Chapter 4

Determinants

Exercise 4.4
Q.1A

Write Minors and Cofactors of the elements of following
determinants:

b 5
0 3
Answer:

Minor: Minor of an element aij of a determinant is the determinant
obtained by removing ith row and j* column in which element aj lies.
It is denoted by Mi;.

Cofactor: Cofactor of an element aij, Ajj = (-1) i+ My,
Minor of element aj; = Mj
ai1 = 2, Minor of element ai1 = M11 =3

Here removing 1st row and 1st column from the determinant we are
left out with 3 so M11 = 3.

Similarly, finding other Minors of the determinant
a1z = -4, Minor of element aiz = M12 =0

az1 = 0, Minor of element az1 = M21 = -4

a2z = 3, Minor of element az; = M2 =2

Cofactor of an element aij, Aij = (-1) 1 X Mj;

An=(CDH1XM1=1%x3=3




Az= (D2 xMiz=(-1) X 0=0
Azt = (-1)2H1 x M1 = (-1) X (-4) = 4
Ap=(1D2H2xMpu=1x2=2
Q.1B

Write Minors and Cofactors of the elements of following
determinants:

b dl

b d

Answer:

b dl

b d

Minor of an element ajj = Mj;

ai1 = a, Minor of element ai1 = M11 =d

Here removing 1st row and 1st column from the determinant we are
left out with d so M11 = d.

Similarly, finding other Minors of the determinant

a12 = ¢, Minor of elementaiz =Mi2=Db

az1 = b, Minor of element az1 = M21 =c¢

az2 = d, Minor of element az2 = Mz2 = a
Cofactor of an element ajj, Ajj = (-1) i+ X Mj
Aun=(CDH+1XxMn=1xd=d
Ap=(C-DH2XMiz=(-1) Xb=-b

A1 =(-1)2* 1 X M1 =(-1) Xc=-c

A =(-1)2*2xMzpz=1X%xa=a

Q.2A




Write Minors and Cofactors of the elements of following

determinants:

1 0 0
0 1 0
0 0 1

Answer:

Minor of an element ajj = Mj;

ai1 = 1, Minor of element ai1 = M11 = |(1) (1)| =(1x1)-(0x0)=1

Here removing 15t row and 1stcolumn from the determinant we are

left out with the determinant (1) (1)| Solving this we get M11 =1

Similarly, finding other Minors of the determinant

a1z = 0, Minor of element a1z = M12 =

a1z = 0, Minor of element ai3 = M13 =

az1 = 0, Minor of element az1 = M21 =

az2 = 1, Minor of element a2z = M2 =

az23 = 0, Minor of element azz = M23 =

asz1 = 0, Minor of element az1 = M31 =

as2 = 0, Minor of element azz = M3z =

asz3 = 1, Minor of element a3z = M33 =
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Cofactor of an element ajj, Ajj = (-1) i X Mj;

=(0x1)-(0x0)=0
=(0x0)-(1x0)=0
=(0x1)-(0x0)=0
=(1x1)-(0x0)=1
=(1x0)-(0x0)=0
=(0x0)-(0x1)=0
=(1x0)-(0x0)=0

=(1x1)-(0x0)=1




Au=(CDHxMni=1x1=1
A =(CD*2XMr=(-1)x0=0
A=(C1D"3XxMiz=1x0=0
A1 =(-1)2"1XM21=(-1) X 0=0
Az =(-1)22X Mp=1x1=1
Az =(-1)23 X M23=(-1) x0=0
Az1=(-1)3+t1 X M31=1x0=0
Az2=(-1)3*2X M32=(-1) X 0=0
Azz=(-1)33xMzxz3=1x1=1
Q.2B

Write Minors and Cofactors of the elements of following
determinants:

1 0 4
3 5 -1
0 1 2

Answer:

1 0 4
3 5 -1
0 1 2

Minor of an element ajj = Mj;
ai1 = 1, Minor of element ai1 = M11 = |i _21| =5x2)-(-1) x1)
=10+1=11

Here removing 1strow and 1st column from the determinant we are

left out with the determinantﬁ _21| Solving this we get M11 = 11




Similarly, finding other Minors of the determinant

a1z = 0, Minor of element a1z = M2 = |3 _21| =(3x%x2)-((-1) x0)
=(6-0)=6

a13 = 4, Minor of element a1z = M3 = |?) i| =3x1)-(5x0)=3
-0=3

az1 = 3, Minor of element az1 = Mz21 = |(1) LZL| =(0x2)-(4%x1)=0
-4 =-4

azz = 5, Minor of element az2 = M2z = |(1) 421| =(1XxX2)-(4x0)=2
-0=2

az3 = -1, Minor of element azz3 = M3 = |(1) (1)| =(1x1)-(0x0)=1

0

az1 = 0, Minor of element az1 = M31 = .

=0-20=-20

=(0x(-1)-(4x5)

azz =1, Minor of element azz = M3z = =(1x(-1)-(4x3)
=-1-12=-13

az3z = 2, Minor of element azz = M33 = (5) =(1x5)-(0x3)=

(5-0)=5

Cofactor of an element aij, Aij = (-1) i+J X Mij
Au=(C1DH*1xMn=1x11=11
Ap=(CD1*2XM2=(-1) X6 =-6
Az=(C-11"3xMiz=1%x3=3

A1 =(-1)2" 1 X Ma1=(-1) X (-4) = 4




Az =(-1)2t2X M2 =1 X 2 =2

Az =(-1)23 X M3 = (-1) x 1 =-1

Az = (-1)3*1 X M31 =1 x (-20) =-20
Az = (-1)3+2 X M32 = (-1) X (-13) =13
Azz3=(-1)3t3X M33=1Xx5=5

Q.3

Using Cofactors of elements of second row, evaluate A =

Answer:

To evaluate a determinant using cofactors, Let

i1 A1 Q13
B=|az1 Qaz; az3
azq1 dszz dAz3

Expanding along Row 1

az»
as3

Az QA3

B= (1) X an|
1) 1 aszp dsz3

| + (-1)*2Xx a2 X |a21
aszi

| + (-1) 1+3

z1 Qg2
xanx | 92
B az  as
B =ai11 A11 + a12 A12 + a13 A3
[Where Aij represents cofactors of aij of determinant B.]

B = Sum of product of elements of R1 with their corresponding
cofactors

Similarly, the determinant can be solved by expanding along column

So, B = sum of product of elements of any row or column with their
corresponding cofactors




5 3 8
A=12 0 1
1 2 3

Cofactors of second row
Azt = (-1)2+1 X Mz; = (-1) X |§ §| —(-1)x(3x3-8x%2)=(-1) x
(-7)=7

Azz=(-1)2+2><Mzz=1><|i’ ‘33 —(5x3-8x1)=7

Az = (-1)2+3 X Mgs = (-1) X ﬁ §| — (1) X (5x2-3%x1)=(-1) X
7=-7

[Where Aij = (-1) i+J X Mj;, Mjj = Minor of ith row & jth column]
Therefore,

A = a21Az21 + a22A22 + a23A23

A=2X74+1x(-7)=14-7=7

Ans:A=7

Q.4

Using Cofactors of elements of third column, evaluate.

1 x yz
A=1|1 vy zx
1 z xy

Answer:

To evaluate a determinant using cofactors, Let

i1 Q12 Q13
B=|Gz1 Az az3
azq1 dazz AdAz3




Expanding along Row 1

B= (1) i xau x| o
as»

azzl
Qas;

B =ai11 A11 + a1z A1z + a13 A3

|+(1)1+2><a1z><| 22|+ e

as3 as3

[Where Aij represents cofactors of aij of determinant B.]

B = Sum of product of elements of R1 with their corresponding
cofactors

Similarly, the determinant can be solved by expanding along column

So, B = sum of product of elements of any row or column with their
corresponding cofactors

1 x yz
A=|1 vy zx
1 z xy

Cofactors of third column

13=(-1)1+3><M13=1><|1 y|=1><(1><z—1><y)=(z—y)

A2z = (-1)2t3 X M23 = (-1) X
X)=(x-2)

33=(-1)3t3 X M33=1 X H

[Where Aij = (-1) i+J X Mj;, Mjj = Minor of ith row & jth column]

|1 =D xAxz-1%x0=-(2-

;‘=1><(1><y—1><x)=(y—x)

Therefore,

A = a13A13 + a23A23 + a33As33




A=yz(z-y)+zx(x-2) +xy (y-x)=z[y(z-y) +x(x-2)] +xy (¥
- X)

A=z(yz-y*+x*-x2) +xy (y-X) =z [(yz-x2) + (x*-y?)] +xy (¥ -
X)

A=z[zX({y-x)+x+y) X X-y)] +xy (¥ -%)
A=zX([y-x)X(z-%x-y)+xy(y-X)

A= (y-x) X (z2-xz-yzZ+ Xy)
A={y-x)X[z(z-x)-y(z-0)]=F-x)X(z-y) X (z-%)
A=x-y)(y-2)(z-x)

Ans:A=(x-y)(y-2) (z-X)

Q.5

a;1 Aq2  4g3
IfA=|az1 az; aazs|and Ajis Cofactors of aij, then value of A is

az; dzp dAzz
given by

A.a11Az1+ a12Asz + a3 Ass
B.ai1 A11+ a1z A21 + a13 Azt
C. az21 A11+ az2 A1z + az3 A13
D.a11 A11+ az21 A21 + az1 As1

Answer:

a1 Q12 Q13
A=|G0z1 Gy a3
azq1 daszz dAszz

Expanding along Column 1




aip Qi3

Az dz3
—_ — (- 1+1
A=B=(-1) " xan x|, w an

“1)2+1
a33|+(1) ><a21><|

|++

(-1)3+1 X a3 X |

aqz a13|
Az, A3

A =a11A11+ a21A21 + a31A31




