m——— Chapter 05

INDEFINITE INTEGRATION

. 4

Integration is the inverse process of differentiation. That is, 4. Iff,(x), /%), /(X), ... (finite in number) are functions of
the process of finding a function, whose differential x, then

coefficient is known, is called integration.
+ + .d
If the differential coefficient of F(x) is f (x), JUAG)£ £00 £ £,(0)-Jx

ie. di[F(x)] = f(x), then we say that the antiderivative or = Ifl (x)dx + J fr(x)dx+ J f(x)dx £...
X

integral of f(x) is F(x), written as J. f (x)dx = F(x), > IfJ‘ F)dx=F(x)+c

1
Here J dx is the notation of integration f(x) is the integrand, then _[f (ax £ b)dx =;F(aX tb)+c
x is the variable of integration and dx denotes the integration

. 6. Suppose I and J are intervals, g: ] — L is differentiable
with respect to x.

and f: I — R has integral with primitive F. Then

1. INDEFINITE INTEGRAL (fog).g™ J —> R has an integral and

[((r0g) &) (x) dx = [ 1 (2(x))g'(x)dv=F (g(x))+e

1.3 Standard Formulae of Integration

1.1 Definition

o d

We know that 1fd—[F(X)] =/ (x), thenJ.f (x)dx = F(x). The following results are a direct consequence of the
X definition of an integral.
Also, for any arbitrary constant C, 1
d d 1. jx“dx=x +C,n=-1.
—[Fx)+C]=—[F(x)]+0 = f(x). n+l
dx dx
1

j f(x)dx = F(x) +C, 2. I;dx =log|x[+C

This shows that F(x) and F(x) + C are both integrals of the
same function f(x). Thus, for different values of C, we obtain
different integrals of f(x). This implies that the integral of f(x)
%s not d.eﬁ.nite. By virtue of this property F(x) is called the " .[ a* dx = iC.
indefinite integral of f(x).

3. je"dx=e"+C

1.2 Properties of Indefinite Integration .
P g sinxdx = —cosx+C

cosxdx =sinx +C

1. %[ [ f(x)dx] = £(x) 6.

d sec’ xdx = tanx +C
2 [fe0dx=[—=[f(0ldx = f(x) +e
dx

cosec’xdx = —cotx +C

3. ka(x)dx = kIf(x)dX , where k is any constant

X
L Sy S S

secx tanxdx =sec x+C
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10. jcosecxcotxdx:—cosec x+C.

11. Itanxdx:—log|cosx|+C:10g|secx|+C.
12. jcotxdx =log|sinx |+C

13. Isecxdx:log|secx+tanx|+C

14. Icosecxdx:log|cosecx—cotx|+C

=sin"' x+C;|x|<1

d
s s

6. | X anx+C
1+x?

17. jd—x=sec'1|x|+C;|x|>l

xVx? =1

2. INTEGRATION BY SUBSTITUTION

2.1 Method of Substitution

By suitable substitution, the variable x inIf(x)dx is

changed into another variable t so that the integrand f(x) is
changed into F(t) which is some standard integral or
algebraic sum of standard integrals.

There is no general rule for finding a proper substitution
and the best guide in this matter is experience.

However, the following suggestions will prove useful.

@) Ifthe integrand is of the form / * (ax + b), then we put

1
ax+b=tand dx= —dt.
a

Thus, [ f'(ax +b) dx =[ Fod
a

L0 S

(ii)  When the integrand is of the form x" ' " (x"), we put
=tand nx" ! dx =dt.

Thus, [x" £ =] FOS =1 [ Foa

=L =1 (") e
n n

(ili)  When the integrand is of the form [ f(X)]".f ' (x), we put
f(x)=tandf’(x)dx=dt.

n+l n+1
! _r
n+1 n+l

Thus, [[f(OI" £(x)dx = t"dt =

(iv) When the integrand is of the form~——=, we put

f®
x)’

f(x)=tand ' (x)dx=dt.

Thus,'f];((j:)) dx =j%= log | |=log| f(x) ] +c

2.2 Some Special Integrals

L. .[defaz =§t - 2+C

2. I%=%log i;i +C

3. Iazd_xxz 2_1alog Zti +C

4. .[\/——sm Xic

5. J%=log x+\/m +C

dx
—:log‘x+ x*—a’|+C
R il A

2
7. ‘[\/a —x?dx = \/a -x +a7sin'1£+C

a

2

8. J\/x2+a2 dx:%x/x2+a2 +a7log

X+vVx* +a’

+C

2
9, J‘\/Xz_az d)(:%\/xz—a2 —a?log X +vx?—a’|+C
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faa

2.3 Integrals of the Form

@ [f(a*-x
(b) jf(a2 +X )
© [f(x*-a
g Jf(z;inx

Working Rule

Integral Substitution
If(az—xz)dx x=asin@orx=acos 0
J.f(a2+x2)dx x=atanOorx=acot®

x=asecOorx=acosecH

If(xz —az)dx

[ f[zzjdx or | f(zj;fjdx

X =acos20

2.4 Integrals of the Form

dx
(@ '[ax2 +bhx+c’

(b) J'L
Nax® +bx+c ’
(©) I\/axz +bx+cdx

Working Rule

@ Make the coefficient of x* unity by taking the
coefficient of x? outside the quadratic.

(ii) Complete the square in the terms involving X, i.e.
write ax? + bx + ¢ in the form

e

The integrand is converted to one of the nine special
integrals.

(iii)

(iv)  Integrate the function.

Ko

2.5 Integrals of the Form

px+q

b
> ( )IVax +bx+c
(©) j(px+q)Vax2+bx+c dx

Working Rule
px+9q
—dx
@ ax’ +bx +c

)

©

Putpx+q=A(2ax+b)+por
px+q=A»A (derivative of quadratic) + .

Comparing the coefficient of x and constant term on both
sides, we get

p=2alandq=br+pu = A= landu: (q—m) .Then
2a Ja
integral becomes

J- px+q dx
ax”> +bx+c¢

p 2ax +b bp dx
= — 2— + q__ J.Z—
2a’ax” +bx+c 2a )Y ax”" +bx+c
dx

bp
=P oo ax? +bx+c|+] q-2 | [—&
2a el | [q J'[ax2+bx+c

2a

J-—px 4 dx

Vax® +bx+c

In this case the integral becomes

.[ px+q

Vax? +bx+c
J‘ 2ax+b ( bpjj‘ dx
vax? +bx+c vax? +bx+c

\/ax +bx+c+(q——jJ‘ .
\/ax +bXx+cC

I(px +q)Vax’ +bx+c dx

The integral in this case is converted to
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L 4

I(px+q)\/ax2 +bx +c dx =2£‘[(2ax+b)\/ax2 +bx +c dx
a

+(q—%)J\/ax2 +bx +c dx
a

=3£(ax2 +bx+c)’? +(q—?jj\/axz +bx+c dx
a a

2.6 Integrals of the Form

j P(x)
Vax® +bx+c

degree n > 2.

dx, where P(x) is a polynomial in x of

Working Rule:

P(x)

wite | o e

dx =

_ 2 n—1
=(a,+ax+a,x" +..+a, x"")

Vax* +bx+c+k L
'[\/ax2 +bx+c

where k, a, a,, ... a__, are constants to be determined by
differentiating the above relation and equating the
coefficients of various powers of x on both sides.

2.7 Integrals of the Form

x> =1

241
™ o e

_ dx,
x* +kx? +1

where k is a constant positive, negative or zero.

Working Rule

(i) Divide the numerator and denominator by x2.

1 1 . o
(ii) Putx——=zorx+—=2  whichever subsitution, on
X X
differentiation gives, the numerator of the resulting
integrand.
(iii) Evaluate the resulting integral in z

(iv) Express the result in terms of x.

2.8 Integrals of the Form

dx
—— where P, Q are linear or quadratic functions of x.
e

Integral Substitution

I—l dx cx+d=2?
(ax +b)v/ex +d

_[ dx ,

+ag=

(ax” +bx +c)y/px +q A

J‘ dx 1
(px +q)Vax’ +bx +c L

N | —

I dx

X =
(ax® +byex® +d

PPy Pk
2.9 Integrals of the Form J'R[x,qu ,x2 L x K de

LU Pi
To evaluate IR[x,qu ,x'2 L x K ]dx where R is a rational

Py P
. . . q q :
function of its variables X,X ' .....,X ¥, putx =t"where nis

the L.C.M of the denomination of the fractions
P,/q,> P,/Qpe - P/, -

3. INTEGRATION BY PARTIAL FRACTIONS

Integrals of the type I% can be integrated by resolving
g(x

the integrand into partial fractions. We proceed as follows:
Check degree of p (x) and g (x).
If degree of p (x) > degree of g (x), then divide p (x) by g (x)

till its degree 1is less, 1i.e. put in the

form& =r(x) +Mwhere degree of f(x) < degree of
g(x) g(x)

g().

CASE 1: When the denominator contains non-repeated
linear factors. That is
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e

Laat

g®=x-a)x-a)..x-o).
In such a case write f (x) and g (Xx) as:
SO __ 4 A L 4,
gx) (x-a) (x-a,)

(x-a,)

where A, A,, ... A  are constants to be determined by
comparing the coefficients of various powers of x on both
sides after taking L.C.M.

CASE 2 : When the denominator contains repeated as well
as non-repeated linear factor. That is

g =(x-a)x-oa,)..(x-o).

In such a case write f(x) and g (x) as:

S(x) _ 4
gx) x-a

4 + 4 et 4,

(x-a,)

(x-a) x-a

where A ,A,, ... A_are constants to determined by comparing
the coefficients of various powers of X on both sides after
taking L.C.M.

Note : Corresponding to repeated linear factor (x —a)" in the
denominator, a sum of r partial fractions of the

Al AZ
+ =t
x—-a (x—a)

T

(x-a)

type

- is taken.

CASE3: When the denominator contains a non repeated
quadratic factor which cannot be factorised further:

g =(ax’+bx+c)(x—a,) (x—a,)...(x—a ).
In such a case express f (x) and g (Xx) as:

f(x) Ax+ A4,

4, 4
g(x) ax’+bx+c x-a

n

X—«a

n

where A, A, ... A_ are constants to be determined by
comparing the coefficients of various powers of x on both
sides after taking L.C.M.

CASE4: When the denominator contains a repeated
quadratic factor which cannot be factorised further: That is
g =(ax*+bx+c)(x—a,)(x—a)..(x—a)

In such a case write /(x) and g (x) as

f(x)  Ax+A4,

Ax+A4, A A
= 2 ) ) +...+
g(x) ax"+bx+c (ax“+bx+c)

n

(x-a,)

xX—oy

where A, A,, ... A  are constants to be determined by
comparing the coefficients of various powers of x on both
sides after taking L.C.M.

Ko

CASE 5 : If the integrand contains only even powers of x
@ Put x> = z in the integrand.

(ii)  Resolve the resulting rational expression in z into
partial fractions

(iii)

Put z = x? again in the partial fractions and then
integrate both sides.

4. INTEGRATION BY PARTS

The process of integration of the product of two functions is
known as integration by parts.

For example, if u and v are two functions of x,
du
then j (uv)dx = u.judx - j [&.Ivdx) dx.

In words, integral of the product of two functions = first function
x integral of the second — integral of (differential of first x
integral of the second function).

Working Hints

(i) Choose the first and second function in such a way that
derivative of the first function and the integral of the second
function can be easily found.

(i) Incase of integrals of the form I f(x).x" dx, take x" as the

first function and f'(x) as the second function.
(iii) In case of integrals of the form [(logx)" -1dx, take 1as
the second function and (log x)" as the first function.

(iv) Rule of integration by parts may be used repeatedly, if
required.

() Ifthe two functions are of different type, we can choose the
first function as the one whose initial comes first in the
word “ILATE”, where

I — Inverse Trigonometric function
L — Logarithmic function

A — Algebraic function

T — Trigonometric function

E — Exponential function.

(vi) In case, both the functions are trigonometric, take that
function as second function whose integral is simple. If
both the functions are algebraic, take that function as first
function whose derivative is simpler.



INDEFINITE INTEGRATION

(vii) Ifthe integral consists of an inverse trigonometric function
of an algebraic expression in x, first simplify the integrand
by a suitable trigonometric substitution and then integrate
the new integrand.

4.1 Integrals of the Form:

Where the initial integrand reappears after integrating by
parts.

Working Rule
@ Apply the method of integration by parts twice.

(i))  On integrating by parts second time, we will obtain
the given integrand again, put it equal to I.

(iii) Transpose and collect terms involving I on one side
and evaluate 1.

4.2 Integrals of the Form

Iex [f(x)+f(x)] dx
Working Rule

@ Split the integral into two integrals.

(ii) Integrate only the first integral by parts, i.e.
je" [f(x)+f(x)] dx

= Ie"f(x) dx + J.e"f'(x) dx

= [ fee - f'(x).e*dx] e fx) dx

=" f(x)+C.

4.3 Integrals of the Form
j(f(x) +xf '(x)) dx
= jf(x) dx+jx (%) dx

=[r@ dx+[x f@ =11 dx} = xf(x)+c

5. INTEGRATION OF VARIOUS TRIGONOMETRIC

Sd

FUNCTIONS

5.1 Integral of the Form

@ -2 [ —=
a+bcosx a+bsinx

dx
© [ :
a+b cosx+csinx

Working Rule

1—tan? x 2tani
@i Put cos x =—=and sin x =——so that the given

l+tan? > l+tan* 2

2 2

(i)

(iii)

@)

5.2

X
integrand becomes a function of tan 3

X 1 X
Puttan—=2z = —sec’ —dx = dz
2 2 2
Integrate the resulting rational algebraic function of z
X
In the answer, put z = tan 3

Integrals of the Form

@] )]

a+bcos’x a+bsin’ x

dx

acos’ x +bsinx cosx + csin’ x

©]

Working Rule

@
(i)
(iii)
@iv)
\J]

Divide the numerator and denominator by cos?x.

In the denominator, replace sec?x, if any, by 1 + tan’x.
Puttanx =z = sec’x dx =dz.

Integrate the resulting rational algebraic function of z.

In the answer, put z = tan x.
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T
P

5.3 Integrals of the Form

acosx +bsinx
I—. dx
ccosx +dsinx

Working Role

(i) Put Numerator = A (denominator) + p (derivative of
denominator)

acosx+bsinx=A(ccosx+dsinx)+p(—csinx+dcosx).

(ii) Equate coefficients of sin x and cos x on both sides and find
the values of A and p.

(iii) Split the given integral into two integrals and evaluate each

integral separately, i.e.

[2cosx+bsinx

- dx =
ccosx +dsinx

—csinx+d cosx

}LJ‘Idx+,uJ. dx =Ax+ plog|ccosx+dsinx]|.

ccosx+dsinx
@iv) Substitute the values of A and p found in step 2.

5.4 Integrals of the Form

dx

J-a+bcosx+csinx
e+fcosx+gsinx

Working Rule

(i) Put Numerator = / (denominator) + m (derivative of
denominator) +n
at+tbcosx+csinx=/(e+ fcosx+ gsinx)+m
(—fsinx+gcosx)+n

@) Equate coefficients of sin X, cos x and constant term on both sides
and find the values of /, m, n.

(iii) Split the given integral into three integrals and evaluate
each integral separately, i.e.
a+bcosx+csinx
I —— dx
e+ fcosx+gsinx
—fsinx+ d.
:ljldx+mj Jsinx gCO.Sx dx+n"- a -
e+ fcosx+gsinx e+ fcosx+gsinx
. dx
:Zx+mlog|e+fcosx+gs1nx|+nj dx

e+ fcosx+gsinx

é%ﬁi

(iv) Substitute the values of /, m, n found in Step (ii).

5.5 Integrals of the Form

Isinm xcos" x dx
Working Rule

(i) Ifthe power of sin x is an odd positive integer, put cos X = t.
(i) Ifthe power of cos x is an odd positive integer, put sin x =t.
(iii) Ifthe power of sin x and cos x are both odd positive integers,
putsinx=torcosx=t.

(iv) Ifthe power of sinx and cos x are both even positive integers,
then express it as sines or cosines of multiple angles. Further

integrate term by term.

)  Ifthe sum of powers of sin x and cos x is an even negative

integer, put tan x = z.

5.6 Integrating jtan’” xsec” xdx

1.  When m is odd and any n, rewrite the integrand in terms of

sin x and cos X:

. m n
sin x 1
tan” xsec” xdx = dx
coSs x cosx

sin”"'x .
= TSIH x dx
CcoS X

and then substitute u = cosx., du = - sin x dx
sin’x=1-cos’x=1-1u2

2.  Alternatively, if mis odd and n > 1 move one factor of sec x
tan x to the side so that you can see secx tanx dx in the
integral, and substitute u = sec x. du = sec x tan x dx and
tan’x =sec’x - 1 =u?- 1.

3. Ifnisevenwithn>2, move one factor of sec’x to the side so

that you can see sec’xdx in the integral, and substitute

u=tan x, du=sec’x dx and sec’x = 1 + tan’x = 1 + u?.

4. When mis even and n = 0 — that is the integrand is just an
even power of tangent - we can still use the u = tan x
substitution, after using tan’x = sec’x - 1 (possibly more

than once) to create a sec’x.
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6. REDUCTION FORMULA 6.2 Reduction Formula for jcos"x dx

Reduction formuale makes it possible to reduce an integral

L 4

— n _ n-1
depending on the index n > 0, called the order of the integral, Let 1, = .[ cos” x dx = .[ cos”™ " xcosx dx

to an integral of the same type with smaller index. (i.e. To
reduce the integral into similar integral of order less than or
greater than given integral). Application of reduction formula
is given with the help of some examples.

nl, =cos"" xsinx+(n-1)1, ,

cos" 2 x dx

) cos" ' xsinx n-1
or Icos xdx= + I
n n

6.1 Reduction Formula for jsin"x dx

6.3 Reduction Formula for J.tan"x dx

Let [, = Isin” xdx= J.sin”’1 xsinx dx

I I I _tan X g
n n-2
n—1
s on—1 s n=2 2
= —sin xcosx+I(n—l)sm xcos” x dx
n-1
o — . Itan”xdx= —Itan” 2 xdx
= —sin xcosx+(n—1)jsm x(1—sin” x) dx n—

=—sin"" xcosx+(n— 1)J. (sin"? x—sin" x) dx
=—sin"" xcosx+(n—-1)1, ,—(n-1)1,
sonl, =—sin"" xcosx+(n-1)1, ,

sin" xcosx n-1
=1, =~ + I,
n n

s n-1
. —sin"” xcosx n—-1¢ . ,,
Thus, J.sm” xdx = + J.sm” x dx
n n
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SOLVED EXAMPLES

Example -1 Example-3

4
Evaluate : ‘[ [x +5x° —4+7+LJ Evaluate : j X dx
X X x* +1
7 x*
Sol. _ £
0 j(x +5x° 4+X+\/,j Sol. jx2+1
x* —1+1 X —1
—Ix dx+J-5x dx — j4dx+j dx+_|.—dx —J N Ix +1 211 dx
_ 3 2 1 _1/2 _ 2 I 1 _X_3 L
—Ix dx+5._[x dx—4._[1.dx+ 7.I;dx+2._[x dx —I(X—)dx+ 211 dx = 3—x+tan x+C
4 3 1/2 Example—4
=X 45X _ax+7log|x|+2| 2— |+C
4 3 2
2)( X
Evaluate : J — dx
x* 5 5
=2 +2x%-4x+7log|x | +4x +C
4 3 2% +3*
Sol. J. "
Example-2 5
2% 3
EValuate: J. xloga+ealogx+ealoga dX — 5_x+5_x dX
SOl. We haVe, 2 X 3 X (2/5)x (3/5))(
=I <) s | dx= + +C
jexloga+ealogx+ealogadx 5 5 IOgeZ/S 10g63/5
- _[ eloee” yglext 4 gloma® gy Extaelces
. 3 .4
:J‘(ax+xa+aa)dx Evaluate : Ix sinx” dx
= Ia" dx + Ix“ dx + Ia“ dx Sol. We have
2t a+l I= Ix3 sinx* dx
“loga a1 TAXTC Letx'=t =  dx)=dt
1
= 453dx=dt=> dx=—35 dt
4x
4
1= fsintar=- 0o 80D o
4 4 4



INDEFINITE INTEGRATION

Example— 6 1
=5 D Yx? 4ox 45 F2loglx D)+ Jx? 4 2x 45 [+C
Evaluate : IX4 NI Example—8
1
Sol. We have, Evaluate : J—z dx
X —x+1
X X

I:'[)(4+x2+1 dX:I(X2)2+X2+1dX 1

Letx2=t, then, d (x) = dt Sol. | NER—
= 2xdx=dt

1
- _ g = J— dx
2x

xz—x+l—l+1
4

= &
t2+t+1 " 2x

- | 1

(x—1/2)*+3/4
=lj% 1
29 tP+t+1 :'[(x—l/2)2+(ﬁ/2)2 dx
_ 1 1 dt

= ; tan—l (X_—I/zj +C
J3/2 NEYD)

1 2 2x -1
1 t+— =_tan1[ X +C
- ) NG 5 )7C
= 5 \f tan™! ﬁ +C
2 Example-9
1 2t+1 1 2x7 +1 1
= — tan’! +C=—F4=tan' | —— | +C. Evaluate: |————— dx
NG} ( V3 j NE) ( V3 ] '[«/9+8x—x2
Example—7

Evaluate : I X +2x +5 dx

1
Sol. | ——— dx
J‘\/9+8x—x2

1
Sol. We have, = | F——
J‘«/—{XZ—SX—9} dx
J-\/x2+2x+5
1
:J‘\/ : dx
=J‘\/x2+2x+1+4dx=".q/(x+1)2+22dx —{x" -8x+16-25}
1
:l(XJFl) Jx+1)7+2° ie (2)*log|(x + 1) :J
2 2°

x4y -5y &

2 2 1 _
TN+ 27 [FC =Im dx=sin"' (_X54) +C
[
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;.’ﬁ‘.»j

Example-—10

Evaluate : J 2x+3

VX +4x +1

dx

J‘ 2x+3

VX® +4x+1

[ xrhot Qx+4)-1

VX® +4x+1

2x +4

_ eXt+a 1
:J VX® +4x +1 dfo‘ VX® +4x+1 dx

[ 5-] :

Ve \/(x+2) ~(\3)
=2t —log|(x+2)+ {x> 1 4x +11+C
=2Jx%+4x+1 —log|x+2+ x2 4 4x+1 1+C

Example— 11

Evaluate : I(X—S) x? +x dx

d
Sol Let(x—5)=A. Ix (x2+x) + . Then,

x=5=A(2x+1)+p

Comparing coefficients of like powers of x, we get

1 11
1=2handA+pu=-5=Ar= 5 and p =7

j(x—S)\/x2+x dx
I( (2x+1)——j Vx?+x dx

1 11
:y;h+n e dx - o [V x dx

- %I(2x+1)\/x2+x dx —1—21J-\/X2+X dx

dx, wheret=x?>+4x+1

= %J.\/E dt — H dx where

t=x+x

:%ta/z 1 [2X+1 x——En ( J x> +x }
1 2 32

=36 +x)

_1_1 2l x—lﬁn x+l +Vx*+x
> |4 8 2 +C

Example — 12
J' 1-x’ dx
1+x” +x*
_( -
Sol. J.—l

X +—+1
X

(Dividing numerator and denominator by x*)

Put x+—=t
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Example - 13

1
Evaluate :
'[ x*+1

dx

Sol. We have,

X +—
X
2
1 2
=  I=—|—2— &
29 51
X +72
X
1+i 1—i
1 x> x>
= I=— - dx
2 2 1 2 1
X +; X +;
1 1
I+— 1-
1 2 2
= I=of— a1 [—=
2 X2 . X2+i
X2 X2
1 1+i2
= I:EJ. 1X2 dx
(x—) +2
X
L
2
j—t I:—lj X2 dX
2 1
X+—| -2
=

1 1
Putting x — — =u in Ist integral and x + — = v in 2nd
X X

integral, we get

Sol.

I rrle

() ()

()L [
22 L) T2 22 B v

1 1(x—l/xj |x+1/x \/_|
— o
2 L2 N % xivz] ©
Ltan” x* -1 loa I 22 x+1 .
22 V2x 4f V241
Example — 14
Evaluate : leog(l+x) dx
1.
So jglogq”)dx
2 1 XZ
=log(x+1). — — | — . — dx
g(x+1). il 2
x2 1 x?
=2 Jog(x+1)-=
5 logx D=7 Jx+1
x2 1 rx*—1+1
=—1 +1)-— |[— dx
7 log(x* D) 2J x+1
x2 1 x*-1
=% Jog(x+1)- =
y logx* D=7 Ix+1 el &

2

1 1
_ X? log(x+1)—ED((x—l)+mjdx]

x2 1| x°
-2 _— | —=-x+log|x+1
5 log (x+ 1)~ | 5 gl l|+C

Example — 15

sin” \/_ Cos 1\/_

sin”' vx +cos™ vVx

Evaluate j

sin 1\/_ Ccos 1\/—
J

sin”' Vx +cos™ vVx

=J-sin'lx/;—(7t/2—sin"1 \/;)

n/2

dx

{--sin'0 +cos' O =n/2}.



INDEFINITE INTEGRATION

sdies

=

Izgj(zsin-l x —1/2) dx
Y
40

IZ—ISIH x/;dx—.[l.dx
T

4
I== [sin"'v/xdx—x+ i
7tJ'sm xdx—x+c¢ .. (0)

Let x =sin?0, then dx = 2 sin 6 cos 6 d6 =sin 26 dO

[sin”'Vx dx = [0.5in20d0
applying integration by parts

J.sin’1 \/;dx = —9.$+J‘%cos 2046

=_—e.cos29+lsin 20
2 4
:%'e.(l—ZsinzB)Jr%.sinB. 1-sin’ 0

:_7lsin_1 \/;(1—2X)+%-\/; VI-x - (i)

from (i) and (ii)

(2

I:i{_—l(sin'lx/;) (1—2x)+%&«/§}—x+c

—2 (=X —(1=2x) sin " X} —x+0
Y

Example-16

Ans.

If [£(x)dx =y(x), then [x*f(x)dx is equal to
(@) %[aﬁ y(x)=[x* w(x)ax |+C
(b) %f w(x*)-3]x y(x*)dr+C
© %x%p(f)—sz y(x*)dx+C

@ 3[3 w(¥)=[x () e

©

Sol.

ko

Given, If(x)dx =y(x)
LetI=J.x5f(x3)dx
put X =t

= x’dx = % ..(1)

.'.I:é.[tf(t)dt

:%|:tJ'f(t)dt—I{%(t)ff(t)dt}dt}

[Integration by parts]
1
=3l ()-[w()a]

= %[xﬂy(f ) —3]-)42\|/(x3 )dx] +¢ from....(1)

:%x3w(x3)—Jx2w(x3)dx+c

Example—17

Sol.

Evaluate I(emg * +sin x) cos x dx.

I(el"gx +sin x)cosx dx

I=I(x+sinx)cosxdx

1¢.
I:J‘xcosxdx+—J.s1n2xdx
2
. . 1
= xsmx—Ismx+x——cost+c
4

. 1
= xsin X+ cosx ——cos2x+c



INDEFINITE INTEGRATION

Example—18

Sol.

(i)

Evaluate

1+cos2x

(I)J (1+smxcosxjdX i) .[eZX[l+sin2xjdx
cos® x

0 Izj-e" (l+smxcosxjdX

0052 X

s1nxcosx
1= I > dx
cos’ x cos” X

I= Ie" {tan x +sec” x} dx

M-1: I:J.e;.ta}nxdx—i-.l.ex(secz x) dx

I=tanx.e" —J‘sec2 x.e"a'x+'|‘ex.sec2 xdx+c

I=e*tanx +c.

M-1I': j X (f(x)+f'(x) dx = e*f(x) +c

=e* tanx +c¢
I:J.ez" 1+sin2x dx
1+ cos2x
:Iezx 1+2sm)§cosx dx
2cos” X
1 25i
:Iezx{ . smxcz:osx}dX
2co0s” X 2cos” x

=Iezx {%secz X + tan x}dx

M-I1: Izj.ez" .tanxdx+l J-ez".sec2 x dx
o1 2

2x ) er
- .[ S€C X.
2

e 1
=tanx. dx+5jezx.seczxdx

1
I==—c¢*.tanx +c.
2
(2'[anx+sec2 X) dx

M-IT: [ = j%ez"

j B (£(x).g'(x) + F'(x)) dx = B (x) +¢

1
1 :Eezx tanx +c

Example-19

Evaluate I% dx.
X+

Ans.

Sol. I:.[(x—l)e _I(x+1 2)e
(x+1)° (x+1)°

otk
(x+1)*  (x+1)

j e* [f(x)+f'(x)]dx = e*f(x) +c

X

e

=————+c¢
(x+1)°
Example — 20
Evaluate J-?,X—_SZ
(Bx-2)(x+1)
Sol. Let — x> ___A B <

= + +
Bx-2)(x+1)?* 3x-2 x+1 (x+1)°
3x-5=A+1P2+B(Bx-2)(x+1)+C(3x-2)

2 27
Putting x ==, t A=—=1
utting 3 we ge >

Putting x =—1, we get C = %7

. 9
Putting x =0, we get B=—
g g 25

- 27 19 1 8 1
2573x-2 25 (x+1) 5 (x+1)

:—ilog|3x—2|+ilog|x+l|—§.;+c
25 25 5 x4+



INDEFINITE INTEGRATION

Example — 21

dx

Evaluate Im

1 A Bx+C

Sol. Let = +
DA x—1 x2+41

A +1) + (Bx+C) (x—1)
- (x—1) (x> +1)

or 1=AX*+1)+Bx+C)(x-1)

Putting x =1, we get A =%;

Puttingx =0, we get A—C=1 .'.C=A—1=—%

Puttingx=-1,we get2A-2 (-B+C)=1

1 1
or 1+2B-2 (——)=1 SB=—
2 2

1 _ 11 x+l
(x-D)(x*+1) 2(x-1) 2 x*+1

Now

: 1 L S
' I(x—l)(x2+1)_Iz(x—l)dX 2Ix2+1 *

=—log|x—-1|—-——log (x"+1)——tan™ x+c
5 gl | 2 g ( ) 5

Example — 22

4

Find | (x=1)(x’ +1)

X+1

Sol. x> —x? +x—l>x4

x4—x3+x2—x,

+ -+
X3—X2+X

x> —x%+x-1

+ -+
1

%’j
x* 1

oD+ T &I+

X4
I(x—l)(x2+1) _I *hdx I(x (x> +1)

X J- 1 3 X _1 1
2(x=1) 2(x2+1) 2x%+1

(By Partial Fraction)

2

Example — 23

x> +3x+2

Evaluate J‘m X

Sol. =J'x(x +1)+2(x+1)

(x +l) (x+1

X dx
_I(x2+1) (x+1)dx+2j(1+>8)2

ot X A +BX+C
(1+x)1+x?) I+x 1+x°

x=A(1+x*)+Bx+C)(1+x)

Puttingx =—1, we get A = _%

Putting x =0, we get,O=A+C:>C=—A=%

Puttingx=1,we get | =2A+2(B+C)

1
=2A+2B+2C=-1+2B+1 .. B=5

—X+—

I;dxzj_ I 2 2
(1+x) 1+x%) 2(1+x)  1+x°

1 1 X 1 dx
=——log|l+x|+= dx+—
2 el | 2~[1+x2 2I

1+x?

X 1 1 ) 1
=—+x+—log|x—-1|——log|x" +1|——tan
2 3 g | | p gl | 2

-1

dx

(D)



INDEFINITE INTEGRATION

1 1 1
=——log|l+x|+—log 1+x*)+—tan ' x
5 gl | 2 g ( ) 5

To evaluate : I —,putx = tan®

_dx
(1+x%)

dx sec’ 0
Then, I -5 :I —
1+x%) (1+tan” 0)
ZJ.COSZ 0do :IMde
2

:l[e+ sze} — L 10+ sin0coso]
2 2 2

-1 1 X
=—tan X+— 3
2 1+x
Now from (1),
3. 1 1 ) X
I==tan" x——log|l+x|+—log (1+x°)+ +c
2 2 el | 4 el ) 1+x’

Example — 24

dx

Evaluate | ———
J. sin X +sin 2x

Sol. Let the given integral be I, then

I:J- dx :J- dx
sin X + 2sin X cos X sin x(1+2cosx)

B J~ sin x dx J- sin xdx
(1-cos” x) (1+2cosx)

sin’ x(1+2cosx)

Put cos x =y so that —sin x dx = dy.

1= j—_dy
(1-y*)(1+2y)

[ dy
(I-y)(d+y) (1+2y)

1

Now we break (-y) (+y) (1+2y) into partial fractions

&

A B C

Let = +—
@ Ty ey A+2y) 1oy 14y l+2y

_Ad+y) (1+2y)+B(A-y) (1+2y) +C(1-y) (+y)

(1-y) (A+y) (1+2y)

I1=A(1+y)(1+2y)+B(1-y)(1+2y)+C(1-y)(1+y)

1
Putting y = 1, we get A:%;putting yz—E,we get ng

Putting y =—1, we get B= —%

NowI:—J. L1 + 4 dy
6(-y) 2(+y) 3(1+2y)

1 1 2
=——log|l-y|+=log|l+y|—=log|1+2y]|+c
6gl y|2g| y|3g| yl

1 1
=—glog(1—cosx)+510g(1+cosx)

—%log|1+2003x|+c

Example — 25

Evaluate J'sin’1 13

xcos ? x dx

1/3

Sol. Here, J'sin’“”x,cos’ x dx

ie., (_1_1_1) =4
3 3

COS—1/3

I= J'—
sin™”? x_.sin* x

I= j(cot’”3 x) (1+ cot”® x) cosec’x dx.
{let cot x =t, —cosec*x dx = dt}

=— [Py dt =—[(+£7) dt

_ _{Etzm +§t8/3}+c
2 8

=— {%(coty3 X) + % (cot®” x)} +c-

dx :J‘(cot’mx) (cosec” x)* .dx



INDEFINITE INTEGRATION

Example — 26
1

Evaluate : J — dx
1+sinXx + cos X

1

Sol. 1= ~[1+sinx+cosx

1
:I 5 dx
2tanx/2 l-tan"x/2
1+ 3 + 3
l+tan“x/2 1+tan"x/2

_J' 1+tan2x/2 dx
~ J+tan’x/2+2tanx/2+1—tan>x/2

_J~ sec’x /2
" 2tanx/2 &

X 1 X
Putting tanz =tand E sec? 3 dx =dt, we get

I dt*log|t+1|+C—log +C

Example — 27

Evaluate : J M dx

3cosx +2sin x

tan — +1
2

.[3sinx+2cosx

Sol. 1= 3cosx +2sin x

d
Let3sinx+2cosx=A. Ix (3cosx+2sinx)+

p (3 cosx+2sinx)
= 3sinx+2cosx=A(-3sinx+2cosx)+

p(3cosx+2sinx)

Comparing the coefficients of sin x and cos x on both sides,

we get
—3A+2pu=3and 21 +3u=2

12

= u:Eandk 3

1= J'k(—3sinx+200sx)+u(3cosx+25inx) dx
3cosx +2sinx

=u [1.dx+2f

—3sinXx +2cosx
3cosx +2sinx

dt .
=ux+A IT,wheretISCosx+251nx

Sux+im|t|+C

13

x+E In|3 cosx+2sinx|+C

Example — 28

Sol.

Evaluat I 3cosx+2
valuate - sinXx +2cosx +3
We have,
_J- 3cosx+2
sinx +2cosx+3

Let3cosx+2=A(sinx+2cosx+3)+
p(cosx—2sinx)+v

Comparing the coefficients of sin x, cos x and constant term
on both sides, we get

A—2n=0,2A+pu=3,3A+v=2

L6 3. 8
= =5-u=gandv=—7

1= Jk(sinx+ZCosx+3)+u(cosx—25inx)+v dx
sinx +2cosx+3

I*kj'd N I COSX —2sinx et
B xTH sinx +2cosx +3 X

1
v J‘sinx+200sx+3 dx

I=Ax+plog|sinx+2cosx+3 |+ VI, where

= f———
1 Jsinx +2cosx +3

2tanx /2 1—tan*x/2

Putting, sinx= —————,cosx= 5 - Wwe get

l+tan’x/2°’ 1+tan’x/2

1
2(1—tan” x/2)
1+tan® x/2

dx

! I 2tanx /2
l+tan’x /2

+3



INDEFINITE INTEGRATION

I 1+tan®x/2
~ Y 2tanx/2+2-2tan” x/2+3(1+tan’ x/2) dx

_J~ sec’x/2 q
“Jtan?x/2+2tanx/2+5

Put tanx /2=t

sec’ x /2.%dx =dt

sec’ x/2dx =2dt = 2_[

2

dt :2J~ dt
t* +2t+5 (t+1)2+(2)

Example - 29

sin X
Integrate - .
l-cotx sinx-—cosx
sin x
Sol. L@tIZI—T——————%h
Sin x — cos x

Again, let sinx=A(cosx+sinx)+B(sinx—cosx)then

A+B=1and A-B=0

:A:l,le
2 2

1(cosx +sin x) +%(Sinx —CoSX)

n1=[2

dx

(sin x —cos x)

1 Icosx+sinx

x+ljldx+c
2 2

sin x —cos x

—llo (sinx—cosx)+lx+c
2 & 2

Example — 30

Evaluate j sin’x.cos’ x dx

Sol. I= .[sin3 X.cos’x dx
Let cosx=t=-sinxdx=dt

I:—I(l—tz).tS.dt

I:It7dt—jt5dt:§—%+c

_ cos*x cos’ x
8 6

I

Method II: [ = IR3 (1-R*)*dR, ifsinx=R, cosx dx=dR.
I:JR%mfj2RHR+JRHR

sinx  2sin®x  sin®x
I= - + +c
4 6 8

Example - 31

Evaluate

) 1
(1) -[sin (x—a)cos(x—b) dx

. 1
(i) Jcos (x—a)cos (x—Db) dx

1
dx
sin (x —a) cos (x —b)

SMJDI:I

I_cos(a—b) J- dx
~ cos (a—b) 7 sin (x—a) cos (x —b)

1 J-cos {(x-b)—-(x—a)} dx

:cos (a—b) " sin (x—a) cos (x —b)

1
" cos (a—b)

J {cos (x—b).cos (x—a) N

sin (x —a) cos (x —b)

sm(x—bysm(x—@}dx

sin (x —a) cos (x —b)



INDEFINITE INTEGRATION

1
:mj{cot (x—a)+tan (x —b)} dx
I:;{logbin (x—a)|—-log|cos (x—b)|}+c
cos (a—b)
|sin (x—a)|

cos(a-b) ° |cos (x—b)|

1
cos (x —a) cos (x —b)

i 1=]

B 1 J- sin (a—b) dx
~sin (a—b) Y cos(x—a)cos (x—b)

_ 1 J-sin {x-b)—(x—a)} dx

sin (a—b) Y cos (x —a) cos (x —b)

cos (x—a)cos (x—b) cos(x—a)cos(x—b)

= I{tan (x-b)—tan (x—a)} dx

sin (a b)

S | b)|+1 +
ey oz o8 (bl log os (s +¢

_ og |cos(x a)| te
sin (a—b) |cos (x—b)|

Example — 32
If J‘& dx = Ax + B log sin (x — a) + C, then the
sin(x—a)

value of (A, B) is
(a) (—sin o, cos o) (b) (cos a., sin o)
(c) (sin o, cos at)

Ans. (b)

(d) (cos a, sin o)

So J- sin x i

sin(x—a)
Let x—oa=t=>x=t+o=dx=dt

_ J-sm t+(x

sint

1 J-{sin(x—b)cos(x—a)_cos(x—b)sin(x—a)}dX
)

dt

= J‘sin tcosa+cos tsina
sint

= Icosadt+jsinacot tdt
=tcosa+sinalnsint+c
=(x—a)cosa+sinalnsin(x—a)+c

= A=cos o, B=sin a

Example — 33

dx .
ooss—siny el o
x 3m
—=log|tan| ——— || +
(a) \/— g (2 3 j
(b) —=log|cot [ij
f 2
©) log [tan (i —Ej
J‘ 2 8

(d) \/_ log|tan (% + %J

Ans. (d)

J' dx :LJ- dx
cosx—sinx /2 cos(x+nj
4

Sol.

[—& - L
cosX—sinx /2

1 x 3m
Isec Xx+— |dx =—=log tan | —+— |+c¢
SHES LTI
Example — 34

sin® x —cos® x

(1 —2sin? x cos X)

dx is equal to:

1 1
(a)Esin2x+c (b)_E sin2x +¢

1
(c)-E sinx +c¢ (d)-sin’x +¢

Ans. (b)

.8 8
mn- xX—
Sol. :J‘ S X—CO0S X

1-2sin® xcos” x



INDEFINITE INTEGRATION

i
o
(.4 4 )(4 4 ) (t* +1) 2t dt
sin” x—cos” x|{sin” x+cos x I*J.
_I 1-2sin? xcos” x (€ =1 +3(t° -1) +3}\/t_2
j(sinzx—cos2 x)(l—Zsin2 xcos’ x) | 1
j— +7
- ) 2 t? +1 2
1-2sin” xcos” x —~ 1=2 .[4(—2)1 dt=2 J.—lt dt
U+t + t2+t7+1
=J—costdx
-1
=i d 1
T sin2x+c I:2J- = 5 Wheret— — =u
2 ( t
u” +(~3
Example - 35
X+2 1
Evaluate : dx t——
“[(x2+3x+3)\/x+1 M (LJJFC_LMI ¢
3 NG 3 3
X+2

Sol. Letl= dx
I(x2 +3x+3)Vx +1

Putting x + 1 =1, and dx = 2t dt, we get




INDEFINITE INTEGRATION

EXERCISE - 1 : BASIC OBJECTIVE QUESTIONS

Integral as an anti-derivative

3
1. I[x —lj dx, (x > 0) equals

X

¥ 3, 1
——=x*+3logx+—+C
@373 S

4

X
(b

1
—éx2 +3logx+—+C
4 2 2x

x! 1
—+3logx+——+C
(€) 5 rooexto 5

(d) none of these

6
1+x*

2. The value of J( + 10") dx is

(a)6tan'x+10*log 10+C

X

+C

b) 6tan”' x +
®) * log, 10

e

10"
+
log,10

e

(c) 3tan™' x+

(d) none of these
3. j(tanx+cotx)2 dx is equal to

(a)tanx—cotx +¢ (b)tanx +cotx+¢

(c)cotx—tanx+c (d) none of these

2 2
X +cos” x .
I(—dx is equals to

1+x2)sin2 X

(a)tan'x+cotx+c

(c)cot'x—tanx+c

(b)tan'x—cotx+tc

(d)—tan'x—cotx +c

J. 2 -5 dx is equal to
10"

R
@) log,2 log,5

x X

— +c
© log,2 log,5

6. Isecz (ax+b) dx equals

(a)tan (ax+b) +C

(©) ltan(ax+b)+ c
a

. '[ dx

——> 5 _ isequalto
sin® xcos® x !

(a)tanx +cotx+C

(c)tanx—cotx+C

J- sin® x + cos® x
sin® xcos® x

(a)tanx+cotx+3x+c

(c)tanx—cotx—3x+c

Integrations by substitution

9, 'f 1+_x dx equals

1-x

(@) sin”' x+v1-x" +¢
(©) sin x—+v1-x* +¢

2X B 5X
() log,2 log,5

+c

L2 +c
d log,5 log,2

(b) %tanx+C

(d) none of these

(b) (tanx + cotx)*+ C

(d) (tanx — cot x)>* + C

dx is equal to

(b)tanx +cotx—3x+c¢

(d)tanx—cotx+3x+c

(b) sin”' x+v/x’ —1+c
(d) sin' x—+/x*—1+c¢



INDEFINITE INTEGRATION

0. I(sinl xz)3

1-x

dx is equal to

P | 2 a1 3
sin” x sin” x
@) LI
2 3
sin”' x (sin‘1 x)4
(c) +c d>—+¢
X 4
11. Isec" xtan x dx is equal to
sec” 2
(a) e () e
tan x (sec” x) tan x
() +c (d) ———+c
n n
cos’ x
12. J.z— dx is equal to
sin” x+sinx

(a)log|cosx|]—sinx+c  (b)log|sinx|—sinx+c

(c)logsinx|+cosx+c  (d)log|cosx|—cosx+c

log, x

13- ‘.-x,/1+logex

(@) (1 +log x)*+c

dx=

2

(b) g (1 +log,x) (log,x—2)+c
2

(©) 3 (1+1log x)"* (log.x—5)+c

2
(d) 3 (1+1log x)"” (logx—2)+c

14. I ! dx is equal to
xlogx
(a)log|xlogx|+C (b)log|logx+x|+C

() logx+C (d) log|logx|+C

15.

16.

17.

18.

19.

20.

Isecz x cos (tan x ) dx equals

(a)sin (cosx)+C

(c) cosec (tanx) + C

Itan” xsec” x dx equals

tan"™" x
+C

(@)

n—1
(c)tan"*'x+C
I sin 2x

4

dx is equal to
1+cos™ x

(a) cos™! (cos?x) +c¢

(¢c) cot™! (cos®x) + ¢

I dx equals
x++/x

(a) 210g(\/;—1)+c

(c)tan'x+c

2

1+x°

5

dx equals

@ 2(x* -2l +e
© (¥ +2)V1+x" +c

dx
Isz +2x+1 equals

(a) %tan_1 (3$1J+C

1 o 3x-1
(b) Etan (TJ+C

3x-1

(c) L2
V2 V2

(d) none of these

(b) sin (tanx) + C
(d) none of these

n+l

tan" x
+C

(b)

n+1

(d) none of these

(b) sin! (cos?x) + ¢

(d) none of these

(b) 2log(x +1)+c

(d) none of these

(b) %(}f +2)Vl+x3 +c

(d) none of these



INDEFINITE INTEGRATION

i%ﬁ%ﬁ
26. in’ 3 i 1t
21. J' % equals Ism x.cos’ x dx is equal to
—S5x-x
@ sin'”x sin" x ®) cos’x cos®x
L 2x+5 a -
@sin [Z5)se () cos IE x j” 10 12 8
V37 V37
) 6 -8
(c)sin 2x+5)+c (d) none of these © 0086 x_ SH; e (d) none of these
22. J‘ﬁdxequals
e e i
7. I | sin’ x de=L1og, [ TFIY ) o (x)1e where g(x)
cos x 2 I-sinx
e’ +3 e +2
(a) log ~ +c (b) log - +c equals.
e +2 e +3
lsin3x+sinx b lcos3x+cosx
(©) l10g ¢ +2 +c (d) none of these © 3 ® 3
2 e +3
1., . |
) (c) Esm x—sinx (d) ECOS X—COSX
X
23. '[xz - dx equals
dx .
28. I - - is equal to
1 | ‘x+1 4sin’ x +4sin xcos x +5cos” x
x+log, |—|+c b) x+log,||—— +c¢
(a) g ‘x+1 (b) g\/x—1
2 1 | 1
(@) tan™ | tanx+—|+c (b) —tan | tanx+— |+c
x—1 x+1 2 4 2
(c) x+log|—+c (d) x+logl—|+c
x+1 xX—
24.  Ifmis a non-zero number and (c) 4tan™! (tan x+%j+ ¢ (d) none of these
1 oxAml
I 7dX =f(X)+¢, then f(x)is _2 5
( +x" +1 29.  Theintegral | S X€os X dx equal to:
sin’® x + cos® x)
XSm X4m
2 2
@) Zm(xzm +x™ +1) (b) Zm( +X +1) 1 1
———+c ———+cC
(a) (1+cot3 x) (b) 3»(1+tan3 x)
2m(x5m I X4m) (x5m _x4m)
2 -3 3
(© (X2m+xm+l) (d) 2m( tx +1) sin"x __cosx
© (l+cos3 x) (d) 3(1+sin3 x)
dx
25. .[1+ex_ 30. IfItan“xdx:ﬂtan}x+,utanx+x+C,then
x X 1
(a) 1oge[e ;H}Lc (b) logg[ Xe+1]+c @ A=7 (byu=1
e e
(c)x+log (er+1)+c (d)es+x+c

(c) A = —% (d) none of these
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Standard algebraic formats
x> +2
34.  Evaluate I dx
2x -3 . X4 +4
31. Iz—dx is equal to
x“+3x—-18
2
@) lo ‘x2+3x—18‘—310 x3 ¢ - L B
g ) g x+6 (a) tan ! 2X +C (b) Ztan
(b) log‘x2 +3x—18‘—210g x=3 +C
3 x+6
2 2 x—3 (©) ltan’1 X_; +C  (d) None of these
(c) log‘x +3x—18‘+—log +C 2
3 X+6
(d) None of these
d
x> +x+5 35.  Evaluate I—X
32. Evaluate Iz—ldx (x2 +2X+6)
XT—Xx—
7 -1 x+1
a) x +log|x? —x —1|+—=log (a) tan [ J+C
@ xelog? —x— I+ rlog T NG
(b) x+log‘x -x- 1‘ |2X - f| (b) Ltan{XHjJrC
|2x 5| Vs Vs
_1 x+1
+C
(©) x+log‘x2—x—l‘+ﬂl ogl— = 2x 1= \/— © f [ J5 j
NG
(d) None of these
(d) None of these
S axtl 36.  Evaluate the following Id—x
33.  Evaluate Iz—ldx V2ax —x?
x2 -

+C

2
X P X —
—+1lo —1|+1o

@) 2 g‘x ‘ gx+

2

X 2 1 X —

—+log|x” —1|+—=log|—
(®) 2 g‘ ‘ 2 g X+

() x* -i—log‘x2 —1‘+%log

xll e
x+1

(d) None of these

(a) sin”’ (ﬂ) +c
a
b lsin’1 (E] +c
®) 5 .
(c) sin”! (x_—a) +c
a

(d) 2sin”"! (x_—a) +c
a
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37. Evaluate I x+2 dx

(X2+3x+3)m

(a) itan‘l —X lic
3 3(x+1)

(b) tan™" [

4/3(x+1)]+°

(d) itan_1 X +c
NE) 3(x+1)

dx

(x—2)m

38. Evaluate J

1 [x+2 1 [x+2
- b) ——
@ 2+ ® 5\
l X_2+c d _l x—2
© 2\x+2 @ =5xi2

dx

L an! [ﬁ}c

39. Evaluate

40. J"\/1+x—2x2 dx equals

(a) %(4x—1)\/1+x—2x2 +¥Sinl(4x_lj+C

3

3

(b) é(4x ~1)VI+x-2x2 —9§sin1 [ﬂjw

3

1 2 . 4(4x+1
() §(4x—1) VI+x-2x2 +3—\/;s1n ! ( Xt J+C
(d) None of these
Integration by partial fractions

X +3

4. J‘(x+1)(x2+1)

dx equals.

(@) x+log, |x+ 1| —log (x*+ 1) +cot'x+c¢
(b)x—log, [x+ 1| +log, (x*+ 1) +tan' x+¢
() x+log |x+ 1| —log (x*+ 1) +tan'x+¢

(d)x—log |x+1|-log (x*+1)—tan'x+c¢

2
42. I()Cjc—+l dx equals

1)(x-2)
2y -2y
(a) log (x 2)2 +C (b) x+log (x )2 +C
(x-1) (x-1)
(x-1)°
(c) x+1log =|+C  (d) none of these
X—

x2dx

xz+az)(x2 +b2) s

43.  The value of j (

1 [, . x X
(a)m_btﬁﬂ Z—atan ; +C

1 [ x X
(b) m_atan lZ—btan 1;_+C

[ X x
btan' =+agtan” = |+ C
© b*—a* | b a |

(d) none of these
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i%&‘%—?
Integrations by parts .
49.  The value of I X sec x tan x dx is
44. Ilog x dx 1is equal to (a)xsecx+log|sec x +tanx|+c
(a)x (logx)— 1 +¢ (b)x (logx) —x+¢ (b)xsecx—log|sec x +tanx|+c
(©)x (logx)—1/x+c (d)x (logx)+c (c)xsecx+log|secx —tan x|+ ¢
(d) none of these
45 J.Sinil x dx equals
V1-x 50. I& dx is equal to
I-cosx
(@) 2[Vx —VI-xsin "' Vx [+
x X
(a) —xcot—+c (b) cot—+c
(b) 2[\/;+ l—xsin’lx/;J+c 2 2
(c) [\/_—\ll—xsin'l \/;]4-0 (©) —cot§+c (d) none of these
(d) none of these
2 x (l—x)2
46. Ix e” dx is equal to 51. '[ex - dx is equal to
(1+x2)
(a) x’e" —Z[ezx —xe"]+c
(b) x’e* —2[e" —xe"]+c (a) ! +c (b) ¢ +c
x+1 x*+1
(c) x’e* —2[xe2x —ex]+c
©) . (d)l_et+c
c) 5 2
(d) xZex_zl:xex_ex:'+c +1 x“+1
2 . xex
47. J-(log x)" dx isequal to 52 '[( 7 d is equal to
X
(a)x(logx)’—2[xlogx—x]+¢
(b) x (logx)*—2 [logx—x]+¢ § -
o
(c) x (logx)*~2 [logx*—x] +¢ (a) W“ &)
(d)x (logx)*—2 [logx—2x]+¢
sin”' x . e’
48. I—(l 72 dx is equal to () —(x+1)3 +c (d) none of these
—x
(a) —-—=sin 1x+—log‘\/1 x° 53 J‘e* dx equals
/_ (x+1)
-1 X
(b) \/_sm x+—10g|1 x|+c (a) - e ,c iC
X
(©) o sin_1)c+1 1-x* * 8
c - e
N 4 c +C d) — +C
1-x ( ) (x+1)2 ( ) (x+1)2

(d) none of these
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i%g‘%ﬁ
54. J-{ (logx—1) ? dx is equal to 59. Ifthe integral It:—l:a%dx:era In|sinx —2 cos x| + k,
1+ (log x)°
then a is equal to
X log x (a)-1 (b)—2
C —= 4
@7 ®) (ogx) +1 ©1 (d)2
sin” x
xe* 60. dx, neNis equal to
(c) ;2 +C (d) ;+C I cos"™* x a
(logx)” +1 1+x
3 L 3 ]
ol (a) =(tanx)3 " +c b) (tanx)3™ +c
55.  The integral J(l+x—lje *dx isequal to : ) n( ) ( 3+n
x
3 n+l
L ol () ;(COS x)"+e (d) none of these
(@) —xe *+c (b) (x=De *+c
- 4
ol ol 61. [ dv isequal to
(c) xe *+c d) (x+De *+c cos® x
Standard trigonometric Formats “ (1 +tan’ x) 't 7
5 7
56. Isinz (x/2) dx equals
(b) tan® x + tan” x ‘e
(a) %(x+sinx)+c (b) %(x+cosx)+c S
X ()tan5x+tan7x+c
. c
(©) E(x —sinx)+c (d) none of these 7
(d) none of these
cos2x—cos28 , .
57. —————  dx is equal to in'
I cosx—cosé a 62. J-smlzx dx=
cos~ x
()2 (sinx+xcos0)+C tan'! x
(b) 2 (sin x —x cos )+ C (a) 10tan’x+C b) = +C
()2 (sinx+2xcos0)+C tan11 x
. (c) ——+C (d) none of these
(d)2 (sinx—2xcos 0)+C 11
53 Jl—cos 2x dye 63. '[ fm dx equals
) 1+cos2x 1-cosx
b . (x
(a)tanx—x+C (b)x+tanx+C (a) log cos (EJ +C (b) 2log sin (EJ +C
(c)x—tanx+C (d)—x—cotx+C

(c) 2log sec[gj +C (d) none of these
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éﬁ?}
Numerical Value Type Questions
64.

1
I - - dx is equal to
Sln('x_a)snl(x_b) eSlogex _e410gex k

X
67. W dx = 7‘*‘0 . Then k is equal to
] sin(x—b)
(a)sin (b—a) log ﬁ +C )
sin(x—a _
68. J.(l—xj dx:x—alog|x+l|—i+c.Thena+bis
I+x x+1
sin(x—a) equal to
(b) cosec (b—a) log |— ( b) +C
sin(x—
69. Ifj = px+qlog,|cos x+sin x|+c
1+tan x
in(x—>b
(c) cosec (b —a) log s?n(x ) +C then p + q equals.
sin(x—a |
X+
[ et
@ sin(b—a)1 sin(x—a) ic
sin(b—a)log |-~
sin(x—b) =lln|x2+x+3|+Ltan‘l(2x+lj+c
a Jb Vit
. then (b — a) equals
65.  The value of /3 Iﬂ is
sin(x—Zj - IfJ- 2x+3 i
' (x—l) (x2 +1)
-1 Tlic S
(a) x—log|cosx| x 2 :10g{|x_1|5/2 (xz +1) ”}—Etan_1x+C
- where C is any arbitrary constant, then a is equal to
(b) x+log COS(X_ZJ +C
72. IfJ‘ CO\S/_\/; dx=a sin/x +c, then a equals
X
(c) x—log s1n(x %j +C
2
1, _
73. J-“)_st dx :Ztan 'x’+¢. Thenkis equal to
x+lo s1n(x Ej +C
(d) x+log 2 S
' Nx+2
dx
66. —— = equals 3
Icosx+ 3sinx %(x+2)2 —a~x+2+cthen ab equals

(a) 10gtan(%+£}+c (b) logtan(%—%j+c 75. .[ /1+x—2x2 dx

1 X T 1 X T =L(4x—1) /1+x_xz+9\/55in1£4x—lj+c
s34 ¢ @ Jlwn(3-F ) 2a p oS

Then b/a is equal to
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e
i

(x—x3 )1/3 3(1 43 78
76. I—dxz __[_Z_IJ +c¢ . Thenk is equal to )

4 k\ x

X

77.

2

log x
=

a+bequal to

80.

1
dx:—;(a+logbx)+c, (a,b € Integers). Then 79

i%&;ﬁ{'

Ix3(logx)2 dr= [q(logx)2 +rlogx+1}+c
p

Then p + q +ris equal to

X+sinx X X .
I— dx = —tan(—j+C, Then b —a is equal to
1+ cosx a b

1
If Isin 2xsin 3x dx equals T (5sinx —sindSx) +c. Then k is

equal to
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d.
The integral J.—xy equal (2015)
X (xt 1)

(a) —(x4+1)%+c (b) —(x4jlj4+c
X

1

X 1) 1
(c)[ = ] +e (@ (x* +1)f +e

dx
(x+ 1)3/4(x— 2)

The integral I =7 isequal to

(2015/Online Set—1)

1

1
x+1 4( x+1 )4
4 +C b) —— +C
® ( 2) ®) 3(x—2j
1 1
© —f(x_ZT $C @ 4()“2)4 e
3 x+1 x+1
1 t+v1+t2
log(t+vi+t) ) (g(t))2+C where C is constant,
V1+t
then g(2) is equal to :

(2015/Online Set-2)

(@) log24:3)  (®) 5loe+5)

NG
(©) 2log(2+/5) (d) log(2++/5)
2x'" +5x°
The integral I dx is equal to : (2016)
¥ +1)°
U x°
——+C by —— = +C
@ 2(x +x3+1)2 ®) 2(x5+x3+1)2
X —x’
)————+C d——>+C
© 2(x5+x3+1)2 @ (x5+x3+1)2

Where C is an arbitrary constant.

&

EXERCISE - 2 : PREVIOUS YEAR JEE MAIN QUESTIONS

If j =(tan x)A + C(tanx)B +k, where k
cos® x 2s1n 2x

is a constant of integration, then A+B+C equals :
(2016/Online Set—1)

21 )16
(@) (b) 5
10 il
© @ T
. dx .
The integral J(lJr\/;)—x\/——xz is equal to :

(where C is a constant of integration.)

(2016/Online Set-2)

1++/x [I=Vx
(a) -2 1_\/;+C (b) 2 1+«/;+

(d) 2 1+ﬁ +C

()~

1+«/;

Let T, :Jtann xdx,(n>1). IfI, + 1, =atan’x + bx* + C,

where C is a constant of integration, then the ordered pair
(a, b) is equal to: 2017)

1 1
(a) (‘g’lj (b) (;0)
1 1
ol5) (5]

The integral

j\/l+2cotx(cosecx +cotx) dx (0 <X <gj is equal

to (where C is a constant of integration)
(2017/Online Set—1)

(a) 4log (sin%) +C (b) 2log (Sin %) +C

(©) 210g[cos%j+€ (d) 4log (cos%)+c
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3x—-4 4 2x+5 x+3
9. Iff =x+2,x#——, and 2. If 7—6x—x" +Bsin~ [— +c
(3x+4j rrerTT I\/7 bx—x° 4
(where C is a constant of integration), then the ordered
If(x) dx =Alog|l-x|+Bx+C,then the ordered pair pair (A, B) is equal to : (2018/Online Set-2)
(A,B)isequalto: (@(@2,1) (b) (-2,-1)
(where C is a constant of integration) ©2,1) (d)(@2,-1)
(2017/Online Set-2) tan x p k [ ktanx+1
x=x——F—tan | —— |+¢
g 2 g 2 13. If I1+tanx+tan X J4 J4 ’
@35 b | 7% (C is a constant of integration), then the ordered pair (K,
33 33
A)isequal to: (2018/Online Set-3)
s s - @@ 1) ©)(2.3)
© (—ga—gj (d) (g’ —gJ (©(2.3) @2, 1)
10.  The integral sinsl
14. 2 xis equal to :
i sin? x cos” x dx is sin 5
2
(sin5 X +cos® xsin? x +sin’ x cos” X +cos” x
(where c is a constant of integration.)
2018) (8-04-2019/Shift-1)
(a)2x+sinx +2sin2x +c¢
-1 1 (b)x+2sinx +2 sin2x +c¢
(@) 5 +C ) 5 C _
1+cot” x 3(1+tan x) (c)x+2 sinx +sin2x +c¢
(d) 2x +sinx + sin2x + ¢
e d) ———+C 5. 1f [— & L+2°)1+C, where C i
© 3(1+tan3x) (d) ool x . x3(1+x6)2/3 _xf(x)( +x ) +C, where C is a
(Where C is a constant of integration) constant of integration, then the function f{x) is equal to:
(08-04-2019/Shift-2)
x—4
1. If f(mj =2x+1, (xeR—{1,-2})  then [ £(x)ax is 3 1
(a) 2 (b) 6x°
equal to
(where C is a constant of integration) © -5 ) 5o
(2018/Online Set-1)
2 4
(a) 12log [1-x[+3x+C 16.  The integral .[sec3 xcosec?xdx is equal to:

(b) —12loge |- x| -3x+C
() 12log, |1 - x| -3x +C

(d) —12log,[1-x|+3x+C

(9-04-2019/Shift-1)
-1 3 -4
(@) -3tan3 x+C (b)—ztan3 x+C
-l -1
() 3cot3 x+C (d)3tan3 x+C

(Here C is a constant of integration)



INDEFINITE INTEGRATION

17.

18.

19.

20.

If Iese” (sec x tan xf(x)+(sec x tan x +sec’ x)) dx

=" f(x)+C, then a possible choice of f(x)is:
(9-04-2019/Shift-2)
(a)secx+tanx+C (b) secx—tanx—C

(c)secx+2tanx—C (d)xsecx+tanx+C

If J.xse”‘z dx = g(x) P ¢, where ¢ is a constant of
integration, then g (—1) is equal to:
(10-4-2019/Shift-2)

(@)1 O
s oL
© -3 @

2x° -1
xt+x

The integral J dx is equal to : (Here C is a constant

of integration) (12-04-2019/Shift-1)
1 |x3+1| 1log —X3+12+C
a) —lo +C b) 5 02,
(@) Slog, — (b) 5 [
X+l X +1
(c) log, . +C (d) loge| .= |+c

T
Let ae[(),z) be fixed. If the integral

J‘de = A(x)cos2a + B(x)sin2a + C,
tan x — tan

where C is a constant of integration, then the functions
A(x) and B(x) are respectivelty:

(12-04-2019/Shift-2)

(a) x+aand loge|sin(x+a)|
(b) x~a and log, |sin (x—a)|
(c) x—a and 10g£,|cos(x—a)|

(d) x+aand log,

sin(x—a)|

21.

22,

23.

For x> #nz,neN (the set of natural numbers), the

) ZSin(xz—l)—sin2(x2—l) )
integral Ix 2sin(x2 —1)+sin2(x2 _l)dx is equal to :

(where c is a constant of integration)
(9-01-2019/Shift-1)

(a) log, +c

%sec2 (x2 —1)

(b) %loge sec(x’ —l)‘+c

1 1 NES
© 5 og,[sec 3

x* -1
21
(d) 2log, sec( 3 j

5x% +7x°

(xz +1+2x7 )2

Iff(x):j

dx, (x > 0), andf(0)=0, then

the value of /(1) is (9-01-2019/Shift-2)
(a) 1 (b) .

Y7 4

( )l (d) !

) 4

Let n>2 be a natural number and 0<8 <%then

(sin" 6 —sin 9)5 cos @
I sin""' @

d@ is equal to:

(10-1-2019/Shift-1)

n 1 n
a 1- +C
()nz—l( sin"™"' @
n+l
n 1 n
b 1- +C
()n2+1( sin"" @

(d) —~ (1—.1 " LiC
Sin

(where C is a constant of integration)
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24,

25.

26.

27.

e I e .
If J-xse “dx :4_86 * f(x)+C, where C is a constant

of integration, then [ (x) is equal to:
(10-01-2019/Shift-2)
(a) —2x° -1 (b) —4x’ -1

(c) —2x" +1 (d) 4x° +1

2 m
Iff 1—4x dx:A(x)(\/l—xz) +C, for a suitable
x

chosen integer m and a function A(x), where C is a constant
of integration, then (A(x))™ equals :

(11-01-2019/Shift-1)

-1 -1
@ 37 ® 3
1 1
© 377 @ 55
1
If.[ i dx = f(x)~2x—1+C, where Cis a constant

V2x—1

of integration, then f{x) is equal to :

(11-01-2019/Shift-2)

(a) %(x +1) (b) %(x +2)

© %(x—4) @ %(x+4)

The integral j cos (loge x) dx is equal to (Where C is a

constant of integration) (12-01-2019/Shift-1)

(a) %[sin (log, x)—cos(log, x) |+ C
(b) x[ cos(log, x)+sin(log, x)|+C
(c) %[cos (log, x)+sin(log, x) |+ C

(d) x[cos (log, x)—sin(log, x)] +C

28.

29.

30.

31.

ar%:, "

3x" 24" . .
al al —dx is equal to (where Cis a

The integral J (2x4 v 1)

constant to integration) (12-01-2019/Shift-2)

12

4 X
- r 4+ C
@) 6(2x4+3x2+1)3 oW 6(2x4+3x2+1)3 "
x4 C x12 C
e R —
© (2x* +3x7 1) ) (20 4327 +1)

If fsin” [ /Lj dx=A(x) tan" (Vx)+ B (x)+C,
1+x

where C is a constant of integration, then the ordered pair
(A (x), B (x))canbe: (3-09-2020/Shift-2)

(@) (x+1,—/x) (b) (x—1,—x)

(©) (x+1,vx) () (x—1,vx)

X

2
———— | dx isequalto (where Cis
xsin x +cosx

The integral J.(

a constant of integration) : (4-09-2020/Shift-1)

xXsecx
(a) tanx ———+C
XSIn x+CoSx

Xxtan x
(b) secx————+C
xsin x+Ccosx

xtan x
(c) secx+———+C
Xsin x+Cos x

XSecx
(d) tanx+———+C
xXSin x + Cosx

Ifj(ezx 12eX —eX -1) e(ex+e—x) dx

_ (ex +e*") . . .
=g(x)e +c¢ where c is a constant of integration,
then g(0) is equal to: (5-09-2020/Shift-1)
(a)2 (b)e

©]1 (d)e?
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32.

33.

34.

3s.

if | cos 0 d6 = Alog,

5+7sin@—2cos* 6

0
) can be:

a constant of integration, then

(5-09-2020/Shift-2)

5(2sin@+1) 5(sin0+3)
sin@+3 2sin0+1
2sin0+1 q 2sin0+1
sin0+3 @ 5(sin0+3) 37.
1
If [——5——dv = f(x)(1+sin’ x)* +c,

sin3x(1+sin6 x)3

. . . AW
where c is a constant of integration, then A f° (?) is equal

to: (8-01-2020/Shift-1)
38.
9 9
(a) oy (b) g
(©)2 (d)-2
’ -1 T T
If f'(x)=tan (secx+tanx),—5<x<5 39.

and /(0) =0, thenf(1) is equal to:

(9-01-2020/Shift-1)

n+1 b n+2
@ - (b) =
© =t
% 4
) dx ) .
The 1ntegral_[8—§ is equal to: (where C is a

(x+4)7(x=3)7

constant of integration)

x-3 X
(a) —(m) +C

3
(b)l(x_3j7+c
2\x+4
13

x—3j7+c
x+4

==
~
N>
|
>—‘|_
w
VR

x-3
(c) (x+4} +C

B(9)| +C wherecis 3¢,

(9-01-2020/Shift-1) 49,

do
If
J. cos’ @(tan 26 + sec20)

:/1tan6+210ge|f(9)|+C

where C is constant of integration, then the ordered pair

(/1, f(H)) is equal to: (9-1-2020/Shift-2)

(a) (-1,1—tan 0) (b) (~1,1+ tan 8)

(c) (IL1+tan @) (d) (1,1-tan8)

IfJ.—dX > :atanl(z)H_lj—i-b( 22X+1 J-i—C,
(x2+x+l) V3 X" +x+1
x >0 where C is the constant of integration, then the
value of 9(\/§a + b) is equal to
(27-08-2021/Shift-1)

J~ 2e* +3e™*

203 = viog, (467 76 )

where C is a constant of integration, then u+v is equal
to . (27-08-2021/Shift-2)

The integral J

+dx is equal to
Jx=1) (x+ 2)5

(where C is a constant of integration)

(31-08-2021/Shift-1)

5 1
3(x+2)4 3(x+2)4
— + b) — +
(a)4(x—1J ¢ ()4()( 1) ¢

1 5

4(x-1)4 4(x—1)4
c) = +c d) - +c
()3()(4—2} ()3(X+2j
I%dx:alogc 1+tanx|+[310gC
sin” X +cos” X

2tanx —1
|1—tanx +tan’ x| +ytan™ (—J+ C,

3

When C is constant of integration, then the value of

18(cc+B+7") is (31-08-2021/Shift-2)
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i

41.

42,

COS X —Sinx . i sinx+cosx
If J— dx =asin"| ————— [+C where ¢
/8 —sin2x b

is a constant of integration, then the ordered pair (a, b) is

equal to (24-02-2021/Shift-1)
(@) (3.1) () (1,-3)
© (13) @ (-1,3)

The value of the integral

sin 0.sin 29(sin6 0 +sin’ 0+sin’ 6)\/2 sin* O +3sin’0+6

J

43.

1—cos260
is:
(where c is a constant of integration)
(25-02-2021/Shift-1)

3
(a) é[9—20056 0—3cos* 6—6cos’ 6]5 +c

1 3
(b) E[11—18cos2 0+9cos*0—2cos’ 6}2 +c

3

(©) %[9—2Sin6 0 —3sin* 0 — 6sin> OJE +c

3

() %[11—185in2 0+9sin* 6—2sin® 9}5 +c

3log, 2x 2log, 2x

+35e
3log, x _7621023c X

€
4log, x

The integral J dx, x > 0 isequal
e

+5e
to:

(where c is a constant of integration)
(25-02-2021/Shift-2)

(a) 4log, |x2 +5x—7|+c

(®) log Vx> +5x—7 +c¢

(¢) %bge x’ +5x—7|+c

(d) log, [x* +5x 7 +c

44.

45.

L o

For the real numbers a, 3, yand 6 if

L x*+1
(x2—1)+tan1( N J
dx

(x4 +3x2 +1)tan’1 [Xz +1j

X
[ 1[)(2 +1
=alog, | tan
X

j]ﬂ%tanl {—Y(X _1)]
X
+5tan”! (Xz +1J+C
X

where C is an arbitrary constant, then the value of

J

10(a+Py+38)isequalto _ (16-03-2021/Shift-2)
(2x—1) cos \/(2x—1)> + 5

The integral J dx isequalto:

VAP —4x +6

(where c is a constant of integration)
(18-03-2021/Shift-1)

(@ +osJ2x 175+
() 3 sin 27 e5 we
© L eos i+ 5 +e
(@ 3 sinyx 175+
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EXERCISE - 3 : ADVANCED OBIJECTIVE QUESTIONS

Objective Questions I [Only one correct option|]

1.

sin x dx
Evaluate :

\3sin® x +4cos” x
(a) —ln(cosx+m)+c
(®) In (COSX+M)+C
(¢) -In (sinx +~/3+sin*x) +¢c

(d) None of these

If Ilog (x*+x) dx=xlog |x| + (x + 1) log |x +1]| +&, then k

equals
(a)2x+logx+1|+c (b)2x—loglx+1|+c
(c) constant (d) None

IfI= Jcos Olog [tan g} do, then I equals

(a)sin© log (tan 6/2) + 6 + ¢
(b) cos 6 log (tan 6/2) + 0 + ¢
(c)sin O log (tan 6/2) — 6+ ¢
(d) None of these

If Ig(x) dx = g(x)then Jg(x) (f(x)+f'(x))dx is equal to

@ g ) -g@f®+c  (b)gE)f(x)+c
©egx)fx)+c (g PE)+c

If [(x* =2x* +5) € dx=e™ (Ax’+ Bx’+ Cx + 13/9) then

which of the following statement is incorrect :

()3C=2 (b)A+B+§:O

(c)C+2B=0 (d)A+B+C=0
& (14 x)

(1+x2)

-1 -1
(@) xe™ *+c¢ (b) xe*™ * +c

dx is equal to

(c) 2xe’ nlx e (d) none of these

IfI= .[sin7 xdx, then I equals

3 5 l 7
(a) —cos x + cos’x — cos’x + 7cos X+c
3 3 5 1 7
(b) —cos x+ cos’x — =cos” x +—cos’x+ ¢
5 7
3 3 1 3
(c) tan x — tan’x + sin x —gcos X+c
5 1 3 1 7
(d) — cos x + cos’x —gcos x+7cosx+c

IfJ.L:llo

(x2—4) x+1 k

S
NI

1
—Etan'1 Jx+1+c then k equals

@ 23 (b) 443
1
(©) m (d) none of these
(x+2)dx
Evaluate | (x* +3x+3)Vx +1
(@ 2 tan™' M +c
NG -
(b) 2 tan ™ M +c
NE) X
(c) Ltan‘1 —\B x+l +c
3 X
(d) % fan [ B xAL “Xx Skl S
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3
/ X +x )
10. Evaluate:j LS IS. IfIZIx4_9dxthenquuals,
xvVx+1
2
() llog|x4—9|+ilog x2+3 +c
(@) In (x+vVx*>+1)+sec”' x+c 4 12 x° -3
[2 -1 1 4 1 Xt =3
(b) In(x—vx“+1)—sec” x+c¢ (b) —log|x" -9 |+—log|— +c
4 12 x +3

(©) In(x+Vx*—1)—sec ' x+c¢

(d) None of these
11. Let g(x) be an antiderivative of (x). Then In (1+(g(x))?) is an

antiderivative for :

2f(x).g(x) 2f(x).g(x)
RPN ® 1 ey
26(x) 0N
(© 1+—(f(x))2 (d) None
12. If T, = [(Inx)"dxthenT +nl =
(a) (Inx)* (b) x (In x)°
(¢c)x"Inx (d) x (Inx)™!

13. If I, =jcos"xdx then I _(“ -

- . 1 .
(a)cos™'x.sinx+c (b) —(cos" " xsinx)+c
n

1 .
(c) ;(COS Xsinx)+c (d) None of these

dx

14. IfI= j e

X

b) ——
(b) a2 /az_bzxz

+cC

X
@ Va2 —b*x? e

(d) none of these

ax
(©) Va2 —=b*x? e

16.

17.

18.

x-3
x+3

+C

1 1
—log|x*-9|-—1o
(c)4 gl | o8

(d) None

Evaluate I:J-[ /a+x + /a_dex
a—x a+x

(a) 2sin™ (3] +c

a

(b) 2asin™ (ij +c
a

(c) 2cos' (3] +c (d) 2acos™ (Ej +c
a a

dx

J‘ e +a

e' —a
(a) In(e* ++/e* —a’) +sin"'(ae *) +c
(b) In (e* —ve™* —a’) +cos ' (ae ) +c

(©) In (e* ++/e’* —a’) +cos ' (ae ) +c
(d) None

2 —
I ¥ -1 dx is equal to
x ]

(x4 +3x7 +1)t0m_1 (xzﬂ

(a) tan™ (x+lj+c
X
1( 1)
tan | x+—
X
(xz—i-l]
tan
x
(d) (x +ljmn_1 (x +lj+c
x x

(b) log, +c

(c) log, +e
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19.

20.

21.

22,

J-\/ezx —1dx is equal to 23.

(@) Je* —1+sec e +¢
(®) Je —1-sec' ™ +¢
(©) e —1-sec' e +¢

(d) none of these

(1+x)

Evaluate : J-X(Txex)z

1+ xe*

(a)ln[ xe j+ ! +c

1+xe* 1
+
Xe

(b) ln[ -

(¢)In xe ! +c
xe* +1 xe* +1

(d) None of these
If £ (x) is a polynomial function of the n® degree, then

Iexf(x) dx is equal to

@ e {f ()~ ()= () =7 (W) —.. - D' ()5
(b) e {f ()= () + £ (¥) £ () + ... + (= 1) £ (x)}
©e {f () - )+ (@) -7 () +... + (1) ()}

(d) none of these

IfI= Iex (x cos x +sin x) dx then I equals :

[
(a) Ee’ (xsinx—cosx)+c

26.

|
(b) Ee (xsinx+cosx)+c

1 .
(©) Ee (xcosx —sinx)+c

(d) None

1+xe* 24.

(b) %(x)‘”3 _(loge x)’ +%loge x+§_ +c

© %(x)“/3 (log, x)° —%loge x+§ +c

() %(x)l/3 (log, x)° +§logex—§ +c

e

- .3
#2" dx, and f(x) = (cot x)*2, g(x) = (cot x)*™, then

IfI:'[ sin” X

I equals

\3 42

(a) % f(x) —% g(x)+c (b _Tz g(x)+c

2\/5 f(x)+%g(x)+c

1
(c) 2—\/§f(x)+c (d) N

J' dx .
tan x+cot x +sec x +cosec x 1 equal to

1
(a)E(sinxfcosx+x)+c
|
(b)E(smx—cosx—tanx+cotx)+c
|
(c)5(51nxfcosxfx)+c
.
(d)E(smx+cosxftanxfcotx+x)+c

sin x—cosx
dx=

(sinx + cos x)/sin x cos x+sin® x cos x

(a)—sin(sin2x+1)+c
(b) cosec (sin2x+ 1)
(c)—sec!(sin2x+1)+c

(d)tan (sin2x+ 1) +c¢
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i%ﬁ"%ﬁ
27. If y=yx*—x+1 and forn>1, [,=|x"/ydx and 12
J 30. If j[l \/_] B cos Nx - f(x)+¢, then f (x)
al, + bl + ¢l = X%, then (a, b, ¢) is equal to I+x ) x
- equals.
@ [5,5,_1] ) (1,-1,1)
@1 I+41-x (b) Llog I+41-x
a) log, | —=— —log,| —=
g \/; \/;
5 1
(C) (3a_5,2j (d) 5 5 1
1-4/1— I+4/1-x
(© 2log,| —="| (@) 2log,| ——
28. If 1iH(1) 5 exists finitely and
xX—> X
31. I
s \/x+a
x
li_)m0[1+ x+MJ =¢’, where f(x) = ax*+bx+c
* (@) Vax+x? —2+/a> +ax —aln(Vx +va+x)+c
then J‘f(x)loggxdxis equal to () Vax+x* —2\/a+x—aln(\/;+\/a+x)+c
) 1 e | (©) Vax+x2 —2\/az+ax+aln(\/;+\/a—x)+c
(@) =X [loge x——j+c (b) —(loge x——j+c
3 3 3 3 (d) None of these
2 2 32 1= [— 52 o thenl-
(C)§x3(logex+l)+c (d)§x3(logex—1)+c ) _I [T

29. For0<x<1,let

(1+x2”)

£ (x)=lim (1+x) (142 ) (1+x")...

n—o

S(x
then jg log, xdx equals

(a) log, [ﬁ] +c

(b) —log, L +10g—‘3x+c
1-x 1-x

(C) +10ge (I-x)+c

(d)xlog, x+log, (1-x)+c

33.

2 2
(a)ltan'l( zax 2j+c (b)ltan_l[X a j+c
a x’-a a ax
(c) log| x +Vx* —a® [+c
Evaluate : I\/X+VX2+2 dx

(a)—(x+\/x +2)"% S
X+x7+2

(d) None of these

(b) l(x+\/x2 +2)*? 2
3 X+Vx>+2

(c)—(x+\/x +2)"% - —+C
X+Vx*+2

(d) None of these
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i%f‘%ﬁ
2n 2n
34. .[ ] dx is 37. Evaluate: I 1+§n .ln (I+x zn)+1_ 2rllnXdX
(x+1)\/x(x2+x+l) x X
2P° 3

? 1
(a) tan71 (ﬂ +c
X

2
(b) 2tan”' [L”l] te
X

+c

(c) tan"" [\/xz +x+l]
x

(d) 2tan”' ,}x+l+1 +c
X

(1+x)sinx

35. j
(x2 +2x) cos” x—(1+x)sin 2x

where t is

(a) (x+1)cosx—sinx

(c)(x+1)sinx+cos x
(xz —l)dx

36. j is
2ovxt +4x° —6x> +4x+1

(a)lln x+l+2+\/(x+l+2
2 X X

2
j -12

(b)%ln x—l+2+\/(x—l+2

X X

2
j P

(c)lln x+l—2+\/(x+l—2
2 X X

(d) None of these

2
j P

+C

+C

+C

(b)(x+1)sinx—cosx

(d)(x+1)cosx+sinx

38.

39.

40.

(@) =—(@1-3/nP)+C (b) P—(31nP—1)+C
9n 3n

2p°
(© v @BinP-1)+C (d) None of these
n

1 1/2
where P =(1 +T]
X

dx

3

Evaluate 1 = .[ -
sin” X +c¢os” X

(@) ——1lo V24t
EN RN,

+tan”' t+c

1 O
log
V2 T2+t

(b) +ltan’1 t+c
3 3

L g2
©3% V2t

(d) None of these

2.
+—tan t+c
3

where t = sin x — cos x

secx dx

Evaluate :
I JJsin 2x +A)+sin A

(a) ZCosA\/2cosA+sinAtanx +c

(b) \/EsecA\/2cosAtanx+2sinA +c

(©) \/EsecA\/cosAtanx+sinA +c

(d) None of these

I\/secx—ldx

(@) 2In(vcosx ++/1+cosx)+c
(b) 2In(+/sinx ++/1+sinx)+c
(¢) 2In(~/cosx ++/1+cosx)+c

(d) None of these
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41.

42.

43.

I(sin 4x)e"’“2x dx=

2 2
(a) —2e™ “cos’ x+c (b) 2™ *sec* x+c

2 2
(c) —2e™ *sec’ x+c (d) 2™ “cos’ x+c

(2x+3)dx
(x> +2x+3)Vx> +2x +4

IfI= J. , then I equals

2 —
(a) log X +2x+4 1+c

VXT+2x+4+1

x> +2x+4-1
Jx2+2x+4+1

Vx+3}
5 +c

(b) log +tan1£X;—2j+c

(c) logtan™ [

(d) None
If f:R — R is a function satisfying the following :

DS =)
(i) fxr+ 1) =f(x) +1

(iii)f[%] :%v x#0

then J.ex f(x)dx is equal to

(a)er(x—1)+c (b)e*logx+c
e’ e’
(© —+e @ ¢

Objective Questions II [One or more than one correct option|

44.

45.

If primitive of sin (log x) is f(X) (sin (g(x)) — cos (h(x)) + ¢ then

- _ . g(x)
® 10 =1 o i ) <!
(©g(e)=3 (d)h(e’)=5
IL:ﬂ tan_l[mtanzj+c then

5+4cosx 2
@2r=2 Gym=

A ! m—g

(© =3 (d) m==

47.

(b) L1’ (X—‘ljﬂ
4 x+1

1 x+1
d) —In? +
()411( JC

X —

f(x)dx

If f(X) — le ex tan (1/n) log (1/n) and 1

n—oo

=g(x)+c

3sin'! x cos x

then

T 3
(@) g[z] =5

(b) g (x) is continuous for all x

(z]_—_w
©85)" 7%

(d) g (x) is non-differentiable at infinitely many points

Numerical Value Type Questions

48.

49.

50.

51.

52.

Let f'be a function satisfying f"(x) = x 32, f'(4) = 2 and

£(0)=0thenf(784)is equal to

If the graph of the antiderivative
F (x) of f(x) = log (log x) + (log x)?2 passes through
(e, 1998—e¢), then the term independent of x in F (x) is

Let F (x) be the antiderivative of

1
(3+5sinx +3cosx)

f(x)= whose graph passes through

I

1. 8
the point (0, 0) then the value of F(zj—§10g5+ 1982 is
equal to

2sin X —sin 2x .
——— x # 0 find
X

f (x) is the integral of

limf'(x).

x—0

2

x° -1
f|l————
I(x2 +)Vx*+1
_“42Atan_1[ ! 2

1
X +FJ+ € then A is equal to

dx isequal to

NG
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Assertion & Reason

GV

(B)

©
D)

53.

54.

If ASSERTION is true, REASON is true, REASON is a
correct explanation for ASSERTION.

If ASSERTION is true, REASON is true, REASON is not
a correct explanation for ASSERTION.

If ASSERTION is true, REASON is false.
If ASSERTION is false, REASON is true.

1 X
Assertion : If | ——dx =2 log Jf{x)[tc, then f(x) ==
I5 © g )| (%)=

Reason : When f(x) = % ,then

2
jf(x) :I;dx:210g|x|+c

(@) A (b)B
(©)C (@)D

2 1 X2 X241
e * dx=e * +c

Assertion : I X
X

Reason : jf(x) e ™dx =™ +¢

@A (b)B
(©C (d)D
Match the Following

55.

(4)

(B)

©

D)

Each question has two columns. Four options are given
representing matching of elements from Column-I and
Column-II. Only one of these four options corresponds
to a correct matching.For each question, choose the option
corresponding to the correct matching.

If(x)dx when
1 x/2 -x/2
f(x)= =11 > 2log (e )+c
f(x) e Q log ¢ c
X)=
¢ e +1
e* -1 1 ,.2
f(x)= —e™ +¢
() e* +1 ®) 4
f(X) — er2+1ogx (S) eex +e

The correct matching is :

(a) (A-S, B-Q,C-P,D-R)
(b) (A-Q, B-S,C-R, D-P)
(¢) (A-Q, B-S,C-P,D-R)
(d) (A-R, B-S,C-P,D-Q)

&

j f(x) dx, when

_ l1=Jx ol 2 [aH6460x-15x7
(&) /() /ﬁ (P) c-—=logf=——) =
Vx+1-+v1-x
log
B) )=\ (@ log|~r——r—+
-1 1-x
tan +c
I+x
© /= (R)<\/;—2)\/1—x—sin_1\/;+c

S

(D)f(x)=1/1+;/; ) %(1+\/;)3/2+c

The correct matching is :
(a) (A-Q,B-R,C-P,D-S)
(b) (A-R, B-Q, C-P, D-S)
(¢) (A-R,B-P,C-Q, D-S)
(d)(A-R,B-Q,C-S,D-P)

Using the following passage, solve Q.57 to Q.60

Passage — 1
We can derive reduction formula for the integration of the
form Isin“ x dx, J cos" X dx,jtan“ x dx and other integrals

of these form using integration by parts. In turn these
reduction formulas can be used to compute integrals of
higher power of sin x and cos x.

57. If I=J'sec(’xdx=% tan’x + A tan’x + tan x + ¢ then A is

equal to
1 2
@ 3 (b) 3
1 2
(©) 3 (d) 3
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i

58.

59.

60.

é%ﬁ!

Using the following passage, solve Q.61 and Q.62

. 1 . . 8
If jsms x dx :—g sin*x cos X + A sin’x cos X —E cosx+tc

then A is equal to

3
@ 75 () =5

4 1
© 75 @ 75

If J.tan(’ xdx = % tan’x + A tan’x + tan x —x + ¢ then A is

equal to
1 o2
@3 (®) 3 61.
2 1
c) -= d) ——
© =3 @ -3
n-2
If Jcosec“xdx __gosee xcolx +Aj.cosec“‘2x dx
n-1
then A is equal to
! o D 62.
@ _— (b) —
© 2 (@ 172
“n-2 n-1
Text
63.
64.
65.

Passage — 2

If the integrand is a rational function of x and fractional

ax+b

powers of a linear fractional function of the form 1
cX +

Then rationalization of the integral is affected by the

x+b
ex+d

substitution ™ where m is the L.C.M. of

) ax+b
fractional powers of .
cx+d

IfI:I dx =A% x—1 +c then A is equal to
Jx-1 (x+2)° X+2
1 2
@ 3 () 3
3 d 4
©3 @3
J‘ (2x - 3)1/2 dx :3|:l (2X_3)7/6 _l (2X—3)5/6 "
x—=3)" +1 7 5

% (2x-3)"* —(2x-3)"" + g(x)} —1 then g (x) is equal to

(a) tan! (2x-3)"
(c)3tan' (2x-3)"°

(b) (2x-3)"
(d) 4 (2x-3)'6

3
+3x+2
Integrate JL dx

(x2 +1)2 (x+1)

2x+2

— | dx
\ax? +8x+l3J

Evaluate J‘sin‘1 [

Evaluate I

dx
(x+1) x> +x+1
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&

EXERCISE - 4 : PREVIOUS YEAR JEE ADVANCED QUESTIONS

Objective Questions I [Only one correct option]

1.

forn>2 and

Let f(x) =

- (1+xn)l/n

gx)=(f0f0.0/)(x)
N

f occurs n times
ThenJ.x“’zg(x) dx equals (2007)

1
j—
(I+nx") "+c

1
® n(n-1)

1

() ——(+nx") " +c
n-1

Then, for an arbitrary constant c, the value of J-I equals

(2008)

sec’ x

The integral J dx equals to (for some

(sec x +tan x)°’?

arbitrary constant C) (2012)

-1 11 ,
——J— ——(secx+tanx)’ ; +C
@) (sec x +tanx)'""? {11 7( ) }

1 1 1
W{ﬁ—7(sec x+tanx)2}+C
sec X +tan X

-1 1 1 2
(©) —(sec pT—E {ﬁ+7 (sec x +tan x) }+C

1 1 1 2
(d) —(sec Xt tan )" {ﬁ+7(sec X +tan x) }+C

Objective Questions II [One or more than one correct option|]

Letbbe a nonzero real number. Suppose f:R — Ris

a differentiable function such that f{0) = 1. If the

f()

b* +x*

derivative ' of f satisfies the equation f"' (x) =

for all xe R, then which of the following statements is/
are TRUE? (2020)
(a) If b> 0, then f is an increasing function

(b) If b <0, then f is a decreasing function

©)f(x).f(=x)=1forall xeR

(d) f(x)—f(—=x)=0forall xeR
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Assertion & Reason

A

(B)

©
D)

5.

If ASSERTION is true, REASON is true, REASON is a
correct explanation for ASSERTION.

If ASSERTION is true, REASON is true, REASON is not
a correct explanation for ASSERTION.

If ASSERTION is true, REASON is false.
If ASSERTION is false, REASON is true.

Let F(x) be an indefinite integral of sin?x.

Assertion : The function F(x) satisfies F(x + m) = F(x) for
all real x.

Reason : sin’(x + ) =sin? x for all real x. (2007)
(@A (b)B

©C (dD



Answer Key

CHAPTER -5| INDEFINITE INTEGRATION

EXERCISE-1:
BASIC OBJECTIVE QUESTIONS

1. (b) 2.(b) 3. (a) 4.(d) 5.(a)
6.(c) 7.(c) 8.(c) 9.(c) 10. (d)
N(a) 12.(b) 13.(d) 14.(d) 15.(b)
16.(b) 17.(c) 18.(b) 19.(a) 20.(a)
21.(a) 22.(b) 23.(a) 24.(b) 25.(b)
26.(a) 27.(a) 28.(b) 29.(b) 30.(a)
3.(b) 32.(a) 33.(b) 34.(c) 35.(b)
36.(c) 37.(a) 38.(b) 39.(c) 40.(a)
41.(c) 42.(b) 43.(a) 44.(b) 45.(a)
46.(d) 47.(a) 48.(b) 49.(b) 50.(a)
51.(b) 52.(b) 53.(c) 54.(c) B55.(c)
56.(c) 57.(a) 58.(a) 59.(d) 60.(b)
6l.(b) 62.(b) 63.(b) 64.(c) 65.(d)
66.(c) 67.(3) 68.(8) 69.(1) 70.(9)
7.(4) 72.(2) 73.(3) 74.(6) 75.(8)
76.(8) 77.(2) 78.(36) 79.(1) 80. (10)

EXERCISE - 2:

{::i.l'%:'

PREVIOUS YEAR JEE MAIN QUESTIONS

1. (b)
6. (b)
1. (b)
16. (a)
21. (c)
26. (d)
31.(a)
36.(b)
41. (c)

2.(b)
7. (b)
12. (b)
17. (a)
22.(d)
27.(c)
32.(a)
37.(15)
42. (b)

3.(d)

8.(b)

13.(c)
18.(c)
23. (a)
28. (b)
33.(d)
38.(7)
43. (a)

4. (a)

9. (b)

14. (c)
19. (c)
24. (b)
29. (a)
34.(a)
39. (c)
44.(6)

5. (b)

10.(c)

15. (d)
20. (b)
25. (a)
30. (a)
35.(c)
40.(3)
45. (d)



ANSWER KEY

CHAPTER -5| INDEFINITE INTEGRATION

EXERCISE - 3: EXERCISE - 4:
ADVANCED OBJECTIVE QUESTIONS PREVIOUS YEAR JEE ADVANCED QUESTIONS
1. (a) 2.(d) 3.(c) 4. (c) 5. (c) 1. (a) 2.(c) 3.(c) 4.(ac) 5.(d)

6.(b) 7.(b) 8. (b) 9. (a) 10. (c)
N 12.(b) 13.(b) 14.(b) 15.(b)
16.(b) 17.(c) 18.(b) 19.(c) 20.(a)
21.(b) 22.(d) 23.(c) 24.(b) 25.(c)
26.(c) 27.(c) 28.(a) 29.(b) 30.(d)
31.(a) 32.(b) 33.(b) 34.(d) 35.(a)
36.(a) 37.(a) 38.(c) 39.(c) 40.(c)
41.(a) 42.(d) 43.(a) 44.(abcd)

45. (a,b) 46.(b,d) 47.(cd) 48.(2240)49.(1998)
50.(1982)51. (1) 52.(2) 53.(d) 54.(c)
55.(c) 56.(b) 57.(b) 58.(c) 59.(d)
60.(d) 61.(d) 62.(a)

63. —%10g|x+1|+%10g(x2 +1)+%tan’1 X+——tc

x> +1

64. (x+1)tan”' [2X3+2)—%10g(4x2 +8x+l3)+c

65. —In L—1+X—+1 +C
X+ 2 x?4x+1
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