Binomial Theorem

(KEY FACTS )

1. Expansion of a Binomial
If x and a are real numbers, then for all n € N,
(xta)y'="Cyx"a®+"C x" " 1a' +"C,x""2a>+ ... +1C X" a +1C  xta 1 +1C x0a”

n

= (x+a)n: ZHC,- X ra.

r=0
2. Properties of Binomial Expansion
(a) The total number of terms in the expansion of (x + )" is n + 1.
(b) The sum of the indices of x and « in each term is n.
Thus, the (r + 1)th term ="C, x"~" a" and sum of indices = (n — r + r) = n.
(¢) The coefficients of terms equidistant from the beginning and end are equal. These coefficients are known as
binomial coefficients.
"C.="C, ¥r=0,1,2, .. ,n = "C,="C,"C,="C ,"C,="C, ,andsoon.
(d) Replacing a by — a in the expansion of (x + a)”, we have
(x—a)y'="C,x" ao—”C1 ¥ lg! +"C, 36”’2612—”C3 X3+ +ED)C X al L (Y ”Cnxoa”.

n

= (x-ay= 2D "C, .x"""d"

r=0
() xta)y'+(x—a)"=2("Cyx" a’+ "C, X' 2@, )
(xtay'—(x—a)"=2("C;x" 'a' +"C;x" 3a*+ ... )

(f) The (r + 1)th term called the general term in the expansion of (x + a)" is givenby T, , ="C x"""a'".
In the expansion of (x —a)", T, , = (-1)""C x"""a".
(g) Middle Term: In the expansion of (x + a)", if

n
e nis even natural number, then middle term = [5 + l)th term

+1 +3
e nis odd natural number, then (HT )th term and (nT jth term are the two middle terms.

(h) Term from the end: In the expansion of (x + a)", the rth term from the end is
=[(n+1)—(r—1)]th term from the beginning

= (n —r+ 2)th term from the beginning. <« (nt+1l)terms ———»
(/) The sum of the binomial coefficients = 2", i.e., (7 —1) terms > th terms
CotC +Cy+ ... +C =2"
() C,+C+Ci+..=Cy+ Cy+Cyt =21
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General Term and Expansion of Binomial Theorem
SOLVED EXAMPLES

S
Ex. 1. Expand [2x+%) .

5
Sol. (2x + Xj
2

2 3 4
"Gy (2x)° +°C (20 (§)+ °C, (2x)° (%) +°Cy (2x)° (%] +7C, (2%) (%j +7C; (

i

N =

2 3 4 5
M><8x3><y—+&><4x2><y—+5><2x><y—+y—
2x1 4  2xl1 8 16 32

5 5
= 32x" +40x*y + 20x°y? +5x%y* + Exy4 + :—2

32%° +5><16x4><§+

2 x ¥
Ex. 2. Expand | ——— | ,x#0.
x 2

R R e [ RGO B[

64 32 x) 6x5 16 x* 6x5x4 8 ) 6x5 4 x*
= —F+tOX—=X| - [+ X—7X—+ X X|—— [+ X X—
X X 2 2x1 x 4  3x2x1 x 8 X1 x 16
5 6
+6x—x(—§—2)+%
6 X
:6—:—9—?+6—2—20+1—5x2—§x4+x—
X X X 4 8 64

Ex. 3. Find the coefficient of x° in the expansion of (1 + 2x)° (1 —x)".
Sol. (1 +20)° (1 —x)7 = [1+6C, (2x) +6C, (2x)* + 6C, (2x)} + 6C, (2x)* + 6C, (2x)° + (22)6] x [1 = Cpx + TCc?
—1Cx* +7Cx* = 7C x>+ TCx® — x]
=[1+ 12x + 60x? + 160x> + 240x* + 192x> + 64x°] x [1 — 7x + 21x> — 35x> + 35x* — 21x° + 7x® — x7]

The terms containing x> in the product are obtained an multiplying constant term by the term containing x°, term
containing x by the term containing x* and so on.

These products are (1 x (-21x7)) + (12x x 35x%) + (60x? x (=35x%)) + (160x> x 21x?) + (240x* x (-7x)) + (192x° x 1)
=—21x° +420x> — 2100x> + 3360x° — 1680x> + 192x°
. Coefficient of x* = (= 21 + 420 — 2100 + 3360 — 1680 + 192) = 171.

10
1
Ex. 4. Find the 6th term in the expansion of (sz - 3—2) . (Karnataka CET 2007)
X

10
1
Sol. The general term ((z + 1)th term) in the expansion of (2)62 - gj is

1 r
Tr+1 = (- 1)V IOC), (2x2)10—r [3_2j =(-1y IOCr 2107 ,20-2r (3)—rx—2r = (1) IOCr 2107 (3)—rx20—4r
X
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32 8%

><10><9><8><7><6 2’ -
243 243"

X Z—xx’ =(=1)x252%

T =T =(—=1)’10C_210-5(3)=5420-20 = (1
51 - CDPRC2TE) ) aaxaxd 3

6

Ex. 5. Find the coefficient of x?° in the expansion of (1 + 3x + 3x? + x3)?° (DCE 2007)

Sol. (1 +3x+3x* +x°)%0 = ((1 +x°))* = (1 +x)*
(1+x)"="Cy+"Cix +"Cx* + .......... +1C x",
The coefficient of x*° in the expansion of (1 +x)%° = 9°C, or °C (- "C.="C, )

Ex. 6. If the coefficients of (72 + 1)th term and (;n + 3)th term in the expansion of (1 + x)?° are equal, then find
the value of m? (UPSEE 2007)

Sol. (1+x)0=20C, +2°Cx +2Cx> + .......... +20C X+ L+ 0,0
General term T..,=2Cx .= T, ,=%Cx"

Tm+3 = 20Cm+2xm+2

Given, coeff. of (m + 1)th term = coeff. of (m + 3)th term

= 20(jm = 20C'm +2 = 2OC'ZO -m = 20(jm +2 ( nCr = nCn - r)
= 20-m=m+2 = 2m=18 = m=9.

Ex. 7. If second, third and fourth terms in the expansion of (x + a)” are 240, 720 and 1080 respectively, then
find the value of n.

Sol. (x+a) =”C0x”+”C1x”‘1a+”’C2x”‘2a2+"C3x”‘3a3+ ........ +1C,a"
T,="C/x"!a=240 ..(0)
T, ="C,x""2a*=720 ..(ii)
T, ="Cyx" % a®=1080 ...(ii)
"Cox"tad 720 ’Zglal)xa (n—1)
n—1)a
On dividing (i7) by (i), we get nél = = 240 = x =3 = o =3 (i)
nn—1)(n-2)
"Cox" 3 d 1080 32xl 43 m-2a 3
On dividing (iii) by (if) we get — —— = = == = ——=— ..(v)
"Cyx"""a” 720 n(n-1 < x 2 (3x) 2
2
n-2\a
3 Jx 32 2(n-2) 1

Now dividing (v) by (iv) we get (n—l)a = T:> 3-D 2 =4n—-8=3n-3 =>n=>5.

2 )x

Ex. 8. What is the coefficient of x in the expansion of (1 +x)'' + (1 + x)12 +..... + (1 + x)?*?

Sol. (1+x)"+(1+x)2+ ...+ +x)?*
1+ )" {1+x)"° -1} { This is the sum of a G.P. with 10 terms whose

(1+x)—1

first term = (1 + x)'" and common ratio = (I + x)

- Lo,
X

1
». Coeff. of x* in the expansion of — [(1 +x)?! — (1 +x)!]
x

= Coeff. of x* in [(1 +x)*! — (1 +x)!'] =21C, - "'C..
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Ex. 9. If the coefficients of the second, third and fourth terms in the expansion of (1 + x)>" are in A.P., show
that 2n?> 9n +7=0. AMU, IIT)
Sol. (1+x)yn =21C)+2"C, x +2Cy x* + ...+ 2"C X"+ ... +2"C), x*"
T,=2C,x, T,=""C,x*, T,="C, x*
Given, coefficients of T, T; and 7, are in A.P.
2n)! (2n)! N (2n)!
@n=-2)12! @2n-1)! (2n-3)!3!
N 2n(2n—1)(2n-2)
6

2n —2n 2n
= 2.0, =2C +2C, =

= (2n)(2n-1)= 2n 62n—1)=6+2n—-1)(2n-2)

= 12n—6=6+4n*-6n+2 = 4n* —18n+14=0 = 2n*-9n+7=0.

PRACTICE SHEET-1
(General Term and Expansion of Binomial Theorem)

8 11
1y, b
1. The ninth term in the expansion (3)6 - 2—) 18 7. If 7 occurs in the rth term of (ax - —2) , then the value
X X
1 1 of ris
@ S5 B) =50 (a) 6 (b)7 ()8 )9
. (MP PET 2011)
(c) - (d) (KCET 2007) 1Y
256 x° 256 x* 8. In the expansion of | x —— | , the coefficient of x° is
X
1Y. 5 _ .
2. If the fourth term in the expansion of (ax + —j 18 —, then (a) 20 (b) =20 (c) 30 (d) - 30
x 2 (UPSEE 2009)
(@) a= l’ n=6 (b) a= l’ n=5 9. If the coefficients of 5t 6! and 7 terms in the expansion
2 3 of (1 +x)" are in A.P.,, then n equals
1 (a)7 b)5 (©3 d) 10
= = = — = 1
(©a=2,n=3 (d) a=g.n (UPSEAT 2000)
(J&K CET 2003, AMU 2013) 10. If 7th and (+ + 1)th terms in the expansion of (p + ¢)" are
3. The two consecutive terms in the expansion of (3 + 2x)74, (n+l)q .
. equal, then ——— i
whose coefficients are equal are r(p+q)
(@)11,12  (b) 7,8 (¢) 30,31 (d) None of these 1 1
. (@) 0 (b1 ()~ d) =
(Manipal Engg. 2009) 4 2
. (2 1) (KCET 2011)
4. The coefficient of x " in | X* — 2" 11. The first three terms in the expansion of (1 + ax)” (n # 0) are
(a)— 252 (b) 210 © -G (d)-120 1, 6x and 16x2. Then the value of @ and n are respectively
(WB JEE 2009) (a) 2 and 9 (b) 3and 2 (C) 2/3 and 9 (d) 3/2 and 6
. 3o 12. In the expansion of (2 — 3x%)%, if the ratio of the 10th term
5. The coefficient of x* in the expansion of [E - _ZJ is to the 11th term is 45/22, then x is equal to
x
2 3 2 3
405 450 504 540 a) —= by —= ¢ —QF —iﬁ
@se B ©ie @ @-3 O3 @5 @3
256 263 259 269 (Odisha JEE 2012)
(RPET 2001) sha

6. If in the expansion of (a — 2b)", the sum of the 5" and 6 13. If the second term in the expansion of {1\3/; +

. a.
term is zero, then the value of Z 1S

n
a .
; 18
la,
n

14a%2, then the value of —= is

n—4 2(n-4) 5 5 n
, 2
5 O—%5— O, @5 (a) 4 ()3 @12 @6

(BCECE 2009) (DCE 2006)

(a)
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17
14. Let ¢, denote the nth term in a binomial expansion. If ti in
t 5
the expansion of (a + by’ " # and t_S in the expansion of
4
(a + b)" are equal, then n equals

()9 (b) 11 (c) 13 (d) 15
(Kerala PET 2013)
|
15. If T denotes the rth term in the expansion of (x + —) ,
then *
(a) T\, =x*T\, (b)x*~T\;=T,,
(T, =Ty; @) T, +T3=25

16. Let the coefficient of x” in the expansion of (1 + x)*" be p
and the coefficient of x” in the expansion of (1 +x)*"~! be

g, then
(@p=2¢

(b)2p=3g (d)3p=2¢g

(WBJEE 2011)

17. If 0 < r < n, then the coefficient of x” in the expansion of
P=1+0+x)+(1+x2+{+x)P+...+(+x)is

(©2p=g

(a) nCr (b) nCr+1 (C)”JrlCr (d) n+1Cr+1

(AMU 2007)

1 1Y
18. The coefficient of — in the expansion of [— + lj 1+ x)"
is o x
(a) 2nCn (b) 2nCn . (C) 2nCl (d) ncn O
(Odisha JEE 2004)

19. If the magnitude of the coefficient of x’ in the expansion of

8
2 iy . .
(ax + b—j , where a, b are positive numbers is equal in
2

magnitude of the coefficient of x~ 7 in the expansion of

8
(ax - —2j , then a and b are connected by the relation:
X

(@)ab=1 (b)ab=2 () a?b=1 (d)yab*=2
(WBJEE 2008)
20. In the expansion of (I + x + x? + x%)°, the coefficient of
x4 is
@130 (b 120 ©128  (d)125
(Kerala CEE 2007)

L. (d)
11. (¢)

2. (a)
12. (@)

3. (¢)
13. (a)

4. (b)
14. (d)

5. (@)
15. (@)

HINTS AND SOLUTIONS

8
. 1

1. Given, (3x - —j

2x

General term = T.,; = °C. (3x)*" (__j
2x

8

s 1
- Ninth term = 7 = *Cy (3x)** (_2_)
X

(Herer+1=9 = r=38)
1
256x°

1 n
2. Given, (ax + —]
X

(1Y
General term =7, , = "C, (ax)" (—j
x

Iz

1 3
., }’lc3 (ax)n*:; (_j
X

nC3(l"73 .xnf?a .x—3 :nc3an—3xn—6

ﬂ
Il

5 n n-3_n-6 5 .
T,=— = "Ciad" °x =—
) 3 B (@)

4
Clearly, the fourth term does not contain x, so power of
x=0.

Given,

(From (7))

6. (b) 7. (b) 8. (b) 9. (a) 10. (b)
16. (a) 17. (d) 18. (b) 19. (a) 20. (b)
6 5 _5 6x5x4 3 5
= BT T2 7 Tax2 Y72

3 5 1 1
= = == = a=—.
S5x4x2 8 2

a:%,n=6.

3. General term of 3 +2x)*is T, , ="4C (3)* " (2x)"
=T4C 3)r 2y
Let the two consecutive terms be (» + 1)th term and
(r + 2)th term.
Then, Tr+2 = 74Cr+ . (3)74—(r+ Door+1yr+l
Given, Coefficient of 7, | = Coefficientof 7, _,

r+1

= 74Cr (3)74—;’ or= 74Cr+ . (3)73 —r pr+l

[74
e, 3 or [74-(r+D|r+1 3
= = = = —

74Cr 373—}" : 2I‘+1 |7_4 2
T4—r|r

TaZr 3 48— 2r=3r43
r+l1 2

r=29.
The two consecutive terms are 30th and 31st.

= 5Sr=145 =
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10
1
4. Given, (xz —3J
X

, 1Y
General term =7, | = e (xH _3j
X
= lOCr ¥20-2r 1y (x—Sr)
— lOC x2075r (7 1)r
Since the term contains x~ 1%, . 20 — 5r=—10

= 5r=30 = r=6
10
Coefficient of x 10 =10C, (— 1)= 110
l6]4

10X9x8x7

=————=210.
4x3%x2

x2

. 3\
5. Given, (——)
2
¥ 10—r r
General term =T, | = IOC, (—) [— 3 j
r 2 x

10-r
— IOC’. [ ) (7 3)7‘ x10—3r

Since the term contains x*, 10— 37r=4 = 3r=6 = r=2

10-2
1
. Coefficient of x* = 10C2 (EJ - 3)°

8
- Qx 1 (=3)?
82”2
10x9 1 405
= —X—X9=—-.
2 256 256
6. Given, (a — 2b)".
General term =7, ="C _(a)" " (- 2b)’

= nCr (a)n—r (_ 2)}’ br

Ty="Cya" *(-2)*b* (vr+tl=5=r=4
T,="Csa" 5 (-2y°b° (vr+tl=6 = r=5)
Given, T,+Tg=0

= "C,a" .16 b*+Cga"=5 (—32) b5 =0
= 16"C,a" 4 b*=32."C,a"~5 b’

"Csad" b 16 1 b 1_"C,
= wn add a3, O TT5%%
C4a b 32 2 a 2 CS
|n
1 W4 s s
2 [n 2 n—-4 2(n-4)
[5|n-5
- E_Z(n—4)
b 5
11
b
7. Given, (ax - —2]
X

r+l

([ bY
General Term =T, , = ”C, (ax)11 (——j

10.

llCrall—r_xll—r(_b)r.xfzr
llcrall—r(_b)rx11—3r
rthterm =T = 11CFl @l == (= py =1yl =30-D
11CF1 @243 py
occurs in the rth term

14-3r=-7 = 3r=21 = r=7.

Since x 7

. Let ( + 1)th term be the coefficient of x° in the expansion

]
of | x—— | .
x

T 1: 6Cr x6*}’ (_l) :(7 1)}” 6Cr x6*}’ x—r
X

r+
— (_ l)r 6Cr x6—2r
As the power of x is 0, this means that the given term is a
constant term.
6-2r=0 = r=3
T,=(-1)°C,=-20.

— 2 -1
(X)) ="C, +"Ci x +"Cyx A+ L+ C XA XN

Given, coefficients of 5th, 6th and 7th terms are in A.P.
= "C,,"Cy,"CiareinA.P = 2."C;="C,+"C,
5 n! _ n! N n!

51(n=5)! 4l(n—-4)! 6!(n-06)!
2% !

5x4!x(n—5)x(n—-06)!
_ 1 N 1
4I1x(n—4)x(n-5x(n-6) 6x5%x4!(n-06)!
- 2 _ 1 +L

5(n-5 (m-4)m-5 30
= 12n-4)=30+m-4)(n-5)
=
=

=

n—9n+50=12n-48 = n>-2In+98=0
n-14)n-7=0 = n=14,7.
Given, (p + q)"
General term=7__ ="C p" "q"
rthterm=7 ="C_ (p)" "~ Dg !
:ncrilpn—r+l qr—l
(r+1)thterm=Tr+1 ="C p""q"
Given, T.=T _,
= " rilpn—r+]qr—l:ncrpn7rqr
n—r+l _r-1 |n ror

|n _ n-
n—r+1|r_—1p 1 _nfrtp 1
1
(n—r+1) nfrlr_flxlu'r.lr—i1

=

B pnfrqr
_pn—r+l r—1
r q
= ————=— = pr=gqn-—qr+gq
n—-r+1 p
n+1
= (p+qr=(n+lgqg = —( )q=1,

r(p+q)
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11. (1 + ax)" ="C,+"C, (ax) +"C, (ax)* + "C, (ax)’ + ....
+C, (ax)"
Given, T, =6x and T,=16x
= "C ax=6x and "C, (ax)*=16x’

-1
= nax=6x and ”(”T)azxzzwxz

= na=6 = n?a*=36 and n(n-1)a*>=32
n(n-1a* _ 32

12. General Term of (2 - 3x*)*is T, =20C_(2)* " (- 3x%)
TlO — ZOC9 211 (7 3x3)9 — ZOC9 (71)9 . 211 . 39 .x27
T” — ZOCIO 210 (7 3x3)10 — 20C10 210 . 310 . x30
T C .1 2" .37 XY 45
Given, —==—75; 10 A0 30 Ay
1, Cpop-27.3" .x 22
10 2 45 3 8 2
——X—=— = X =—— = x=——.
11 3x° 22 27 3
n
13. Given, [1\3/; + \/a_l]
p=

1 n

a n

_ al/13+ =(a1/13 +a3/2)
a—l/Z

() )
= T,=14a°? = "C\ab a?)=14a?

n-1_3 H 2n-2+39 H
= nal® 2=14a2 = na 2 =14q2
2n-37 5
= na * =14a?> = n=14
14!
”C3_14C3_11!3!_4
”C2_14C2_ 141 7
1212!

14. General term is expansion of (a + b)" ** is T,

:n+4C an+4—rbr
¢ n+4C an+4—5 bS n+4C b r
6 = > = 3 (i)

tS n+4C4 an+4—4 b4 n+4C4 a

General term in the expansion of (¢ +b)"is T, ="C a"~"b"
t;  "Cyd"tht "C, b

t nC3 an—3 b3 - nC3 ' a "~(”)
According to the given condition, from (i) and (i7),
n+4C5 b B nC4 b
BRI
(n+4)! n!
—N!s! —4)141 _
(1(1n+12‘.)5!.=(n n4!).4. - %zn 3 - n=15.

nldl  (n-3)13!

23
15. The general term in the expansion of (x + —] is
X

1 r
23 23 B, 23-2
T . ,=7"C.x"" (—) =7C, x7 7

.+
r+1 X

Now, T, =2C, x3-2=2C x ...(ii)
Cortl1=12 = r=11)

1 23-24 1
23 23
X X

(or+l1=13 = r=12)
1
er (—j ... (iii)
X
(= BC =2Cy ,=7C)
itY 2

= T =x".T;.
T3

RN
-

X

2n—1 n 2n—1 on—1
+ C, X"+ ... + C,, X

Given, p = coeff. of x" in expansion of (1 +x)*" =2"C,
g = coeff. of x" in expansion of (1 +x)*" "1 =21-1C

2nx|(2n —1 2n -1
Now p=""C 2n _ | =2 | (D)
n-1|n

"“laln nl—Dln
YR |2n -1 _ |2n -1
" 2n—1-nln |n-1ln
From (i) and (ii) p = 2g.
17. Given, P=1+ (1 +x)+ (1 +x)2+ (1 + x>+ ...+ (1 +x)
P is the sum of a G.P of (n + 1) terms with first term = 1,
common ratio = (1 + x).

n+1 no_
SP= 1+x” —D S, =4r =) (" —1) when n >1
(1+x)-1 r—

...(ii)

{a+x =1}

n+1 n+1 2 n+1 r
{1+ Cix+""Cyx*+ ... +"7C X
n+l r+1 n+ 1
FrUC, X AL )~ 1
n+1 n+1 n+1 r—1_1n+1 r
T G S O s S O e R ORI ¢
+ ... x"}

Thus, the coefficient of x” in this expansion is " * lCr 4100
n+ IC
n—r

18. [l+1j (1+x)" = (”x
X X

N

jn 1+ x)" =in(1 +x)*
X

1
=—(1+7C x +2C, 2+ . +2°C, X"
xn n
2 2
+ . +C,, X7
1 2n 1 2n 1 2n 1
=|—=+"C—+"CG—F+...+7C,_ =
X X X X

1
The coefficient of — is >*C, .
x
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LF Since this term contains x~’
19. Let the term containing x” in the expansion of (ax2 +b—) 8-3R=-7 = 3R=15 = R=5
X 8
i 1
5700 ) Coefficient of x~ 7 in the expansion of [ax —b—zj
(1Y X
et Tro1 = G ey (Ej sy, a _—
s~ @ 6l s o163 SeUs R
=C,—.x x ' ="C. ——x 5 3
b b Given 8o, | =8¢, &
Since the term contains x’, 16 = 3r=7 = 3r=9 = r=3. ’ 3 b 3 b’
8
1 5 3
i 7 i e — a _4a o8 _
Coefficient of x’ in the expansion of (ax bx) - pelict (o 8C,=8C,_,=5C))
§-3 5
S ToNl N o = @ =1 = ab=1.
3 3
b b R i (R R R}
Now, let the term containing x~” in expansion of [ax - bx_zJ =[(1+x) (1 +x)]°=(1+x)° (1 +x?)°
is Tp L = (6C, +6C, x + C, x? + 6C, x3 + 6C, x* + 6C x° + 6C, x°)
Then, T, = "Cp (ax)’ " (—bx—zj (6C, +6C, x2+6C, x*+6C, x8 +6C, x* + 6C, x10 + 6C, x12)
e R e R Coefficient of x'*=°C, . °C, + 6C, . 6C, + °C, . °C,
—nRsc. 4 KR 2R R84 KS3R
R ™ 0GR :6>2<S+6>2<5><6+6X5=30+90=120.

(Middle Term, Term independent of x, Greatest term, pt" term from the end)

SOLVED EXAMPLES

10
1
Ex. 1. Write the middle term in the expansion of (x = 2—) 0
X

6
Sol. The general term in the expansion of (x - —) is

1 i
Tr+1 =(- 1)r6Crx6*r (2_) =(=1)y. 6Crx6—r‘2—rx—r: —1y. 6Crx672".2*"
X

Now the power of binomial expansion being 6, (even), the middle term is (5 + l)th term = 4th term.
6x5x4  , 1 5
——X

T.=T,  =(1)°C, x* %2 =(1)x x
s~ L = DG ()3><2><1 )

V3

10
Ex. 2. Find the coefficient of the term independent of x in the expansion of |:\/§ + —:| o

X
10
Sol. Given, L/E +£§} R
3 x

10-r
General term =7, = e, [\/gj (

For the term independent of x,
10—r

10-r 10—

}r ~ ¢ (1)2 () x 7 =vc [l)zr () L

3 3

><N|$‘

O & 10 r=4r = 57210 = r=2

-2r=0 =

T, , ie., T; is the term independent of x and
10-2

1V 2 2 10x9 (1Y 1 5
T.=°C, | = B3) = x| — | x3=45x—==,
=6 [5) T (5 g

3 2
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Ex. 3. Show that the coefficient of the middle term in the expansion of (1 + x)?” is the sum of the coefficients of
the two middle terms in the expansion of (1 + x)*"~1.
Sol. The expansion of (1 + x)*” contains (2n + 1 ) terms.

2
The middle term here is [7’1 + 1] th term, i.e., (n + 1)th term.

2n)! 2n)!
T - — ZnCn xn =( l’l) xn =( n)2 xn (l)
" n!'n! (n!)
. . . 2n—1+1
In the expansion of (1 + x)*" ~ !, (2n — 1) being odd, there are two middle term (% )th term and
2n—1+3
(nT )th term, i.e., nth term and (n + 1)th term.

In case of (1 +x)>*~!
—2n—1 n—1 —2n-1 n
Z}'z Cn—l'x ’tn+1 Cn'x
Sum of coefficients of ¢ and¢ =2""1C  +2-1C =2»-1+1Cc =2C (.o nC +7C  =""1C )
n n+1 n—1 n n n 7 r+1 r+1

2n!
= - coefficient of middle term of (1 + x)>". (from (7))

()

9
2 3
Ex. 4. Find the 5th term from the end in the expansion of (— - x?J o
X

9
3
Sol. Using rth term from the end = (m — r + 2)th term, we have 5th term from the end in the expansion of [— - %)
X

= (9 — 5 + 2)th from the end = 6th term from the beginning in the given expansion

9-5 3 5 4 3 5
-7 -9 2 X _—9><8><7><6>< 2 VES
6 15+l Sx 5 4x3x2x1 | x 5 nr, 1,771, I, T, Ty T, T),

AR
16 X -2016 4 6th term from the 5th term from
= — 126X—4X 3125 = 3125 beginning the end
X

PRACTICE SHEET-2

(Middle Term, Term independent of x, Greatest term, pt" term from the end)

n 3 Y’ 2" 2n-1)(2n-3)....3.1
1. The middle term in the expansion of =3 + o is (a) n(n—-1)(n-2)...32.1
(a) 252 (b) 260 (c) 274 (d) 450 byn(n+t1)y(n+2)...2n
(MP PET 2013) (©)2"2n-1)(2n-3)....3. 1
1 § n
2. The middle term in the expansion of [xz +—+ 2) is (d) 2 mm+)@+2).....(2n) (Odisha JEE 2011)
X nn-1)(mn-2)....3.2.1
(a) " 5 (b) @nY 5 5. The coefficient of the middle term in the binomial expansion
[(n/2)!] [(n/2)!] in powers of x of (1 + ox)* and of (1 — owx)® is the same if o
1.35....2n+1) ., 2n)! equals
(O =T @S 3 5 3 10
- (h @-7 -3  ©5 @3
(Manipal Engg. 2012) AIEEE 2004
3. In the expansion of (1 — 3x + 3x? — x*)?", the middle term is _ . _ ( )
(@) (n + 1)th term (b) (2n + 1)th term 6. The numerically greatest term in the expansion of (3 + 2x)*,
L.
(¢) (3n + 1)th term (d) None of these when x = 5 s
(MP PET 2011)
4. The coefficient of the middle term in the expansion of (@) 4th term  (b) Sth term () 6th term  (d) 7th term
(1 + x)2n is (AMU2009)
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7. The greatest term in the expansion of (I + 3x)**, where
1

X=—1s
3

(a) Ty (b) Tys (c) Ty (d) T,
(DCE 2007)
8. The term idependent of x in the expansion of

2\/;_ 1 ll.
5 2x\/; 1S

(a) Sthterm  (b) 6th term

(c¢) 11th term (d) no term
(J&K CET 2007)

. . 2\
9. The term independent of x in NE N

X
(C) 18C6 24 (d) ISC12 26

(MP PET 2009)

10. The term idependent of x in the expansion of (1 + x)”

1 n
[1 + (—ﬂ is

X
@ C, +C+Cy+ .+ C
(b) C,+2C,+3C,+ ... +"C
() C2+C2+Cl+ ... +C?
(d) Cl2+2C2+3C2+ ...+ (n+1)C?

(Kerala PET 2000)

(a) 18C12 28 (b) ISC6 212

3dx 05

13n
11. If in the expansion of — contains a term
P [ 7 2x \/; ]

independent of x, then » should be a multiple of
(a)3 (b) 4 (©)5 (d) 6
(Kerala PET 2008)

2 n
12. The 13 term in the expansion of (xz + —) is independent
X

of x, then the sum of the divisors of n is

(a) 36 (b) 37 (c) 38 (d) 39
(Karnataka CET 2012)

13. The term independent of x in the expansion

1Y 1Y
(x—) (x-i——) is
X X
(a)-3 0 ()3 (@1

(Gujarat CET 2007)
14. What is the ratio of coefficient of x' to the term independent

15
ofxin [ +2) 2
X

1
@
(NDA/NA 2011)
15. The term independent of x in the expansion of

1 11
(x+—+2) is
X

11 111
@ et D 56

1 1 1
(@) “ (b) E%) (c) 16

() 22C10 (d) 22C11

2

N 12
2 .
16. 5th term from the end in the expansion of (% - —j is
X

(@) — 7920 x4(b) 7920 x*  (c) 7920 x* (d) — 7920 x*

15
2

17. In the expansion of [3x - —Zj , if the pth term from the
X

end does not depend on the value of x, then the value of p is
(@9 (b) 10 (o) 11 (d)12
(Rajasthan PET 2009)

18. Find the sixth term of the expansion of (32 + x!3)", if the
binomial coefficient of the third term from the end is 45.

(a) 240 y3/2 x2/3 (b) 252 y5/2 x5/3
(C) 252 y3/2 x5/3 (d) 240 y5/2 x5/3

1. (a) 2. (d) 3. (¢ 4. (a) 5. (a) 6. (¢) 7. (a) 8. (@) 9. (d) 10. (¢) 11. (D)
12. (d) 13. (b) 14. (b) 15. (d) 16. (¢) 17. (¢) 18. (b)
HINTS AND SOLUTIONS
n 2\ 2n
2x2 3 '’ 2. (x2+%+2j =[(x+lj ] =(x+lj
1. In the expansion of T-’-ﬁ , the middle term is the x X X

10
(7 + ljth term, i.e., 6th term

) 2 10-5 3 5
- 10 X
NOWTéfTS_H* C5 (T] (ﬁ]

( 7;+ = nCr (a)n—r bl)

10! 25410 3

_ 10!  10X9X8XTx6
IR 2

= = =252.
X0 5151 5x4x3x2x1

The middle term in the expansion of | x +—

X
2
=(7n+1)thterm=(n+l)thterm.
(1Y @) , 1 (@
Now 7, , = >"C, (x)"™" | = :_(”)x._:_(”z),
" x n!n! x" (n))

3.(1-3x+3x2 =)= ((1 -x)>? = (1 —x)*

6
Middle term = (7’1 + ljth term = (3n + 1)th term.
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. . . . (2n
4. The middle term in the expansion of (1 +x)*" is EY +1 |th
term, i.e., (n + 1)th tern.

Coefficient of (n + 1)th term in the expansion of
(1 + x)Zn = 2ncn

Cen)! 2m@n-1)(2n-2)...32.1
Coalnl (-1 (n—2)...32.13
2n@2n-2)Qn—-4)... 423 {2n—-1)(2n—3)...3.1}
- n(n—1)(n=2)...3.2.1}2

2" (n-1)(n-2)... 321 {2n - 1) 2n - 3) .. 3.1}

-1 ((n-2)..32.12
2"{2n-1)(2n-3)...3.1.}
 n(-)(n-2)..32.10

4
5. Middle term in the expansion of (1 + ox)* is the (5 + ljth

term, i.e., 3rd term.

t 4C, (ox)?

3= he T
6
Middle term in the expansion of (1 — cux)® is the (5 + ljth

term, i.e., 4th term.

T,=T,, ,= 6C (= 1) (ox)?
Coefficient of £, = Coefficient of 7,
4X3 2_( 1) 6X5X4(X3 60(,2:—200(,3
6 3
= o=——=——.
20 10

6. The general term in the expansion of (3 + 2x)* is
Tr+ = 44Cr (3)44—r (2x)"
. (3)44—(r—1) (zx)r—l — 44Cr—

Tr — 44Cr— . 345—r (2x)r—1

1
For T | to be the greatest term, (where x= —)
5

Tr 44C 344—r 2 r
Sl 44 45r(X)r1>1
T, C, 13" v
(44)!
44 -r)'r! 2x 45-r) 2x
X—>1 = X—>1
(44)! 3 ;
4 -r+D!@r -1
L W 2 S 0215
r 3 5
= 90>17r or 17r<90 = r<%=5§

=

;
= T, i.e., the 6th term is numerically the greatest term.
7. Similar to Q. 6.

8.

10.

11.

2\/» | 11.

The general term in the expansion of | —— — is
& P 2x \/;

5
; 2 11-r LY
T = C( s J (Zx\/;j

llcr (71)l‘ 211—r (xl/Z)llfr (5—1
1

_r
2 2

11—]’. 2—}’ . (x—3/2)r

~

_.
(9%}
SR

11Cr (71)1' 211—2)’ 51’*11
11
]1C ( 1)r21| ~2r gr-11 x2

) 11 11
This term will be independent of x, if — —2r=0=2r = 5
11
= r=—. Since 7 =— is not an integral value, there is
11
2 1
no term in the expansion of ﬁ - which is
. 2x+/x
independent of x.
, 8
. The general term in the expansion of [I - —} is
X
2 Y 18-r
T+1 — 18Cr (\/})18*}” (__j — 18Cr x 2 (71)}” 27’ x—}’
X
18-3r
_ 18Cr X 2 (_1)r Zr
18—
This term will be independent of x if =0=18-3r
=0 = r=6.
. Reqd. term =T, =18C, (-1)020="18C 26 =18C , 26

( 18C 18C12)

(1+x) (1+l)
X

=["Cy+"C,x+"C,x

X {”CO +"C (l)+
x

The term independent of x in this expansion is
["C,."Cy+"C, . "C,+1C,  "Cy L+ C L C
= ("Cy? + ("C )} + ("C,)* . + ("C )
=Cl+Cr+Cl2+ .. +CA

3n
W5

The general term in the expansion of | —— — 1s
7 2xx
13n—r -3r

13n 3\/713'“ 1
i C( 7 ] [2xIJ

— 13”Cr (—l)r (3)13n—r (7)r—13n (S)r (2)—r x 2 .x 2
13n s

13nC ( l)r (3)13n r(7); 13n (S)r (2) x 2

13
This term is independent of x if = or=0

m=2r = n=4|_
2 13

= n should be a multiple of 4.
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12

13.

14.

15.

. 13th term in the expansion of (xz + —] is given by
X
12 12
2 2
Ty="Cp ()" (;j ="Cp 2 =
X

— nClZ xZn—36 . 212
If the 13th term is independent of x, then 2n — 36 =0
=n=18.

The divisors of n = 18 are 1, 2, 3, 6, 9, 18 and their sum
=1+2+3+6+9+18=239.

(] (3]
X —— X+ —
X X
=1, x' -1 P+, -t =

1 1

3 3.3 3 3

X(Qx-+Qx+(5—+Cy7)
X X

As can be seen from the given product, there is no term free

of x on RHS, therefore the term independent of x is 0.

15
. L . 2 2
Given, binomial expression = (x + —j
x

5o ()T (2)’
X

— ISC x30—2r 2r x = ISC x30—3r . or
For coefficient of !5, put 30 - 3r=15=3r=15=r=35

Ty, =Tg="Csx15.2°
For term independent of x, put 30 — 37 = 0 = 3r = 30
=r=10

T10+1

General term = T.,=

=7, ="C,p2"°

, T, Pog2? B, 1001

Required ratio = ——= 3 TERRE —==
T PGy2 C, 2° 32

( nCr = nCn—r)

22
1
General term in the expansion of (x/; + —] is

N

Jr _ 22Cr (x1/2 )2272r

- (4

— 22 11-r
C x

16.

17.

18.

This term is independent of x, if [l —r=0=r=11
. Term independent of x is T T,,=%C, x?>22=2C,
Sth term from the end

= (12 =5 + 2)th term from the beginning

= 9th term from the beginning in the expansion of

12
X2
2 ¥
3 \2-8 8
2
12C8 (%) (_X_ZJ :12C8 vt 0t

_ 2XAIXA0XY a4 7020 x4,
4x3x2x1

141

2

15
2
The general term in the expansion (3x - —j is
X

2 7
Tr+1 — 15Cr (3x)15—r (_X_ZJ

— 15Cr (3)15—r (x)IS—r (—l)r (2)r (x)—Zr

— 15Cr (71)r (z)r (3)15—r (x)15—3r
This term is independent of x if 15 —-3r=0=r=35

. T, , = T = 6th term from the beginning is independent

of x.
= (15 -6+ 2)th term is independent of x from the end
= 11th term from the end is independent of x.
= p=11L
3rd term from the end in the expansion of (! + x!/3)
= (n—3 +2)th term from the beginning in the given expansion
= (n — 1)th term from the beginning in the expansion of

(yl/z + xl/S)n
n=2
Xyxx3

n wo_ n(n—1)
— Tn,l — ncni2 (yl/2)n (n-2) (x1/3) 2 — T

Given, Binomial Coeft. of 3rd term, i.e., 7, , | from the end
nn-1)

2
= nn-1)=90 = n=10

T, in the expansion of (% +x
10X9x8X7x6

X
S5X4x3x2x1 Y

=45,ie,"C,=45 = =45

1/3)10

5/2 5/3

— lOC5 ()}1/2)10—5 (xl/3)5 — X X

=252 y5/2 x5/3.

( KEY FACTS (Contd.) )

1. Binomial theorem for negative or fractional index
Let n be a negative integer or a fraction (+ve or —ve) and x be a real number such that | x | <1, then

(1+x)y'=1+nx+

nn=l) 2 n@-D=-2) 5,
! 3!

+n(n—1)(n—2')...(n—r+1)x,+.
r!

.. 00
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Note 1. The expansion is valid only if | x | < 1.

2. The first term of the binomial is unity, i.e., it is of the form (1 +x) where x € R and | x | < 1. Also the
expansion of (1 + x) to negative or fractional index contains infinite terms.

(x+a)y'=a" (1 + 1) (n being a negative integer or fraction (+ve or —ve))
a
x nn-1(x ’ nn-1a"?
:a"(1+n.—+T(—) +..... }=a"+na"_1x+Tx2+ .....
a ! a !

X

This expression is valid only when <lor|x|<|a].

2. General term in the expansion of (1 +x)", when n is an integer or a fractional rational number.
o nm-1)(n-2)..(n—r+1) <

r+1 l"!

3. Some special expansions and their general terms.
a. (1-x)'=1+x+x>+...+x+..
b. (1+x)y'=1-x+x>— ... +(1yx+...
c. (1-x)2=1+2x+32+...+F+1)x+...
d. (1+x)‘2= —2x+3x%— ... +=1)y @+ X"+
N (r+0)(r+2) 4
2
p (r+1)2(r+2) N

SOLVED EXAMPLES

Ex. 1. Write down and simplify the first four terms in the binomial expansion of (1 — 2x)*3.

2!2_1 2(2_1j(2_2)
Sol. (1— 2023 = 1+§(— 2x)+ (= 2x)? + 313 3 J o+

e. (1-x)3=1+3x+6x>+...

foQ+x)3=1-3x+6x2— ...+ (-1

3
2.1 3.2 0T
= lfixfix2 72x3 + o
3 9 81
. . . . 1-x
Ex. 2. Find the coefficient of x* in the expansion of Tex |-
x
1-xY
Sol. [rj = (1= (1 +x) 2= (1 — 20 +x2) (1 — 2 + 3x2 — 423 + 564 ....)
X
| |
The coefficient of x* in this expansion or product is (1 —2x +x?) (1 = 2x + 3x% — 42> + 5x%)
I L |

1Ix5+E2)x(-4)+1x3=5+8+3=16.
Ex. 3. Find the coefficient of x in the expansion of (1 +x + x? + x%)3.
Sol. (1+x+x>+xX) 3 ={(1+x)+x*A+x))3={1+x)1+x)3=0+x)3 A +x>)3
={l-3x+6x>— 103+ ...} {1-3x>+6x*—10x0+ ...}
The coefficient of x here = — 3.

Ex. 4. Find the square root of 1 + 2x + 3x? + 4x> + ..... ? (RPET 2007)
Sol. 1 +2x+3x*+4x*+...=(1-x)2
1

Reqd. square root = [(1 —x)? ]E =1-x)"
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Ex. 5. Find the coefficient of x” in the expansion of (1 — 4x) 12,

Sol. (1-4x) 12=1+ (%) (—4x) + (

= 1+%(4x)+w(4x)2+—(;)( ‘

21

)i,

LG

;)(;quz”fl: """ (_;_r+1)44uY+ .....
)(z)mxf+ ..... +(;)(;)(§j (22_q(4nf+ .....

135 Qr=D) o o 13..Qr=D) o,

T ., = General term = Y (4x)" = Y Y
C123...Q2r-D.2r 2.4 @) 2.x_@nl
24.6...2r  rl  2°(123...r) r! rlrl
| Y
coefficient of X" = (2r)! = coefficient of x" = (2n)2. .
rlr! (n!)

PRACTICE SHEET-3

(Binomial Theorem for Negative or Fractional Index)

1. The coefficient of x* in the expansion of (1 +x2), where |x|<1
(a) =5 () -3 (c)4 (d)5
(J&K CET 2010)

2.If | x | < 1, then the coefficient of x° in the expansion of
(I +x+x3)3is

(a)3 (b)6 (©)9 (d) 12
(Kerala PET 2009)
. . . 1+xY |
3. Coefficient of x in the expansion of (l J is
— X
+1
@2 @r @
(AMU 2003)
4. If | x | < 1, then the coefficient of X" in (1 + 2x + 3x* + 4x3
+.)2is
(a)1 (b)—n (c)n (d)n+1
(WB JEE 2009)
1-3x)°
5. The coefficient of x* in the expansion of ((1 zx)) is
—2x

(a)1 (b)2 (0)3 (d)4
(EAMCET 2001)
6. For | x | < 1, the constant term in the expansion of
1

GNe-2 "

1
(a) — 5 ()0 (1 (d)2
7. The coefficient of x” in the expansion of (1 —2x) 12 is
2n)! 2n)! (2n)! 2n)!
@z Oy @y nl

1
8. If | x| < > then the coefficient of x" in the expansion of

1+2x
1S
(1-2x)*
(a)r2”

(byr. 21 (o) (2r—1)2" (d) 2r+ 1).2"

(EAMCET 2005)

1. (d) 2. (a) 3. (a) 4. (a) 5. (d)

6. (a) 7. (c) 8. (d)
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HINTS AND SOLUTIONS

L(1+x)2=1-2x+3x>—4x> + 5x*

= Coefficient of x* in the expansion of (1 +x)?2 =5.

3V 3
2. (I +x+x2)3= (11__)6 J :( 1_x3 j =(1-x* 1-x")7

X 1-x
= (SCO_ 3C1 X+ 3C2 x2_3c3 x3)

(=3)3-D

[1 +(=3). (-x) + o (—x*)?

LDE3DE3Y) s }
1.2.3

=(1-3x+3x2-x) (1 +3x3+6x°+ 10x% + ...)
= Coefficient of x° in the given expansion
—(1x6+(-1)x3)=6-3=3.

1
= (1 + nx-i—mx2 +j
2!

(1 +(-n) (-x)+ w (-x)* + )

[1+x]ﬂ B
3. — | =(1+x)"(1-x)"
—-X

.. Coefficient of x in the given expansion =n + n = 2n.
4. (1 +2x+ 32+ 43+ .. )2 =[(1 —x) 22
=(l-x)'=1+x+x2+x>+ ...
= coefficient of each term = 1
= coefficient of x" = 1.
5. =(1-3x)> (1 —2x)"

=(1-6x+9x%) (1+(=1)) (-2x) + % (-20?
L EDEI-DEL-Y) s
1.23
RV Y G e Gl ) PP B

1.2.3.4
=(1—6x+9x%) (1 +2x+4x2+ 83 + 16x* + .....)
= coefficient of x* in the given product
=(1x16)+(-6%x8)+(9%x4)=—48+36+16=4.
1 1
6. 3 = 3
x=1D)"(x=-2) -2(0-x)°1A-x/2)

l-x2a-* 1}
[( 0 =)
[Note: The steps of taking 2 out from (x — 2)]

1
2

Il
|
|>—i
1
~~
=
+
[\)
=
+
(9%)
=
[3]
+
p—
VY
—
+
N | =
+
—

Coefficient of constant term = — E

We have done it because expansion of (x + @)"” when n is
a —ve integer or fraction is valid only when |a| < 1.

<l1.

n
X
.. We write (x+a)" =a" (1 + —j , where
a a

7. General term in the expansion of (1 — 2x)~"/2

(3152 -5 )
r o202 2 2 C 20y

r+1

r!
(—D’(l)(3)(5j (Zr—l)
- AR A2y
r!
Y 1.3.5. 7. @r=1) o

rl 2"

1.3.5. 70 2r 1)

For this term to contain x", ¥ =n

1.3.5.7.....2n-1) o
n!

T =

n+1

1.2.3.4.5.....2n-2)(2n—-1) (2n) o
2.4.6.....2n-2)(2n) n!

(2n)! o e,

2"(1.2.30c(n=1).n)n! 2" nin!
. . 2n!
Required coefficient = — 7
2% (n!)
R b2 (1 2x)2
T (1-2x)7
= (1+2x) (1 +-2(-2x)) +$(,2x)2
L 202-D(E2-2) . (2-r-1+]) a0
(r-=1n!
2(=2-1) e (2-r+1) 25 4.}

[
=(1+2x)(1+22x) +3 (2x)> + ... 7 (z*x)’—1 +(r+ 1)*(2x)"
L

+....)
Coefficient of x” in the given expansion

=+ 12 +2. . 2 =+ 1) 2 2= Q2r+ 1) 20
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Properties of Binomial Coefficients
SOLVED EXAMPLES

Ex. 1. If 1 +x)"=Cy+ C,x + C,x* + ..... + C, x", then find the values of
@) €+ Cyt Gyt e+ C,
(ii) C,— C,+ Cy= e+ (- 1)" C,
C, 20, 3C, nC

(i) =+ —2+— 4.+ —=
c, C G C

Sol. (i) (1+x)'=Cy+C/x+Cyx*+ ...+ C x"
Sum of binomial coefficients = 2"
C,+C+C+ .. +C =2" => C+C+.. +C =2"-Cy=2"-1

(i) (1+x)'=Cy+C;x+Cyx*+ ...+ C x"
Put x =—1, in the above equation, we have

0=C)—C,+C,—-Cy+ ... +-1)C = C-C+C-Ci+...+(=1)'C =0
= C-C+C+..—-1D)C =C=1

Q+ZCZ+&+ +nC _£+2n(n—1)+3n(n—1)(n—2)><2+ +n><1

(i) eIy L AT ==
¢ ¢ G c, ., 1 2.1.n 3.2.1.n(n-1) n
=n+m-D+m-2)+...+1=1+2+3+...+(m-2)+(m—-1)+n
n(n+1)
= Y (Sum of an A.P.)
Ex.2. If (1 +x-3x)!""=1+ax+ayx? + ...+ a,x?, then find a, + a, + a + ..... + a,. (Kerala PET 2007)
Sol. (I+x-3xH)10 =1+ ax+ a2x2 +. 7t a20x20 (D)
Putting x = 1 in (i), we get:
l+a,ta,+...+ta,, =-1"=1 (i)
Putting x =— 1 in (i), we get
l—a tay—...+ay,=( 3)10=310 ...(ii)
Adding (i) and (iii), we get
2(1+a,ta,+...tay) =30+1
3 -1
= 2a,ta,*t .. +a20)=31°—1 = a,ta,t...tay= 5
Ex. 3. Given that (1 +x)"=C,+C,x+ sz2 + . +C x"and C) + C, + C, + C;+..... + C, = 1024, find the value

n
of n and hence find the term in the expansion of (xz iF —) which contains x!1.
X

Sol. Sum of coefficients in the expansion of (1 + x)”
=C+C+C+ ...+ C =27
Given, 2"=1024 = 2"=21" = n=10.

10
Now, general term T, in the expansion of (xz + —)
X

— ]OC,, (XZ)IO—r (ljr — IOC,. x20—3r
X
For term containing x'', 20 -3r=11 = 3r=9 = r=3
10x9%x8
3x2

T4:T3+1:10C3x20’9: x x!'=120 x.
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Ex. 4. If C;, C,, C,, ....., C, be the coefficients in the expansion of (1 + x)", then find the value of C> + C;?> + C,2
+en +C 2

Sol. (1+x)"=Cy+Cx+C,x* +Cyx° + ...+ C X" (D)

Also (I+x)'=Cx"+C | x"'+..+Cx*+Cx+C, (i)

Multiplying both the sides of eqn. (i) and (if), we have
(1+x)" =(Cy+ Cix+Cyx? + ...+ C, (x" 1+ C x)x(Cx"+C, _x" '+ .. +Cx*+Cx+Cp

Now equating coefficients of x” on both the sides, we have

nC =C,C +C, C,_+C,C, ,+..

= MC =CRl+CR+CR24 ... +(C, P +C2 (+C,=C,C,=C, |, ...)
!
= C2+CP+CR 4. +C2=2C = Q@==Q”E.
(n)°  (nY)
1 1 1
Ex.S5. If (1 +x)”=C0+C1x+C2x2+ ..... + C, x", then find the value of C0+EC1+_C2+ ..... PFTR
n
1 1 1 1 1 1
Sol. Co+—=C+=-C,+...+ C,="Co+=-"Ci+=-"Cy+...+ "C,
2 3 n+1 2 n+l
VS Gl PRI I (n 1)+(n+1)n+(n+1)n(n_l)+ ..... +1
2 3.2 n+l n+l 2 3.2
1 n n n 1 n n n n n
:m[ O+, H o+ “Cnﬂ]:m[ NG+ G ", -G
1
:?(2'”r1 1) (* Sum of coefficients of (1 + x)" = 2)
n

1. The value of '5Cy + 15C, - 5C, - 13C, is

(a)-1 b)0 (o)1 (d)None ofthese

(Odisha JEE 2009)

2. The value of Cy+7C )+ ('C, +7C) + ...+ (C,+7C) is
@2-1 B)28+1  (©28-2 (d)28

(Kerala CEE 2008)
3. If n=75, then

("Cl* + ("C)* + ("C)* + ... + ("C,)? is equal to

(a) 250 (b) 254 (c) 252 (d) 245
6
4. The value of °°C, + 2 RN OAR T
r=1
@%c,  ®»FC, @ @,
3 (AIEEE 2005)
G 8 8 8 2 8 7
5. — —°C,+°C,.6-°C;.6°+ ... +°C; . 6" is equal to
6 8
5
@0 ®)6 ©6 @
(J&K CET 2009)
6. The sum of the last eight coefficients in the expansion of
(I+x)is (DCE 2007)
(@) 210 (b) 215 (c) 2 (d)None of these

PRACTICE SHEET-4
(Properties of Binomial Coefficients)

7.20C, +2.20C, +20C, - 22C,, is equal to

(@0 (b) 1242 (©) 7315  (d) 6345
(RPET 2005)
8. The sum of the series
NC,=20C, +20C,-2C,+ ...+ 2C, is
@%C, B3 C @0 @ C,
(AIEEE 2007)

9. In the expansion of (1 + x)*°, the sum of the coefficients of
the odd powers of x is

(a) 2% (b2 (©0 (d) 2%
10. If (1 +x+x?)"=a,+ax+ayx*+ .. +a, x*", then
a,—a, +a,—a;+...+a, is equal to

()0 (®)1 (c) 2n (@*C,
ILIf(1-x+x?)'=a,+ax+ax’+ ... +a, x*", then
ayta,ta,t...+a, equals
3" -1 1-3" 1 3" +1
b 34—
(a) > (b) 5 (0) > (d) 2
(WBJEE 2010)
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12. If n is an odd positive integer and (1 + x + x? + x3)" =

3n

2 a, x", then ay—a, + a,—a, + ... — a,, equals
r=0
(a) -1 (b)1 (c) 4" (d)0

(Karnataka CET 2011)

13.IF (1 +x = 2x%)° =1 + ax + ax® + ... + a,x'%, then the
value of a; +a; + ..... +a“ is
(a) 32 (b)—32 (c) 64 (d)— 64
14. Let(1 +x)"=1+ax+ a2x2 + ... +ax" Ifa;, a,and a,
are in A.P., then the value of n is
(a) 4 (b5 (c) 6 ()7
(BITSAT 2010)
15. If (1 + x)"= Cy + Cpx + Cx* + ... + C x", then the sum
C,+2.C+3.C+...+n. Cnequals

(a) 27! b)) (-2 () n. 2" (d)(n—1)2"

16. If (1 +x)"=Cy+ Cix + Cx* + ... + C x", then
C,t3.C+5.C,+...+(@2n+1).C, equals
@2 B +1)2" (©n.2" (d)(n-1)2""

17. 1+Q 1+C2 1+C3 ..... 1+C— is equal to
Co G G G

n+1 (n+1)" (n—-1" (n+1)"
(a) (b) (0) (d)
n! (n=1! n! n!
(Kerala CEE 2013)
18. If (1 +x)"=Cy+ Cyx + C)x* + ...+ C x", then
C,C,+C G+ ...+ C, C isequal to
(2n)! 2n-1)!
(@ — b)) —
(n=D!(n+1)! (n=D!(n+1)!
2n)!
(c) __Gnt (d) None of these
n+2)!(n+1)!
(Odisha JEE 2008)

1. (b) 2. (o) 3. (o)
11. (d) 12. (d) 13. (b)

4. (a)
14. (d)

5. (d)
15. (¢)

6. (¢) 10. (b)

16. (b)

7. (a)
17. (d)

8. (b)
18. (a)

9. (d)

HINTS AND SOLUTIONS

1. ISC8 + ISC9 _ ISC6 _ 15C7
— ISC8 + ISC9 _ ISC9 _ ISC8 (
=0

2. (C+7C)+(C+7C) + ...+ ((C+C)
=8C, +8C,+3C;+ ... +8C, (o rCo+nC L ="1CL )
=8C, +8C, +3C, + ... +8C, + (3C, +8Cy) — (3C, + ¥Cy)
=8C,+8C, +3C, +8C, + ... +3C, +8Cy— (2)

(v "Cy="C,= 1)

! Cr =" Cn—r)

=28-2. (2 "Cy+"Cy + o +C, = 27)
3. ("C + ("C P+ ("C)P + .+ ("Cy)?
=(CCP+CC P+ (CCY + o + (CCy)?

=124+ 524102+ 10>+ 52+ 12
=1+25+100+ 100 +25+1=252.

6
4. 50C4 + 256—7'613

— SOC4 + SSC3 + 54C3 + 53C3 + 52C3 + SIC3 + SOC3
— 50 50 51 52 53 54 55
=VC+0C, + 21 Cy + 2 Cy + °C + 20 Cy + G
— SIC4 + SIC3 + SZC3 + 53C3 + 54C3 + SSC3
L=
(... ncr + nCr+
- 52 52 53 54 55
Cy+7°C, +>°C +2°C +2°C
— 53 53 54 55 — 54 54 55
C, +3C, +34C, +3C, =%C, +%C, + 3¢,
— SSC4 + SSC3 — 56(:4.
8
C
5. —2
6

— ntl
1 =" Cup)

—8C, +3C,.6-8C, . 62+ ... +3C, . 67

[3C,—6.3C,+6*.3C,—6* . 3C, + .....

O\|>—‘ O\I'—‘

- —[a-9 ]——

6. (1+x)15=15C+15C, . x+1C, 2+ BC; . ¥+ +15C, .x
As, sum of binomial coefficients = 2"
15C, +15C, + 15C, + ...+ 15C,, + 15C, ;= 215
= 15C +15C,+15C + ...+ 15C,+15C, + 15C,, + 15C
—9l5 (o nC ="C, ’)
= 2(PCg+BCy+ ...+ 13C, +13C ) =21
= (BC+BCy+ ... +15C ) =21
= Required sum = Sum of last eight coefficients = 24,
7. 0C,+2.20C; +20C, - 22C\q
— 20C4 + 20C3 + ZOC3 + ZOC2 _ 22C18
=21C, +21C, - 2C,, (-
=20, -2C  =2C\ —2Cp =0
(- 1C,="C = 2C,=2C,, ,=2C,)
8. (1+x)20=20C +20C, x+2C, x* + 0C, X3 + .....
+20C,, x19 + 20, x20

"C +1C,, ="1C

r+1)

On putting x =— 1, we get

0=20C,—20C, +20C, ~20C, + ... - 2C\y +2°C,,
= 0=20C,~20C, + ... - 20C, +2C,, —20C, + 2C; .
+ ZOCO ( . "C — nCn r)
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10.

11.

12.

13.

14.

= 0=2C,~2C, +.... - 0C)) +2C,,
= 2(C,~2C, + ...~ 0C)) = - 2C,,

= 20, - 2C, + ...~ 0C, + ¢, ) =2C, .
(Adding 2. 2°C,, on both the sides)
1
= 200, =20, + e =, +2C = 7 2Cp,
. Sum of the coefficients of odd powers of x in (1 + x)3°

=C,+Cy+ Gyt + Cyg=230"1=2%,

: 2y — 2
Given, (1 +x+x°)"=a,+ax+a,x”+ . +a,,x
Putting x =—1 in the above equation, we have
(I-1+1)'=ay,—a,+ta,—a;+ ... +a,,
= ay,—a, ta,—ayt ... +a,, =1"=1.

: 2y — 2 2 ;
Given, (1 —x +x9)"=a,+ax +ax*+....+a, x" ..(i)
Putting x = 1 in the given equation (i), we have

l=a,+a,+a,ta;+...+a, (7))
Putting x =—1 in the above given equation (i), we have
(I-DH+1)y'=ay—a, ta,—ay+ ... +a,,
= ¥=a,—a,ta,—a;* .. +a,, ...(ii)
Adding eqns (if) and (iii), we have

1+3"=2(ay+a,ta,+...+a,)

3n
Given, (1 +x+x2+x3= Y a, x"
r=0

= (I+x+x2+X) =a,+ax+ax*+ ... +ay, x>
Putting x =—1 in the above given equation, we have

0=ay-a, ta,—a;+...—ay,
Given, (1 +x—2x2)0=1+ax+ax’+ ... +a,, x" ..(i)
Putting x = 1, in (i) we have

6—

(I+1-2x1)°=1+a +a,+...+a,
= l+a +ta,+...+a,=0 ...(ii)
Putting x =— 1, in (i), we have

216 —
1+ =210 =1~a, +a,—.... +a,
- 6—

= l-a,ta,—...ta,=(-2)"=64
Subtracting eqn. (i7) from eqn. (7), we have

2(a, raytagt....a)=—64
= a,taytast... a,, =-32.
(1+x)"="Cy+"Cix+"Cy x> +"Cy x> + ... +"C, x"

=l+tax+tax>+ta,x*+. ... +ax"

Given, a,, a,, a; are in A.P.
= "C,,"C,,"C;,areinAP = 2."C,="C +"C,

15.

16.

17.

18.

n! n! n!
2x = +
21n-2)! (n=D!I! (n-3)!3!

2><n(n—l)=n+n(n—l)(n—2)

2 3x2
6 (2 —n)=6n+nn>-3n+2)
6n>—6n=6n+n>-3n*+2n = B -9n>+14n=0
nm*-9n+14)=0 => n(n-2)(n-7=0
n=2or 7.

U

J

Uuuy

Rejecting n =2 as there are only three terms in the expansion
of (1 +x)%, we have n="17.

(1+x)"="Cy+"Cix+"Cyx*+ ... +"C x"
=Cyt Cx+Cyx?+ ..+ C x"
C,+2.C,+3.Cy+ ... +nC,
n(n—1)+3xn(n—1)(n—2)+
2! 3!

n‘:1+(n—l)+(n_1)2#+ ..... ]

=n["1C,+"I1C, +mIC, + . +mIC J=n 2",
Cy+3C, +5C, +...2n+1)C,

=(Cy+ C,+ Cyt e + C )+ (2C, +4C, + ... + 20 C))
=2"+2(C,+2C,+3.C;+ ... +n C,)
=2"+2xnp. 2"
=2"+npn.2"=2"(n+1).

1+Q 1+& 1+g ..... 1+ C,
CO Cl C2 Cnfl

= [1 +£j(1 LD _1))[1 L 2nn=D(r=2) ]
1 2n

n+2x

(Proved in Q.15)

6n((n-1)
1+l
n
(n+1\(n+1)\n+1 n+1) (n+1)"
1S N R
Given, (1 +x)"=C,+ Cx+ Cy x>+ ...+ C x" (D)
Also,(x +1)" =Cyx"+ Cx" 1+ C, x" 2 + ...
+C  x+C,  ..(i)

Multiplying (7) by (ii) we get
(1+x)"=(Cp+ Cx+ Cyx*+ ...+ C, x" 1+ C x")

X (Cox"+ Cx" 1+ Cyx"2+ ...+ C x+C)
Now equating the coefficient of x”~! on both the sides, we
get

C\C,+C\Cyt ot €, C = C, | = ——
,C+CCy+ . w1Co U (=) (n+ 1)

SELF ASSESSMENT SHEET

1.

10
. . x 2 .
If the rth term in the expansion of (5 - —2J contains x4,
x

then 7 is equal to

(a) 3 (O (¢)-3 (d)5

2.

If the coefficient of rth and (» + 1)th terms in the expansion
of (3 + 7x)?° are equal, then r equals

(a) 15 (b) 21 (c) 14 (d) None of these
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1 n
3. The sum of coefficients of the expansion (— + 2x) is6561.
X

The coefficient of term independent of x is

(a)16.8C, (b)3C, (c) 8¢C (d)None ofthese
(BCECE 2009)
50 50 50 50
C C C
4. The value of 0+ Z 4 = 0 s
1 3 5 51
250 250 _ 1 21 250 _ 1
—_— b
@ O O 5 @5
(Kerala PET 2007)

5
5. ¢, + z 277 Cy s equal to

r=1

(a)YC, (b) 2C; (c)%2C, (d)None ofthese
6. The coefficent of x° in (1 + 2x + 3x> + ....)*? is
(@) 19 ()20 ()21 (d) 22

7. If | x | <|, then the coefficient of x" in the expansion of
(I+x+x2+x3+...)%is
(ayn—1 b)yn (cyn+1 (dyn+2
8. What is the coefficient of x° in the expansion of
(1—2x+3x% — 42> + ... 00) >,

(a)

10!

(d)ﬁ

sy 5 ©F

1. (a) 2. (b) 3. (@) 4. (a) 5. (c)

6. (¢) 7. (¢) 8. (a)

HINTS AND SOLUTIONS

1. General Term = T, = "C, (x)"” (a)" in the expansion of

(x+a).
2 10
2

- 10C i 10— (r—1) _i r—1
r—1 3 X2

— IOCF1 (x)13—3r (3)—11+r (—l)r . (2)r—1
For x, 13-3r=4 = 3r=9 = r=3.
2. In the expansion of (3 + 7x)*
Tr+1 = 29Cr (3)29—r (7x)r — 29Cr 329—;‘ T X"
Coefficient of (» + 1)th term = 2°C 329" 7"
Coefficient of rth term =2°C | 329-0=1) 771
— 29C . 330—;‘ 7r—1

T in the expansion of [

W | =

Given, 29Cr % 329—r x T = 29Cr—1 X 330—;' X 7r—1
¥co 3 30-7 3
T =5 = -5
C._, 7 r 7

= 210-7r=3r = 210=10r = r=21.

l n
3. Sum of the coefficients of the expansion (— + 2xj =6561
X

Putting x = 1,
(1+2y'=6561 = 3"=3% = n=38

8
1

T, ., in the expansion of [— + ZxJ
X

8—r
=8C, (l) (2x) =8C, 2" x¥?
X

Since this term is independent of x, 2r —8§ =0 = r=4.
Reqd. term =8C, . 2*=16.%C,.

0 0
4. e + G + e Fo "G

1 3 5 51

1 50x49 50x49x48x47 1
=—+ + - —

1 3x2! 5x4! 51

1 51x50%x49 51x50%x49x48x47
= —|51+ + _—

3! 5!
50

- —[q+%C + %0+ = 11 51“:25—1

; (" Sum of odd coefficient = 2 1)
52-r
5.47C, + 21 C,
— SIC3 + SOC3 + 49C3 + 48c3 + 47C3 + 47C4
— Slc3 + SOC3 + 49C3 + 48C3 + 48C4
(.'. nCr + nCr+1 = n+1Cr+l)
— SIC3 + SOC3 + 49C3 + 49C4 — SIC3 + SOC3 + SOC4
— 51c3 + 51C4 — 52C4.
6. (1+2x+3x2+...)2=((1-x)2)=(1-x73
4 4. 45. 4.5.6.
C3pedp 385 5 3456 4 34567 5,
2! 3! 4! 5!

3.4.5.6.7
Coefficient of x° = s =21.
7.0 +x+x2+x3+ .. ={1-x)")?=(1-x72

=1+2x+3x2+43+ ..+ (n+ 1"+ .

Coefficient of x” in this expansion = (n + 1).
8. (1-2x+3x2—43+ ... 0) = {(1 +x) 22 =(1 +x)!0
10! 10!
Coefficient of x° = 'Cs =—— = —
LRI (1))

(o (I+x)'=1+"C,x+"C, x> +"Cy x>+ ....)



