Chapter 3
Theory of Equations

Ex 3.1

Question 1.
If the sides of a cubic box are increased by 1, 2, 3 units respectively to form a cuboid, then
the volume is increased by 52 cubic units. Find the volume of the cuboid.

Solution:

Let the side of the cubic box are x, X, X.
Then its volume is x>

Sides are by 1, 2, 3 units respectively.
Cuboid sides be (x + 1) (x + 2) (x + 3).
volume of cuboid is
>x+1)E+2)x+3)=x>+52
> +3x+2)(x+3)=x3+52
5>x3+3x%+2x+3x* +9x+ 6 =x3+52
>6x°+11x+6-52=0
=>6x°+11x-46=0

= 6x?-12x+23x-46=0
=>6x(x-2)+23(x-2)=0
=>x-2=0,6x+23=0
=>x=2,6x=-23

~ X = 2,x=—236 (is not possible)
volume of cube =x*>=23=38

Volume of cuboid =52 + 8 = 60

Question 2.

Construct a cubic equation with roots
(i)1,2and 3

(i) 1,1 and -2

(iii) 2, 12 and 1

Solution:

(i) Givenrootsarea=1,=2,y=3

The cubic equation is
X$B3-x2(a+B+y)+x(af+By+ya)-afy=0
=>x3-x2(1+2+3)+x2+6+3)-(1)(2)(3)=0
=>x3-6x2+11x-6=0

(iDa=1,=1y=-2

The cubic equation is



B-x2(a+B+y)+x(af+By+ya)-afy=0

=>x3-x21+1-2)+x(1-2-2)-(H) (D) (-2)=0

=>x3-0x2-3x+2=0

=>x3-3x+2=0

(lila=2,=12,y=1

The cubic equation is
-x*(a+pB+y)+x(af+ Py +ya)-afy=0

x'-—x*(2+l+]] [l+l+?’ (lj
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2x3-7x2+7x-2=0

Question 3.

If o, B and y are the roots of the cubic equation x3 + 2x2 + 3x + 4 = 0, form a cubic
equation whose roots are

() 2a, 2B, 2y
(ii) 1o, 1B,1y
(111) -Q, 'B' Y

Solution:
(i) 201, 2B, 2y
X+ 2+ 3x+4=0

~a=-1b=2c=3,d=4
-2

O{+B+\r-':?b:T2
C(B--FB“Y'—\I.-‘{]:%:%:S
OE.BV:Td:-ﬁl

2o+ 2P+ 2y =2(a+ P +y)
=2(-2)=-4

(20) (2B) + (2P) (2y) + (2y) (20) = 4of + 4Py + dya

= 4(af + Py + ya)
= 4(3) = 12



(20) (2B) (2v) = 8(aBy)
= 86(-4) = -32

33 (-4 + 12x— (-32) = 0

X3+ 4x% +12x+32=0

i ; 1 1 1
(ii) The given roots are e ik

The cubic equation is

).'3—).'2 {l+%+l]+x L+i+._l_.] — L =)

o Y op By ) aPy
- BT*“T"HI-”HI[“*B*?]— Lo—o
ofy | afy ofy

RCECHOR

4x3 4+ 3x2 + 2x + 1 = 0 (Multiply by 4)
(iii) The new roots are -a, -3, -y
Y1=-(a+B+y)=-(-2) =2
Y2=af+By+ya=3

X3 =-(afy) =-(-4) =4

The required equation is
x*-2x*+3x-4=0

Question 4.
Solve the equation 3x3 - 16x2 + 23x - 6 = 0 if the product of two roots is 1.
Solution:
The given equation is 3x> — 16x° + 23x -6 =0
:mg—%mz—i—%:ﬂ—E:UHBj
Let the roots be , B, y

a+pfp+y=-b= ? —

oB+ By +ya=c= F )



afy=-d=2....(03)
Given that aff = 1

from (3),y = 2

Substitute 3 = % y=2in (1)
Sa+14+2=2

s —:F;l _ % _9

N a::_l _ %

= 30 + 3 = 10a

=3a2-10a+3=0

- (Ba-1) (@=3)=0

= 0 = % 3

o= %,B:B{or]whena:?;,[%: %

.. The roots are 3, % 2

(or) when y = 2, by synthetic division method.

2| 3 16 23 -6
0 6 -20 6

3l 3 Z10 3] o
o 9 -3
3 1] o0

The factors are (x - 2) (x-3) (3x-1)
~ The roots are 2, 3, §

Question 5.
Find the sum of squares of roots of the equation 2x4 - 8x3 + 6x2 - 3 = 0.

Solution:
Let therootsbe a, B, vy, &

cx+[3+y+6:_?b:%:4

cx|3+|3y+ycx+6cx+[36+y6:§:g:3



(a+b+c+d?=a%+b>+c®+d* +2(ab +ac+ad + bc + bd + cd)
To find o+ B2 + y?+ 82 = (a + B +y + 8) - 2(ap + Py + ya + Sa + PS + y8)
= (4 -2(3)=16-6 =10

Question 6.

Solve the equation x3 - 9x2 + 14x + 24 = 0 if it is given that two of its roots are in the ratio 3
: 2.

Solution:

The given equation is x3 - 9x%2 +14x + 24 = 0.

Since the two roots are in the ratio 3 : 2.

The roots are o, 37, 2A

a+3A+2A=-b=9

=>a+51=9 ... (D

() (32) (22) =-24

6A2a = -24
=>Ma=-4.... (2)
(1)=>a=9-5A

(2) = A2 (9-51) = -4
9A2-5M3 + 4 =0

21 5 9 0 -4
0 10 2 4
5 1 2 0

5M-9N-4=0
A-2)(5A24+A+2)=0
A=2,5A2 + A+ 2 = 0 has only Imaginary roots A <0
whenA=2,a=9-5(2)=9-10=-1
The roots are a, 3A, 2Ai.e. -1, 6, 4
Question 7.

If o, B and y are the roots of the polynomial equation ax® + bx® + cx + d= 0, find the value of
E% in terms of the coefficients.

=

Solution:

The given equation is ax® + bx? + cx + d = 0.

. 3 b _2 i d __
—d = @I —E:E ‘l_ET_E—{]

Let the roots be a, B, y



a+p+y-= —g
of + By +yo= g
apy = —2
To find:
oo By _o+p+y
By By yo of oy
(a+B+y)" -2(ap+ By +yo)
afy
_E 2_2 E 2 b
a a {b ‘2'“‘1'} —a 2ac-b*
= : = W — ==
d a d ad
a
Question 8.

If a, B, Y and & are the roots of the polynomial equation 2x*+ 5x3 - 7x2 + 8 =0, find a
quadratic equation with integer coefficients whose roots are o + 3 + y + 6 and af3y8.
Solution:

The given equation is 2x* + 5x° — 7x% + 8 = 0.
2=at + 328 -T2 +4=0

Let the roots be o, B, y, &

a+pf+y+6= —%

opyd = -4

To form the quadratic equation with the given roots a + f + y + 6, afyb.
x> - x(S.OR) + POR=0

mg—m(%ﬁ —4) + (_75){—4] =0

=>$2—$(_T13)+ID=U

2x% +13x + 20 = 0

Question 9.
If p and q are the roots of the equation Ix2 + nx + n = 0, show that \/g 4+ \/g + ./ ? =0

that pq——V+qp——v+nl——V=0



Solution:
The given equation is Ix?2 + nx + n = 0.

P+q=—7.Pq=7

O Y X

Question 10.

If the equations x* + px + q = 0 and x? + p'x + q' = 0 have a common root, show that it must be
lto P4—P2 5 994
equal to = ——= or ——

Solution:
If a is the common root, then.

a+pa+qg =0....(2)
Subtractinga (p-p) =9 —q

a = f}__; - ;‘_‘i o (3)
Eliminating a from (1) & (2)
po’+ ppatpgq =0
pa*+ pp'tpg =0
= = =)

a’ (p-p)+pg-pg=0
o’ (p' - p) = pqg' - p'q

oo Pi-ra

p=p
[C) 112 _ pa-r'a p-p
3~ (p'-p) a-q'
_pa-gp (on =L q'
-9 p=p



Question 11.

Formulate into a mathematical problem to find a number such that when its cube root is
added to it, the result is 6.

Solution:

Let the number be x.

Given that y/z + = 6

= Jr=6—=z

Cubing on both sides

x = (6—x)3

= x=216-3 (6)2 (x) + 3(6) ()2 - x°
= x =216 - 108x + 18x% - x°

= x>—18x% + 109x—- 216 = 0

Question 12.

A 12 metre tall tree was broken into two parts. It was found that the height of the part
which was left standing was the cube root of the length of the part that was cut away.
Formulate this into a mathematical problem to find the height of the part which was cut
away.

Solution:

Let the two parts be x and (12 — x)
Giventhat z = /12 — =

Cubing on both side,

x3 =12 -x

x> +x-12=0



Ex 3.2

Question 1.

If k is real, discuss the nature of the roots of the polynomial equation 2x2 + kx + k=0, in
terms of k.

Solution:

A =Db?-4ac

a=2,b=kc=k

A=Xk*-4x2(k)

A=k*-8k

when k < 0, the polynomial has real roots (A > 0)
IfFA=0k*-8k=0

k(k-8)=0

k=0ork=8

When k = 0 or k = 8. The roots are real and equal.
When 0 < k < 8, (A < 0) the roots are imaginary.
when k > 8. The roots are real and distinct.

Question 2.
Find a polynomial equation of minimum degree with rational coefficients, having 2 + V3 i
as aroot.

Solution:

Given roots is (2 + V3 1)

The other root is (2 - V3 i), since the imaginary roots with real co-efficient occur as
conjugate pairs.

x2-x(S.0.R) + POR=0

>x2-x4)+@l+3)=0

=>x2-4x+7=0

Question 3.

Find a polynomial equation of minimum degree with rational coefficients, having 2i + 3 as a
root.

Solution:

Let the root be 3 + 2i

Another root be 3 - 2i

Sum of theroots =3+ 2i+3-2i=6

Product of the roots = (3 + 2i) (3-2i) =3*+2°=9+4=13

Required equation is x* - (SR)x + PR = 0

x*-6x+13=0

Question 4.
Find a polynomial equation of minimum degree with rational coefficients, having V5 - V3
as a root.



Solution:

The given one roots of the polynomial equation are (V5 -+3)
The other roots are (V5 + v3), (-V5 4+ v3) and (-V5 - V3).
The quadratic factor with roots (V5 - v3) and (V5 + V3) is
=x2-x(S.0.R) + PO.R

=x2-x(2V5) + (V5 -V3) (V5 + V3)

=x2-2V5x + 2

The other quadratic factors with roots (V5 + V3) (V5 - V3) is
=x?-x(S.0.R) + PO.R

=x2-x(-2V5) + (5-3)

=x2 4 2V5x + 2

To rationalize the co-efficients with minimum degree
(x2-2V5x+2) (x2+2V5x+2)=0

= (x2+2)2-(2V5%)2=0

=>xt+4+4x2-20x2=0

=>xt-16x2+4=0

Question 5.

Prove that a straight line and parabola cannot intersect at more than two points.
Solution:

let be the equation of a straight liney =mx + ¢

Let be the equation of a parabola y* = 4ax

(mx + ¢)* = 4ax

m?x? + 2mcx + c? - 4ax = 0

m?x* + (2x)(mc-2a) + c* =0

Which is a quadratic equation.

[t can not have more than two solutions.



Ex 3.3

Question 1.
Solve the cubic equation: 2x3 - x2 - 18x + 9 = 0 if sum of two of its roots vanishes.

Solution:
2x3-x%-18x+9=0
Let the roots be o, B and y
givena+ =0
a+pB+y=12
y=12(ra+3=0)

1

X+ (@+Px+ap=0,y=3

X2—0X+p=0,(X—%)=0
(Z+p)=0,2x-1=0
S(xP+p)(2x-1)=2x>-x*-18x+9
2x3-x*+2px-p=2x>-x*-18x+9
p=9

p=-9

x*-9=0

x*=9

x=%43

The roots are 3, -3, and %

Question 2.
Solve the equation 9x3 - 36x2 + 44x — 16 = 0 if the roots form an arithmetic progression.

Solution:

The given equation is 9% — 36x% + 44x— 16 = 0
3 2, 44 16

r° — 4dx sZ— 5 =0

Let the rootsbea—-d, o, a + d

As they are in A.P

4
a-dtot+tat+d=—-(-4) = 3a=4 = a=3
{u—aﬁ(u)(a+d}=—[‘Tm] = a(o?—d? =%

4(16_ 2\ 16 16, 16
319 '-9 :3*9-{--9)(



4 2
9 = d=x7

2 4
The roots are o — d, o, o + d, when d =+ 3,-‘1= E

2
{f)d—i =§ o—d, , a+d
4.2 2 4 4,.2_6_,
3 3 3 3 3 3 3
—2
(inyd= ER =§ a—d, a, a+d
——[_—2]=E=2 _ 4_1__2_—3
3 13/ 3 3 33 3
Question 3.

Solve the equation 3x3 - 26x% + 52x - 24 = 0 if its roots form a geometric progression.
Solution:

The given equation is 3x°~ 26x? + 52x — 24 = 0

3222+ 22-8=0

Given that the root are GP

I

o
. The roots are —, o, o
r

Exaxur = —(-8)
,

a’=8 =a=2

o {—25) 1 26
—+0o+or = —| —— = 0| ~+1+r|=—
¥ 3 r 3

2[-1—+1+r] = &
r 3

2
3(1”” ]=13 — 3+3r+32=13

¥




32 -10r+3 =0 = @r-1)+(r-3)=0

2 [

¥

(1)

=
li

]
Il

L

= The roots are %, 2,6

)

=
I

b

-
i

= The roots are 6, 2, %

Ted | =

Question 4.
Determine ft and solve the equation 2x3 - 6x2 + 3x + k = 0 if one of its roots is twice the
sum of the other two roots.

Solution:
The given equation is 2x3 - 6x2+ 3x + k=10

K
Do P-32+ 2 x+ S =0
2 2

Given that :1=2(B+T}=%=H+T
a+pry=—(-3) |
2
o= 2 = pBt+y=
a+Pr+va= >
3 3
2ﬂ+B~g+2~f=5 ==-2ﬂ3+ﬂ+l3"r=5
3 3 -1
2+ Py= = = - =-2=—=
(1) + Py > = P 2 2
-1
Pr=—

T



afy=—-——
Py 2
2 ok = k=+2
2 2
(1) = p =1 — v substitute in (2)
1 = __l — 2 = _-.l
v -v= 7 Y-TE S
2y —2y* =1 = 2y?-2y-1=0
—btbt —dac 2+ [4-4(2)(-1) 2+/4+8
y= - -
2a 2(2) 4
_ 223 _1+\3
1£43

The roots are 2, and k=2

2
Question 5.

Find all zeros of the polynomial x6 - 3x5 - 5x4 + 22x3 - 39x2 - 39x + 135, if it is known
that 1 + 2i and V3 are two of its zeros.

Solution:
The given equation is x® - 3x> - 5x* + 22x3 - 39x2 - 39x + 135=0
The given roots are 1 + 2i, V3
The other roots are 1 - 2i, /3
The factors are
= {x2-x(2) + 1+ HH+V3)(x-V3)}
=(x%?-2x+5)(x*-3)
=x*-3x2-2x3+ 6x+ 5x2-15
=x*-2x3+4+ 2x2+ 6x-15
To find this roots,
2X—-x-9

-2+ 2+ 6x =15 16 365 St 4 22x% — 39x° - 39x + 135
- 20+ 2+ 6x - 1542
) =) =) )
- x’— Tx*+ 16x7 - 24x°—39x
— 4+ - 23— 6x3+ 15x




*H 6 & M)

)

— Ox*+ 18x° — 18x2-54x + 135
— Ox*+ 18x% — 18x2 —54x + 135

0

The other factoris ¥ —x—9=10

—bE\b? —4ac 1+ J1-4(1)(-9)

I: =

2a

1++/37
2

- The roots are 1 + 2§, + \E ,

Question 6.

Solve the cubic equations:

(i) 2x3-9x2+ 10x =3

(i) 8x3-2x2-7x+3=0
Solution:

(i) Given equation is 2x3-9x2 + 10x = 3
Sum of the co-efficients = 0
(x-1) is a factor.

The other factoris 2x2 - 7x + 3
2x2-7x+3=0
x-3)(2x-1)=0

The rootsare 1, 3,12

12 -9 10 -3
0 2 -7 3
2 -7 3

(ii) Given equation is 8x3 - 2x2-7x+ 3 =0

Sum of odd co-efficients = Sum of even co-efficients
(x+ 1) is a factor.

The other factor is 8x% - 10x + 3

8x2-10x+3=0

(4x-3)(2x-1)=0

. 3 1
The roots are 7, 5,—1

2

1+37

2




Question 7.
Solve the equation: x4 - 14x2 + 45 = 0.

Solution:

The given equation is x* - 14x2 + 45 =0
Letx2=y

y?-14y+45=0

y-NDy-5=0

y=9,5

x2=9,x2=5

x=13,x=%5

The roots are + 3, + V5



Ex 3.4

Question 1.

Solve:

(D) x-5)x-7)(x+6)(x+4) =504
(i) x-4) x-7)(x-2)(x+1)=16
Solution:

D) -5 E+4) x-7)(x+6)-504=0
(x*-x-20) (x*-x-42)-504=0
Puty =x*-x
(y-20)(y-42)-504=0

y? - 42y - 20y + 840 -504 =0
y?-62y+336=0
(y-56)(y-6)=0

y=56o0ry=6

x*-x=560r x*-x=6
x*-x-56=00rx*-x-6=0
x-8)x+7)=00r(x+2)(x-3)=0
x=8,-7orx=3,x=-2

The roots are 8, -7, 3, -2

(i) (x - ) (x- 2)(x 7)(x + 1) - 16 = 0
(% - 6x+8) (X% - 6x-7) - 16 = 0
Puty = x* - 6x

(y+8) (y+7)-16=0
y*-7y+8y-56-16=0
yi-y-72=0

y+9) (y-8)=0

y=-9ory=28
y=-9=>x%*-6x=-9
x*-6x+9=0

(x-3)*=0

x=3,3

y=8=>x*-6x=8
x*-6x-8=0

6+ /36— 4(1)(-8)
2

 6+36+32

2

X



o 202W) L

2
The roots are 3, 3, 3 +/17

Question 2.

Solve: (2x-1) (x+3) (x-2) (2x+3)+20=0.
Solution:

(2x-1)(2x+3) (x+3)(x-2)+20=0

= (4x2+6x-2x-3) (x2-2x+3x-6)+20=0
= (4x2+4x-3)(x2+x-6)+20=0

= [4x2+x)-3][x2+x-6]+20=0

Lety =x%+x

> ((4y-3)(y-6)+20=0

= 4y?2-24y-3y+18+20=0

= 4y2-27y+38=0

= (4y-19)(y-2)=0

(4y-19)=0

4(x2+x)-19=0

4x2+4x-19=0

—4+.,J16+4(4)19
8
‘= —4+16+304

xX=

8
_ 444320 _ 4485
8 8

Lo C12245
2

X



ar

(y-2)=0

x> +x-2=0
(x+2)(x=-1)=0

¥ =-2 +1
—142,/5

The roots are -2, 1, 5




Ex 3.5

Question 1.
i) sin?x - 5sinx +4 =0
(i) 12x3 + 8x = 29x* - 4

Solution:
(i) sin®x-5sinx+4=0
Putsinx =t

t2-5t+4=0
(t-1) (t-4)=0
t=1lort=4

sinx=4orsinx=1

(is not possible) sin x = sin %

x:rm+|[—1|}”%\v‘nez.

(i) 1253 + 8x = 29x% — 4

12x°-29x% + 8x + 4 =0.... (1)

By Trail and error method, (x — 2) is a factor of (1)
The other factor is 12x2 — 5x — 2

The roots is 12x> -~ 5x -2 = 0
Bx-2)dx+1)=0

=2 =1
The roots are 2, % —%
2112 =29 8 4
0 24 -10 -4
12 -5 =2 0

[Here a, = 12, ag = 4; Let % be the root of the equation (1)

The factors of ag: +1, +2, +4 (P must divisible by 4)

The factor of a,: 21, £2, 3, 4, +6, £12

g must divide as (12)

Using these p and q we can form +1, +2, :I:%,:I:%,,:I:%,:I:&,:I:%, +3 are the possible roots
of equation. (1)]



Question 2.

Examine for the rational roots of:
(i)2x3-x2-1=0
(i)x8-3x+1=0

Solution:

(i)2x3-x2-1=0

Sum of the co-efficients = 0

~ (x-1)isafactor

The other factoris 2x2 + x + 1.
The rootis (2x2+x+1) =0

Here A=b2-4ac=(1)?-4(2)(1)=1-8=-7<0

The remaining roots are imaginary.
The only rational rootisx =1

1] 2 -1 0 -1
0 2 1 1

(i)x8-3x+1=0...(1)
Herean=1,a0=1
Ifg is a rational root of (1)

Then q is a factor an, p is a factor of a0

The possible values of p and q are + 1.
Among the possible values 1, -1, [(p, q) = 1]
None of them satisfies the equation (1)

The above equation has no rational roots.

Question 3.
3 3
Solve: 8Bz — 8x = = 63
Solution:
3 -3

() 8x=" —8x" =63
3

Lety=X 2

b , EJ-‘E -8
8}' — — =03 —
v ¥y

817 - 63y -8=0




(8r+1)(v-8)=0
(85 +1)=0
-1
B
-

LY JE—
X =
8

y=

1

Squaring on both sides

’ L
- (4]
-\ 64

1
X = 4—" (not possible)

only possible solution is x = 4n

Question 4.

. b
Solve: 2\/54— 3\/5 = 4 T

Solution:

X
Lety= |~
=

2y2+3 3 6a” +b*

y ab

(2% + 3)ab = y (6a* + b?)
2aby? -y (6a% + b%) + 3ab= 0
2aby? — 6a*y — b*y + 3ab= 0
2ay (by —3a)-b(by—3a)=0

(2ay—b) (by—3a)=0

v—-8)=10
y=28
3
IE” =g
x= (64)3
X = (43)3
x= 4"
6a
b
3 b 464’
= 2t —=
y ab



x b*
a a’
2
b
x= —
a

Question 5.

Solve the equations:

(i) 6x*-35x3 4+ 62x2-35x+6=0
(i) x*+3x3-3x-1=0

Solution:

(i) 6x* - 35x3 + 62x2 - 35x + 6= 0..... (1)

(by-3a)=0
by =3a
_3a

YT

a b’
x=9_r23-
2
Jf’.'I

It is a even degree reciprocal equation as p(x) = z"p (%)

Dividing equation (1) by x?,

6
6xf —35x + 62 - EE + == =0
X X
1
Lety= x+—

X
6 —2) =35y +62=10
6y° — 35y +50=10

= ﬁ(f +i2]—35(x+-1~]+62 =0
X X

= x2+i2 =(2-2)
X

= 657 - 1235y +62=0
= (By-10)(2y - 5)=0

3y-10=0,2y=5=0



1 1 ]
Case (/): 3{I+—] =10 = S[J‘ +_) =10

X X
3x24+3=10x = 32— 10x+3=0
1
Bx-Dx-3)=0 :>,r=§,x=3
Case (ii): 2y-5=0 = 2y=35
1
2(x+—]=5 = 2(x*+1)=5x
X
2% 5y 42=0 = (2x-1)(x—2)=0
|
X = 5,x=2
1 ]
The roots are, 3, —, 2, —
3 2

(i) x*+3x3-3x-1=0...... (D

It is an even degree reciprocal function of type II
1, -1 are the solution of equation (1)

(x-1), (x+ 1) are the factor of (1)

(x2-1) is a factor of (1)

Dividing (1) by (x2-1)

we get, x2 + 3x + 1 = 0 is the other factor.

—h+\br—dge -3+9-4
2

_x_' - —
2

—3J_rw..fr§
2
~3+45
2
x*+3x+1

A0 -1 x4 3534 02— 3x— 1]

The roots are 1, —1,

.
*r 00— x°

-) ()




+ 3x34+ 2o 3x

+ 33+ O — 3x

) ()
R
x* 1
0
Question 6.
Find all real numbers satisfying 4x - 3(2x+2) + 25=10
Solution:

4x - 3(2%+2) 4+ 25=0.
(29)%-3.(2x25) +25=0
(29%-12(2)+32=0
Put 2x=t
(t*-12t+32=0)
y-4)(y-8)=0
y=4ory=38
t=8(or)t=4
2x=8=23(or) 2x=4=(2)?
x=3(or)x=2

Roots are 3, 2

Question 7.

Solve the equation 6x* — 5x> — 38x° — 5x + 6 = 0 if it is known that % is a solution.

Solution:
bx*—5%° —38x2—5x+6=0...... (1)

X = = is a Solution

3
" (3x— 1) is a factor of (1)
(1) is a Reciprocal equation even degree divide (1) by x°.
5 6

6x2—Sx—38— =+ — =0
X X

5[f+1J—5 [x+1]—3s=u
X X

1
Lety= x+—, ;r':2+i2 =y -2
X X
ﬁ(yz—Z)—Sy—38=[] =>6y2—12—5y—38={]'



62— 5y—50=0 = (2y+5) 3y +10)=0
20+5=0;3y-10=0

Case () 2y=-5
1
2(I+;J = -5 = 2(x*+1)=-5x
2% +5x+2=0 = (2x+1)(x+2)=0
-1
xX= ?,x=—2

Case (ii) 3y—10=10

1
3[I+;]=lﬂ = 3x2+ 3 =10x
3x?-10x+3=0 =2 3x-1)(x-3)=0

x=—,x=3

.. The roots are 3, l, 2,

3



Ex 3.6

Question 1.
Discuss the maximum possible number of positive and negative roots of the

polynomial 9x° - 4x8 + 4x7 - 3x6 + 2x5+ x3+ 7x2+ 7x+ 2 =0.

Solution:

Clearly, there are 4 sign changes for the given polynomial P(x) and hence a number of
positive roots of P(x) can’t be more than four.

P(x) = 9x% - 4x8 + 4x7 - 3x6 + 2x> + x3 + 7x? + 7x + 2 = 0.There are two sign changes.
Hence the number of negative roots can’t be more than two.

=~ It has atmost 4 positive roots and atmost two negative roots.

Question 2.
Discuss the maximum possible number of positive and negative zeros of the polynomials
x2 - 5x + 6 and x2 - 5x + 16. Also, draw a rough sketch of the graphs.

Solution:

P(x) =x2-5x+6

The number of sign changes in P(x) is 2.

P(x) has atmost 2 positive roots. P(-x) = x? + 5x + 6.
The number of sign changes in P(-x) is 0.

~ P (x) has no negative roots. P (x) = x2-5x + 16

A

OO N3k

Question 3.
Show that the equation x° - 5x5 + 4x* + 2x2 +1 = 0 has atleast 6 imaginary solutions.

Solution:

P(x) has only one sign change. It has atmost one positive roots.
P(-x) =x9+5x5+4x4+ 2x*+1=0

It has only one sign change.

It has atmost one negative roots.



Clearly 0 is not a root.
So maximum number of real roots is 3 and hence there are atleast six imaginary solutions.

Question 4.
Determine the number of positive and negative roots of the equation x° - 5x8 - 14x7 = 0.

Solution:

x?-5x8-14x7=0

P (x) = x% - 5x8 - 14x’. The number of sign changes is P(x) is 1.

The number of positive roots is 1. P (-x) = -x° - 5x8 + 14x7

The number of sign changes is P(-x) is one. The number of negative zero of P(-x) is 1. Itis
clear that 0 is a root of the equation.

~ The number of the imaginary roots is at least 6.

Question 5.

Find the exact number of real zeros and imaginary of the polynomial x? + 9x7 + 7x5 + 5x3 +
3x.

Solution:P(x) = x9 + 9x7 + 7x5 + 5x> + 3x =0

P(-x) = -x9 - 9x7 - 7x5 - 5x® - 3x

It has no sign changes.

So it has no negative real roots.

It has no positive real roots and no negative real roots.



Ex 3.7

Question 1.

A zero of x3 + 64 is
@a~o

(b) 4

(c) 4i

(d) -4

Answer:

(d) -4

Hint: x3+ 64 =0
= x3 =-64

= x3 = (-4)3
>x=-4

Question 2.

If fand g are polynomials of degrees m and n respectively, and if h(x) = (f0 g) (x), then the
degreeofhis

(a) mn

(b)m+n

(c) mn

(d) nm

Answer:
(a) mn

Question 3.

A polynomial equation in x of degree n always has
(a) n distinct roots

(b) n real roots

(c) n imaginary roots

(d) at most one root.

Answer:
(c) nimaginary roots (Every real number is also imaginary)

Question 4.
If o, B and y are the zeros of x3 + px2+ gx + 1, then Zi is



Question 5.
According to the rational root theorem, which number is not possible rational zero of 4x7 +

2x*-10x3-5?
(@) -1

(b)2

© =<

(d)5

Answer:
4
©:
Hint:
an=4ap=>5
Let % be the root of P (x). P must divide 5, possible values of P are +1, 5

q must divide 4, possible values of g are +1, +2, +4

TP : 1 41 5 1 5
Possible roots are =1, +5,+%,+5,+5,+7

Question 6.

The polynomial x3 - kx2 4+ 9x has three real zeros if and only if, k satisfies.
(@) [kl=6

(b)k=0

© Ikl > 6

(d) [k[ =6

Answer:



(d) k| =6

Hint:

x3-kx2+9x=0

=>xx*-kx+9)=0

x = 0 is one real root. If the remaining roots to be real if the
bZ-4ac=>0

=>kZ-36=>0

=>k?>36

= |k|=6

Question 7.

The number of real numbers in [0, 2m] satisfying sin* x - 2sin2x+ 1is_____
(a2

(b) 4

(1

(d) o0

Answer:

(o1

Hint:
sin*x-2sin2x+1=0
>t2-2t+1=0

= (t-1)2=0
=2t-1=0
=>t=1

=>sin?2x=1

= 1—cos2x2=1
=1-cos2x=2
= cos 2x=cos 0
= 2X = 2nm

= X=nNm
n=0,x=0
n=1x=m7
n=2x=27

Question 8.

Ifx3 + 12x2 + 10ax + 1999 definitely has a positive zero, if and only if
(@)a=0

(bya>0

(c)a<o0

(da<o0

Answer:

(c)a<ko0

Hint:



Ifa <0, then P(x) =x3+ 12x2? + 10ax + 1999 has 2 changes of sign.
=~ P (x) has atmost two positive roots. Soa < 0

Question 9.

The polynomial x3 + 2x + 3 has

(a) one negative and two imaginary zeros
(b) one positive and two imaginary zeros
(c) three real zeros

(d) no zeros

Answer:

(a) one negative and two imaginary zeros
Hint:

P(x) = x3 + 2x + 3; No positive root.
P(-x) = -x3 - 2x + 3; Only one change in the sign.
~ One negative root.

Question 10.

n

e, (-)x"

The number of positive zeros of the polynomial = is
(2) 0 "

(b) n

(c) <n

(dr

Answer:

(b) n



