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FUNDAMENTALS OF MATHEMATICS # 02

SIMILAR TRIANGLES

We call two figures similar 1f one 1s simply a blown-up or scaled-up, and possibly rotated and/

or flipped, version of the other.
Sufficient Conditions For Similarity of Triangles.
Two triangles are said to be similar if any one of the following conditions 1s satisfied.
(1)  their corresponding angles are equal.
(11) their corresponding sides are proportional.
Based on the above, there are three axioms for similarity of two triangles.
1. A.A. (Angle-Angle) Axiom of Similarity.
2. S.A.S (Side-Angle-Side) Axiom of Similarity.
3.  S.S.S. (Side-Side-Side) Axiom of Similarity.
Note :

(1)  Congruent triangles are necessarily similar but the similar triangles may not be congruent.

A
(1) If ABC 1s a triangle, right-angled at B and
BD 1 AC, then D
AABC ~ AADB ~ ABDC B e

(i) If two triangles are similar to a third triangle,
then they are similar to each other.
Similar Polygons

Two polygons with the same number of sides are said to be similar 1f their corresponding

angles are equal as well as their corresponding sides are proportional.
Theorem 1 :

Basic Proportionality Theorem (B.P.T.)

If a line 1s drawn parallel to a side of a triangle intersecting

the other two sides, then it divides the two sides in the same

AD AE

ratio. 1.¢., if in a AABC, DE||BC then, ﬁzﬁ R O
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Theorem 2 :
Converse of B.P.T.

If a line divides any two sides of a triangle proportionally,

then it must be parallel to the third side.

AD AE

i.e., If in a AABC, ﬁzﬁ then DE|BC.

Theorem 3 :

Angle Bisector Theorems

(1) Angle Bisector Theorem (Internal) A
The internal bisector of an angle of a triangle divides
the opposite side, internally, in the ratio of the sides
containing the angle. 1.e., If in a AABC, AD bisects ZA, B D C
then Lt = X7 .
AC DC

(i) Angle Bisector Theorem (External)
The bisector of an exterior angle of a triangle

divides the opposite side (provided bisector and

opposite side are not parallel) externally, in the
ratio of the sides containing the angle.
1.e., If in a AABC, AD bisects the exterior angle A and intersects side BC produced

5 then B2 _AB
11n jtenCD AC

Converse of both the angle bisector theorems are also true.

Theorem 4 :

Proportion Applied to Area P
The areas of similar triangles are proportional to the squares A
of corresponding sides.

Area(AABC) AB’ BC’ CA’

= = = 25 B C Q R
Theorem 5 :
The areas of sitmilar polygons are proportional to the squares ” A P
of corresponding sides.
C R

Area 1" poly AB* BC* CD?

Area 2™ poly PQ*> QR*> RS* 7 D™E ST
(i) (i)
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Ilustration-1: In the given figure, DEFG 1s a square and ZBAC = 90°. Prove that :
(1) AAGF ~ ADBG A
(11) AAGF ~ AEFC

(iii) ADBG ~ AEFC < i
(iv) DE? = BD x EC
Solution (1) In As AGF and DBG, we have : B D E C
ZGAF = ZBDG = 90° and ZAGF = ZDBG [corresponding £s]
.. AAGF ~ ADBG by A.A. similarity]

(1) In As AGF and EFC, we have :
ZFAG = ZCEF = 90° and ZAFG = ZECF [corresponding Zs]

.. AAGF ~ AEFC by A.A. similanity]
(1) Since, AAGF ~ ADBG and AAGF ~ AEFC, it follows that
ADBG ~ AEFC.

Note : If two triangles are similar to a third triangle, then they are similar to each other.
(iv) Since, ADBG ~ AEFC, we have :

BD DG BD DE :
—=—0r—=— [ = = _
= =T ' o = [+ EF = DE, DG = DE (Sides of a 5q.)]

Hence, DE? = BD x EC.

EY AD
Ilustration-2 : iven th that —=——.
ustration Given the DE || BC and AY || XC, prove tha Y DB
Solution : The ratios of side lengths 1n the problem suggest we look for similar triangles.

Since AY || XC, we have AAYE ~ ACXE.
= EY/EX = AE/EC. All we have left 1s to show that AE/EC = AD/DB.

Since DE | BC , we have AADE ~ AABC. Therefore, AD/AB = AE/AC, which is almost
what we want! We break AB and AC into AD + DB and AE + EC, hoping we can do a
little algebra to finish :

AD  AE
AD+DB AE+EC

If only we could get rid of the AD and AE in the denominators-then we would have AD/
DB = AE/EC.

AD+DB AE+EC
AD AE
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AD DB AE EC DB EC DB EC

Therefore, ——+ o—— 1 =1+—_ which =
erefore, — =t S T E T AaE 0 T D AR Whic g1ves us D AR

Flipping these fractions back over gives us AD/DB = AE/EC. Theretore, we have EY/
EX = AE/EC = AD/DB, as desired.

BD BC

IHlustration-3: In AABC, /B =2 ZC and the bisector of /B intersects AC at D. Prove that DA = BA

Solution : Given : In AABC, ZB = 2 ZC and BD 1s bisector of /B.

BD BC
DA BA

BD 1s bisector of ZCBA. D

To Prove :

~ BC (D
" BA _AD ..(1) WSS "
2 LC=/L1+ /L2 [g1ven]
But Z£1 = /2
S, 2Z£C=2 /1
= ZC= /41 = BD=(CD ..(2)

BC BD X
from (1) & (2) — BA DA

Illustration-4 : In a AABC, AD 1s the bisector of ZBAC.
If AB=35cm, AC=42 cm and DC = 2.4 cm
Find BD.

BD AB

Solution : Since, AD 1s the bisector ZA, we have DC_ AC

L 22222 4 gp=2t0 oo
24 42 4.2

Ilustration-5 : O 1s any point inside a triangle ABC. The bisector of ZAOB, ZBOC and ZCOA meet
the sides AB, BC and CA 1n points D,E,F respectively. Prove that
AD XBE x CF = DB x EC x FA.

Solution : Given : O 1s any point inside a AABC. The bisectors of ZAOB, ZBOC and LZCOA
meet the sides AB, BC and CA 1n points D, E, F respectively.
To prove : AD.BE.CF= DB.EC.FA
Proof : In AAOB, OD 1s the bisector of ZAOB.

OA _AD |
OB _ DB ..(1) "
In ABOC, OE is the bisector of ZBOC
D
OB BE

s (i) ﬁ

In ACOA, OF is the bisector of ZCOA. B E ¢
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oc_ck
" OA FA
Multiplying the corresponding sides of (1), (11) and (111), we get :
OA OB OC AD BE CF
X X — X X
OB OC OA DB EC FA

(i)

~ AD BE CF
"DB EC FA
— DB x EC X FA = AD x BE x CF
or AD xBE x CF = DB x EC x FA.
Illustration-6 :  All the triangles in the diagram below are similar to 1sosceles triangle ABC in which AB=AC.

— 1

Each ofthe smaller triangle has area 1 unit? and AABC has area 40 unit?, then area of trapezium
DBCE 1s

(A) 16 (B) 8 (C) 24 (D) 32
Solution : APDQ ~ AABC

arAPDQ DQ* 1

ar. AABC BC? 40

. BC
2410

Also DE =4.DQ

. DQ

4.BC DE 2

DE = ——
zm Hence BC -\/E

arAADE DE* 4 2
arAABC BC? 10 5

arca AADE =16
area trap DBCE =40 -16=24
Ilustration-7: ABCD 1s a square and E 1s mid point of AD. If area of square 1s given by A .

Prove following :

- D
A area of AKFD _ 1 B area of ABEF 1 A D
S area of ABFC 4 (B) area of ADFC F
A A
(C) area of AEFD = — (D) area of ABEF = — B C
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Solution : Let side of square = a

A1232

1 a 1, A

area of ABED = EXHXE:EH :T]

Since AEFD 1s similar to ACFB

ED _1_EF_BF
~ BC 2 FC FD

area of AEFD 1
area of ABFC 4

Let area of AEFD = A
— area of ABFC =4A

Also let area of ABEF = x and let area of ADFC =y

A A
— X+ﬁ:TI and y+4£=?1

Area of ABED = Area of ACED
(. triangles on the same base ED and between the same parallel lines ED and BC)

— Area of ABEF + Area of AEFD = Area of ACDF + Area of AEFD
> X+tA=y+ A= x=y

—

Now x =y therfore X+ A = T] and X +4A = ?' on solving these equations
Ay A
A = \ x = L
~ "1 7 6
Ay Ay
Al +tA=—2y=—
SO ¥ 1 YT g
Ilustration-8 : In a right angle triangle ABC. Let k 1s maximum possible area of A
a square that can be inscribed when one of its vertices coincide
with the vertex of right angle of triangle then find the value of k *
Solution : AAMN & ANLB % Cl'l -
are similar.
4-x
4—-x . X M X N
X 3—X X X
X
C B
—12-Tx +x° =x° L s
12
X = —
7
o 144

49
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SOME IMPORTANT POINTS AND THEIR MEANING :

MEDIANS AND CENTROID :
A median of a triangle 1s a line segment from a vertex to the midpoint of the opposite side.

In the figure below, AD, BE and CF are all medians.

. The medians of a triangle are concurrent at a point called the centroid of the triangle. The centroid
of the triangle 1s usually labelled by G.

A H—F—H B
. The medians of a triangle divide the triangle into six little triangles of equal area.
. The centroid of a triangle cuts its medians into 2 : 1 ratio. For example, for the triangle shown,

. AG_BG_CG _2
WYY 6D T GE  GF 1

. The median to the hypotenuse of a right triangle 1s equal 1n length to half the hypotenuse.
PERPENDICULAR BISECTORS AND CIRCUMCENTRE :

The perpendicular bisector of a segment 1s the straight line consisting of all the points that are
equidistant from the end points of the segment.

Circumcentre :
The perpendicular bisectors of the sides of a triangle are concurrent at a point called the
circumcenter. The circle centered at the circumcenter that passes through the vertices of the
triangle 1s called the circumcircle of the triangle, because it 1s circumscribed about the triangle
(meaning 1t passes through all the vertices of the triangle).
Finally, the radius of this circle 1s called the circumradius, the circumcenter 1s usually labelled

with the letter O, and the circumradius is usually denoted by R.
OA=0B=0C=R
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The circumcenter of a right triangle 1s the midpoint of the hypotenuse and the circumradius equals

half the length of the hypotenuse.

B

VAN

. Just as two points determine a line, we have now shown that three non-collinear points determine
a circle. This means that given any three non-collinear points, there 1s exactly one circle that

passes through all three.
ANGLE BISECTORS, INCENTRE & EXCENTRE :

. The angle bisector of an angle consists of all points that are equidistant from the lines forming
the angle.
. The angle bisectors of interior angles of a triangle are concurrent at a point called the incentre.

This point 1s equidistant from the sides of the triangle. This common distance from the incentre

to the sides of a triangle 1s called the inradius. Thus the circle with centre I and this radius 1s

tangent to all three sides of the triangle. This circle 1s called the incircle because it 1s inscribed

in the triangle (meaning 1t 1s tangent to all the sides of the triangle). The incentre 1s usually denoted

I, and the inradius 1s usually written as r.

Escribed Circle : It 1s a circle touching one side of a triangle internally and the other two externally.
A triangle has three escribed circles. The centre of an escribed circle is the point of concurrence of :

the bisectors of the two exterior angles and the bisector of the third interior angle.

The centres of these escribed circles are called excentres and are labelled with I,, I, and I,. Also, their

corresponding radii called exradn are denoted by r,, r, and r,.
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ALTITUDES & ORTHOCENTRE :
Altitude : It 1s the perpendicular dropped on any side of a triangle from the opposite vertex.

Orthocentre : The three altitudes of a triangle are concurrent and the point of concurrence is the

orthocentre, which i1s denoted by H.

A
1D
F
B ——5 C
EULER'S LINE :

In the figure A
& AD 1s a median and G the centroid.

AG:GD=2:1. N HM
e  BM is the altitude to AC from B. G

Here H 1s the orthocentre. o i ._ i
s OD 1s the perpendicular bisector of side BC. DV L

O 1s the circumcentre.
Note : O, G and H are collinear. This line 1s known as Euler's line and HG : GO =2 : 1.
s In an equilateral triangle these four centres (centroid, orthocentre, incentre, circumcentre) are

coincident.
® In an 1sosceles triangle they are collinear.
s The incentre and centroid are always within the triangle.
@ In an acute angled triangle circumcentre and orthocentre also lie inside the triangle
< In a right triangle circumcentre will be the midpoint of the

hypotenuse and the orthocentre 1s the vertex containing the right angle.

@ In obtuse angled triangle orthocentre and circumcentre lie outside the triangle.
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th
Ilustration-9 : For any triangle, the area of triangle formed by medians of the triangle 1s [4) the area

of given triangle.
Solution : Consider AABC, AD, BE and CF are length of median say /,, ¢, and /, respectively

We have to find area of triangle, the length of whose sides are /7, £, and /.

Let G be the centroid of AABC

Let us produce AG to K

Such that GD = DK

and join CK and BK

We know that

BD = DC and GD = DK

.. BKCG 1s a parallelogram and hence

BK = GC and CK = BG
2 2
BK = ECF and CK = EBE
2 2
BK = §ﬁ3 and CK = gfz

1 2
and GK = 2GD = 2.[3AD) = =l

Now say PQR i1s triangle formed by length ¢, ¢, and 7, as sides. APQR ~ AGKC

area APQR  (/, )2
area AGKC [ 2 T 4
3

0 1
areca AGKC = —X— area AABC

APQR =
area APQ 173

area AABC

BlwWw A0

area APQR =

1
Ilustration-10: If I 1s the incenter of AABC then £ZBIC = 90° + E A.

Solution : We have
/BIC = 180° — (ZIBC + ZICB)

:1809—%(B+C)

:ISOD—%(ISO“—A)

= 90”+1A.
2
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SOME THEOREMS ON SIDE LENGTH OF A TRIANGLE

Baudhayana Theorem (Pythagorean/Pythagoras' Theorem) :

In a right-angled triangle the square described on the hypotenuse

1s equal to the sum of the squares described on the other two sides.

In Right Angle Triangle ABC, right angled at B,

AC? = AB? + B(C?
Hlustration-11: ABCD 1s a quadrilateral (shown in figure) AD = BC, AB = 40, CD = 20.

N
ZDAB + ZABC = 90°. If area of quadrilateral is N then 100 18

Solution Given : AD = BC, AB = 40
CD =20, Z/DAB + ZABC = 90°
Construction :
Extend BC to intersect AD in X.
— /AXB = 180° — (/DAB + ZABC) +0
= ZAXB = 180° — 90° = 90°
et CX=c,AX =a, XD =b0
CB=d
BC = AD
BC = AX + XD

BC=a+b

d=a+b

1 1
area (quad) = 5 a(c +d) + s bc

1
E[aC + ad + bc]

1

% [ad + c(a + b)]

|

1
5 [ad + cd]

|



JEE-Mathematics _ _.

In ABXA

a’ + (c + d)? = 40° (1)
In ACXD

¢’ + b? = 20° wil2)

On substracting (2) from (1)
a’ + 2cd + d? — b% = 1200
a’+2cd+(a+b)y)-b>=1200 (d=a+Db)
2a% + 2c¢d + 2ab = 1200
2a(a + b) + 2¢d = 1200
2ad + 2¢d = 1200

]
5 (ad + cd) = 300 = Area of quad. ABCD

Illustration-12 : In an equilateral triangle ABC, the side BC 1s trisected at D. Prove that :

Solution

9 AD? = 7 AB?

Given . An equilateral AABC, in which the side BC 1s trisected at D.
To Prove : 9 AD? = 7AB? A
Const. : Draw AE | BC

Proof : We know that in an equilateral triangle

perpendicular from a vertex bisects the base.

1
L BE =BC=gBC ..{f

Also, the side BC 1s trisected at D. [given]

1
— BD = EBC [from figure] ... (1)

Now, 1n a right-triangle AED, We have :
AD? = AE? + DE?

— AE2? + (BE — BD)? [+ DE = BE — BD]
— AE? + BE2 + BD? — 2 BE.BD
= AB? + BD? - 2 BE.BD [+ AB2 = AE? + BE2]

— BC* +(IBC] = 2(13(3].(13(:]
3 2, 3

| ]
[ AB = BC, BD = 3 BC and BE = > BC see (1) and (11)]

BC* BC’ 9BC®+BC® -3BC
9 3 9

=BC? +
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TBC”
= AD? = QC or 9AD? = 7TB(?

or 9AD? = 7TAB? (AB = BC = CA)
Illustration-13 : The perpendicular AD on the base BC of a AABC intersects BC at D so that DB =3 CD.

Prove that : 2AB? = 2 AC? + B(CZ2.

Solution :  Given . In figure, AD L BC and DB = 3CD. 2
To Prove : 2AB? = 2AC? + BC-.
Proof : From right triangles ADB and ADC, we have :
AB? = AD? + BD? :
B D C
and AC? = AD? + CD?
AB? — AC? = BD? — CD?
= (3 CD)? — CD? [~ BD = 3 CD]
2 2 2
=9CD’ —-CD* =8CD? —Bx[lBC] _gge B
4 16 2
[ BD _3__ BD+CD_3+1_ BC _4:>CD_ch]
CD | CD 1 CD 1 4

- 2AB? — 2AC? = BC?
Hence, 2AB2 = 2AC?2 + BC2.
CIRCLE
Theorem 1 :

If a straight line drawn from the center of a circle bisects a chord, not

passing through the centre, then 1t cuts the chord at right angles.

Conversely, if it cuts the chord at right angles, then it bisects the chord.

Theorem 2 :

Equal chords of a circle are equidistant from the center.

AB =CD, OP L AB and OQ L CD = OP = 0Q
Conversely, C

Chords which are equidistant from the centre are equal. 0

OP =0Q, OP L AB and OQ L CD = AB=CD A _ 7B
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Theorem 3 :

Of any two chords of a circle, that which 1s nearer to the centre 1s greater

than one lying remote. Conversely, the greater of two chords 1s nearer C D

to the centre.
OP > 0Q = CD < AB
Theorem 4 :

If P be any point (interior, exterior or on the circle) then greatest distance between point P and
circumference of the circle 1s PO +r and the smallest distance between point P and circumference of

the circle 1s |PO —r| (where r 1s radius and O is centre)

Pe
(Greatest

ANGLES IN A CIRCLE
Theorem 1 :

The angle at the centre of a circle 1s double of an angle at the

circumference subtended by the same arc.
ZAOB = 2/APB

Theorem 2 :

Angles 1n the same segment of a circle are equal.
ZAPB = ZAQB
Converse of Theorem 2 :

If a line segment joining two points subtends equal angles

at two other points lying on the same side of the line

containing the line segment, then four points lie on a circle
(1.e. they are concyclic). If ZAPB = ZAQB = AB 1s a

chord of circle and A, P, Q, B are concyclic points



Theorem 3 :

The opposite angles of any quadrilateral inscribed in a circle are together

equal to two right angles.

/P + ZR = 180° and £Q + £S = 180°
Converse of Theorem 3 :

If a pair of opposite angles of a quadrilateral are supplementary, then

its vertices are concyclic.

It /P + ZR = 180° or LQ + 4£S = 180°

= Then points P, Q, R and S are concyclic.

Theorem 4 : p

&
The angle 1n a semi-circle 1s a right angle. / \
ZAPB = 90° A g

Illustration-14 : In quadrilateral WXYZ with perpendicular
diagonals, we are given ZWZX =30°, ZXWY
= 40°, and LWYZ = 50°.

(a) Compute LZ.
(b) Compute £X.

Solution: Let P be the intersection of the diagonals.
In APZY
ZPZY = 90° — 50° = 40°,

Now consider angles.

ZXWY and £XZY
Since ZXWY = ZLXZY = 40°
Using theorem : WXY Z 1s cyclic quadrilateral.
L1 = /WZX + LPZY
= 30° + 40° = 70°
Now £Z + £ZX = 180° {opposite angle of cyclic quadrilateral}
/X =180° -70°=110°
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Hlustration-15 : In the given figure, the chord ED 1s parallel to the diameter AC and ZCBE =50°. Find ZCED.

Solution: -
A C
E D
/CBE = ZCAE (- angles in the same segment)
LCAE = £1 = 50° ..(1) (.- LCBE = 50°)
ZAEC = 90° ..(2) (" Angle 1n a semi circle 1s a right angle)
Now in AAEC
/1 + ZAEC + Z2 = 180° [ - sum of angles of a A = 180°]
;. 50° +90° + £2 = 180°
= /2 =40° ..(3)
Also, ED || AC (Given)
;. L2=/3 (Alternate angles)

s 40° = L3 1e., L3 =40°
Hence ZCED = 40°

Illustration-16 : In the figure below, BA and BC are tangents to the circle at points A and C, respectively.
If ZAEC = 110°. Find ZABC.

Solution :

Consider the diagram to the right.
» Opposite angles of a cyclic quadrilateral sum up to 180°.
So ZADC = 180° — 110° = 70°.
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* From the inscribed angle theorem, we can see that
ZAOC = 2ZADC = 2(70°) = 140°
Since the sum of interior angle of a quadrilateral is 360°, we have
ZABC = 360° — ZBCO - ZBAO - ZAOC
= 360° — 90° — 90° — 140°
= 4()°
Illustration-17 : An acute 1sosceles triangle, ABC i1s inscribed 1n a circle. Through B and C, tangents to
the circle are drawn, meeting at point D. If ZABC = ZACB = 2/D, find the measure
of ZA.
Solution : Let /D=0
— LZABC = ZACB = 26
In ABCD.
180° — 46 + 180° - 40 + 6 = 180°
= 70 = 180°
180°
T
;. LA =180°- 40
4 x180°
7

- 3x180°
7

Illustration-18 : In the given figure 1f C , C, C, are three concentric circles such that radius of C, and

= 0

=180° -

LA

C, 1s 1 and 3 umit respectively, then radius of C, 1s

Solution : Let ZBDC = 0, then A

/DBC="_8¢

2
. ZCBA =6, So
AABD ~ ABCD, so
AD _ BD
BD CD
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Hlustration-19 : In the given fig., O 1s the centre of the circle. Prove that £x + Ly = Zz.

Solution Given : In fig., O 1s the centre of the circle.
To Frowe s Zdx+2Zy= sz
Proof Lz =2 L2 [angle at the centre i1s double to

the angle 1n the remaining part.]
or Lz=/2+ /2
But, /2= /3 [angles 1n the same segment]
= LZ2=/L2+ L3 ... (1)

Now, we will determine the values of £2 and £3 1n terms of £x and <.

/3 1s an exterior angle of AAEB,
£33 =721 +.£% ... (11) [ext. Z=sum of two Int. opp. £Ls]
Again, Zy 1s an exterior angle of ADEP
LLy=L1+ /2 = XD =Ly — L] ... (111)
(1), (i1) and (1i1)
= Zz=Ly-ZD)+ (L]l + £xX)=Lx+ Ly
Hence, ZX+ LY = L7,
TANGENT

Theorem 1 :

The tangent at any point of a circle 1s perpendicular to the radius drawn

to the point of contact.
Theorem 2 :

Two tangents can be drawn to a circle from an external point

and length of these tangents are equal.

So, PM = PN

Theorem 3 :

If two circles touch one another, the centres and the point of contact are collinear.

Theorem 4 (Alternate Segments Theorem) : P M

The angles made by a tangent to a circle with a chord drawn from the

point of contact are respectively equal to the angles in the alternate

segments of the circle. A T B

ZMTB = LTPM, ZMTA = ZMQT
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LENGTH OF COMMON TANGENTS
Direct Common Tangent (External Common Tangent) :

Consider two circle with centre A and B and line '/’ touching the two circles at P and Q. Let radius

of the circles be r, and r,.

Q

Now draw perpendicular from 'B' to AP meeting at 'C’.

Thus, CPOB 1s a rectangle and hence PQ = CB; PC = BQ

Now, in AACB

AB? = AC? + BC?

= BC? = AB? — AC?

= PQ? = AB? - AC? [BC = PQ]

= PQ*=AB? - (1, — 1,)° [AC=AP-PC=r, —1,]

Hence, length of direct common tangent

PQ = \/,;1E —(5, -1, )2 [where AB = d = distance between the centres]

Transverse Common Tangent (Internal Common Tangent) :

Drop perpendicular from A to meet BQ produced in 'C'
Now AP =r,;BQ=r1,;AB=d

AP = QC and PQ = AC

Also BC = BQ + QC

So BC =r, +r1,

Now in AACB

AB? = AC? + BC?

= d?=AC?* + (1, +1,)°

= AC?=d°—(r, t+1,)°

= PQ*=d*-(r; + 1,)°

= PQ = \/d2 —(1, +1‘2)2

Length of transverse common tangent 1s \/ d’> — (rl 31 )3
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POWER OF A POINT

-

Suppose a line through a point P intersects a circle in two points, A and B. The power of a point

theorem states that for all such lines, the product (PA)(PB) 1s constant. We call this product the power

of point P.

P lies outside the circle P lies inside the circle

PT2= (PA)(PB) = (PC)(PD) PA-PB = PC-PD

Proof :

Illustration-20 :

Solution

= The power of point P
Given : A secant PAB to a circle C(O, 1)

intersecting it 1n points A and B and PT

1s a tangent segment of the circle.
To Prove : PA x PB = PT2.
Construction: Draw OD 1L AB. Join OP, OT and OA.
Proof : OD L AB = AD = DB
Now, PA x PB = (PD — AD) (PD + DB)

= (PD - AD) (PD + AD) [ DB = AD]

= PD? — AD?
= (OP2 — OD?) — AD? [OP2 = OD? + PD2]
[Pythagoras Theorem]
= OP? — (OD? + AD?)
= OP? — QA [~ OA? = OD? + AD?]
= OP? - OT> [ OA = OT] [radii of same circle]
- PT2 [ -+ ZOTP = 90°, OP2 = OT2 + PT2

Chords TY and OP meet at point K such that TK = 2, KY = 16 and KP = 2(KO).

Find OP. i
A quick sketch suggests how to apply power of a point. T
From the power of point K, we have

(KP)KO) = (KT)(KY), Q Y

Substituting the given information in this equation yields
2(KO)XKO) = 2(16),
from which we find KO = 4. Therefore, KP = 2KO = 8, so OP = KO + KP = 12.
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Ilustration-21 : In the diagram, CB =9, BA =11 and CE = 18. Find DE.

A
2 C
D
E
Solution : We have two intersecting secants, so we apply power of a point, which gives

(CD)CE) = (CB)(CA).
Theretore, (CD)(18) = 9(20), so CD = 10 and DE = CE - CD = &.

Ilustration-22 : Points R and M trisect PS, so PR = RM = MS. Point U is the midpoint of PQ, TM =

2 and MQ = 8. Find PU.

Q
U
P = S
i
Solution : The power of point M gives us

(MR)(MS) = (MT)(MQ).
We know that RM = MS, so substitution gives MR? = (2)(8), 1.e., MR = 4. Therefore,

PR =MR =4 and PS = 3(MR) = 12. Since U is the midpoint of PQ , we have PQ = 2PU.

Now we can apply the power of point P to find :
(PU)(PQ) = (PR)(PS).

Substitution gives (PU)(2PU) = 4(12), so PU = 2./6 .

Hlustration-23 : In the diagram, A
we have BP = §, AB = 10, B
CD = 7 and ZAPC = 60°. %
Find the area of the circle.

Solution : It's not immediately obvious how A
we will find the radius, B

so we start by finding what we can. The power

of a point P gives us D

(PC)(PD) = (PB)(PA),
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so (PC)(PC + 7) = 144. Therefore, PC* + 7PC — 144 = 0, so (PC + 16)(PC — 9) = 0. PC

must be positive, so PC =9.

Secing that Z/APC = 60° makes us wonder if there are any equilateral or 30-60-90 triangle
lurking about. Since CP = AP/2 and the angle between these sides 1s 60°, the sides adjacent

to the 60° angle in AACP are 1n the same ratio as the sides adjascent to the 60° angle 1n
a 30-60-90 triangle with right angle at ZLACP! = ZACP =90° = ZACD = 90°

Since ZACD 1s right and inscribed in AD , we know AD is a semicircle. Therefore, AD

is a diameter of the circle. Since AC = CPv/3 = 93 from our 30-60-90 triangle, we have

AD = VAC? + CD? =+/243 + 49 = 2./73 . Finally, the radius of the circle is AD/2 = V73,

so the area 1s (\/ﬁ)g = T K

Hlustration-24 : Chords AB and CD of a circle intersect each other at P as shown 1n fig., if AB = 6 cm,

PB =2 cm, PD = 2.5 cm, find CD.

Solution : Since chords AB and CD of a circle meet in P (when produced),
PA.PB = PC.PD
= (6 +2).2=PC (2.5)

16 _16x2_32_ .,

BE =2
=7 25 5 5

CD=PC-PD=64-25=39cm.

Hlustration-25 : If two circles of radius 1 cm and 4 cm touch each other, then find the length of common

tangent.
Solution : Distance between centres AB =1, +1, =5

Length of tangent

PQ =/’ ~(5 - 1)

oy {1

PQ =4 cm
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INEQUALITIES IN TRIANGLE

In any triangle, the longest side 1s opposite the largest angle and the shortest side 1s opposite the smallest

angle. The middle side, of course, 1s therefore opposite the middle angle.
In other words, in AABC, AB > AC > BC 1if and only 1if ZC > /B > ZA.
Important : A
. /C of AABC is acute if and only if AB* < AC* + BC*.
/C of AABC is right if and only if AB* = AC* + BC™.
/C of AABC is obtuse if and only if AB* > AC* + BC”.

B C
. The Triangular Inequality states that for any three points, A, B and C, we have

AB + BC = AC,
where equality holds if and only if B lies on AC . Therefore, for nondegenerate triangles (i.e.,
those 1n which the vertices are not collinear), AB + BC > AC.

Illustration-26 : Given the angles as shown, order the lengths AB, BD, CD, BC and AC from greatest

to least. (Note : the diagram i1s not drawn to scale!)

Solution : First we focus on AABC. Since ZA > /B > ZC, we have BC > AC > AB. Then, we
turn to ABDC. Since £ZB > £ZC > /D, we have CD > BD > BC. BC is the smallest
in one 1nequality string and the largest in the other, so we can put the inequalities

together :
CD > BD > BC > AC > AB.

Ilustration-27 : In AABC the median AM is longer than BC/2. Prove that /ZBAC is acute.
Solution We start with a diagram. We'd like to prove something A

about an angle, but all we are given 1s an inequality regarding

lengths. So, we use the length inequality to get some angle

inequalities to work with. Specifically, since AM > BM 1n
AABM and AM > MC in AACM (because AM > BC/2 and
BM = MC = B(/2), we have B M C

/B > Z/ZBAM
£C > LZCAM.
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We want to prove something about ZBAC, which equals ZBAM + ZCAM, so we add
these two inequalities to give /B + ZC > ZBAC. Since /B + ZC + ZBAC = 180°, we
can write /B + ZC > ZBAC as

180° — /BAC > ZBAC.
This gives us 180° > 2/ZBAC, so 90° > Z/BAC. Therefore, Z/BAC 1s acute.

Hlustration-28 : In AXYZ, we have XY = 11 and YZ = 14. For how many integer values of XZ 1s
AXYZ acute ?

Solution In order for AXYZ to be acute, all three of its angles must be acute. Using the given side

lengths and our inequalities above, we see that we must have
121 + 196 > XZ~
196 + XZ* > 121
121 + XZ* > 196

Simplitying these three yields :

317 > XZ°

XZ* > 75

XZ* > 75

The middle inequality 1s clearly always true. (We really didn't even have to include 1t —
clearly 11 couldn't ever be the largest side!) Combining the other two add noting that we
seek integer values of XZ, we have 9 < XZ < 17 (since 8* < 75 < 9° and 18° > 317 >
172). So, there are 9 integer values of XZ such that AXYZ 1s acute.

Illustration-29 : In how many ways can we choose three different numbers from the set {1, 2, 3,4, 5, 6}

such that the three could be the sides of a nondegenerate triangle ?

(Note : The order of the chosen numbers doesn't matter; we consider {3, 4, 5} to be the
same as {4, 3, 5}.)

[

Solution We first notice that if we have three numbers to consider as possible side lengths of a

triangle, we only need to make sure that the sum of the smallest two 1s greater than the

third. (Make sure you see why!) We could just start listing all the ones we see that work,
but we should take an organized approach to make sure we don't miss any. We can do

so by classifying sets of three numbers by the smallest number.

Case 1 : Smallest side has length 1. No triangles can be made with three different lengths from

our set 1f we include one of length 1.

Case 2 : Smallest side has length 2. The other two sides must be 1 apart, giving the sets
{2, 3,4}, {2, 4, 5}, and {2, 5, 6}.
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Case 3 : Smallest side has length 3. There are only three possibilities and they all work :
{3, 4, 5}, {3, 4, 6}, {3, 5, 6}.

Case 4 : Smallest side has length 4. The only possibility is {4, 5, 6}, which works.
Adding them all up, we have 7 possibilities.
We sometimes have to use some other tools 1n addition to triangle inequality.
Hlustration-30 : Can the lengths of the altitudes of a triangle be in the ratio 2 : 5 : 6 7 Why or why not ?

Solution We don't know anything about how the lengths of the altitudes of a triangle are related

to each other. We do, however, know a whole lot about how the lengths of the sides of

a triangle are related to each other. Therefore, we turn the problem from one involving
altitudes 1nto one involving side lengths. We let the area be K, let the side lengths be a,
b, ¢ and the lengths of the altitudes to these sidesbe h , h , h , respectively. Theretore,

we have K = ah /2 = bh,/2 = ch /2, so the sides of the triangle have lengths

9K 2K 2K
h "h 'h,

If our heights are 1n the ratio 2 : 5 : 6, then for some X, our heights are 2x, 5x and 6x.

Then, our sides are

2K 2K 2K
2% bx 6x

However, the sum of the smallest two sides 1s then

%_I_%_ 12K +10K - 22K
bx ©6x 30x 30x 30x°

which 1s definitely less than the largest side, which 1s 2K/2x = K/x. Therefore, the sides
don't satisty the triangle mequality, which means it 1s impossible to have a triangle with
heights 1n the ratio 2 : 5 : 6.

Concept : When facing problems involving lengths of altitudes of a triangle, consider using area as
a tool.
Hlustration-31 : If a circle 1s inscribed in regular hexagon of side 6 cm, then area of inscribed circle.
Solution : Since we know that sum of angles of

polygon = (n — 2)180°

(n-2)180°

n

Each interior angle of polygon =

For hexagonn = 6

6 —2)180°
. Each angle = ( E:? =120°
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In AOPA

r
q = tan60°..r = 3\/§

Area of circle = nr* = :n:(B\/g)“ =271
Ilustration-32 : In given circle with centre O a triangle ABC is inscribed, ZA = 60°. OD 1s perpendicular
to BC, then what is ZBOD ?

Solution : In AOBD and AODC
OD L BC
.. Z0DB = Z0DC = 90°
OB = OC (radius of circle)
BD = DC [ L from centre bisects chord]

-. AOBD = AOCD
1
Hence ZBOD = ZCOD = §4BOC ... (1)
Again Z/ZBOC = 2/ZBAC
/BOC = 2[ZA] covsid )
From (1) and (2)
1
/BOD = E(ZAA) = 60°
Hlustration-33 : In rnight AABC right angled at 'B' (As 1n figure). A
Prove that distance between circumcentre and centroid
GD = l(BD) - I[IAC] . If AC = 10, then find GD
3 3\ 2 D
Solution. Property : We know that mid-point Q
of hypotenuse 1s equidistance from B o
all the three vertices of triangle
-. AD = CD = BD
. A
- BD = EAC
L D
BD = 5(10) =5
Again centroid divides median in ratio 2 : 1 G
1 5 B C
- GD = gBD =3

[D 1s circumcentre of AABC since mid-point of hypotenuse is circumcentre of triangle]
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Hlustration-34 : In AABC, AD and BE are medians such that they intersect at right angles. It AD = 6 and

9
BE = — then area of AABC 1s

2
A
E
B D C
Solution. : Let G be the centroid of AABC 1i.e. point of intersection of medians AD and BE
2 2 A
Now AG=—AD —~|6]=4
3 3
BG:EBﬁﬂzzxgz?) L
3 3 2 G
1
Thus Area of AAGB is a 3x4 =6 unit*

Now we know that area of AABC
=3 x Area (AAGB) = 3(6) = 18 unit’
Hlustration-35 : In, AABC, AD, BE and CF are altitudes and H 1s orthocentre. If ZA =40° then find ZFDE.

A
E
F
H
B D C
Solution. : It 1s very clear that ZHFB = 90° and ZHDB = 90°

(Since CF and AD are altitudes)
Thus for quadrilateral HFBD

A
sum of opposite angle 1s 180°
Hence 1t 1s cyclic
E
In AAEB :
ZABE = 90° - A= ZFBH
and using the property of circle B N 0

/FBH = ZFDH

.. ZFDH =90° — A

Similarly ZHDE = 90° — A

-. ZFDE = 180° — 2A

/FDE = 180° — 2(40°) = 100°
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EXERCISE

1. Inthe diagram 'O’ 1s the centre of the circle. The point E lies on the circumference of the circle such
that the area of the AECD 1s maximum. If ZAOB 1s a right angle, then the ratio of the area of AECD
to the area of the AAOB 1s :

(A)2: 1 (B) 3 :2 (C) 4:3 (D) 4 : 1
GM0001

2. Let AXOY be anght angled triangle with ZXOY = 90°. Let M and N be the midpoints of legs OX
and QY, respectively. Given that XN = 19 and YM = 22, the length XY 1s equal to

(A) 24 (B) 26 (C) 28 (D) 34
GM0002

3. In the diagram below, if / and m are two tangents and AB 1s a chord making an angle of 60° with
the tangent 7, then the angle between ¢ and m 1s

(A) 45° (B) 30° (C) 60° (D) 90°
GM0003

4. In the diagram, O 1s the centre of the circle and D, E and F are mid points of AB, BO and OA
respectively. If ZDEF = 30°, then ZACB i1s

(A) 30° (B) 60° (C) 90° (D) 120°
GM0004
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5. Inthe below diagram, O 1s the centre of the circle, AC 1s the diameter and 1if ZAPB = 120°, then LZBQC
1S

(A) 30° (B) 150° (C) 90° (D) 120°
GMO0005

6. In the adjoining figure, PT 1s a tangent at point C of the circle. O 1s the circumcentre of AABC. If
ZACP = 118°, then the measure of £x 18

(A) 28° (B) 32° (C) 42° (D) 38°
GMO0006
7. In the cyclic quadrilateral WXYZ on the circle centered at O, ZZYW = 10° and LYOW = 100°.
What 1s the measure of LZYWZ ?

(A) 30° (B) 40° (C) 50° (D) 60°
GMO0007
8. In the adjacent figure, if Ly + £z = 100° then the measure of £x is :
(A) 50° (B) 40° (C) 45° (D) Cannot be determined

GMO0008
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9. InaAABC1ifP be the point of intersection of the interior angle bisectors and QQ be the point of intersection

of the exterior angle bisectors of angles B and C respectively, then the figure BPCQ 1s a :
(A) Parallelogram (B) Rhombus (C) Trapezium (D) Cyclic quadrilateral
GMO0009

10. D, E and F are points on sides BC, CA and AB respectively of AABC such that AD bisects A,
BE bisects /B and CF bisects ZC. If AB =5 cm, BC = 8 cm and CA =4 cm, determine AF, CE
and BD.

GMO0010

11. In the adjoining figure, AE 1s the bisector of exterior ZCAD meeting BC produced in E. If
AB=10cm, AC =6 cm and BC = 12 cm, find CE.

D
A

GM0011

ar(AABC) B &
ar(ADBC) DO

12. In fig. AABC and ADBC are two triangles on the same base BC. Prove that

A

D

GMO0012
13. ABC 1s a night-tnnangle with ZABC = 90°, BD L AC, DM L BC and DN 1 AB. Prove that
(1) DM? = DN x MC
(i) DN? = DM x AN

A

GM0013
14. Prove that sum of squares of diagonals of a parallelogram 1s equal to sum of squares of 1ts sides.
GM0014
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15. Infig., ABCisa triangle in which AB = AC. A circle through B touches AC at D and intersects AB at
P. If D 1s the mid-point of AC, show that 4 AP = AB.

A
P
D
B C
GMO0015
16. In fig., CP is a tangent to a circle. If ZPCB = 60° and ZBCA = 45°, find ZABC.
GM0016
17. The 1nscribed circle of AABC touches BC, CA and AB at X, Y and Z respectively.
If ZA=64° ZC =52°, find £LXYZ and ZXZY.
GM0017
18. Let AM be a median of AABC. Prove that AM > (AB + AC — BC)/2.
GMO0018
ANSWER KEY
1 A 2. B 3. C 4. B 5. B 6. A
7. B 8. B 9. D 10 AF—ECE—EE’;D‘—ﬂ
' 37T 1379

11. CE =18 cm 16. ZABC = 75° 17. ZXYZ = 58°, LXZY = 64°



