Chapter 1

Relations and Functions

Exercise 1.3
Q.1
Letf: {1,3,4} — {1,2,5} and g: {1, 2,5} — {1, 3} be given by
f=1{(1,2),(3,5),4, 1)} and g= {(1, 3), (2, 3), (5, 1)}. Write down g of.
Answer:

It is given that f: {1, 3,4} — {1,2,5} and g: {1, 2,5} — {1, 3} be
given by

f=1{(1,2),(3,5), (4, 1)} and g = {(1, 3), (2, 3), (5, 1)}. Then, g of (1) =
g(f(1))=g(@2)=3gof(3)

=g(fB)=gB)=1lgof (=gt @)=g(1)=3
Therefore, gof = {(1,3), (3,1), (4,3)}

Q.2

Let f, g and h be functions from R to R. Show that
(f + g) oh = foh + goh

(f. g) oh = (foh). (goh)

Answer:

(1) (f+ g) oh = foh + goh

Let us consider ((f + g) oh) (x) = (f + g) (h(x))

= f(h(x)) + g(h(x))

= (foh)(x) + (goh)(x)

= {(foh) + (goh)} (x)




Then, ((f+ g) oh) (x) = {(foh) +(goh)} (x) V x € R
Therefore, (f + g) oh = foh + goh.

(i1) (f. g) oh = (foh). (goh)

Let us consider ((f. g) oh) (x) = (f. g) (h(x))

= f(h(x)). g(h(x))

= f (h(x)). g(h(x))

= (fog)(x). (goh)(x)

= {(fog). (goh)} (x)

Then, ((f. g) oh) (x) = {(fog). (goh)} (x) V x € R
Therefore, (f. g) oh = (fog). (goh)

Q.3A

Find gof and fog, if

() f(x)=[x]and gx) =|5x -2 |

Answer:

(1) f(x) = [x| and g(x) = [5x -2|

Then, (gof)(x) = g (f(x)) = g(x[) = |5[x[-2]
(fog)(x) = f(g(x)) = £ (|5x -2 ) = [I5x -2 || = [5x -2 |
Q.3B

Find gof and fog, if

1
f (x)=8x*and g (x) = x3
Answer:

1

(i) £ (x) = 8x> and g (x) = x3




Then, (gof) (x) = g (f(x)) = g(8x3) = (8x)s = 2
3

(fog)(x) = f(g(x)) = f (xé) =8 (xé) = 8x
Q. 4
If £ (x) =

mnverse of f?

(4x+3)
x—4)’

* §° show that fof(x) = x, for all x # g . What 1s the

Answer:

(4x+3) x 7 3’

It is given that f (x) = XT3

B (4x+3) _ (6x 4) 16x+12+18x—12 _ 34x
(fof) (x) = £ (T (x)) = f(6x —4) 6(‘6‘§+i)_4 = Jax—18—z2ax+16 34

Therefore, fof(x) = x, for all x # %

=>fof=1

Therefore, the given function f is invertible and the inverse of f itself.
Q.5A

State with reason whether following functions have inverse
f: {1,2,3,4} — {10} with

f={(1, 10), (2, 10), (3, 10), (4, 10)}

Answer:

It is given that f: {1, 2, 3,4} — {10} with

f={(1, 10), (2, 10), (3, 10), (4, 10)}

From the given definition of f,

We can see that f is a many one function as:




F(1)=fQ2)=f3)=f@4)=10

therefore, f 1s not one-one.

Therefore, function f does not have an inverse.

Q.5B

State with reason whether following functions have inverse
g:{5,6,7,8}y — {1, 2, 3,4} with

g=1(,4),(6,3),(7,4), (8, 2);

Answer:

It is given that: {5, 6,7, 8} — {1, 2, 3, 4} with
g=15,4),(6,3),(7,4), (8, 2);

Necessary Condition for a function to have inverse: Function should be
one-one and onto.

From the given definition,

We can see that f is a many one function as:

GO)=g()=4

[As at two points function have same values, the function is not one-one]
1.e. g is not one- one.

Therefore, function g does not have an inverse.

Q.5C

State with reason whether following functions have inverse

h: {2,3,4,5} — {7,9, 11, 13} with

h=1{2,7),(3,9),4,11),(5, 13)}

Answer:




It is given that h: {2,3,4,5} — {7,9, 11, 13} with
h=1{2,7),(3,9), (4, 11), (5, 13)}

We can see that all distinct elements of the set (2, 3, 4, 5) have distinct
images under h.

= h is one—one.

Also, h is onto since for every element of the set {7, 9, 11, 13},
there exists an element x in the set {2, 3, 4, 5} such that h(x) =y.
Therefore, h is a one—one and onto function.

Therefore, h has an inverse.

Q.6
Show that f: [-1, 1] — R, given by f (x) = xx: is one-one. Find the

inverse of the function f: [-1, 1] — Range f.

(Hint: Fory € Range f, y =f (x) = ﬁ , forsome x in [-1, 1], 1.e., x =

Answer:

It is given that f: [-1, 1] — R, given by f (x) = ﬁ

Now, Let f(x) = f(y)
x y

x+2  y+2
= xy +2x =xy 2y
= 2x =2y
> X=y

= f1s a one- one function.




Now,Lety=£,xy=x+2ysox=13_1—y

So, for every y in the range there exists x in the domain such that f(x) =
y

= f 1s onto function.

= f: [-1,1] — Range f is one-one and onto

= the inverse of the function: f: [-1, 1] — Range f exists.
Let g: Range f — [-1, 1]be the inverse of range f.
Let y be an arbitrary element of range f.

Since, f: [-1, 1] — Range f is onto, we get:

y = f(x) for same x € [-1, 1]

Sy=

= xy +2y =x

=>x(1-y)=2y

=X = lz_—yy, y#1

Now, let us define g: Range f — [-1, 1]

2
gy) =12 ¥ #1

Now, (gof)(x) = g(f(x)) =g ( X ) _ j(_?iz) _

x+2
x+2

2y

(fog)y) = fley) = f(Z) =L =—2_=2

2y - -
1-— — 2y+2-2 2
y 52 y y

Thus, gof =1[-1,1] and fog = Irange
=>fl=g




Therefore, f-1(y) = 12_—yy, y#1

Q.7

Consider f: R — R given by f (x) = 4x + 3. Show that f is invertible.
Find the inverse of f.

Answer:

It is given that f: R — R given by f (x) =4x + 3
Let f(x) = f(y)

= 4x +3 =4y +3

= 4x =4y

=>X=Yy

= f is one- one function.

Now, fory € R, Lety = 4x +3

= for any y € R, there exists x = % eR

such that, f(x) =f (yT—g) =4 (yT_?’) +3=y

= F is onto function.

Since, f i1s one —one and onto

= f-1 exists.

Let us define g: R — R by g(x) = %

Now, (20f)(x) = g(f(x)) = g (4x + 3) = ZED3

(fo)(y) = fletxy) = £ (12 = 4 (%




Therefore, gof = fog = IR

Therefore, f 1s invertible and the inverse of f is given by
-3

£ (y) =gly) =>~

Q.8

Consider f: R+— [4, ) given by f (x) = x2 + 4. Show that f is invertible

with the inverse f ! of f given by f-1 =,/y — 4, where R+ is the set of all
non-negative real numbers.

Answer:

It is given that f: R+— [4, ) given by f (x) = x> + 4.
Now, Let f(x) = f(y)

=>x*+t4=y*+4

=>x=y?

=>X=y

= f is one-one function.

Now, fory €[4, o), lety = x> + 4.

=>x2=y-4>0

X=4/y—4=>0

= for any y € R, there exists x = ,/y — 4 € R such that

10 =f(Jy =8 = (y—4) y4+4-y.

= f is onto function.

Therefore, f is one—one and onto function, so f-1 exists.




Now, let us define g: [4, ©) — R+ by,

gy)=4y—4

Now, gof(x) = g(f(x)) =g (x> +4) =/ (x2 + 4) + 4 = Vx2 =x

2
And, fog(y) =flgy) =f (Vy —4)=(Jy —4) +4=(y-4H +4=y
Therefore, gof = gof = IR.

Therefore, f is invertible and the inverse of f'is given by

F1(y)=g(y)=yy—4
Q.9
Consider f: R+ — [-5, o0) given by f(x) = 9x? + 6x — 5. Show that f is

invertible with £ (y) = {Q2F8)1
3

Answer:

It is given that f: R+ — [-5, o) given by f(x) = 9x* + 6x — 5.
Let y be any element of [-5, «0)

Now, lety = 9x% + 6x — 5

=y =(3x+1)*-1-5=(3x+1)*-6

=3x+1=./y+6
Jy+6—-1

:X:
3

= f'is onto and its range is f = [-5, o0)

Jy+6-1

Now, let us define g: [-5, ©0) — R+ as g(y) =

Now, we have:

(goh)(x) = g(f(x)) = g (9x* + 6x - 5)




=g((3x+1)2-6)

_ J(Bx+1)2-6+6-1
3

_ 3x+1-1
3

And, (fog)(y) = f(g(y)) = f( 3 1)

=[3(%6"1)+1r—6
=(m)2—6=y+6—6=y

Thus, gof = IR and fog =1 (-5, o)

=X

Therefore, f 1s invertible and the inverse of f is given by

£-1(y)=g(y) ==

Q.10

Let f: X — Y be an invertible function. Show that f has unique inverse.
(Hint: suppose gi and g; are two inverses of f. Then forally € Y,
fogi(y) = 1Y(y) = foga(y). Use one-one ness of f).

Answer:

It is given that f: X — Y be an invertible function.

Also, suppose f has two inverse
Then, for ally € Y, we get:
fogi(y) =L (y) = foga(y)

= > f(gi1(y)) = f(g(y))

=>g1(y) = &y)




Therefore, f has a unique inverse.

Q.11

Consider f: {1,2,3} — {a,b,c} givenby f(1)=a,f(2)=band f(3) =
c. Find ! and show that (f'1)! = .

Answer:

It is given that f: {1, 2,3} — {a, b, c} given by
f(l)=a,f(2)=band f(3)=c

So, if we define g:

{a,b,c} — {1,2,3} as

g(a)=1, g(b) =2, g(c) = 3, then we get:
(fog)(a) = f(g(a)) =f(1)=a

(fog)(b) = f(g(b)) =f(2)=b

(fog)(c) =1flgc) =t (3) =c

And

(gof) (1) =g ((1)) =g(a)=1

(gof) (2) =g (£(2)) =g(b) =2

(gof) 3)=g (f(3)) =g(c) =3

Therefore, gof = [X and fog = 1Y, where X = {1,2,3} and Y = {a, b, c}
Thus, the inverse of f exists and f-1 = g.

Then, f!: {a,b, c} — {1, 2, 3} is given by
fla)=1, fi(b) =2, fl(c)=3

Let us now find the inverse of £,




So, if we define h: {1, 2,3} — {a, b, c} as

h(1)=a,h (2)=b, h (3) =c, then we get:

(goh) (1) =g (h (1))=g(a)=1

(goh) (2) =g (h (2)) = g(b) =2

(goh) 3) =g (h (3))=g(c) =3

And,

(hog)(a) = h(g(a)) =h (1) =a

(hog)(b) =h(g(b)) =h (2) =b

(hog)(c) = h(g(c)) =h (3) =c

= goh = Ix and hog = Iy, where X = {1, 2,3} and Y = {a, b, c}.

= The inverse of g exists and g' =h

= (f)!'=h

=>h=f
= (fH)l=f

Q.12

Let f: X — Y be an invertible function. Show that the inverse of ! is f,
ie,(H =1

Answer:

It is given that f: X — Y be an invertible function.

Then, there exists a function g: Y — X such that gof = Ix and fog = ly.
Then, f! = g.

Now, gof = Ix and fog =1y

= flof = Ix and fof-1 =1y




Thus, f': Y—X is invertible and fis the inverse of !

Therefore, (f1)! =1.
Q.13
1
If f: R — R be given by f (x) = (3 — x3)3, then fof (x) is

1

A. x3

B. x3

C.x

D. (3 -x%

Answer:

1
It is given that f: R — R be given by f (x) = (3 — x3)3,

1
3

Then, fof(x) = f(f(x) = £ (3 ~ x%)7) = [3 -(6- x3)§)3]

~3[3- (G- = (¥)5 =x

= fof(x) = x

Q.14

Letf: R — {— g} —R be a function defined as f (x) = %. The inverse of

fis the map g: Range f - R — {— g}given by




Answer:

4x

It is given that f: R — {— %} — R be a function defined as f (x) = —yr

Let y be any element of Range f.

Then, there exists x € R -{— g} such that y = f(x)

_ 4
Y7 3xta
= 3xy +4y =4x
= x (4-3y)=4y
4y
4-3y

Let us define g: Range f — R - {— ‘} as g(y) = 4 3y

16x 16x

Now, (g0N(x) = g(f(x)) = g () = :23("1‘;)) = =

4-3y 12x+16—12x 16

4y
And, (fog)(y) = flz(y)) = f (25 = 3z(fy3y) =——2 =2y

)+4 12y+16—-12y
4-3y

Therefore, gof ='R — {— g} and fog = Irange £

Thus, g is the inverse of f

Therefore, the inverse of f is the map

:Range f — R - { } which is given by g(y) = m




