Session 4

General Equation of Second Degree,
Important Theorems

General Equation of Second Now, ax? +2hx,y, +by? +2g%, +2fi +c =0

Degree O xy(axy +hy, +g) +yi(hx; +by, +f)
+(gx1 +fy1 +e) =0
The equation ax® +2hxy +by® +2gx +2fy +c =0 O x; 0+y, 0+gx, +fy; +c=0
[from Egs. (iii) and (iv)]
O gx, + fy; +¢ =0 . (vi)
On eliminating x4, y; from Eqs. (iii), (iv) and (vi), we get
the determinant

is the general equation of second degree and represents a
conics (pair of straight lines, circle, parabola, ellipse,
hyperbola). It contains six constants a, b, ¢, f, g, h.

ie. a= coefficient of x*, b= coefficient of y°, a h g
¢ = constant term, g =half the coefficient of x, h b f|=0
f = half the coefficient of y, g f c
h =half the coefficient of xy. 0 abc +2fgh —af® —bg® —ch® =0,
Theorem The necessary and sufficient condition for as the required condition.
2 2 -
ax® +2hxy +by” +2gx +2fy +c =0 Remarks
to represent a pair of straight lines is that 1. Without using determinant On solving Egs. (iii) and (iv),
a h we get
2 2 2 ¢ (1 1) = f-bg gh-alH
abc +2fgh —af® —bg® —ch® =0 or |h b f|=0. A ab—hzvab—hgg
g f ¢ and then substituting the values of x; and y; in Egs. (vi), we
Proof Necessary condition : Let the equation be obtain ¢ ol "
— bg —a -
ax® +2hxy +by® +2gx +2fy +c =0 ...(i) g b — 1P %+f%b_h2§+c—o
represent a pair of lines. Assuming that these lines are not | abc + 2fgh — af? = bg® —ch® =0
parallel, we suppose further that their point of intersection 2. By making  ax? + 2hxy + by +2gx +2fy +c =0

is (xy, y; ). Shifting the origin at (x,, y; ) without rotating
the coordinate axes, we have the Eq. (i) transforms to

a(X"'xl)z +2h(X +x)(Y +y;) +b(Y +)’1)2

homogeneous with the help of a new variable z, i.e.
ax’ + 2hxy + by® +2gxz +2fyz +cz° =0

Let f(x, y,z) = ax® + 2hxy + by® + 2gxz + 2fyz + cz® =0

+2g(X+x1)+2f(Y+J’1)+C =0 (11) O if:QaX +2hy +ng =0
Now this Eq. (ii) represents a pair of lines through the new of o
origin and consequently, it is homogeneous in X and Y. n =2hx +2by +2fz =0

Hence, the coefficients of X and Y and the constant term of
. .. . — =2gx +2fy +2cz =0
in Eq. (ii) must vanish separately. 9z
i.e. coefficient of X = coefficient of Y = constant term =0 and finally putting z = 1, we obtain equations
0 ax, +hy, +g =0 (i) ax+hy +g =0 +by +f =0,gx +fy +¢ =0
_ . which are same as Egs. (iii), (iv) and (vi), respectively.
hxy +by, +f =0 +(iv) 3. Ifab - h? =0, the lines given by Eq. (i) are parallel. In this

and ax? +2hx,y, +by? +2gx, +2fy; +c =0 (V) case, the method followed in the above proof fails and we
follow the following method.



Aliter I : (Proof)
Let the lines represented by

ax® +2hxy +by® +2gx +2fy +c =0 (1)
be Ix +my +n =0 and
then

I'sx+m'y+n'=0
ax® +2hxy +by® +2gx +2fy +c
SE(lx +my +n)(I'x +m'y +n") ..(>ii)
Comparing the coefficients of similar terms in both sides
of Eq. (ii), we get
Ql'=amm'=b,nn'=c¢
m'+!I'm=2hIn"+1'n=2g,

Hnn’+m’n:2f

We now eliminate ,m, n,I' ,m" and n' from these equations,

...(iii)

[

I I o I 1 o

we have m m' 0|Xlm'" m 0[=0
n n 0 [n n O

[ each determinant =0]

21l Im+I'm In+ln

U ml'+m'l 2mm' mr + m n|=0

nl'+n'l nm'+nm 2nn'

2a 2h 2g

0 2h 2b 2f|=0
2g 2f 2
a h g

O A=|h b f|=0
§ f ¢

O A= ab¢ 2fgsh af*= bg™- ch’= 0,

which is the required necessary condition.

Remark
Without using determinant
Now, (/m"+ ["m) (If + ['n) (mrA + ni n)= 2HRgRf
0O oN'mm' nil + I (m°A°+ n?n’)
+ mm'(n°"?+ %1%+ nrt (1°m1 %+ 12m?) =8fgh
O  20'mm nd+ I {(mi+ nmn)?°= 2mnm nh '}
+mm{(nl"+ A HZ=2n0 I} + nn' {Um' + I'm)? = 211" mmt }
=8fgh [from Eq. (iii)]
O 2abc + a4f? —4bc) + bl4g? —4ca) + c(4h’ - 4ab) =8fgh
0 abc + 2fgh —af? - bg? - ch® =0,
which is the required necessary condition.
Aliter II : (Proof)

Given equation is

ax® +2hxy +by® +2gx +2fy +c =0 (1)

Case I Ifa #0, then writing Eq. (i) as a quadratic
equation in x, we get

ax® +2x (hy +g) +by* +2fy +c =0
Solving, we have

~2(hy +g) £+/4(hy +g)* —4a(by® +2fy +c)
x =
2a

_ = (hy +) £J{(* —ab)y’ +2(gh ~af)y +g" —ac)}
a

O x

Eq. (i), will represent two straight lines, if LHS of Eq. (i),
can be resolved into two linear factors, therefore the
expression under the square root should be a perfect
square.

[ Ax® + Bx +C =01is a perfect
square < B® —4AC =0]
Hence, 4(gh — af)* —4(h* —ab)(g® —ac) =0
or abe +2fgh —af?® —bg® —ch* =0 (i)
Ths is called discriminant of the Eq. (i).
Case II Ifa =0,b #0, then writing Eq. (i) as a quadratic
equation in y
ie. by? +2y(hx + f) +2gx +c =0
and proceeding above we get the condition
2fgh — bg® —ch* =0
which is condition obtained by putting a =0 in Eq. (ii).
CaseIII Ifa =0,b =0but h#0, then Eq. (i) becomes
2hxy +2gx +2fy +c =0

h
Multiplying by 2 [vh#0]
) ch
O h®xy + hgx +hfy +? =0
ch
0 (hx +f)(hy +8) =fg =
Above equation represents two straight lines, if

czh =0 O 2fgh-ch®=0

fe-
which is condition obtained by putting a =0, b =0 in
Eq. (ii).
Hence in each case, the condition that

ax® +2hxy +by® +2gx +2fy +c =

|
S

represents two straight lines is
abe +2fgh —af* —bg* —ch® =0

which is the required necessary condition.



Sufficient condition (Conversely)

Here, we have to show that the equation

ax® +2hxy +by® +2gx +2fy +c =0 represents a pair of
straight lines.

a h g
h b f1]=0
g f ¢

ie. linesax +hy +g =0,hx +by + f =0, gx + fy +¢ =0
are concurrent.

Let the point of concurrency be (x4, y;).

Then, ax, +hy, +g =0 ..(1ii)
hx, +by, +f =0 (iv)
and gxi + fy; +¢ =0 (V)

Now, shifting the origin at (x;, y; ) without rotating the
coordinate axes the equation

ax® +2hxy +by® +2gx +2fy +c =0 reduces to
a(X +x;)* +2h(X +x,) (Y +y;) +b

(Y +y,)? +2g(X +x,) +2f(Y +y,) +c =0

O aX? +2hXY +bY? +2X (ax, +hy, +g)

+2Y (hxy +by, +f) +x,(ax; +hy, +g)

+yi(hxy +by, +f) +(gxy +fy; +c) =0

O aX® +2hXY +bY? +0 +0 +0 +0 +0 =0
[from Egs. (iii), (iv) and (v)]

ie. aX® +2hXY +bY* =0

It is homogeneous equation of second degree. So, it
represents a pair of straight lines through the new origin.
Hence, the equation ax® +2hxy +by® +2gx +2fy +c =0
represents a pair of straight lines, if
abc +2fgh —af? —bg* —ch® =0.

Some useful identities Ify =m;x +c;,y =m,x +c, be
lines represented by Eq. (i). Then,
ax® +2hxy +by® +2gx +2fy +c

=b(y —myx —c;)(y —myx —c;)

=b(y* =(my +my)xy +mym,x°

+(mycy tmyeq)x —(c; +ey)y *eicy)

On equating coefficients, we get

my +my :_%,mlmz :ﬁymﬂz tmyey :ng,
b b b
¢ te :—2*,0101 ==
b

These five relations are very useful to solve many problems.

Important Theorems

Theorem 1 The angle between the lines represented
by
ax® +2hxy +by® +2gx +2fy +c =0
is given by
LRV —ab) 5
O——— - O
g le*bl g

Proof Let y=m;x +¢,

0 =tan

and Yy =myx +c,
be the lines represented by

ax® +2hxy +by® +2gx +2fy +c =0
Y

X

YY
where, m; =tanq,m, =tan[3
Then, ax® +2hxy +by? +2gx +2fy +c
=(y —myx —cy) (y —myx —cy)
Comparing coefficients of like powers, we obtain
a

-——,mym, =—

b b

Now, if @ be the acute angle between the lines
Yy =myx +cy and y =myx +c,, then

g 2= Al

m; +tm, =

O +mym,[J] | 1+mymy|
0 2rff _, A
1= I3 = = PN (T
g, + 96 la+b|
0 b0

Corollary 1. The angle between the lines represented by
ax® +2hxy +by® +2gx +2fy +c =0
is the same as the angle between the lines represented by

ax® +2hxy +by* =0



Corollary 2. The lines represented by

ax® +2hxy +by® +2gx +2fy +c =0
are perpendicular iff a + b =0 and parallel iff h* = ab.
Theorem 2 The lines represented by

ax® +2hxy +by® +2gx +2fy +c =0
will be coincident, if h® —ab =0, g2 —ac =0
f? = be =0.
Proof Let the lines represented by

ax® +2hxy +by® +2gx +2fy +c =0

and

be Ix+my+n=0 and [I'x+m'y+n'=0

then  ax® +2hxy +by® +2gx +2fy +c
S(lx +my +n)(I'x +m'y +n'")
Comparing the coefficients of similar terms in both sides,
we get
I'=a,mm' =b,nn' =c
Im'+I'm=2h1n'+1n=2g
mn'+m'n=2f
*wLinesx +my +n =0and['x+m' y+n' =0 are
m _n

I O0OE

l
coincident, then —=—=—.
m  n
Taking the ratios in pairs, then
Im'—-I'm=0mn'—m'n=0,In"-0'n=0

O Um' +I'm)? - 4ll mm' = o,

\/(mn' +m'n)* —4mm' nn =0

and \/(ln' +I'n)?—4ll'nn =0

ie. \/(4h2 - 4ab) =0, \/(4f2 —4bc) =0
and (4g2 —4ac) =0

ie. h? —ab =0, f2 —be =0, g2 —ac =0

Theorem 3 The point of intersection of the lines
represented by

ax® +2hxy +by® +2gx +2fy +c =01is

U10r2 —ped |Og? —cq H - - ohl
O Df be 0, E oy 0% hf’iaf gh .
h? —ab O\ h? —abH W% —ab h* —abO

Proof Let the lines represented by
ax® +2hxy +by® +2gx +2fy +c =0

be Ix+my+n=0 and [I'x+m'y+n'=0

then  ax? +2hxy +by* +2gx +2fy +c
E(lx +my +n)(I'x +m'y +n')
Comparing the coefficients of similar terms in both sides
then I'=a,mm' =b,nn =c
Im'+I'm=2h1In"+ 1 n=2g,mn' +m'n=2f
O (Im' = Im)=(Im' + ' m)* = 4Il mnl =2./(h* —ab)

O (al'=n' D=~ + I n)* = all nd =2/(g* —ac)

and (mn'—-m'n)= \/(mn' +m' n)? - 4mm' nl

=2(f* ~be)

Now, solving Ix +my +n =0and I'x+m'y+n' =0
y 1

then = =
(mn'"-m'n) (ml'-n'l) (Im'-1m)
0 X _ y _ 1
2J(f* —be)  2(g% —ac) 2y(h* —ab)
O0r2 —ped |Op? = ge 2
O (x,y)=U sz °0, [~
h? —ab 0\ h? - abCH

Also, x = Efz —bcgz\/(fz —bc) (h* —ab)
s |:|h2 —ab (hZ —ab)

JF2HE —abf® —beh® +b (abe)
) (h* - ab)
_J f2h* —abf® —bch® +b (af* +bg® +ch® -2 fgh)
- (h? - ab)
[ abc +2fgh —af® —bg® —ch® =0]

PR + g —2bfeh) (b ~ by )’
(h* - ab) (h* - ab)

_Hpe - H

W -abD)

= gk

(h* —abO

thg —hf af-ghE
h* —ab K —ab0]

Similarly,

Hence, (x,y) =

Remembering Method (For second point)
a h g

A=|h b f
g§ f ¢

Since,



taking first two rows (repeat first column)
a h g
hxb '~><J K
ab —h®, hf —bg, gh —af
h* —ab, bg —hf,af —gh
0 (e hf af ~gh
h® —ab h* —ab

—h - ghU
Hence, point of intersection is g ~hf uﬂ

OR
Cofactors of third column are C;3, Cy3, C3s3
C hob hf —b
13 = =nj —bg
g f
a
Cy = —af
a h )
and C33 = =ab _h
h b

0C;3 Cy O
. . L. 13 Co3 .
Point of intersection is ,751.6.
33 L33

[hf —bg hg—af O

b —h? ab -0

Remembering Mehod (For first point)

Cofactors of leading diagonal are

Ci1,Cy,Ca3
b
Cll = f =bC _fz,
f c
a 2
Cpr = =ac—g
g c
a h 5
and Cys = L —ab -h

fC fC g
0 Point of intersection are 1 22 ]
Cs3 O

- 20 ZDD
o Ll el

Cab —h* O\ Cab - h* [

—bcl 2—acD
o g J

h? —abD h? —abDE

h® —ab h* —ab

—hf af —hg[]

BZ —ab K —abH

Theorem 4 The pair of bisectors of the lines
represented by

ax® +2hxy +by® +2gx +2fy +c =0,
(x-a)’ —(x -B)* _(x-a)(y )
(a—b) h

where (0,3) be the point of intersection of the pair of
straight lines represented by Eq. (i).

is

Proof Since (0, [3) be the point of intersection of the lines
represented by

ax® +2hxy +by® +2gx +2fy +c =0 (D)

Shifting the origin at (a,3) without rotating the coordinate
axes, the Eq. (i) reduces to

a(X + a)® +2h(X +0) (Y +P)
+b(Y +B)° +2g(X +a) +2f(Y +B) +c =0
[x=X+0andy=Y +[]
O (aX?® +2hXY +bY?) +2X(a 0 +hP +g)
+2Y(ha +1B +f)
+a0® +2haf +HB° +2g0 +2fB +c =0...(ii)

This equation represents a pair of straight lines passing
through the new origin. So, it must be homogeneous
equation of second degree in X and Y.

O a0 +hB +g =0 ..(ii)

hot + 13 + f =0 (V)
and a0® +2h0B +H3° +2g00 +2fB +c =0 (V)
Now, from Eq. (i), aX?® +2hXY +bY? =0 (vi)

The equation of the bisectors of the angles between the
lines given by Eq. (vi) is

X*-yY* XY 3
=— . (vii)
a-b h

[with reference to new origin]

Replacing X by x —a andY by y —Bin Eq. (vii), then

(x—a)’ ~(y -B)* _(x-a)(y -B)
(a=b) h

[with reference to old origin]

which is the required equation of the bisectors of the
angles between the lines given by Eq. ().

Remark
If ax?+ 2hxy + by® +2gx +2fy +¢ =0

represents two straight lines, then the equation of lines through
the origin and parallel to them is ax® + 2hxy + by? =0.



Example 20 For what value of A does the To find the angle between the lines

equation 12x2 - 10xy + 2)/2 +11x =5y + A =0 If 0 be the angle between the lines, then
represent a pair of straight lines? Find their equations tan = 2yh’ ~ ab
and the angle between them. la+ b

Sol. Comparing the given equation with the equation 2425-24 _ 1

ax® + 2hxy +by® +2gx +2fy +c =0,
wegeta=12,h =-5b=2,g :%,f :—gandc =A

If the given equation represents a pair of straight lines, then
abc +2fgh —af? — bg® —ch® =0

11 2
O 12xzx}\+2x@—§§xfx(—5)—1z x®
20 2 4

—2x1—21—)\><25:0
4
O A= 2alsoh*> ak 25 2& B 0

O The given equation will represent a pair of straight lines,
if A=2.
To find the two lines

First method
Substituting A = 2 in the given equation, we get

12x? = 10xy +2y* +11x =5y +2 =0 ..(i)
Since, 12x% = 10xy +2y* =2(3x —y)(2x —y)

factors of Eq. (i) can be taken as
2Bx—y+l)(2x —y +m)
=12x% = 10xy +2y* +2(2 +3m)x +2(-H —-m)y ®Im

11 5
On comparing, 2[ +3m = PY [+m :5, Im =1

Solving, we get[ =2, m = %
Thus, the factors of Eq. (i) are
1
2B3x —y +2) @x -y +5§:0

or (Bx —y +2)(4x —2y +1) =0.
O The two straight lines represented by the given equation
are

3x —y+2=0 and 4x —2y +1 =0.
Second Method
Writing Eq. (i) as quadratic equation in x, we get
12x* +( =10y +11)x +2y* -5y +2 =0
O
= —(-10y +11) i\/(—IOy +11)% —48(2y° -5y +2)
24

ie. 24x =(10y —11) £,/(4y* +20y +25)

=(10y —11) £(2y +5)
u 24x =12y —6, ie 4x -2y +1=0
and 24x =8y — 16, ie. 3x —y +2 =0

are the required lines.

Example 21 Prove that the equation
8x% +8xy +2y? +26x +13y +15 =0 represents a pair
of parallel straight lines. Also, find the
perpendicular distance between them.
Sol. Given equation is
8x” +8xy +2y* +26x +13y +15 =0 ..(i)
Writing Eq. (i) as quadratic equation in x, we get
8x% +2x (4y +13) +2y% +13y +15 =0

_ —2(4y +13) 1\/4(43/ +13)% =32(2y® +13y +15)
x_

O
16
0 - (4y +13) i\/(4y +13)% —8(2y* +13y +15)
X =
8
- +13)
0 .o (4y+13) 47
8
g 8x =—4y —13 +7, ie 4x +2y +3 =0
and 8x =—4y —13 =7, ie. 2x +y +5 =0
i.e. the given Eq. (i) represents two straight lines
2x +y+5=0

and 4x +2y +3=0

3
ie. 2x +y +—-=0

2
both lines are parallel.

;.3
. 2 7
U Distance between them = =—
2 +12 245

13
Aliter : Here, A =8 X2 x15 +2 x— X13 x4

2
—8x§§g—z x(13)% =15 x(4)* =0

and h?* =(4)* =16 =8 x2 =ab
U Given equation

8x” +8xy +2y* +26x +13y +15 =0 ..(i)
represents two parallel straight lines.
Since, 8x? +8xy +2y* =2(2x +y)*
factors of Eq. (i) can be taken as

22x +y +1)(2x +y +m)
=8x% +8xy +2y° +22m +2)x +2(m +1)y +2Im



15

13
On comparing, we get [ + m = 5 and Im = y

[0 Distance between them

o em _Ja+m)? - aim
J@ +1%) NG
169 60
= 74 2 = 7
5 245
Remark
For comparing coefficients write equation in form
/
ZX"“i~=<y;>:jE="?
o+ v T,

coefficient of xis 2m + 2/, cofficient of yis/ + m and coefficients
of constant term is /m.

i.e. /+m:12£,/m :E

2
Example 22 Find the combined equation of the
straight lines passing through the point (1, 1) and
parallel to the lines represented by the equation
x* - 5xy +4y2 +Xx +2y =2 =0.
Sol. Given equation of lines is
x? —5xy +4y® +x +2y -2 =0. ..(i)

Since, x* —5xy +4y* =(x —4y)(x —-y)

Factors of Eq. (i) taken as (x =4y +[)(x —y +m).

Now, equation of line through (1, 1) and parallel to

x—4y +1=01is x =4y + A =0

ie. 1-4+A=0

O A= 3

thenlineis x —4y +3 =0 ...(id)
and equation of line through (1, 1) and parallel to

xX—y+m=01is x —y +H =0

ie. 1-1+n=0

a p= 0

then line is x—y=0 ...(1if)

Hence, equation of lines Eqs. (ii) and (iii) is
(x =4y +3)(x —y) =0
ie. x? - 5xy + 4y2 +3x =3y =0

Example 23 If ax? + 2hxy +by? +2gx +2fy +c =0

represents a pair of lines, prove that the area of
the triangle formed by their bisectors and axis of x

}Jm—bﬁ+4w

; ca-g?
Y

ab-h?|

Sol. Given ax® + 2hxy +by* +2gx +2fy +c =0 ..(i)

The point of intersection of the lines given by Eq. (i) are

0f2 — peO Oo? = cqO
a:\/ bCDBZ\/g ca[|

h? —ab0’

[h* - ab0

X

Hence, equation of the bisectors of the lines given by Eq. (i)
is

(x-a) -(y-By _(x-a)»-P)

a-b h
For X-axis, y =0.
. (x-a)? -B* _-B(x -0
a-b h

or h(x—-a)?+B(x —0a)(a—-b)—hB* =0 ...(ii)

Eq. (ii) is a quadratic in (x — o) and let two values of x be x;
and x,, so that its roots are

x; —a and x, — O
0 (x; —a) + (x, — ) = Sum of roots :w
(x, — Q) (x, — O) = Products of roots = — [
0 ‘xz - xl‘ =|(x; —0)=(x; —0)]

= l(x, =) +(x, = @) =4 (x, - ) (x; - Q)

0 |x2—x1|:J5'L;b’z+4B25
o h 0
Bl Ja - by +an?

h

0 Area of AABC= é \Bc\ \AM\

=% x|
B fa= by +an” xpp
_ J(a—b)? +4h® B

=1
2

2
_ J(a—b)* +4h* ca- g’
2/ ab—h*



Exercise for Session 4

1.

10.

If Ax2 + 10xy + 3y2 -15x —-21y +18 =0 represents a pair of straight lines. Then, the value of A is
(@)-3 (b)3 (c)4 (d)-4

The point of intersection of the straight lines given by the equation 3y2 -8xy -3x2 -29x +3y -18 =0 is

oRE  wE-E of 338 035

If the equation 12x2 + Xy — py2 -18x +qy +6 =0 represents two perpendicular lines, then the value of p and
q are

(@) 12, 1 (b) 12, — 1 () 12,23 (d) 12, —?

If the angle between the two lines represented by2x? + 5xy +3y? +7y +4 =0is tan"(m), then m is equal to

1 -3 2
(a) (b) () (d) 5

5

ala
(6]

The equation of second degree x2 + 24/2xy +2y? +4x +4+2 y +1 =0 represents a pair of straight lines, the
distance between them is
(@)2 (b) 23 (c)4 (d) 43

Find the area of the parallelogram formed by the lines
2x2 + 5xy +3y2 =0and2x? + 5xy +3y2 +3x +4y +1 =0.

Find the locus of the incentre of the triangle formed by
xy —4x -4y +16 =0 and x +y =a (a >4,a #4+2 and a is the parameter).
If the equation 2hxy + 2gx + 2fy +c =0 represents two straight lines, then show that they form a rectangle of

g

area h—z with the coordinate axes.

Find the area of the triangle formed by the lines represented byax2 +2hxy + by2 +2gx +2fy +c =0 and axis
of x.

Find the equations of the straight lines passing through the point (1, 1) and parallel to the lines represented by
the equation x? —=5xy +4y? +x +2y -2 =0.

Answers

Exercise for Session 4

1.(b)  2.(d) 3.(a,d) 4.(b) 5. (a)
. _ g” = ac|
6.1squnit 7.x— y=0 9.
la|+|h* — ab

1().)62—536)/+4y2 +3x -3y =0
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