Logarithmic differentiation

Q.1. If eXtY = xy , show that dy/dx = [y(1 - x)/x(y - 1)].

Solution : 1

We have eX*tY = xy ,

Taking log of both sides , we get

(X + y) loge = loge X + loge Y

Or,(x +y) = loge X + loge y [As, logeg = 1]
Differentiating both sides with respect to x , we get
1+ dy/dx = 1/x + (1/y) dy/dx
Or,(1-1/y)dy/dx =1/x -1

Or,{(y - 1)/y}dy/dx = {(1 - x )/x}
Or,dy/dx = {(1 - x)/x}x{y/(y - 1)

= {y(1 -x)}/{x (y - 1)}. [Proved.]

Q.2. If Xpyp — (X + y)p +q . Prove that dY/dX = Y/X

Solution : 2

We have xPyd = (x + y)P+q,

Taking log of both sides , we get

log (xP y9) = log (x + y)P+4

Or, log xP + log y9 = (p + q) log (x + vy)

Or,plogx + qlogy = (p+ q)log (x +y)

Differentiating both sides with respect to x , we get



p/x + g/y (dy/dx) = (p + q)/(x + y) d/dx (x +y)

Or, p/x + q/y (dy/dx)

= (p+q)/(x+y)(1+dy/dx)=(p+q)(x+y)+{(p+q)x+y)dy/dx)
Or, [a/y = (p + q)/(x + y)] (dy/dx) = (p + q)/(x + y) = p/X

Or, (gx + qy - py - qy)/{y(x +y)}dy/dx = (px + gx — px - py)/{x(x + y)}
Or, {(gx - py)/y}dy/dx = (gx - py)/x

or, dy/dx = y/x .

Q.3. If XY yX = 5 show that :

dy/dx = - [{log y + y/x}/{log x + x/y}].

Solution : 3

Taking log of both the sides , we get

logxy yx = log 5

Or,ylogx + xlogy =log 5

Differentiating both sides with respect to x , we get

y/X + log x dy/dx + x/y dy/dx + logy = 0

Or, (x/y + log x ) dy/dx = - (y/x + log y)

Or, dy/dx = - [{log y + y/x}/{log x + x/y}] . [Proved.]

Q.4. If y = (cos x)®°s X, find dy/dx .

Solution : 4
Taking log of both sides , we get
log y = log (cos x) cos x

= cos X log (cos x)



Differentiating both sides with respect to x , we get

1/y dy/dx = cos x . (1/cos x ) . (- sin x) + (- sin x) . log (cos x)
= — sin X — sin x log (cos x)

= - sin x {1 + log (cos x)}

Therefore , dy/dx =y (- sin x) {1 + log (cos x)}

Putting the value of y , we get

dy/dx = (cos x) cos x [- sin x {1 + log (cos x)}]

Q.5.Ify = x Y, prove that : x dy/dx = y2/(1 - y log X) .

Solution : 5

We have ,y = xY

Taking log of both sides , we get
logy =logxy =y log x
Differentiating both sides with respect to x , we get
1/y dy/dx = y. 1/x + log x . dy/dx
Or, 1/y dy/dx - log x . dy/dx = y/x
Or, (1/y - log x) dy/dx = y/x

Or, {(1 -y log x)/y} dy/dx = y/x
Or, dy/dx = (y/x)/{(1 -y log x)/y}
=y2/{(1-ylogx)x3}

Or, x.dy/dx = y2/(1 - y log x) . [Proved.]

Q.6. Find dy/dx , when x¥ = eX~ VY,

Solution : 6



We have x Y = eX~ Y,

Taking log of both sides, we get y

logx =(x-y)loge=x-y[loge =1]
Or,ylogx+y=x0r,y (1+logx)=x

Or,y = x/(1 + log x)

Therefore , dy/dx = [(1 + log x) . 1 - x .(1/x)]/[(1 + log x)2]

= log x/(1+ log x)2.

Q.7. Differentiate x~ sin ‘1 xw.r. t. x.

Solution : 7

Lety = x~ sin "1 x,

Then log y = sin "1 x log x

Differentiating both sides w. r. t. x , we get

1/y . dy/dx = sin"1 x x (1/x) + {1/ V(1 - x2)}x log X
Or, dy/dx =y [sin "1 x /x + log x/V(1 - x2)]

Or, dy/dx = x~ sin "1 x [sin -1 x /x + log x/V(1 - x2)]



