Chapter

11

Remainder
and Factor
Theorems

Before beginning this chapter, you should be able to:

Define polynomials and its functions

After completing this chapter, you would be able to:

Obtain zero of a polynomial

Prove remainder theorem

State and prove factor theorem

Do factorization of polynomials using factor theorem

Apply Horner’s process for synthetic division of polynomials



INTRODUCTION

A real valued function f{x) of the form ayx" + a;x"~! + -+ + a,, (ay # 0) is called as a polynomial
of degree n, where n is a non-negative integer. Here ag, 4y, ...,a, are the coefficients of various
powers of x.

Examples:
1. 4x°+ 5x° + x* + x> — 1 is a polynomial in x of degree 6.

2. 2x%+ x>+ 1 is a polynomial in x of degree 3.

Note A constant is considered to be a polynomial of zero degree.

In earlier classes we have learnt the different operations on polynomials like addition, subtraction,
multiplication and division. Here we shall learn two important theorems on polynomials.

REMAINDER THEOREM

If p(x) is any polynomial and ‘4’ is any real number, then the remainder when p(x) is divided by
(x — a) is given by p(a).
Proof: Let g(x) and r(x) be the quotient and the remainder respectively when p(x) is divided by
X —a.

.. By division algorithm

Dividend = quotient X divisor + remainder,

1e., p(x) = q(x)(x — a) + r(x)

If x = a, then

@) = g@a—a) + ) = ra) = pla),

i.e., p(x) = (v = a) qx) + pla)

Thus the remainder is p(a).

Notes
1. If p(a) = 0, we say that ‘a’is a zero of the polynomial p(x).

2. If p(x) is a polynomial and ‘a’ is a zero of p(x), then p(x) = (x — a) q(x).

3. If p(x) is divided by ax + b, then the remainder is given by p(_—bj
a

b

4. If p(x) is divided by ax — b, then the remainder is given by p(—j.
a

Find the remainder when the polynomial p(z) = 2° — 3z + 2 is divided by z — 2.

SOLUTION

Given p(z) =z° =3z +2

The remainder when p(z) is divided by z — 2 is given by p(2).

Now, p(2) = (2)* —3(2) + 2

=8-6+2=4
Hence, when p(z) is divided by z — 2 the remainder is 4.




FACTOR THEOREM

If p(x) is a polynomial of degree n (= 1) and a be any real number such that p(a) = 0, then (x — a)
is a factor of p(x).

Proof: Let g(x) be the quotient and (x — a)(a € R) be a divisor of p(x)

Given p(a) =0
.. By division algorithm
Dividend = quotient X divisor + remainder
P9 = g (x - a) + p(a)
= () = g —a) (- pla) = 0)
Therefore, (x — a) is a factor of f{x), which is possible only if p(a) = 0.
Hence, (x — a) is a factor of p(x) (" p(a) = 0).
Notes

1. If p(—a) = 0, then (x + a) is a factor of p(x).

—b
2. If p(—) =0, then (ax + b) is a factor of p(x).

a

b

3.If p(—j =0, then (ax — b) is a factor of p(x).
a

4. If sum of all the coefficients of a polynomial is zero, then (x — 1) is one of its factors.

5. If sum of the coefficients of odd powers of x is equal to the sum of the coefficients of
even powers of x,then one of the factors of the polynomial is (x + 1).

Examples:
1. Determine whether x — 3 is a factor of fx) = x> — 5x + 6.
Given flx) = x> —5x+ 6
Now f(3) = (3)>=5(3) + 6
=9-15+6
=0 = f(3)=0.
Hence, by factor theorem we can say that (x — 3) is a factor of f{x).
2. Determine whether (x — 1) is a factor of x> — 6x%> + 11x — 6
Let flx) = —6x> + 11x = 6
Now f{1) = (1)3 — 6(1)> + 11(1) — 6
=1-6+11-6=0 = fl1)=0.

Hence, by factor theorem we can say that (x — 1) is a factor of f(x).

Factorization of Polynomials Using Factor Theorem
1. Factorize x%(y — 2) + y*(z — x) + 2%(x — y)
Let us assume the given expression as a polynomial in x, say f (x)

fix) =22y = 2) + PPz — %) +2%(x - y)



Now put x = y in the given expression
= f)=re-2+yrEc-n+2r-y
=y -2’ +y’2—-y+0=0 = fly)=0

= x — yis a factor of the given expression.

Similarly if we consider the given expression as a polynomial in y we get y — z 1s a factor of
the given expression and we also get 2 — x is a factor of the expression when we consider
it as an expression in 2.

Let 22(y = 2) +y (2 = %) + 22(x = ) = k(x = )y = Dz = ¥
Forx=0, y=1and z =2, we get
0°(1 = 2) + 122 = 0) + 22(0 — 1) = k(0 — 1)(1 — 2)(2 — 0)
= 2=2k = k=-1
.. The factors of the given expression are x — y, y — z and 2 — x
2. Use factor theorem to factorize x° + y> + 23 — 3xyz
Given expression is x° + y° + 23 — 3xyz
Consider the expression as a polynomial in variable x say f{x).
That is, f{x) = x> + y> + 2% — 3xyz
Now f[=(y + ] = [-(y + )P + y’ + 27 = 3[-(y + 2)]yz
=—(y+ 202+ P+ 22+ 3y2(y + 2)
=-(+2’+(+2°=0 = fl-(r+2)]=0

= According to factor theorem x — [—(y + 2)], i.e., x + y + 2z is a factor of x° + > + 23
- 3xyz.

Now using the long division method we get the other factor as
24y 2 —xy—yz—2x

LY+ =3xypz =+ y+ )P+ Y2+ 22— xy — yz — ).

Horner’s Process for Synthetic Division of Polynomials

When a polynomial f{x) = ppx" + p;x"! +---+ p,_1x + p, is divided by a binomial x — ¢, let the
quotient be Q(x) and remainder be r.

We can find quotient Q(x) and remainder r by using Horner’s synthetic division process as
explained below.

a ‘ Po pP1 2 Pt P ... 1st row
left (corner) ‘ qox Qo ey O G O ...2nd row
9o q1 92 R ‘ r ...3rd row

Step 1: Write all the coefficients py, py, ps, .., p, of the given polynomial f{x) in the order of
descending powers of x as in the first row. When any term in f{x) (as seen with descending powers
of x) is missing we write zero for its coeflicient.

Step 2: Divide the polynomial f{x) by (x — ) by writing @ in the left corner as shown above
x=—0=0 = x=0).



Step 3: Write the first term of the third row as gy = p, then multiply ¢, by a to get qy0 and
write it under py, as the first element of the second row.

Step 4: Add g0 to p; to get qy, the second element of the third row.

Step 5: Again multiply ¢; with @ to get ¢;& and write ¢, under p, and add ¢, to p, to get
g>» which is the third element of the third row.

Step 6: Continue this process till we obtain ¢,_; in the third row. Multiply ¢,_; with & and write
g,—10¢ under p, and add ¢,_;& to p, to get r in third row as shown above.

In the above process the elements of the third row, i.e., o, 91, ¢, --- » 9,—1 are the coeflicients
of the quotient Q(x) in the same order of descending powers starting with x"~!.

n Q) = qox" 4+ ¢1x" 2 ++-++ q,0x + ¢, and the remainder is r, i.e., the last element of the
third row.

Note Ifthe remainder r=0 then /is one of the roots of f{x) = 0 or x — (¢is a factor of f{x).
Example: Factorize x* — 10x% + 9.
Let p(x) = x* —10x*> 4+ 9

Here sum of coefficients = 0, and also sum of coeflicients of even powers of x = sum of
coefhicients of odd powers of x.

oo (x—=1) and (x + 1) are the factors of p(x).
Multiplier of x = 11s 1 and x + 1 is =1

.. The quotient is x> — 9

Hence p(x) = (x — )(x + 1)(x*> = 9)

= px)=(x—1)+1)(x—3)(x+ 3).

1 1 0 -10 0 9
0 1 -9 -9
-1 1 1 -9 -9 0
0 -1 0 9
1 0 -9

Find the value of a if ax® — (a + 1)x? + 3x — 5a is divisible by (x — 2).

SOLUTION
Let p(x) = ax®> — (a+ 1) x>+ 3x — 5a
If p(x) is divisible by (x — 2), then its remainder is zero, i.e., p(2) =0

= a2 —(@+1)2)?>+32)—5a=0
8a—4a—-4+6—-5a=0
—a+2=0
a=2.

L4y

.. The required value of a is 2.




If the polynomial x® 4+ ax? — bx — 30 is exactly divisible by x?> — 2x — 15. Find a and b and also
the third factor.

SOLUTION

Let p(x) = x° + ax?> — bx — 30

Given p(x) is exactly divisible by x> — 2x — 15, i.e., (x — 5)(x + 3)

= p(x) 1s divisible by (x + 3) and (x — 5)

sop(=3)=0and p(5) =0

Consider p(-3) =0

(=3)% + a(=3)> = b(-3) =30 =0
—27+9a+3b—-30=0

9a+3b—-57=0

3a+b—-19=0 (1)

L

Now consider p(5) =0

That is, 53 + a(5)> — b(5) — 30 =0

125 +25a—-5b—-30=0

25a—5b+95=0

5a—b+19=0 2)

U

U

U

Adding Egs. (1) and (2), we get

8a=10

= a=0.
Substituting a in Eq. (1), we get b= 19.
.. The required values of a and b are 0 and 19 respectively

= px) =2+ 0(x?) — 19x — 30.

That is, p(x) = x* — 19x — 30.
Thus, the third factor is x + 2.

-3 1 0 -19 =30
0 -3 9 30
5 1 -3 =10 0
0 5 10
1 2 0

Find the linear polynomial in x which when divided by (x — 3) leaves 6 as remainder and is
exactly divisible by (x + 3).

SOLUTION

Let the linear polynomial be p(x) = ax + b
Given p(3) = 6 and p(=3) = 0.




= 3a+b=6
and -3a+b=0
Adding Egs. (1) and (2),
2b=6 = b=3
Substituting the value of b in Eq. (1), we geta=1

.. The required linear polynomial is x + 3.

= aB)+b=6anda(-3)+b=0

M
@)

SOLUTION

Let the quadratic polynomial be p(x) = ax? + bx + ¢
Given p(=1) =4, p(2) =7 and p(1) =0

= a—-b+c=4
Now p(1) =0 and p(2) =7

a(1)2+ b(1) + ¢=0 and

a)?+ b2 +c=7

= a+tb+c=0

4a+2b+c=7
Subtracting Eq. (1) from Eq. (2), we have
2b=—4 = b=-2.
Subtracting Eq. (2) from Eq. (3), we have
3a+b=7

= 3a-2=7(: b=

Substituting the values of @ and b in (1), we get c=—1

Hence, the required quadratic polynomial is 3x% — 2x — 1.

p(=1) = a(=1)2+ b(-1) +c=4

= 3a=9 = a=3.

A quadratic polynomial in x leaves remainders as 4 and 7 respectively when divided by (x + 1)
and (x — 2). Also it is exactly divisible by (x — 1). Find the quadratic polynomial.

M

@)
)

SOLUTION
Consider p(x) = 3x> —x — 10 and g(x) =2x> —x — 6
Let (x — k) be a common factor of p(x) and g(x)

Find a common factor of the quadratic polynomials 3x%> — x — 10 and 2x> — x — 6.



. p(k) = q(k) =0

= 3k-k—-10=2k*-k-56
= k-4=0

= k=4

= k=12.

.. The required common factor is (x — 2) or (x + 2).

EXAMPLE 11.7

Find the remainder when x%? is divided by x? — 4x + 3.

SOLUTION
Let g(x) and mx + n be the quotient and the remainder respectively when x°? is divided by
x% = 4x + 3.

RS X7 = (x% — 4x + 3) q(x) + mx + n.

Ifx=1,

199 =1 —=4+43)q@) +m(l)+n

= 1=0Xgx)+m+n

= m+n=1 @)
If x =3,

3999 =(32-43) +3) q(x) +3m+n

= 39=0xqx)+3m+n

= 3m+n=23" 2)
Subtracting Eq. (1) from Eq. (2) we get

2m =39 1
1
m= 5(3999 - 1.
Substituting m in Eq. (1), we have
n=l—l(3999 _1)=1_13999 +1=§_13999
2 2 2 2 2

3
n==(1-3"%).
5 )

1 3
.. The required remainder is 5 (3% = 1)x + 5 (1-3%8).

EXAMPLE 11.8

Find the remainder when x> is divided by x® — 4x.

SOLUTION

Let q(x) be the quotient and Ix?> + mx + n be the remainder when x° is divided by x* — 4x
That is, x(x — 2)(x + 2)

L0 = (0 —4x) qx) + I+ mx+n




Putx=0

U

0=0 X g(x) +10) + m(@) +n
n=20.

U

Putx=2

25=(8-=128) q(x) + (2> + m(2) + n

32=414+2m+n

414+2m=32 (s n=0)

21+ m=16 )

Lu il

Put x =-2
(-2)>=(=8+8) q(x) + I(-2)>+ m (-2) + n
= -32=4l-2m+n
= 4l-2m=-32( n=0)
= 2[-m=-16 )
Adding Egs. (1) and (2),
41=0
= [=0.
Substituting ! in Eq. (1), we get
2(0) +m=16
= m=16.
.. The required remainder is 0(x?) + 16x + 0, i.e., 16x.

If floe + 2) = x? + 7x — 13, then find the remainder when f(x) is divided by (x + 2).

(a) =25 (b) —12 () —23 (d) —11
SOLUTION
Given, flx +2) =x>+7x— 13 (1)

The remainder, when f(x) is divided by(x + 2) is f[—2).
o Put x=—41n Eq. (1)

fl—=4+2) = (—4)2+ 7(—4) 13

= f(-2)=16—-28 — 13 =-25.

If (x — 2) and (x — 3) are two factors of f{x) = x* + ax + b, then find the remainder when f(x)
is divided by x — 5.
(a) 0 (b) 15 (c) 30 (d) 60

SOLUTION
Given flx) = x>+ ax+ b
f2)=0and f(3) =0




22+2a+b=0 = 2a+b=-8 (1)
(B3P +3a+b=0 = 3a+b=-27 )
On solving Eqgs. (1) and (2), we get

a=-19 and b = 30

flx) = %% — 19x + 30.

Now f(5) = 5% = 19(5) + 30 = 125 — 95 + 30 = 60.

If the polynomials f{x) = x> + 5x — p and g(x) = x> — 2x + 6p have a common factor, then find
the common factor.

(a) x+2 (b) x () x+4 (d) Either (b) or (c)

SOLUTION

Given, flx) = x> 4+ 5x — p and g(x) = x> — 2x + 6p

Let x — k be the common factor of f(x) and g(x).

. flk) =0 and g(k) =0

= kK+5k—p=0 (1)
k?>—2k+6p=0 (2)
From Egs. (1) and (2), we get

k=p

Substitute k= p in Eq. (1)

pP+5p-p=0

pP+4p=0 = p=0

or p=—4.

s x orx+ 4 is a common factor of f{x) and g(x).

When a fourth degree polynomial, f{x) is divided by (x + 6), the quotient is Q(x) and the
remainder is —6. And when f(x) 1s divided by [Q(x) + 1], the quotient is (x + 6) and the
remainder is R(x). Find R(x).

(@) 12 + x (b) —(x + 12) (o (d) 3

SOLUTION

Given,

Six) = Qx)(x +6) =6

= QM)(x+06)=flx)+6 (1)
And also given,

Jix) = (x + 6)[Q(x) + 1] + R(x)

= flx)=(x+6) Q)+ x+6+ R(x)

= flx) =flx) + 6 + x + 6 + R(x) (from Eq. (1))

= Rx) =—(x+12).




Given f(x) is a cubic polynomial in x. If f{(x) is divided by (x + 3), (x + 4), (x + 5) and (x + 6),
then it leaves the remainders 0, 0, 4 and 6 respectively. Find the remainder when f(x) is divided
by x + 7.

(a) 0 (b) 1 () 2 (d) 3
SOLUTION

From the given data x + 3 and x + 4 are two factors of f{x).
Let other factor be ax + p

S flx) = (x4 3)(x + 4)(ax + p)

And also given,
f(=5) =4 and f[—6) =6

= (2N (Satp) =4

= Sa+p=2 (1)
and (=3)(=2) (=6a+p) =6
= —6bat+tp=1 )

On solving Eqgs. (1) and (2), we get
a=landp=7.

S flx) = (x+ 3)(x 4+ 4)(x +7)

S f=7)=0.
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TEST YOUR CONCEPTS

Very Short Answer Type Questions

1.

10.

11.
12.
13.
14.

15.

Short Answer Type Questions

31.

32.

Let flx) = apx" + a;x"' +---4 a, (ap # 0) be a
polynomial of degree n. It x + 1 is one of its
factors, then

. If'a polynomial f{x) is divided by (x + a), then the

remainder obtained is

. If a— bis afactor of a" — b", then n is

. Ifflx) =x% + 2 is divided by x + 2, then the remain-

der obtained is

. The condition for which ax?> + bx + a is exactly

divisible by x — a is .

. If x+ 1 1s a factor of x” + 1, then m is

. The remainder when flx) = x® + 5x% + 2x + 3 is

divided by x is .

. The remainder when (x — a)? + (x — b)? is divided

by x is .

. The remainder when x° — 4x° + 8x* — 7x% + 3x2 +

2x — 7 is divided by x — 1 is .

For two odd numbers x and y, if x° + y? is divisible
by 2%, k € N, then x + y is divisible by 2%, [True/
False]

One of the factors of 2x17 + 3x15 + 7x23 is
(x17/x15/x23)

If (x — 2)? is the factor of an expression of the form
x3 + bx + ¢, then the other factor is

What should be added to 3x% + 5x%2 — 6x + 3 to
make it exactly divisible by x — 1?

The remainder when 2x° — 5x% — 3 is divided by
X+ 1is :

The remainder when f(x) is divided by g(x) is
f (_3)’ then g(x) is necessarily 2x + 3. [True/

False]

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Find the remainder when the polynomial x? + 13x
+ 11 is divided by x — 1.

1 3
Find the value of the polynomial a? —ga+5

1

when a=—.
2

The polynomial 7x> — 11x 4+ a when divided by
x + 1 leaves a remainder of 8. Then find the value
of ‘a’.

If x + 2 is a factor of flx) and flx) = x> + 4x° + kx
— 6, then find the value of k.

Find the values of a if x> — 5x(a — 1) = 3(x + 1) +
5a is divisible by x — a.

Find the value of a if x — a 1s a factor of the poly-
nomial x> — ax* + x* — ax? + 2x + 3a — 2.

Find the remainder when x° + 3px + ¢ is divided
by (x*> — a?) without actual division.

The remainder obtained when x2 + 3x + 1 is
divided by (x = 5) is

If the polynomial 3x* — 11x2 + 6x + k is divided by
x — 3, it leaves a remainder 7. Then the value of k
1s

(7x — 1) is a factor of 7x + 6x> —15x + 2. (True/
False)

If ax? + bx + ¢ is exactly divisible by 2x — 3, then
the relation between a, b and ¢ 1s

If x2 4+ 5x + 6 is a factor of x% + 9x2 + 26x + 24,
then find the remaining factor.

If (2x — 1) is a factor of 2x> + px — 2, then the other
factor is

The expressionx™" —1 is divisible by x + 1, only
if M is . (even/odd)

If x + m is one of the factors of the polynomial x>
+ mx — m + 4, then the value of m 1is

For what values of m and n is 2x* — 11x° + mx + n

is divisible by x> — 12

Find a linear polynomial which when divided by
(2x + 1) and (3x + 2) leaves remainders 3 and 4
respectively.

33.
34.

Prove that x™ + 1 1s a factor of x — 1 if n 1s even.

The remainders of a polynomial f{x) in x are 10
and 15 respectively when f(x) is divided by(x —
3) and (x — 4). Find the remainder when f(x) is
divided by (x — 3) (x — 4).



35.
36.
37.
38.
39.

40.

Essay Type Questions

46.

47.
48.

If x> is divided by x?> — 4x + 3, then find its
remainder.

If (x> — 1) is a factor of ax® — bx? — cx + d, then find
the relation between a and .

When x* — 3x% + 4x2 + p is divided by (x — 2), the
remainder is zero. Find the value of p.

Find the common factors of the expressions a;x> +
bix + ¢; and a,x? + box + ¢; where ¢ # 0.

If (x — 3) is a factor of x> + ¢ (where g € Q), then find
the remainder when (x> + ¢) is divided by(x — 2).

If p + g is a factor of the polynomial p" — ¢", then n is

41.
42.

43.

44.

45.

The expression x*0% + 409 i divisible by

The value of a for which x — 7 is a factor of x? +
11x = 2a1s .

If a polynomial f{x) is divided by (x — 3) and (x — 4)
it leaves remainders as 7 and 12 respectively, then
find the remainder when f(x) is divided by (x — 3)
(x—4).

Find the remainder when 5x* — 11x2 + 6 is divided
by 5x% — 6.

If flx — 2) = 2x% — 3x + 4, then find the remainder
when f(x) is divided by (x — 1).

Factorize x* — 2x3 — 9x? + 2x + 8 using remainder
theorem.

Find the remainder when x*° is divided by % — 2x — 3.

If x2 — 2x — 1 is a factor of px® + gx® + 1, (where p,
q are integers) then find the value of p + ¢.

CONCEPT APPLICATION

1.

49.

50.

If 2 — x + 1 is a factor of x* + ax? + b, then the
values of a andb are respectively

If Ix* + mx + n is exactly divisible by (x — 1) and (x
+ 1) and leaves a remainder 1 when divided by x +
2, then find m and n.

The value of a for which the polynomial y* + ay?
—2y+a+4in y has (y + a) as one of its factors
is

-3 4
(a) T (b) g

3 —4
(©) n (d) EY

. If the expression 2x> — 7x%> + 5x — 3 leaves a

remainder of 5k — 2 when divided by x + 1, then
find the value of k.

(a) 3 (b) =3
(c) 5 (d) -5
. Find the remainder when x2%03 + 0909 i5 divided
by x + .
(a) y*06 (b) 1
(© 0 (d) Cannot be determined

Find the remainder when x® — 7x% + 8 is divided
by x% — 2.
(a) =2
(©7

(b) 2
(1

. If both the expressions x

1248 672

— 1 and x%2 — 1, are

divisible by x" — 1, then the greatest integer value
of n is

(a) 48
(c) 54

(b) 96
(d) 112

. When x? — 7x + 2 is divided by x — 8, then the

remainder is
(a) 122
(c) 45

(b) 4
(d) 10

. If ax®> + bx + c is exactly divisible by 4x + 5, then

(a) 25a—=5b+16¢=0

(b) 25a+ 20b + 16¢=0
(c) 25a —20b—16¢=0
(d) 25a—20b+ 16c=0

. The expression 2x> + 3x%> — 5x + p when divided

by x + 2 leaves a remainder of 3p + 2. Find p.
(@) =2 (b) 1
(©0 (d) 2
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10.

11.

12.

13.

14.

15.

16.

. 3x — 4 is a factor of

(a) 18x* — 3x% — 28x% — 3x + 4
(b) 3x* — 10x> — 7x% + 38x — 24
(c) 9x* — 6x3 + 552 — 15

(d) 9x* + 3647 + 17x% — 38x — 24

Which of the following is a factor of 5x%" + 7x!>
+ x?

(a) 220 (b) ~15
(c) « (d) x**
If (x + 3)? is a factor of flx) = ex® + kx + 6, then

find the remainder obtained when f{x) is divided
by x — 6.

(a) 1
(c)5

(b) 0
(d) 4

The expression x™" + 1 is divisible by x + 1, only if
(a) nis odd.

(b) m is odd.

(c) both m and n are even.
(d) Cannot say

1215 945

If both the expressions x!'“1> — 1 and x”* — 1, are
divisible by x" — 1, then the greatest integer value
of nis

() 135
(c) 945

(b) 270
(d) None of these

If (x — 2) is a factor of x> + bx + 1 (where b € Q),
then find the remainder when (x> + bx + 1) is
divided by 2x + 3.

(a) 7
(o)1

(b) 8
(d 0

When x? + 3x% 4+ 4x + a is divided by (x + 2), the
remainder is zero. Find the value of a.

(a) 4 (b) 6
(c) -8 (d) -12

If (x + 1) and (x — 1) are the factors of ax’ + bx> +
¢x + d, then which of the following is true?

(@ a+b=0 b)b+c=0
)b+d=0 (d) None of these

17.

18.

19.

20.

21.

22.

23.

24.

Find the remainder when x° is divided by x* — 9.
(a) 81x (b) 81x + 10
(c) 3°x + 34 (d) None of these

The remainder when x* + x2 + x!* + x% + x
divided by x? — 1 is

(a) 4x —1 (b) 4x +2
(c) 4x+ 1 (d) 4x -2

For what values of a and b is the expression x* +
4x3 + ax? — bx + 3 a multiple of x> — 1?

(@Qa=1,b=7 (b)ya=4,b=-4
(c)a=3,b=-5 (d)a=—-4,b=4
When the polynomial p(x) = ax? + bx + ¢ is divided
by (x — 1) and (x + 1), the remainders obtained are

6 and 10 respectively. If the value of p(x) is 5 at x =
0, then the value of 5a — 2b + 5c¢ is

(a) 40 (b) 44
(c) 21 (d) 42

If p — g is a factor of the polynomial p" — ¢", then n
1s

(a) a prime number
(b) an odd number
(c) an even number

(d) All of these

When the polynomial f(x) = ax? + bx + ¢ is divided
by x, x — 2 and x + 3, remainders obtained are 7,
9 and 49 respectively. Find the value of 3a + 5b
+ 2c.

(a) =2 (b) 2

(©5 (d) -

If flx + 1) = 2x% + 7x + 5, then one of the factors
of filx)is

(a) 2x+3 (b) 2x>+ 3

(c) 3x+2 (d) None of these

If (x — p) and (x — q) are the factors of x> + px + g,

then the values of p and g are respectively
(a) 1, -2 (b)2,-3

(©) —,

1 -2
—,— (d) None of these
33



25.

26.

27.

31.

32.

33.

34.

Let f (x - l) =x2+ iz, find the remainder
x x
when f(x) is divided by x — 3.
82 8
2= b) =
(2) 5 (b) 3
(c) 10 (d) 11

If (x — 2)? is a factor of f{x) = x> + px + ¢, then find
the remainder when f{x) is divided by x — 1.

(a) 4 (b) —4
(c) =5 @5

A quadratic polynomial in x leaves remainders 4, 4
and 0 respectively when divided by (x — 1), (x — 2)
and (x — 3). Find the quadratic polynomial.

(@) 2x2+6x+3 (b) —2x%+ 6x
() 2x>+6x+5 (d) —2x>+6x—5

28.

29.

30.

If flx + 3) = x> + x — 6, then one of the factors of

fx) 1s .
(a) x—3 (b) x — 4
(c)x—=5 (d)x—6

If (x — 1) is a factor of flx) = x® + bx + ¢, then find
the remainder when f(x) is divided by (x — 2).

(a) 2 (b) =3
(c) 4 (d) —4
For what values of m and n, the expression 2x?

— (m + n)x + 2n is exactly divisible by (x — 1) and
(x—2)?

(a) m=5,n=2
(bym=3,n=4
(c)m=4,n=2
dym=2,n=4

The ratio of the remainders when the expression
x% + bx + cis divided by (x — 3) and (x — 2) respec-
tively is 4 : 5. Find b and ¢, if (x — 1) is a factor of
the given expression.

-11 14
Q) b=—,c=—
(@) 3 3
-1 11
(b) b=—4,c=—
3 3
14 -11
c)b=—,c=—
(€) b=~ 3

(d) None of these

If the polynomials f{x) = x% + 9x + k and g(x) = x?
+ 10x 4+ [ have a common factor, then (k — )2 is
equal to .

(a) 91— 10k (b) 101 -9k

(c) Both (a) and (b) (d) None of these

When f(x) is divided by (x — 2), the quotient is
Q(x) and the remainder is zero. And when f(x) is
divided by [Q(x) — 1], the quotient is (x — 2) and

the remainder is R(x). Find the remainder R(x).
(a) x+2 (b) —x + 2
() x—2 (d) Cannot be determined

Find the values of m and n, if (x — m) and (x — n)
are the factors of the expression x> + mx — n.

35.

36.

37.

@Qm=-=1,n=-2

bym=0,n=1
- 1
(c) m= 2,11—2
dm=-1,n=2
1 , 1 .
Let f|x+—|=x"+—, find the remainder
X X
when f(x) is divided by 2x + 1.
-7 9
a) — b) —
@ (b) 7
-9 11
c) — d) —
© @

A polynomial f(x) leaves remainders 10 and 14
respectively when divided by (x — 3) and (x — 5).
Find the remainder when f(x) is divided by (x — 3)
(x—5).

(@) 2x + 6
(c) 2x + 4

(b) 2x — 4
(d)2x—-6
If flx + 3) = x> — 7x + 2, then find the remainder
when f(x) is divided by (x + 1).

()8 (b) —4
(c) 20 (d) 46
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38.

39.

40.

41.

42.

43.

A polynomial flx) when divided by (x — 5) and
(x — 7) leaves remainders 6 and 16 respectively.
Find the remainder when f(x) is divided by (x — 5)
(x=7).

(@) 5bx +7

(c) 5x + 19

(b) 5x— 7
(d) 5x — 19

A polynomial p(x) leaves remainders 75 and 15
respectively, when divided by (x — 1) and (x + 2).

Then the remainder when f(x) is divided by (x — 1)
(x+2) 1s

(@) 5(4x + 11)
() 53x+11)

(b) 5(4x —11)
(d) 53x —11)
The leading coefficient of a polynomial f(x) of

degree 3 is 2006. Suppose that 1) =5, fi2) =7
and f(c) = 9. Then find f(x).

(a) 2006 (x — 1)(x = 2)(x = 3) +2x+ 3

(b) 2006 (x — 1)(x = 2)(x — 3) + 2x + 1

(c) 2006 (x = 1)(x = 2)(x = 3) + 2x — 1

(d) 2006 (x = 2)(x = 3)(x — 1) = 2x = 3)

The ratio of the remainders when the expression
x% 4 ax + b is divided by (x —2) and (x — 1) respec-

tively is 4 : 3. Find a and b if (x + 1) is a factor of
the expression.

@9, —10
() 9, 10

(b) -9, 10
(d) =9, =10
If &% — ax® + bx — 6 is exactly divisible by x> — 5x

+ 6, then % is

6 -6
(@) I (b) 1
1 1
(o) 3 (d) -3

If fix) = x* + 5x + a and g(x) = x> + 6x + b have
a common factor, then which of the following is
true?

(@) (a—b>+5a—-by+b=0
(b) (a+b)>+5(@+b)+a=0
(c) (a+b)?>+6(a+by+b=0
d) (a—b)>2+6(a—b)+b=0

44.

45.

46.

47.

48.

If ax* + bx® + cx? + dx is exactly divisible by x> — 4,

then 2 is
1 -1
(@) n (b) e
-1 1
(c) 3 (d) 3

If 2 + x + 1 is a factor of x* + ax? + b, then the
values of a and b respectively are

(a) 2, 4 (b) 2,1
() 1,1 (d) None of these

If (x + 1) and (x — 1) are the factors of x> + ax?
— bx — 2, then find the other factor of the given
polynomial.

The following are the steps involved in solving
the problem given above. Arrange them in the
sequential order.

(A) Put x =1 and x = —1 in the given polynomial
and obtain the equations in a and b.

(B) Substitute a and b in the given polynomial.
(C) Factorize the polynomial.

(D) Solve the equations in a and b.

(a) ADCB (b) ADBC

(c) ABCD (d) ABDC

The following are the steps involved in finding the

value of a when x — 2 is a factor of 3x? — 7x + a.
Arrange them in sequential order.

(A)12—14+a=0 = a=2

(B) By factor theorem, f2) =0 = 3(2)>—7(2)
+a=0

(C) Let fix) =3x>— 7x +a

(a) CBA (b) BCA

() CAB (d) BAC

If px* + qx% + rx + s is exactly divisible by x? —

1, then which of the following is/are necessarily
true?

A p=r

C)p=-r

(a) Both (A) and (B)
(c) Both (A) and (D)

B)g=s

(D) 9=~

(b) Both (C) and (D)
(d) Both (B) and (C)



49.

51.

52.

53.

54.

Which of the following is a factor of x* + 3px? —
3pgx — ¢°? (where p and q are constants.)

(b)x+gq

(d)x—¢q

@x+p
(©x—p

50.

If (x — k) is a common factor of x> + 3x + a and
x% + 4x + b, then find the value of k in terms of a
and b.

(@ a+b
(c) 2a+3b

(b)ya—1b
(d) 2a —3b

3 is divided by x? — 3x

Find the remainder when x°

— 4.
433 1 43 —4
(a) Jx+(

o) 433+1J (433

5
433 4 433 41
() x +
5
433 44 433 1
) x +
5 5

If 6x2 — 3x — 1 is a factor of ax® + bx — 1 (where a,
b are integers), then find the value of b.

(a) 1 (b) 3
(c) =5 (d) -7
If the polynomials f{x) = x? + 6x + p and g(x) = x2

+ 7x + g have a common factor, then which of the
following is true?

@ p*+ ¢ +2pqg+6p—79=0
(b) p* + ¢* = 2pq+7p—64=0
©p*+q*=2pg+6p—79=0
(d) p*+ ¢ +2pqg+7p—69=0

A polynomial of degree 2 in x, when divided by
(x+ 1), (x+2) and (x + 3), leaves remainders 1, 4
and 3 respectively. Find the polynomial.

(a) %(x2 +9x +6)
(b) %(x2 -9x +6)
() ;(xz - 9x +6)

(d) ;(x2 +9x +6)

55.

56.

57.

58.

59.

60.

When a third degree polynomial f(x) is divided by
(x — 3), the quotient is Q(x) and the remainder is
zero. Also when f(x) is divided by [Q(x) + x + 1],
the quotient is (x — 4) and remainder is R(x). Find
the remainder R(x).

(a) Q(x) + 3x + 4 + x>
(b) Qx) +4x+ 4 —x°
(€) Qx) +3x+4 — 2
(d) Cannot be determined

If the expression x> + 3x — 3, is divided by (x — p),
then it leaves remainder 1. Find the value of p.

(@) 1 (b) =3
(c) —4 (d) Either (a) or (c)
If ax® — 5x% + x + p is divisible by x* — 3x + 2, then

find the values of a and p.
(@a=2,p=2 b)ya=2,p=3
(c)a=1,p=3 (d)ya=1,p=2

Which of the following should be added to 9x° +
6x2 + x + 2 so that the sum is divisible by (3x + 1)?

(2) —4 (b) =3
(€) =2 (d) -

If the expression 6x2 + 13x + k is divisible by 2x +
3, then which of the following is the factor of the
expression?

(@) 3x + 1
(c) 3x+2

(b) 3x +4
(d) 3x +5

Given ax? + bx + ¢ is a quadratic polynomial in
x and leaves remainders 6, 11 and 18 respectively
when divided by (x + 1), (x + 2) and (x + 3). Find
the value of a + b + .

(@) 1 (b) 2

(©3 (d) 4
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TEST YOUR CONCEPTS

.agtaytast+ ... =aytatag+...
. fl=a)

. neN

. =6

1

2

3

4
5.a=0o0ra®+b+1=0
6. odd

7

8

9

10. True
11. «x15
12. x+ 4
13. =5
14. 4
15. False

Short Answer Type Questions

16.
17.

18.
19.
20.

21.

22.
23.
24.
25.
26.
27.
28.
29.
30.

(@ + 3p)x + q.
41

—155

True
9a+6b+4c=0
(x+4).

x+2

even number

4

31. m=11Tand n=-2 39. =5
32. —6x 40. 42
34.5(x—1) 41. x+y
1 3
35. 5(3555 —1)x+5(1—3554) 42. 63
43. 5x — 8
36. a=¢
44. 0
37. -8
45. 13
38. (H M)
)
Essay Type Questions
460 (x=1) (x+ 1) (x +2) (x — 4). 49. 1,1
-1
50. m=0,n=—

29 29 _
47. S x + 5 5
4 4

48. =3
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CONCEPT APPLICATION
Level 1

Use factor theorem.
Use remainder theorem.
Use remainder theorem.

. Use remainder theorem.

Ui A W N =

The greatest possible value of n is the HCF of 1278
and 672.

6. Use remainder theorem.

7. Use factor theorem.

8. Use remainder theorem.

9. Use factor theorem.
10. 5x20 + 7x15 + % = x5! + 7x0 + 1)

11. Since the coefficient of x? is zero, the sum of the
roots is zero.

12. Use factor theorem.

13. Largest possible value of 1 is the HCF of 1215 and
945.

17. Use division algorithm.
18. Use division algorithm.

19. (x + 1) and (x — 1) are the factors of the given
expression.

20. P(1) =6, P(—1) =10 and P(0) = 5.
21. Use division algorithm.
22. fl0) =7, f12) =9 and f(-3) = 49.

24.

25.

3)]

26.

27.

28.

29.

(i) Replace x + 1 by x.
(ii1) Apply remainder theorem.
(D) x +px + g = (x = p)(x — ).
(i) Compare the terms in LHS and RHS.

2
(1) f(x—i)=(x—§) + 2.

1
(1) Replace (x - —J with x.

X

(111) Use remainder theorem to obtain remainder.

(i) Since the coefficient of x? is 0, the sum of the
roots 1s ‘0.
= Third root is —4.

(ii) Apply remainder theorem for flx) = (x — 2)?
(x+4).

(i) Let fix) = ax®> + bx + ¢ 1) =4; f2) =4; (3) =0
(i1) Solve for a, b, and .

(1) Put x = x — 3 in f{x + 3) to get f(x).

(i1) Apply factor theorem.
i)

(i) Coefficient of x2 is 0, therefore sum of roots
1s 0.
.. Third root = 2.

(i1) Apply factor theorem.

(ii1) To obtain the remainder, use the remainder
theorem.

23. Putx=x—11n flx + 1) to get f(x). 30. (1) Take the given polynomial as f(x).
(i) Write 2x> + 7x + 5 in terms of x + 1. 1) f(1) =0, f2) = 0.
, 1 1)’
35, Q) flx+—|=|x+—| —2.
X X

f@3)_4
31. ——==—and f(1) =0.
f2) 5 -

32. (i) Let the common factor be x — a and find f(a),
and g(a).

(i1) Obtain the value of a in terms of k and I.
33. Dividend = Divisor X Quotient + Remainder.
34. D)X+ mx—n=(x—m) (x —n).

(i1) Equate the corresponding terms.

36.

=2

1
(i1) Replace x +— by x.
X
1
iil) Put x = —.
(i) 5

(1) f13) =10, f(5) =14

(11) Dividend = Divisor X Quotient + Remainder.



39. (W) f1) =75, f(=2) =15. oo (x+ 1) and (x — 1) are factors of f(x)

(if) Dividend = Divisor X Quotient + Remainder. S fi=1)=0and f(1) = 0
40. Verify from the options whether f{1) =5, 2) =7 Prqors=0
and f(3) = 9 by using remainder theorem. = prr=q+s )
@) 4 ptqtr+s=0 (2)
41. —==—and f(-1) = 0. h
)0 From Egs. (1) and (2), we have

p+r=0andgq+s=0
42, ()x>=5x+6=(x—2)(x — 3)

(i) f2) = 0, f(3) = 0.

43. (i) Let the common factor be (x — a), then f{a) =
9(a), obtain value of ‘a’.

= p=-rand ¢=—s.

49. Let flx) = x° + 3px® — 3pgx — ¢°

From the options

-3 2_ 2.0 3
(i1) Substitute value of ‘a’in f(x). fg)=¢"+3pq" = 3pg" —¢"=0
44. f{2) =0 and f(-2)= 0. x — g is a factor of f{x).
45. Xt o+ 1= (- x+ D+ x+1). 50. Given x — k is a common factor of x> + 3x + a and
46. ADBC is the required sequential order. X +4x+b

s (R2+3k+a=0and (k)2 +4k+b=0
= R+4k+b=k+3k+a
= k=a-b

47. CBA is the required sequential order.
48. Let flx) =px® + qx*> + rx + s

Given x? — 1 is a factor of f{x).

53. (i) Let the common factor be (x — a), then make 8a+p=18=0 = 8a+p=18 (2)
fla) = g(a), and get the value of ‘a’.

On solving Egs. (1) and (2), we get a=p = 2.

(i) Substitute value of 'a’in fx). 58. Let k should be added to the given expression so

54. Let fix) = ax + bx + ¢, given f—1) that the sum is divisible by (3x + 1).
=1, [~2) = 4 and f(-3) = 3. Let flx) = 97 + 0% + x4 24 k
. 1
55. Dividend = Divisor X Quotient + Remainder. Given f (— 5) =0
56. Let flx) =x?>+3x—3 3 5
1 1 1
. _ = 9| ——| +46|—-=| ==+2+k=0
Given, fip) =1 ( 3} ( 3} 3
= pP+3p-3=1 1 2 1
= ——4+———424+k=0 = 2+4+k=0
= p*+3p-4=0 3 3 3
= (p+Hp-1=0 - ke

59. L =6x>+ 13x + k
= p=-4orl. et flx) = 6x ~
Given 2x + 3 is a factor of f(x)

57. Let fix) = ax® = 5x> + x + p By factor theorem
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Given, f(x) is divisible x> — 3x + 2, i.e., 3

_2l=0
= f(x) is divisible by (x — 1) and (x — 2) f[ 2)
1)=0andf2)=0 = a+p-4=0 2 -O)-
A1) =0and f2) atp - 6[&) +13(_2]+k=0 At
= atp=4 (1) 2 2




= 9a-3b+c=18 (3)

2_§+k =0 = k=6

2 2 Eq 2)—Eq (1) = 3a—b=5 @)

S flx) =6x7 + 13x + 6 Eq. 3)—Eq. ) = 5a-b=7 (5)
=(@2x+3)(3x +2) on solving Egs. (4) and (5), we get

. The other factor is 3x + 2. a=1,b=-2
60. Let flx) = ax”> + bx + c.

Given, f(—1) =6, f(-2) = 11 and f[-3) = 18

= a—-b+c=6 (1)

= 4a-2b+c=11 2)

substitute a = 1 and b = -2 in Eq. (1).
= =3

Now a+ b+ c=2.
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