have
to find two numbers such that their sum is
— 21 and the product 108.

Clearly,—21 =—12-9and - 12 x-9=108
 x2-21x+108 =x2 —12x—9x + 108

=(x2 - 12 x) — (9x— 108)

=x(x—-12)-9 (x—12)=(x-12) (x-9)

Factorize the following by splitting the

middle term : x2+3+/3x+6

In order to factorize x2 + 3 \/5 X + 6, we have
to find two numbers p and q such that

p+q:3\/§ and pq =16
Clearly,Z\/g +43 =343 and 23 %43 =6

So, we write the middle term 3\/5 X as
2ﬁx+ 3 x, so that

x2+33x+6
=x2+23x+3x+6
=(x2+23x) + (3 x+6)

= (2 +243)+ (3x+243x43)
=x (x+243)+ 3 (x+243)

= (x+243) (x+43)



@ Type 11

Factorization of polynomials

reducible to the form x? + bx + c.

Ex.81
Sol.

Ex.82

Sol.

Ex.83
Sol.

Factorize : (a2 — 2a)? — 23(a% — 2a) + 120.
Let a2 — 2a =x. Then,
(a2 — 2a)2 — 23(a? — 2a) + 120
=x2-23x+ 120
Now, x2 —23x + 120 =x2 —15x — 8x + 120
— (x2— 15x) — (8x — 120)
=x(x—15)—-8(x—15)
=x-15)(x-198)
Replacing x by a2 — 2a on both sides, we get
(a2 — 2a)2 — 23(a? — 2a) + 120
= (a2 —-2a—15) (a2 -2a—8)
= (a2 —5a+3a—15) (a2 - 4a+2a-8)
={(a(a—5)+3(@—-95)} {a(a—4)+2(a4)}
={(@a-5)(@+3)} {(a—-4)(a+2)}
—(a—5)(@a+3)(a—4) (a+2)

Factorize the following by splitting the
middle term :

x4 5x2+4
Let x2 =y. Then, x* — 5x2 + 4
=y2-5y+4
Now,y2—-5y+4
=y2—4y-y+4
=y -4y -(y-4
=y(y-4)-(-4)
=y-49 -1
Replacing y by x2 on both sides, we get
xt-5x2+4 =(x>4)(x2-1)
= (x2-22) (2 — 12) = (x-2) (x+2) (x— 1) (x + 1)
Factorize : (x% —4x) (x2 —4x—1) - 20
The given expression is
(x2—4x) (x2 —4x-1)-20
= (x2 —4x)? — (x2 - 4x) - 20
Let x2 —4x =y . Then,
(x2—4x)2 - (x2—4x) —20= y2—-y—-20
Now, y2 —y—20

—y2 5y +4y-20

=(y2=5y)+ (4y-20)
=y@y-5+4@y-5)
(y-5F+4)

Thus, y2 -y -20=(y—5) (y + 4)

Replacing y by x2 — 4x on both sides, we get
(x2—4x)2— (x2 - 4x) - 20

=(x2—4x - 5) (x2 - 4x +4)
=(x2-5x+x-5)(x2-2xxx2+22)
={x(x-5+x-5) (x-2)?
=x-5x+1)(x-2)?

@ Type III : Factorization of Expressions which
are not quadratic but can factorized by
splitting the middle term.

Ex.84

Sol.

Ex.85

Sol.

If x2 + px + q = (x + a) (x + b), then factorize
x? + pxy + qy*.

We have,
x2+px+q=(x+a)(x+b)
= x2+px+q=xZ+x(at+b)+ab

On equating the coefficients of like powers of
X, we get

p=atbandq=ab
x2 + pxy + qy? = x2 + (a + b)xy + aby?
= (x2 + axy) + (bxy + aby?)
= x(x +ay) + by(x + ay)
= (x +ay) (x t by)
Factorize the following expression
x2y2 —xy — 72

In order to factorize x2y2 — xy — 72, we have
to find two numbers p and q such that
ptq=—1and pqg=-72

clearly,—9+8 =—1and -9 x 8§ =—72.
So, we write the middle term — xy of
x2y2 — xy — 72 as — 9 xy + 8 xy, so that
x2y2 —xy—-72 = x2y2-9xy+8xy—72
= (x> y2 - 9xy) + (8xy — 72)
=xy(xy—9)+8 (xy—9)

=(xy—-9) (xy +38)



P FACTORIZATION OF POLYNOMIALS
OF THE FORM
ax’+bx+c,a=0,1

@ Type 1 Factorization of quadratic
polynomials of the form ax? + bx + ¢, a0, 1

(i) In order to factorize ax? + bx + c. We find
numbers | and m such that | + m = b and
Im = ac

(i) After finding | and m, we split the middle
term bx as Ix + mx and get the desired factors
by grouping the terms.

% EXAMPLES <+
Ex.86 Factorize the following expression :
6x2-5x—6

Sol. The given expression is of the form
ax2+ bx+c, where,a=6,b=—5 and c =—6.

In order to factorize the given expression, we
have to find two numbers | and m such that

l[+m=b=ie,|l+m=-5
andlm=acie. Im=6x—-6=-36

i.e., we have to find two factors of — 36 such
that their sum is — 5. Clearly,

-9+4=-5and-9x4=-36
|=—9andm=4

Now, we split the middle term — 5x of
x2 —5x — 6 as —9 x + 4x, so that

6x2 —5x — 6 = 6x2-9x + 4x — 6

= (6x2 - 9x) + (4x — 6)

=3x(2x-3)+2(2x-3)=(2x-3)(3x +2)
Ex.87 Factorize each of the following expressions :

() V3x2+11x+ 643

(i) 443 x2+5x - 243

(ii)) 742 x2 - 10 x — 442

Sol. (i) The given quadratic expression is of the form
ax2 + bx + ¢, wherea=+/3 ,b= 11 and

c=6\/§.

In order to factorize it, we have to find two
numbers | and m such that

I+m=b=11land Im=ac= 3><6x/§=18
Clearly,9+2=11and9x2=18
“1=%9andm=2

Now, V3 x2+ 11 x+ 643
= 3x2+9x+2x+643
= (V3 x2+9%) + (2x+64/3)
= (V324343 x3 %)+ (2x + 6+3)
= Bx(x+343)+2x+33)
=(V3x+2) (x +343).
Hence, v3 x2+ 11 x + 643
=(3x+2) (x+343)

(i) Here,a=4+/3,b=5and c=-2+3

In order to factorize 4\/5 x2+5x -2 ﬁ , We
have to find two numbers | and m such that

I+m =b=5andIm=ac

=43 x-23 =—24
Clearly, 8 +(-3)=5and 8 x -3 =-24
=8 and m=-3

Now, 443 x2+5x — 243
=43x2+8x-3x-243

= (43 x2+8x)— (3x +24/3)
=4x (Vx+2) -3 (3x+2)
=(V3x+2)(4x-+3)

(iii)) The given quadratic  polynomial is
742 x2 - 10x - 442 .

Clearly, it is of the form ax?+ bx + c, where
a=7+42,b=—10andc=—4+2.

In order to factorize 7+4/2 x2 — 10x — 4+/2 , we
have to find two numbers | and m such that
I+m=b=-10and

Im=ac=7+2 x—4J2 =—56
Clearly, — 14+4=-10 and— 14 x4 =-56
|=—14andm=4



Ex.88

Sol.

Now, we split the middle term — 10 x of
742 x2 = 10x —4+/2 as — 14 x + 4x so that

772 x2 - 10x - 442

=72 x2- 14x +4x—442

= (742 x2— 14x) + (4x — 44/2)

= (T2 x2 =742 x2 %) + (4x—4+2)
=72 x (x—V2) +4(x—+2)
=(x—2)(TV2x+4)

Factorize the following by splitting the
middle term :

l)(2727479
3

.1
In order to factorize 5 x2—2x —9, we have to

find to number | and m such that

1

l[+m=—-2and Im= 5 Xx—-9=-3

Clearly,-3+ 1=-2and —3x1=-3
So, we write the middle term — 2x as

—3x + X, so that

%x2—2x—9 =_-x2-3x+x-9

U)I»—i

=(éx273x)+(x79)=(%x27 %X)+(X79)

~ (x-9) Gx ; 1]

@ Type II : Factorization of trinomial expressions
which are not quadratic but can be factorized
by splitting the middle term.

Ex.89

Sol.

Factorize the following trinomial by splitting
the middle term :

8a3 —2a’%b — 15 ab?

Here a3 x ab? = (a?b)? i.e., the product of the
variables in first and last term is same as the
square of the variables in the middle term. So,
in order to factorize the given trinomial, we
split the middle term

—2a2b as — 12a2b + 10 a2b , so that
8a3 —2a?b — 15 ab?

@® Type I

= 8a3 —12a2b +10 a2b—15 ab2
=4a2(2a—3b)+ 5 ab (2a—3b)
= (2a—3b) (4a2 + 5ab)

— (2a—3b) a (4a + 5b)
—a(2a— 3 b) (4a+ 5b)

Factorization of trinomial

expressions reducible to quadratic expressions.

Ex. 90

Factorize each of the following expressions
by splitting the middle term :

(i) 9(x — 2y)2 — 4(x — 2y) — 13
(i) 2x +y)2 - 9(x +y) -5
(ifi) 8(a + 12+ 2(a + 1) (b+2) — 15(b + 2)?2

Sol. (i) The given expression is

(i)

9(x — 2y)? — 4(x — 2y) — 13.
Putting x — 2y = a, we get
9(x —2y)2 —4(x —2y)—13=9a2 - 4a— 13
Now, 9a2 —4a—13=9a2 - 13a+9a— 13
=(9a% - 13a) + (9a - 13)
=a(%a—13)+ (9a—13)
=(a+1)(9a-13)
Replacing a by x — 2y on both sides, we get
9(x —2y)2 —4(x —2y)— 13
=(x-2y+1){9(x—-2y)— 13}
=(x-2y+1)(9x—18y—13)
The given expression is
2x+y)-9(x+y) -5

Replacing x + y by a in the given expression,
we have

2(x+y)2-9(x+y)—-5=2a2-9a-5
Now,2a2—-9a—5=2a2—-10a+a—>5

= (2a%2—10a) + (a—5)
=2a(a—5)+(a-5)=(a-5Qa+1)
Replacing a by x + y on both sides, we get
2x+y)2-9(x+y) -5

=(x+ty-5 2(x+ty)+1}
=x+y-5@2x+2y+1).

(iii) The given trinomial is



8(a+ 12 +2(a+1)(b+2)—150b+2)?2
Puttinga+1=xand b+ 2=y, we have
8a+1)y2+2(a+1)(b+2)—150b+2)?2

= 8x2 + 2xy — 15y

= 8x2 + 12xy — 10xy — 15y2
=4x(2x + 3y) — Sy(2x + 3y)

= (2x + 3y) (4x — Sy)

Replacing x by a+ 1 and y by b + 2, we get
8a+ 12 +2(a+1)(b+2)—150b+2)2
={2(a+1)+3(b+2)} {4a+1)-50b+2)}
=(2a+3b+8)(4a—5b-6)

Ml FACTORIZATION OF ALGEBRAIC EXPRESSIONS
OF THE FORM a3 + b3 + ¢3, WHEN a+b +¢=0

% EXAMPLES <+
Ex.91 Factorize :
x-yP+(y-2°+(z-x)
Sol. Letx—y=a,y-z=band z— x =c, then,
atbtc=x-yt+ty-z+z-x=0
a’ +b? + ¢3=3abc
= (&Y + (-2 + (2%’ =3 x-y)y - 2)(z%)
Ex.92 Factorize :
(a2-b2)3 + (b2-c2)3+ (c2-a2)3
Sol. We have,
let x = a2-b?, y = b>—c? and z = c?—aZ. Then,
Xx+y+z=a2b2+b2-c2+c2a2=0
x3+y3+23=3 xyz
= (a2-b2)3 + (b2—c2)>+ (c2-a2)?
= 3(a2-b2) (b2-c2) (c2-a2)
= 3(atb) (a-b) (b+c) (b—) (cta) (c—a)
= 3(atb) (b+c) (ct+a) (a-b) (b—) (c—a)
(@% =b2)’ +(b? —c?)’ +(c? —a2)®

Ex.93 Simplify:
Py (a=b)’ +(b-c)* +(c—a)’

Sol. We have,
(a2-b?) + (b>—c?)+ (c>-a?) =0
(az_b2)3 + (b2—02)3+ (Cz_a2)3

= 3(a2—b2) (bz_cz) (Cz_az)

Ex.94

Sol.

= 3(a-b) (atb) (b—) (btc) (c—a) (cta)
Similarly,

(a-b)+(b—<)+(c—a)=0

= (a—b)? + (b—<)? + (c-a)3 =3 (a-b) (b—<)(c-a)

(az —b2)3 +(b2 —c2)3 +(c2 —a2)3
(a=b)’ +(b-c)* +(c—a)’

_ 3(a-b)a+b)(b-c) (b+c)(c—a)(c+a)
3(a—b)(b—-c)(c—a)

(a+b) (b+c)(c+a)

Find the value of x3 — 8y3 — 36 xy — 216,
when x =2y + 6.

We have, x3 — 8y3 — 36 xy 216

= %3+ (2y) + (-6)° — 3(x) (-2y) (- 6)
=(x—2y—6) (x2+4y2+36+2xy — 12y + 6x)
= 0x(x2 + 4y2 + 36 + 2xy — 12y + 6x)
[O@x=2y+6=x—2y-6=0]=0

FACTORIZATION OF x* +y’*

In order to factorize the algebraic expression
expressible as the sum or difference of two cubes,
we sue the following identities.

Hx3+y3=(x+y) (x> —xyt+y?)
() x3-y? =(x-y) x2+xy+y?)

Ex.95
Sol.

Ex.96
Sol.

Ex.97
Sol.

Ex.98

& EXAMPLES *
Factorize 27x3 + 64y3
27 x3 + 64 y3 = (3x)3 + (4y)3
= (3x +4y) {(3%)? — (3x) (4y) + (4y)*},
= (3x +4y) (9x2 — 12 xy + 16y?)
Factorize a3 + 3a2b + 3ab? + b3 - 8
a3 +3a?b+3ab2+b3 -8 =(a+b)®-23
= {(ath) -2} {(a+b)?+(a +b).2+2%}
=(a+b-2)(a?+2ab+b2+2a+2b+4)
Factorize : a3 - 0.216
We have, a3 — 0.216 = a3 — (0.6)3
~ (a—0.6) [+ 0.62 +(0.6)?]
=(a-0.6) (a2 + 0.6 a+ 0.36)

Factorize :



(i) (x+ 13— (x-1)* (ii) 8(x +y)* - 27 (x-y)? = (xy) (x+y)(x*y?) (x+yt—=x?y?)
Sol. (i) (x+ 1)*~ (x-1) (x*y?-xy) (x*+y?+xy)

= {(x+1]) = (x-1)} {(x+1)2+ (x+1)(x=1)+(x-1)2} = (xy) (xty)(x*y?) (x+yt=x?y?)
(x*xy+y?) (x*xy+y?)

Ex.100 Prove that :

= {(xH1=x+1D)} {(x2H2x+DH(x2-1)HxZ-2x+1)}

=2(x2+2x+1+x2-1+x2-2x+ 1)
0.87x0.87x0.87+0.13x0.13x0.13 _ 1

0.87x0.87-0.87%x0.13+0.13x0.13

=2 (3x2+1)
(ii) We have, 8(x +y)3 — 27 (x-y)?
= +v)13 _y)13
20Hy)i” = By} 0.87x0.87x0.87+0.13x0.13x0.13

= {2(x+ty)3(x—y) [{2(x+y)}2 2(x+y) x 3(x~y) 0.87x0.87—0.87x0.13+0.13x0.13
+ {3(x-y)}?]

=(2x + 2y — 3x + 3y) {2(x2 + 2xy + y?)

Sol. We have

(0.87) +(0.13)
(0.87)° —0.87x0.13+(0.13)?

— 603 —y?) +3 (= 2xy + y)} o
a’+b
= (—x + 24 +2v2_ 6x2 + 6v2 = ————— wherea=0.87 and b=0.13
(—x + Sy) (2x*+ 4xy + 2y“— 6x~ + 6y a2 —abeb’
+ 3x2- 6xy + 3y?)
(a+b)(a’ —ab+b?)

(a*—ab+b?)

=(—x+5y) (x2 - 2xy + 11 y?)
Ex.99 Factorize : (i)x0—y® (i) x12—yl2
Sol.(i) we have, x°—y®

= (0P — (2 = (D) 2P+ + (62

—a+b =(0.87+0.13)=1

FACTORIZATION OF X’ +y* + ' — 3 xyz

= (¢y?) (K x2y? ) (1) In order to factorize the algebraic expressions
= (xy) (x+y) {(x+2x2y2+ y4) — x2y2} of the form x3 + y3+ 73 — 3xyz
= (x—y) (xTy) {(x2+y?)? — (xy)?} We use the following identity :
= (xty) (=y){(xFHy>xy)(x? +y? + xy)} X3+ y*+ 73 - 3xyz
= (xty) (x-y)(x2—xy+y?)(x* +xy+y?) = (xty+z) (x*+y? +z2-Xy — yz - 7X)
(i) x12—y!2=(x"3 - (y*)? (ii) Ifx +y+z=0, then x3 + y3+ 23 = 3xyz
= () (P + xyt + ()R] & EXAMPLES <

= (2P(y)D)} (B +xtyt +y8)
= (2-y?) () (SR 2xy 3 - xiy)
= (xy) (x+y)(x3y?) {(xHyH? ~(x?y?)%
= (x-y) (x+y)(x*y?) {(xHy*=x?y?)
(x*y* + x2y?}
=(2x + 3y + 2) {(2x)? + By)? + z2 2x x 3y

= (xy) (xty)(x*y?) (x+yt=x?y?) 3y xz—z%2x}
{(xHy* + 2x2y2)x2y2)}

= (x-y) (x+y)(x3+y?) (xHyt—=x2y?)
{(x2+y?)? - (xy)?}

Ex.101 Factorize : 8x3 +27y3+ 73 — 18 xyz
Sol. We have,
8x3 +27y3+ 73 — 18 xyz
=2xP+QBy)P P +z3-3x2xx3y+z

=(2x + 3y +z) {(4x%+9y? + 72 —6xy — 3yz 2zx}
Ex.102 Factorize :
(a+b)? + (b+c)3+ (ct+a)® — 3(a+ b) (b+c) (ct+a)



Sol. We have,
(atb)? + (b+c)3 + (c+a)3 —3(atb) (b+c) (cta)

= {(atb) + (btc) + (cta)} {(ath)? + (btc)*+ Sol.

(cta)* —(a+b) (b+c) - (bte) (c+a) — (cta)(atb)}
= (2a+2b + 2¢) {(a? + 2ab + b?)
+ (b% + 2bctc?)
+ (¢% + 2ca + a%) — (ab + act+b? + bc)
—(bc +ba+c?+ca)—(ca+cb+a?+ab)}
= 2(atb+c) (2a2 + 2b% + 2¢2 + 2ab + 2bc
+ 2ca—ab—ac-b?>-bc-bc—ba —c2 - ca
—ca—cb—a?—ab)
= 2(atb+c) (a2 + b2 + c2 —ab-bc —ca)
Ex.103 Resolve a3 — b3 + 1 + 3ab into factors
Sol. a3-b3+1+3ab
= @3+ (<b)3 + 13— 3 (a)(=b) (1)
= (a-b+1) (a2 + b2 + 1 + ab —a+b)
= (a-b+1) (a2 + b2 + ab —atb+1)
Ex.104 Factorize : 2+/2 a3+ 8b3— 27¢3 + 18+/2 abc
Sol. 242 a3+8b3—-27c3+ 1842 abe
= (V2 2+ 20~ (3¢)* -3(V2 2)(2b) (-3¢)
= (2 a+2b—3c)(2a2 + 4b2 + 9c2— 24/2 ab
+6be + 342 ac)

Ex.105 Prove that :

a3+ b3 +¢c3—3abe

= 2 (@tbro) {@b)2+ (bof + c-a)
We have,
a3+ b3+ ¢3 - 3abc
=(a+b+c) (a2 +b2+c2—ab—bc—ca)
=%(a + b+ c) (2a% + 2b2 + 2¢2 — 2ab
—2bc—2ca)

(a+tb+c) {(a2—2ab+b?)+

N | =

(b2 —2bc+ ¢2) +(c? — 2ca + a?)}

(a+b+c) {(a—b)2+(b<c)?+(c-a)}

N | —



EXERCISE # 1

Very Short Answer Type Questions
Q.1 Which are polynomial and why

1 1
(@) — +x+x2+x3-x*+ EXS
X

(b) 2 X + 7x2

NG

2x 3 7
c) —-2y +——
(c) PR A

(@) 1
() 3Wx +5x-3

Factorize each of the following expression
Q.2 x2—-x—42

Q3 6-5y-y?

Q4 a’+46a + 205
Q.5 ab +ac —b? —bc
Q6 p‘-8lg

Use remainder theorem to find remainder,
when p(x) is divided by q(x) in following
questions.

Q7 p(x)=2x>-5x+7,q(x)=x—1
Q8 px)=x"-5x*+1,qx)=x+1
Q9 p(x)=2x3-3x>+4x-1,q(x)=x+2

Use factor theorem to verify in each of the
following that q(x) is a factor of p(x).

Q10 p(x)=2x>+5x2+3x-4,qx)=x—1

Q11 px)=x*-3x>+2x+1,q(x)=x—1

IE Short Answer Type Questions

Factorize each of the following expression

b3
A2 1252+ —
Q 27

Q.13 If one of the factors of x> + x — 20 is
(x + 5), find other factor.

Use factor theorem to verify in each of the
following that q(x) is a factor of p(x).

Q.14  Find the value of k if (x — 2) is a factor of
2x3- 6x+ 5x + k

Q.15 Find the value of k if (x+3) is a factor of
3x2 +kx + 6.

Q.16 p(x)=3x—7x> + 7x*-3x> +2x% - 2,
qgx)=x-1

Q.17 For what value of k is y*> + ky + 2k — 2
exactly divisible by (y + 1) ?

Long Answer Type Questions

Q.18 Prove that
a3+ b?+ ¢ —3abe

(a+b+c)[(ab)*+ (b—c)+ (ca)]

N | —

Q.19 Prove that
(a+b)> + (b +¢)® + (c + a)’ — 3(ath) (b+c)
(c +a)=2(a’+ b+ ¢ - 3abc)

Q.20 Ifx+1andx—1 are factors of

mx> + x2 -2x + n, find the value of m and n.



ANSWER KEY

A. VERTY SHORT ANSWER TYPE : B. SHORT ANSWER TYPE :
1. (a) No © in first term %: x~' but —1 is not 12 (5a+2] I:zsaz _EJF%}
whole no.
13. (x - 4) 14. 2

(b) Yes © Power of x are 1 and 2.
(¢) Yes © Power of x are 1 and 2 & y has 3.
(d) Yes ® 1 =x°& 0 is whole no.

15. 11 17.3

C. LONG ANSWER TYPE :
20m=2, n=-1

(e) No® vx =(x)"?; % is not a whole no.

2. (x+6)(x=7) 3.6+y)(1-y)
4.(a+41)(a+5) 5.(a—b)(b+c)
6.(p+3q) (p—-39) (P°+9¢>) 7.4

8.-5 9.-37



EXERCISE # 2

Short Answer Type Questions

Factorize each of the following expression

Q.1 Find positive square root of 36x? + 60x + 25

Q2  Simplify : y2a2 +2y6ab +3b?

Q3 (x2+4y)? + 21 (x> + 4y) + 98

Q4  Axy)P-12(x—y) (x+y)+9 (xt+y)?
Q.5 Find the value of 1 — a? + 14ab — 4ab2.
Q.6 Find value ofa + b — a3 — b.

Q.7 a’ —3a%b +3ab? + b’ - 8.

Q.8  Ifx—7isafactor of p(x) = x> — 9x> + kx + 693

then find the value of k.

Q.9  Factorise x° +y°.

Q.10 If(x— 1) is a factor of p(y) = y* — 7y + 6 then

find other two factors.

Q.11 Ifx*+ mx®+nx+ 6 hasx —2 as a factor and

leaves a remainder 3, when divided by

x— 3, find use of m and n.

Q.12 What must be subtracted from 4x*— 2x3 — 6x?
+ X — 5 so that the result is exactly divisible by

2x*+x—1

Q.13

Q.14

Q.15

Q.16
Q.17

Q.18

Using factor theorem, factorize the

polynomial x* + x3 — 7x2 — x + 6.

Let A and B are the remainders when the
polynomial y? + 2y? — 5ay — 7 and

y? + ay? —12y + 6 are divided by y + 1 and
y — 2 respectively. If 2A + B = 6, find the

value of a.

If (3x — 1)* = asx* + a3x3 + apx? + a;x +ay, then
find the value of a4 + 3a3 + 9a, + 27a; + 81a.
Find the integral zeroes of 2x3 + 3x? — 8x — 12.

If polynomial x> + Ax + m is dividing (x — 1)
& (x + 1) then remainder is 7. Find values of

A and m.

If 3y® + py? + 4y + q has a factor y + 2 and
gives remainder —5 if it divided by (y — 3).
Find values of p and q.

Find the factors (Q. 19 to 24)

Q.19
Q.20
Q.21
Q.22
Q.23

Q.24

x3—5x2+2x + 8.

x> —6x2+3x+ 10

x3 — 6x2 + 32.

x3 +4x2 - 11x - 30.
x3+ 17x2 +95x + 175.

2x3 —x2 - 13x - 6.

ANSWER KEY

SHORT ANSWER TYPE QUESTIONS :

6x +5 2. (V2 a+431b)
(X2 +4y+7) (x> + 4y + 14)
(x + 5y)?

(1+a—7b)(1—a+7b)
(a+b)(1-a?-b*+ab)
(a—-b-2)(@>+b*>-2ab+2a-2b+4)
-85

() (Y- xy)

10. (y+3),(y—-2)

11. m=-3,n=-1 12.-6

XA N W =

15.

13 (x— ) (x+1)(x—2) (x+3)  1d.a=x
0

16. 2 and 2

17. A=-1,m=7

18. p=-26,q=136

19. x-2)(x—-4)(x+1)
20. (x+ 1) (x-2)(x-5)
21. (x—4)P? (x+2)

22. x+2)(x—-3)(x+5)
23. (x+5) (x+7)

24, x+2)(x-3)(2x+1)



