CHAPTER 3 J

Trigonometric Ratio
and ldentities

RELATION BETWEEN SYSTEM OF MEASUREMENT OF
ANGLES

LD H G EAC
90 100 =
. 180 .
1 Radian = 1 degree = 57° 17" 15" (approximately)

1 degree = % radian ~ 0.0175 radian

BASIC TRIGONOMETRIC IDENTITIES
(a) sin? 0 +cos’0=1orsin>0=1-cos?0 orcos’0=1—sin’ 0
(b) sec? 0 —tan’0 =1 orsec’ 0 =1 +tan’> 0 or tan”> 0 = sec’ O — 1

(c¢) IfsecO+tan O =k = seceftanezé = 2secO=k+%

(d) cosec? 0 —cot? 0 =1 or cosec> 0 =1 + cot? 0 or cot® O = cosec? 6 — 1
1

(e) If cosec O+ cotO =k = cosec O —cotO = % = 2cosec 0=k + -
TRIGONOMETRIC FUNCTIONS OF ALLIED ANGLES
(a) sin (2nm + 0) =sin 0, cos (2nm + 0) = cos O, where n € I.
(b) sin(—0)=—sin O cos (—0)=cos 6
sin (90° — 0) = cos 6 cos (90° —0) =sin 6



sin (90° +6) =cos 0 cos (90° + 0) =—sin O
in (180° —0) =sin O cos (180°—0) =—cos 0
80° + 0) =—sin 0 cos (180° + 0) =—cos 6
°—0)=-cos O cos (270°—0)=—sin O
0) =—cos 0 cos (270° +0) =sin O

os nmt = (—1)"; tan nw =0 where n € 1.

(=1); cos 2n+ 1) % =0 wheren € .

DNOMETRIC FORMULA

4 cos B + cos 4 sin B.
cos B —cos A4 sin B.
{ cos B —sin 4 sin B.

cos B +sin A4 sin B.

4+ tan B
Atan B

A—tan B
an A tan B

BcotA-1
ot B + cot A

ot Bcot A+1
cot B—cot A

B = sin (A + B) + sin (4 — B).
B=sin(4 + B)—sin (4 — B).
cos B=cos (4 + B) + cos (4 — B).
A sin B=cos (A —B)—cos (4 + B).

sin C +sin D = 2 sin (C;D)cos(C;D]




. . C+D). (C-D
sin C —sin D = 2 cos 2 sin 2

C+D C-D
cos C+cos D=2 cos > cos

2

. (C+D). (D-C
cos C—cos D =2 sin 5 sin 2

2 tan O
1+ tan’ O

sin 20 =2 sin 0 cos 0 =

c0s 20 =co0s’ 0 —sin?0=2cos’0—-1=1

1+c0os20=2cos’0orcos0= =+

1-cos20=2sin’Qorsin@= =+

1-cos20  sin 20

= =
sin 20 1+ cos 20

tan 0 =

2 tan O
1—tan’ 0
sin 30 =3 sin O — 4 sin? 0.

c0s 30 =4 cos®* 0 — 3 cos 0.

tan 20 =

3 tan O — tan® O
1-3tan’ 0

sin’ 4 —sin? B=sin (4 + B) - sin (4 —B)=¢
cos? 4 —sin? B=cos (4 + B) - cos (4 — B).
sin(4d+B+C)

tan 30 =

=sin 4 cos B cos C + sin B cos 4 cos C + sin C cos
—sin A4 sin B sin C

=X sin A cos Bcos C—1IIsin A4

=cos 4 cos B cos C [tan 4 + tan B + tan C — tan 4 tan B tan C]



(xxix) cos(4+B+C)
=co0s 4 cos B cos C —sin 4 sin B cos C —sin 4 cos B sin C
—cos 4 sin B sin C
=1IIcos 4—Xsin 4 sin B cos C
=cos A cos Bcos C[1 —tan 4 tan B —tan B tan C — tan C tan A]
(xxx) tan (4 + B+ C)

_tand+tanB+tanC—tan dtan BtanC _ S - S,
I-tan Atan B—tan BtanC—-tanCtan 4 1-,

(xxxi) sin o+ sin (o + B) + sin (o + 2B) + ... sin (o + 7 — 1B)

fo(51=(2)

sin [Bj
2
(xexxii) cos o + cos (a0 + ) + cos (o + 2B) + ... + cos (o + mﬁ)
cos {(x + (n—lj B} sin (nﬁj
- 2 2
sin [Bj
2

VALUES OF SOME T-RATIOS FOR ANGLES 18°, 36°, 15°,
22.5°, 67.5° ETC.

N

1 LT
in 182 = ———=cos 72° =sin —
(a) sin 2 10

\/§+1 T

b 36° = =sin 54° = cos —
(b) cos 4 5

(¢) sin 15° = 2L e 75° =i
22 12

«/§+1 T

cos 15° = =sin 75° = cos —

@ 22 12
T \/g—l Snt
tan—:2—\/§: =cot —
() tan7s B+l 12



\/§+1 t—
N 12
T

(g) tan (22.5°) = V2 —1=cot (67.5°) = cot % = tan e

12) tan——2+f

(h) tan (67.5°) = <2 +1=cot (22.5°)

MAXIMUM & MINIMUM VALUES OF TRIGONOMETRIC
EXPRESSIONS

(a) a cos O + b sin 0 will always lie in the interval [—\/az +b7,\Ja'+ bz}

i.e. the maximum and minimum values are \/az +b2,—\/a2+ b’
respectively.

(b) Minimum value of a? tan? 0 + b?* cot? 6 = 2ab, where a, b > 0.

(©) —\Ja® + b? + 2ab cos (a. - B) < a cos (a.+0) + b cos (B + 0)

< \/az +b* + 2ab cos (o. — B) where o and B are known angles.

(d) Minimum value of @? cos? 6 + b? sec? 0 is either 2ab or a* + b?, if for
some real O equation @ cos 6 = b sec 0 is true or not true {a, b > 0}.

(e) Minimum value of @? sin? 0 + b? cosec? 0 is either 2ab or a® + b, if for
some real O equation a sin 6 = b cosec 0 is true or not true {a, b > 0}.

IMPORTANT RESULTS
(a) sin O sin (60° — 0) sin (60° + 0) = % sin 30
(b) cos 0 cos (60° —0) cos (60° + 0) = % cos 30
(¢) tan 0O tan (60° — 0) tan (60° + 0) = tan 30
(d) cot 0 cot (60° — 0) cot (60° + 0) = cot 30

3
() (i) sin® 8 + sin? (60° +6) + sin? (60° — ) = =

(i1) cos? 0 + cos? (60° + 0) + cos? (60° — 0) =

(e) (i) If tan 4 +tan B + tan C =tan A4 tan B tan
then4d+B+C=nn,n € L.

(if) Iftan A tan B +tan Btan C +tan Ctan 4 = 1,

El
2
C

then 4 +B+C=Q2n+ l)g,n el



in (2" 0
cos 0 cos 26 cos 46 ... cos (21 0) = %

—tan A = 2 cot 24.
NAL IDENTITIES

tan C = tan 4 tan B tan C

BcotC+cotCcotd=1

£=cot£cot£cotg
2 2 2 2

C=4sin 4 sin B sin C
2C=-1-4cos A cos Bcos C

A B C
4 cos — cos — cos —
2 2 2

. A. B . C
1+ 4 sin — sin — sin —
2 2 2




