DAY TWENTY EIGHT

CLearning & Revision for the Dc:y)

+ Concept of Ellipse + Normal to an Ellipse + Diameter and Conjugate
+ Tangent to an Ellipse + Auxiliary Circle Diameters
+ Eccentric Angle of a Point

Concept of Ellipse

Ellipse is the locus of a point in a plane which moves in such a way that the ratio of its
distances from a fixed point (focus) in the same plane to its distance from a fixed straight line
(directrix) is always constant, which is always less than unity.

Equations of Ellipse in Standard Form
Different forms of an ellipse and their equations are given below
2 2

. X
1. Ellipse of the Form — +y—2 =1,0 <b<a
a b
If the coefficient of x* has the larger denominator, then its major axis lies along the X-axis and
it is said to be horizontal ellipse as shown below.

Various elements of horizontal ellipse are as follows
(i) Centre, O (0,0)
Coordinates of the vertices : A (a, 0) and A, (—a, 0)

(ii

(iii) Equation of the major axis, y =0 L

(v) Focal distance of a point (x, y) is a + ex.
(vi) Major axis, A A, =2a, Minor axis, BB, =2b

)
)
(iv) Equation of the minor axis, x =0
)
)
(vii) Foci are S (ae, 0) and S, (—ae, 0).

(viii) Equations of directrices are [ : x = E, Ix=-2
e
2
(ix) Length of latusrectum, LL =L'L'= 2"
2
(x) Eccentricity, e =,|1 —a—z

(xi) Sum of focal distances of a point (x, y) is 2a.
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2. Ellipse of the Form X—+Z—2=1,O <a<b

2
a

If the coefficient of x* has the smaller denominator, then
its major axis lies along the Y-axis and it is said to be
vertical ellipse as shown below.
(i) Centre O(0, 0)

(ii) Coordinates of the vertices B(0,b) and B, (0, —b).

(iii) Equation of the major axis, x =0

(iv) Equation of the minor axis, y =0
(v) Focal distance of a point (x, y)isb *ey.
(vi) Major axis, BB, =2b, Minor axis, AA, =2a
(vii) Foci are S(0, be) and S, (0, —be).
(viii) Equation of directrices are

I:y=é,l':y=—9.
e e

(ix) Length of latusrectum,

L, 2d
LL =L'L'= b
Ly
S
X310
LYy
By
¥

(x) Eccentricity, e =,(1 _bz
(xi) Sum of focal distances of a point (x, v) is 2b.

2 2
[
Results on Ellipse &2+y—2 =10
" b [

(i) The equations x =acos®, y =b sin 6 taken together
are called the parametric equations of the ellipse

5+ i =1, where 0 is the parameter.
a& b’
(ii) A point (x,, y,) with respect to ellipse ‘S’ lie inside,
on or outside the ellipse, if S, <0,S, =0 or S, >0
2
s =X 0y

where, =t
(iii) Locus of mid-points of focal chords of an ellipse
2 2 2 2
ESIN AR SO G 1o
a b a b a

(iv) Let P(acos 6,b sin 6) and Q(acos @b sin @ be any two
points of the elhpse —+ e =1 (a >b). Then,
a

equation of the chord joining these two points is

%COS é’%¢§+ %sin @9;—@ =cos QG_T‘@

Tangent to an Ellipse

The equation of tangent to an ellipse for different forms are given
below.

(i) In point (x,, y;) Jggl =
(ii) In slope ‘m’ form, y = mx + \/@*m* +b*. and the point of

am - b*
@t\/azmz + b2 ’ \/azmz +b2§

(iii) In parametric (acos 6, b sin ) form, X cos0 + %sin 0 =1.
a

contact is

Results on Tangent to an Ellipse

(i) The line Ix + my + n =0 is a tangent to the ellipse

XZ

—2+b—Z =1, then i =’ +b*’m

a

(ii) The line y = mx + ¢ touches an ellipse, iff ¢*
am — b*Q0

+ 0
C C

(iii) The equation of pair of tangents drawn from an external
point P(x,, y,) to the ellipse is SS, =T

2 2
XY s =Xl

where S = — + 2~

=d’m® +b* and

. . O
the point of contact is Bt

az bz 7 az bz
and szil +YJ:1 -1
a b
(iv) The equation of chord of contact of tangents i YJ? =1
b

or T =0.
(v) The equation of chord of an ellipse, whose mid-point is

2
(%, 3),isT =8,, i.e. =1+ =5 o

b*  a® b

(vi) The locus of the point of intersection of perpendicular
tangents to the ellipse is a director circle, i.e.
X +y* =d +b%.

(vii) The pomt of intersection of the tangents at a and B is

+B o +B0
cos bsi
’ 2 2 2
O bl 2 P[0
H cos ) cos . 0

Normal to an Ellipse

The equations of normal in different form to an ellipse are given
below

2 2
1. In point (x,, y,) form, Yy a -b*
Xl .V1
2 _ 72
2. In slope ‘m’ form, y = mx + mla@ -b) at the points
Ja +b*m?
0 a b’'m O

+
Bt \/az+bzmz \/az_'_bzmz

3. In parametric (acos 8,b sin 6) form,
axsec 0 —by cosec® =a* —b*.



4. The point of intersection of normals to the ellipse at two
points (acos6,,b sin 8,) and (acos 6,,b sin 6,) are (A,p),

(a®* -b?) éﬂ@

where A =-——"[¢os0, [dosH, 37
(a) F -9, Q
o in é‘ﬂ@
and p=-9 Ein6, Ein @, B— 2 —

Results on Normal to an Ellipse

(i) The line Ix + my + n =0 is a normal to the ellipse

XZ yZ aZ bZ _[aZ _bZ)Z

+:—=1then -+ — =
& b Fr m n
(ii) Four normals can be drawn from a point to an ellipse.
(iii) If the line y = mx +c¢ is a normal to the ellipse
yz ~ m? (az _bz]z
aZ bz =1, then ¢’ 72 bt
normality of the line to the ellipse.

is the condition of

—

(iv) The points on the ellipse, the normals at which to the
ellipse pass through a given point are called conormal

points.

=

Tangent at an end of a latusrectum (Ist quadrant) is
_ 2
ex  yl-e

y=1,0r ex + y =a and normal is

a b

b
ax__ W g -b*or x - ye =ae’
e 1-¢?

Auxiliary Circle

The circle described on Y
the major axis of an Q
ellipse as diameter is P
called an auxiliary circle. ) ¢
s yz B vy c| N _Ja X
~—+=— =1is an ellipse,

then its aux1hary circleis  x2+,2=72
X +y =d 4

Eccentric Angle of a Point

2
Let P be any point on the ellipse X—+i, =1. Draw PN
bl

aZ
perpendicular from P on the major axis of the ellipse and

produce NP to meet the auxiliary circle in Q. Then, OXCQx @
is called the eccentric angle of the point P on the ellipse.

So, the coordinates of Q and P are (acos@asin @ and
(acos @,b sin @, where @is an eccentric angle.

Results on Eccentric Angles

(1) Eccentric angles of the extremities of latusrectum of the

elhpse — + =1 are tan™ Et @
a ae

(ii) A circle cut an ellipse in four points real or imaginary.
The sum of the eccentric angles of these four concyclic
points on the ellipse is an even multiple of 1.

(iii) The sum of the eccentric angles of the conormal points

2
on the ellipse X—Z + I})}Z—z =11is an odd multiple of T.
a

Diameter and Conjugate Diameters

The locus of the mid-points of a system of parallel chords is
called a diameter. If y =mx +c¢ represents a system of
2
parallel chords of an ellipse X—Z + IJ)/Z—Z =1, then the line
a
2

__b
r am

x is the equation of the diameter.

The two diameters are said to be conjugate diameters, when
each bisects all chords parallel to the other.

If y=mx and y=m,x be two conjugate diameters of an
2

ellipse, then mm, = -—
a

Results on Conjugate Diameters

(i) The area of a parallelogram formed by the tangents at
the ends of conjugate diameters of an ellipse is constant
and is equal to the product of the axes.

(ii) The sum of the squares of any two conjugate
semi-diameters of an ellipse is constant and equal to the
sum of the squares of the semi-axes of the ellipse, i.e.
CP* +CD* =d* +b°.

(iii) The product of the focal distance of a point on an ellipse
is equal to the square of the semi-diameter which is
conjugate to the diameter through the point.

Important Points

(i) The eccentric angles of the ends of a pair of conjugate
diameter of an ellipse differ by a right angle.

(ii) The tangents at the ends of a pair of conjugate diameters
of an ellipse form a parallelogram.

Conjugate Points Two points Pand Q are conjugate points

with respect to an ellipse, if the polar of P passes through Q
and the polar of Q passes through P.

Conjugate Lines Two lines are said to be conjugate lines with
respect to an ellipse, if each passes through the pole of the
polar.

Pole and Polar Let P be a point inside or outside an ellipse.
Then, the locus of the point of intersection of tangents to the
ellipse at the point, where secants drawn through ‘P’ intersect
the ellipse is called the polar of point P with respect to the
ellipse and the point P is called the pole of the polar The

yz =1

polar of a point (x,, y,) with respect to the elhpse — = 17

. XX,
is ;+ng1 =1



(DAY PRACTICE SESSION 1)

FOUNDATION QUESTIONS EXERCISE

2 2

LY
2 ac

The equation =1 will represent an ellipse if

(a)ad( 4)
(c)ad(2, 8)

(b)alf o 201 (& )

(d) None of these

Equation of ellipse whose minor axis is equal to the
distance between the foci and whose latusrectum is 10,
is given by (take origin as centre and major axis along
X-axis)

(a) 2x*+y? =100
(c) 2x®+y® =50

(b) x> +2y? =100
(d) None of these

Let AB be a rod of length 4 units with A on x and B on
Y-axis. Rod AB slides on axes. If point P divides ABin
the ratio 1: 2, locus of P is an ellipse. The eccentricity of
this ellipse is

(a) — (b) =~ (€)=

(d) None
4 2 3

Equation of the ellipse whose axes are the axes of
coordinates and which passes through the point (=3,1)

and has eccentricity \E is

(a)5x% +3y? —-48 =0
(c)5x% +3y? =32 =0

(b)3x? +5y* =15 =0
(d)3x* +5y* =32 =0

If the angle between the straight lines joining foci and the

2 2
end of minor axis of the ellipse X—z + % =1is 90°, then its
a
eccentricity is
1 1 1
a) — b) — c)— d) None
( )2 ( )4 ( )ﬁ (d)

The ellipse 4x? + 9y? =36 and the straight line
y =mx +c intersect in real points only if
(a) Im’<c® -4 (bY9m* >c® -4
(c)om® =c® - 4 (d) None of these

If the line 3x + 4y =+/7 touches the ellipse 3x* + 4y? =1

then the point of contact is
11 1 -1
a — b J—
@ 7 77k © s 7
(d) None of these

Ol
77

The equation of common tangent of the curves

x? +4y?=8and y? =4x are

(a)x-2y+4=0x+2y+4=0

(b)2x -y +4=02x+y+4=0

c)2x—-y+2=02x+y+2=0

(d) None of the above

9 Tangents are drawn to the ellipse x* + 2y® =4 from any
arbitrary point on the line x + y = 6. The corresponding
chord of contact will always pass through the fixed point

o o8

(c) %%Q (d) no such fixed point exist.

10 The equation of the circle passing through the foci of the
2 2

ellipse % + % =1and having centre at (0, 3) is

= JEE Mains 2013
(o) x> + y* -6y +7 =0
(d)x* +y* —6y +5 =0

(a)x®* +y® -6y -7 =0
(c)x® + y? -6y -5 =0

11 If tangent at any point P on the ellipse 7x* +16y* =12
cuts the tangent at the end points of the major axis at the
points A and B, then the circle with AB as diameter
passes through a fixed point whose coordinates are

(@) & +a -b°,0 (b) & & + b%0
(c) 0 xa" -b?) (d) @ % +& +b%)

12 The length of the common tangent to the ellipse

x*  y? . 2 2 ;
2—5+7-1and the circle x© + y= =16 intercepted by
the coordinate axes is
7 14
a) 5 b) 247 c) — d) =
(a) (b) (c) 7 (d) 7

13 The distance of the centre of ellipse x* + 2y? =2 =0to
those tangents of the ellipse which are equally inclined
from both the axes, is

3 V3
@5 ()2

(C) \/5/3 (d) T

14 PQ is a chord of the ellipse through the centre. If the
square of its length is the HM of the squares of major

and minor axes, find its inclination with X-axis.

Tt Tt
(a) " (b) >

(c) 2?“ (d) None of these

15 If straight line ax + by =c is a normal to the ellipse
4x% + 9y? =36, then 4a° + 9b? is equal to

169a°b? 25a°b*
(@) < (b) i
13a°b?

(c)—;

C

(d) None of these



16 If the normal at the point P(B) to the ellipse
5x? +14y? =70 intersects it again at the point Q(20), then

cos B is equal to

(a)% (b)-2 ()

17 An ellipse is drawn by taking a diameter of the circle
(x =1 + y? =1as its semi-minor axis and a diameter of
the circle x? +(y —2)° =4 as its semi-major axis. If the
centre of the ellipse is at the origin and its axes are the
coordinate axes, then the equation of the ellipse is

(a)4x® +y? =4 (o) x* +4y* =8
(c)ax® +y* =8 (d) x* + 4y® =16
18 The area (in sq units) of the quadrilateral formed by the

tangents at the end points of the latusrectum to the
2 2

ellipse % + % =1is - JEE Mains 2015
o7 o7
a) — b) 18 c) — d) 27
(a) 2 (b) (c) 5 (d)

19 The locus of the foot of perpendicular drawn from the
centre of the ellipse x* + 3y? =6 0on any tangent to it is
- JEE Mains 2014
(b) (x* = y?)? =6x* —2)°
(d) (x* + y*)* =6x" -2y

(a) (x* = y%)? =6x° +2y°
(C) (XZ + y2)2 =6X2 + 2y2
2
20 Tangent is drawn to the ellipse% +y? =1at

(3v/3 cosB,sinB) (where, ® [0, TW2)). Then, the value of 8
such that the sum of intercepts on axes made by this
tangent is minimum, is

Tt Tt Tt I
a) — b) — c) — d) —
(a) 3 (b) 5 (c) 5 (d) 2
21 If the tangent at a point (a cos 6, b sin 8) on the ellipse
2 2
X—Q + y—z =1meets the auxiliary circle in two points, the
a b

chord joining them subtends a right angle at the centre,
then the eccentricity of the ellipse is given by

(a) (1+ cos?@)"? (b) (1+ sin®6)

(c) (1+ sin?@)"? (d) (1+ cos®#)

22 Chord of contact of tangents drawn from the point P(h, k)
to the ellipse x? + 4y® =4 subtends a right angle at the
centre. Locus of the point P is

(a) x* +16y° =20 (b) x* +8y® =10
(c)16x* +y* =20 (d) None of these

23 Tangent at a point P on the ellipse x* + 4y?=4 meets the
X-axis at B and AP is ordinate of P. If Q is a point on AP
produced such that AQ = AB, then locus of Q is

(a) x> +xy—4 =0 (b)x? =xy +4 =0
(c)x*+xy-1=0 (d)x2-xy+1=0

24 A parabola is drawn whose focus is one of the foci of the
2 2
ellipse X—Z + y—z =1(where, a > b) and whose directrix
a“ b
passes through the other focus and perpendicular to the
major axis of the ellipse. Then, the eccentricity of the

ellipse for which the latusrectum of the ellipse and the
parabola are same, is

(@ ~v2-1  (b) 2J2+1 (c) V2 +1
2 2

25 At a point P on the ellipsex—z+ Y-
a

o

(d) 242 -1
1tangent PQ is

drawn. If the point Q be at a distance 1/p from the point
P, where p is distance of the tangent from the origin, then
the locus of the point Q is

x° Yy 1 S 1
W e P
X2 yz T X2 y2 T
R e e

26 If CPand CD are semi-conjugate diameters of an ellipse
2 2
% + % =1 then CP? + CD? is equal to

(a) 20 (b) 22 (c) 24 (d) 26

27 1f8 and @are eccentric angles of the ends of a pair of
2 2

conjugate diameters of the ellipse X—Z + % =1,then® - @
a

is equal to
(a) ig (b) £ 1 (c) O (d) None of these
28 The coordinates of all the points P on the ellipse
2 2
X—Z + Z—Z =1, for which the area of the APON is maximum,
a

where O denotes the origin and N, the foot of the
perpendicular from O to the tangent at P, is

2 2
(a) Eﬂ_— a E b E
O Va2 +b? Ja?+b? O
2 2
(b) %‘_‘ a E b E
0 \/32—192 \/aZ—DZD
0 2a° 2p® 0O
(c) Ot x |
O Ja2+b®> Ja?+p2 0
0 2 2.0
(@) o 2a , 2b H
Na? -b? Ja? -b? O

29 Ifa, B, y are the eccentric angles of three points on the
ellipse 4x? + 9y? =36, the normals at which are
concurrent, then sin(a +B) +sin(B +y) +sin(y +a)is

equal to
2

@2 (b) g ()0 (d) None

30 A triangle is drawn such that it is right angled at the

2 2

centre of the ellipse X—z + y—g =1(where, a > b)and its
a b
other two vertices lie on the ellipse with eccentric angles
+
1-e? cos? 5 B
o and B. Then, B is equal to
cos? é.;g
2
a’ a’ +b? a’ a’ -b?
2 2 ) 2 ¢ 2 2 ( ) 2
a +b a a -b a



Directions (Q. Nos. 31-35) Each of these questions contains
two statements . Statement | (Assertion) and Statement |
(Reason). Each of these questions also has four alternative
choices, only one of which is the correct answer. You have to
select one of the codes(a), (b),(c)and(d) given below.
(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |
(b) Statement | is true, Statement Il is true; Statement Il is not
a correct explanation for Statement |
(c) Statement | is true; Statement Il is false
(d) Statement | is false; Statement Il is true

31 LetS, =(x -17 +(y -2)* =0and
S, =(x +2)* +(y —1)* =0 be the equations of two circles.
Statement | Locus of centre of a variable circle touching
two circles S, and S, is an ellipse.

Statement Il If a circle S, =0 lies completely inside the
circle S, =0, then locus of centre of variable circle S =0
which touches both the circles is an ellipse.

0
32 Statement | If Pé‘?ngis a point on the ellipse

4x? +9y? =36. Circle drawn AP as diameter touches
another circle x> + y? =9, where A =(—/5, 0).

Statement Il Circle drawn with focal radius as diameter
touches the auxiliary circle.

33 Statement | The product of the focal distances of a
point on an ellipse is equal to the square of the
semi-diameter which is conjugate to the diameter
through the point.

Statement Il If y = mx and y = m,x are two conjugate
2

diameters of an ellipse, then mm, = - — -
a

34 Statement | The condition on a and b for which two

2

LY
2b°

through (a, — b) are bisected by the line x + y =b'is

a® + 6ab -7b% 20.

Statement Il Equation of chord of the ellipse
2 2

XX

=1passing

=1whose mid-pointis (x,, y,),isT =S,.

35 Statement | An equation of a common tangent to the
parabola y? =16+/3x and the ellipse 2x% + y? =4is

y =2x +243.
4(

Statement Il If the line y =mx + (m#0) is a

common tangent to the parabola y :16@x and
the ellipse 2x°+y?=4, then m satisfies
m* +2m?® =24,

(DAY PRACTICE SESSION 2 )

PROGRESSIVE QUESTIONS EXERCISE

1 The eccentricity of an ellipse whose centre is at origin is

15. If one of its directrices is x = —4, then the equation of

the normal to it at Qé@is
2 - JEE Mains 2017

(@) 4x+2y =7 (byx+2y=4
(c)2y -x=2 (d) 4x -2y =1
2 The locus of the mid-points of a focal chord of the ellipse
X2 y2
P + ra =1is
e y ex xX° y® _ex
a)+L_ =2 by~ -L_ ==
()a2 v a ()a2 b® a
(c) x* +y®=a” +b® (d) None of these

3 Foot of normal to the ellipse 4x® + 9y? =36 having slope
2 may be

T
(c) @;—9 g@ (d) None of these

4 On the ellipse 4x? + 9y®=1, the points at which the
tangents are parallel to the line 8x =9y are

i T
c) @75—3 %Q %%@ (d) None of these

5 The normal at a point P on the ellipse x* + 4y?=16 meets
the X-axis at Q. If M is the mid-point of the line segment
PQ, then the locus of M intersects the latusrectums of the
given ellipse at the points

@ 35,2 ok 35 4 Y191
5 70 o 2 40
4fD

c)@tzﬁ,i?@ Btzf 0

6 The line passing through the extremity A of the major axis
and extremity B of the minor axis of ellipse x* +9y® =9
meets its auxiliary circle at the point M. Then the area of

the triangle with vertices at AM and the origin O is
31 29 21 27

a) — b) = c)— d)=—

()10 ()10 ()10 ()10



7 The ellipse x* + 4y? =4 s inscribed in a rectangle
alingent with the coordinate axes, which in turn is
inscribed in another ellipse that passes through the
point (4,0). Then the equation of the ellipse is

(a) x* +12y* =16 (b) 4x2 + 48y? =48
(c) 4x* + 64y® =48 (d) x* +16y* =16

8 Let P(x,,y,)and Q(x,, ¥,), ¥, <0, y, <0, be the end
points of the latusrectum of the ellipse x? + 4y? = 4.
The equations of parabolas with latusrectum PQ are

(@) x> =23y =3 +/3 (b) x* + 243y =3 -4/3
(c) both (a) and (b) (d) None
2 2

9 The ellipse E, :% +Y_ =1isinscribed in a rectangle R

whose sides are parallel to the co-ordinate axes.
Another ellipse E, passing through the point (0, 4)
circumscribes the rectangle R. The eccentricity of the

ellipse E, is
2 3 1 3
(a) - (b) - (c) > (d) "

10 If the line px + gy =r intersects the ellipse x? + 4y =4
in points whose eccentric angles differ by g then r® is

equal to
m»§Mp2+q% (b)

2 0
(0)5(40 +q7)

4
3
(d) None of these

4p? +q°)

11 The sum of the square of the reciprocals of two
2
Yy _

2
, , X ,
perpendicular diameters of an ellipse — +=- =1, is
a~ b

101 10 101 10
® e e \PTERE

(c) nl +i (d) None of these

a® b’

12 The area of a triangle inscribed in an ellipse bears a
constant ratio of the area of triangle formed by joining the
corresponding points on the auxiliary circle of the vertices of
the first triangle. This ratio is

(@)~ (b) = (c) (d) =
a

b? a
13 Ifa, B are the eccentric angles of the extremities of a focal
chord of the ellipse 16x? + 25y? =400, then tan %Qtan %Q

is equal to

@-4 (] -3

(c) —

d) None
4 8 @

14 The tangent and normal drawn to the ellipse x? + 4y® =4 at
the point P(6) meets the X-axis at the points A and B. If
AB =2, then cos® 8 is equal to

8 2

(a) = (b) 5 (c) 5 (d) None

X2

2

15 Given an ellipse pes + % =1(a > b) with foci at S and S" and
vertices at A and A'. A tangent is drawn at any point P on
the ellipse and let R, R', B, B respectively be the feet of the
perpendiculars drawn from S,S', A, A" on the tangent at P.
Then, the ratio of the areas of the quadrilaterals S’ R RS and
A B BAis
(a) e: 2 (b) e:3
(c) e:1 (d)e:4

ANSWERS

1 (d) 2 (b) 3 (b) 4 (
M@ 12d 13(b) 14
21 (0  22() | 23() 24
31 (d) | 32() | 33() @ 34

(SESSION2) 1@ 2@ 30 40
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35 (b)
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Hints and Explanations

SESSION 1 It passes through p(-3,1)ande = \/%
2
1 x + Y =1 will represent an 9 1
8—-a a-2 O Z+ =1 (1)
a b’
ellipse if b?
8-a>0a-2>08-a#a-2 and e’=1-—
0 2<acx< 8, a%5b 2 blzz bZ 3
O al(2,8r {5 O f=1-"gZ= 2
5 ad d
2 2b =2ae 9 5
y , ; , From Eq. (i), >+ — =1
0 de’ =b*=d(1 —e?) a 3
O et =1 2745 _,
2 3d
2
%;:105172:50 0 @ =32 and thenb? = 32
a 3 5
0 d@1-1/2)=5a 0 Equation of ellipse is
—_ 2
] a=10 K+5L:1[]3X2+5y2:32
0 b* =50, & =100 32 32
Hence, eql}l;tlon (Z)f ellipse is 5 Let equation of ellipse be
- +L =1 XZ + yz —
100 50 7y 1
O x* +2y* =100 B
3 Let A=(q,0), B(0,b). ‘.
iR
Then, F, =(ae,0), F, =(-ae, 0), B=(0,b).
2:4 XA OFBE=
) o BhpEA.-
ae U[-ae [
0 A(a’o) 2 2 2
0 de*=b* =d’(1 -e*)
P divides AB in the ratio 1:2. O et=1 ge=_L
2a b 2 2
O h=%% k="
32 3 6 Solving 4x* +9y*=36and y = mx+ c,
O a2+b2=%+9k2216 we get
4 4x + 9(mx+c} -36 =0
, [AB=4 O (9m’ + 4)x* +
O Locus of Pis —— + V=1 18cmx+ 9c* =36 = 0
Q%@ gﬁ@ Roots are real, so
9 9 18 x18¢*’m* — 4 (9m® + 4)
z _
O E:%[1—62]I:I et =3iee=33 y s (%" ~36)20
9 9 4 2 O 9m”—-c” + 420
0 Im*=c*- 4

7 Equation of ellipse is3x* + 4y* =1

Tangent at P(x,, v, )is

3xx, +4yy, =1 ..(i)
On comparing Eq. (i) with the given
tangent 3x+ 4y =ﬁ, 3% _4n 1

P(x,, le=P%,%@

4 7

8

10

11

Clearly, P@%, iQlies on the ellipse,
7 N7

therefore it is a point of contact.
Any tangent to parabola y* = 4x is

y:mx+i
m
2
L:l
2
0 i =8m’ + 2[-c*=d'm’ +b’]
ml

It touches the ellipse % +

0 8m" +2m*-1=0
Om=tiem=+2
4 2
Hence, required tangent are
X—-2y +4=0,x+2y +4=0

Any point on the line can be taken as
P(h,6 - h)

Equation of chord of contact of P w.r.t.
X +2y° =4ishx +2(6 — h)y =4[T =0
0 h(x-2y)+ 43y —1) =0

which passes through the fixed point

1 2. 1
= -, x="1i.e,, through %,7§
’ 3 3 8 3

Given equation of ellipse is
2
i + L =1.
16 9
Here,a=4b =3,e = |1 -9 =ﬁ
16 4

0 Fociis(x ae, 0)

O 0
=Dt4xﬁ,0|j=(i\/7,0)
O 4 O

N

v
0 Radius of the circle,

r=.(aey +b* =7 +9
=416 =4
Now, the equation of circle is
(x - 0f + (v -3} =16
0 X+ y' -6y -7=0
Equation of tangent at any point

P(acos6,bsin0)is Xcos0 + %sine =1
a

The equation of tangents at the end
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13

14

points of the major axis are
X=ax=-a.

O The intersection point of these
tangents are

A= Eﬂ,b tangﬁ B = H—a,bcotgﬁ

Equation of circle with AB as diameter

(x —a)(x +a)+ @V —btangg

@y —bcotg§= 0
0 x-d+y —by@ang +C0tg@

+b* =0
0 x¥*+y" —d +b* —2bycosecO =0
which is the equation of family of
circles passing through the point of
intersection of the circle
X¥+y'-d +b*>=0 and y =0

So, the fixed point is (++/a* - b*,0).

2
The tangent to Zi + ¥ =1
5

%cose + %sinﬁ =1.If it is also tangent

to the circle, then
16 = 1 100

cos*0 + sin’@ 4 + 21sin’0
25 4

0O sin’6 =i,c0526 =25
28 28

If the tangents meets the axes at A and

B, then
A= 5 ,0@and3=§0, 2
0s0 sin®
25 4

sin’@
:@D AB:&
3 3

OAB* =
cos*@

=28+698
3

Given, equation of ellipse is

2
X,
2 1
to the ellipse of slope m is
y =mx £ ,2m* +1

= 1. General equation of tangent

Since, this is equally inclined to axes, so
m==1
Then, tangents are

y=+x+ 2+1=%x+3

Distance of any tangent from origin

o+ 0Bl g
I+ 1

The straight line x = rcos 6,y = rsin 0
2
yo_

meets the ellipse § + W =1,whereris

given.

15

16

17

2 2 2
0 1 _cos’6 . sin 0 ()
r’ a b?
But PQ* = 4r* =HM of 4, 4b*
O 11,1 (i)
r’ 2d 2
From Egs. (i) and (ii), we get
2 1 2
cos 9+sm8=i+i
d b? 2a  2b°

It is possible, when 6 = E

2
Given ellipse is §+ yj =0, (a=3,b=2)

Equation of normal is
3xsec® -2y cosec 6 =9 —4 =5
Comparing it with given normal

ax +by =c,
Ssece_—ZCosece_E
a b c
O cose=3—c,sin9=—2—c
5a
2 2
9(3" +4c' =1
254 2%°
212
0 9b2+402:25ab

CZ

2
Given ellipse is X + =1
14 5

O P@®)is (+14 cos 6, /5 sin )
Equation of normal at P(8) is

JViax 5y 4 -5=

cos O sinB

9

Q(20)lies on this normal, therefore
14 cos 20 _ 5sin20 _

cos 6

0 14cos 20sin6 —10sin Bcos” B

= 9cos Bsinb
0 18cos*0-9cos B -14 =0
(Bcos O +2)(6cosB-7) =0

-2
cose=—orz
3 6

9

sin®

O

0 cosB =_—Zascose ¢Z
3 6

Given,

(i) An ellipse whose semi-minor axis
coincides with one of the diameters
of the circle (x - 1f + y* =1.

(ii) The semi-major axis of the ellipse
coincides with one of the diameters
of circle ¥* + (y -2f = 4.

(iii) The centre of the ellipse is at origin.

(iv) The axes of the ellipse are
coordinate axes.

Now, diameter of circle (x —1f + y* =1

is 2 units and that of circle

X+ (y —2f =4is 4 units.

Semi-minor axis of ellipse, b =2 units

and semi-major axis of ellipse,

a = 4 units.

18

19

20

21

Hence, the equation of the ellipse is

2 2
£+L—1 0 £+L=1
a b 16 4

0 X +4y* =16

Area of quadrilateral formed by tangents

2d

at the ends of latusrectum ==—.
e

Here, @ = 9,b*= 5,e =

w

0 Area=2x9 x§=27
2

X +3y° =6
n X.7 =1(c = 6,b*=2) ()
6 2

Equation of any tangent to Egs. (i) is

Y = mx#*.6m’+2 ..(i)
Equation of perpendicular line drawn
from centre (0, 0)to Egs. (ii) is

y=-Lx ...(ii)
m

Eliminating m from Egs. (ii) and (iii),

required locus of foot of perpendicularis

| O 0 x* g
y =0 Sox+ |+ 20
0o yd Oy 0
] (y*+ X'} =6x* +2y°
The equation of tangent from the point
(3\/5 cos 6,sinB) to the curve is
xcos 0 + ysin® -1
343 1
Thus, sum of intercepts
= 3/3secB + cosecO = f(B)
_ 34/3sin°0-cos’0

[say]

0 '0)=
'@ sin”Bcos” 0

Put  f'®)=0
O sin’@ :y%cofe

1 Tt
O tan6=— 0 6=—

NE) 6
Now, f''(8)> 0, for® =1/6

[i.e. minimum]

Hence, value of 8 is g

Equation of tangent at (acos 6,bsin6) to
the ellipse is Xcos0 + %sine =1 ..»Q)
a

The joint equation of the lines joining
the points of intersection of Eq. (i) and
the auxiliary circle x¥* + y* = d to the
origin, which is the centre of the circle,

2
isxX +y*=d X 0050 + sing"

Ea b H

Since, these lines are at right angles.

2 2
01-@Fos -, _ppined_,
0d O 0bp* O

[~ coefficient of X + coefficient of y* = 0]



0 sinze% _iH+ 1= 0 Therefore, ¢ = -2 + /8 =142 Q‘[acos @bsin @be ends of these two
O b»*0 diameters.
O sin’0p* -d)+b*=0 Hence,e =2 —1as 0<e <1 for ellipse. Then, m1m2=_£
2 2y —
o (1 + sin” §)(d’e*) = o’ 25 Equation of the tangent at P is . @ . )
O e=(1+sin’0)"" x—acos® _ y —bsin® 0 bsin®-0 bsing-0 _ _b*
22 Chord of contact of P(h, k)to the ellipse asin® —bcos6 acos®-0 acos@-0 @
X2+ 4y= 4is v O sin@sin @ = —cosBcos @
hx +4ky -4 =0 () g‘s " O cos(@ - @ =0 .
Making ¥* + 4y* — 4 = 0 homogeneous 0 6-¢ == 5
with Eq. (i), we get /‘ (a cos 0, b sin )
® +ayt - @{}X +4ky @ X = 28 Equation of tangent at P is
\_/ \ xcos 0 + ysin® _ 1
Chord of contact subtends right angles a b
at the centre, so v
coefficient of x* + coefficient of y*= 0 Y
a 1+4-1p-ak? =0 The distance of the tangent from the
4 origin is N

. 2 2 -
O locus of P(h,k)is x¥* +16y* =20 P (a cos 0, b sin 0)

a
p= 2 2 22 , /-
b*cos’0 + d’sin’0 X oF \
_ Vb*cos*8+ d’sin’0

1
p ab

23 Ellipse is x* + 4y” = 4. P =(2 cos 0,sin 0)
Equation of tangent at P is
2cosOx + 4 ysinB=4
It meets X-axis at B.

O

_ B Now, the coordinates of the point(Q are &
O B=(2secH,0), A =(2cos 9,20). o given as follows, Normal /
AQ = AB =2|sec 6—cos 0= s x - acos® 14
cos 8 —asin® ON = 1
Let Q =(h,k). Then, \b*cos*B + ’sin’ 6 cos’0 | sin’0
h=2c0s 6, k _Zsm 0_201- cos® B) y —bsin® p + b2
cosO cos6 - bcosB ab
e 2 2 2.2 = —.
0 hk:4D1 hZH vVb*cos*8 + d’sin’* 0 /bZCOSZG+azSIHZG
D 2 2 2.2
o4 U _ 1 _Vb’cos’B+ d’sin’® Equation of the normal at P is
0 Locus of Q is xy = 4 —x*. P ab axsec®-bycosec 8 = d* —b°.
, 12
0 X+xy-4=0 . B 9_asine OL = @b
PR G X = acos ab \/az sec’® + b*cosec’ 0
24 Equation of the ellipse is 7 + e =1 (¢ - b*)sinBcos 6
bcos 9 = _\@ 7D )sinveosy
Equation of the parabola with focus and y =bsin8+ ——— Jsin?0 + b*cos? 0
S(ae, 0)and dirzectrix . where, L is the foot of perpendicular
x+ ae =0is y* = 4aex. E‘Q %@ from O on the normal.
Now, length of latusrectum of the ellipse 1
2h? is the required locus. Area of APON =~ xON xOL
is — and that of the parabola is 4 ae. 2

a 26 CPand CD are semi- Con]ugate diameters [ NP =OL]

For the two latusrectum to be equal, of an ellipse x . L— 1 and let _ (¢ -b*)ab tan® _ (@ -b?)ab

Y 14 8  dtan’0+ b’ @ tan® + b*cot0
eccentric angle of P is @ then eccentric which is minimum when
angle of D is ET[ + @ therefore the  tan® + b’ cot@ is maximum.
S (-ae, 0) @e, 0) coordinates of P and D are (acos @bsin @ Thus, for area to be minimum, tan® = b
X i 5 S X and a
O gﬂ . [Om a b
14cos +¢§J§smEL+cp% Ocos@=+ % sing=+
g1 2 Ny Ny
i.e.CP* + CD* = (d’cos® @+ b*sin® ¢ ] ) ]
) + (&sin® @+ b*cos® @ So, the required coordinates is
Y ) o o p* O
, ) ) =d +b*=14+ 8 =22 ct S oo
2* _ 2d(1-¢%) _ O Jae+b* V& +b'0
7‘4‘16 0 T—4ae 27 lety = m,xand y = m,x be a pair of
; : : 29 1faB,y,d tri les of fi
O1-e’=2% [0 e*+2% —-1=0 con]ugazte diameters of an ellipse B, v, dare eccentric angles of four

co-normal points.

x v .
— + < =1and let P(acos 6,bsinB)and Then,a +B +y +5 =2n +1)T

a b



30.

31

32

and Zsin(a +)=0
Now, sin (a + )
=sin [2nTt+ T (y + §] =sin(y +0)
Similarly, sin( + y) =sin(a +0)
and sin(y +a) =sin( +0)
O2[sin(a +B) +sin(@ +y) +sin(y + a)] =

Equation of the chord with eccentric
angles of the extremities as o and B is

x osﬁ%§+ %sinﬁ%ﬁﬁ
= cosyg

=N, and¥=A

Let M

2
so that *cos A, + %sinA1 =cosA,
a

As the triangle is right angled,
homogenising the equation of the curve,

we get

, 2 ) 2
£+L_DXCOSA1 4 Ysind, o_ 0
@ b* [Oacosd, bcosh, [

0 E& _ cos’A, H
0d dcos*A, 0
s 2
LH1 _ sin’A Ez
* b*cos’A, O
[as coefficient of x* + coefficient of
vy =0
O b*(cos*A, —cos*A,)
+d'(cos’ A, —sin’ A, ) =
0 cos®A,(d +b*)=b*cos’ A,
-d +dcos’A, =
0 cos’A, (@ +b*)=d (1-e’cos’A,)

_e . o +B

R

cos® E]L_ B H @

2

Let C, and C, be the centres and
R, and R, be the radii of the two circles.
LetS, = 0lie completely inside in the
circle S, = 0.
Let ‘C’ and ‘T’ be the centre and radius of
the variable centre.
Then, CC,=R,-r
and C,C=R, +r
0O CcC+C,C =R, +R, [constant]
So, the locus of C is an ellipse.

O

Therefore, Statement II is true.
Hence, Statement I is false
(two circles are intersecting).
The ellipse is x + y =1
9 4
So, auxiliary circle is x* + y* = 9and

(- +/5, 0)and (\/5, 0) are foci.

Hence, Statement I is true, then
Statement II is also true.

33 Let PCP' and DCD' be the conjugate
diameters of an ellipse and let the
eccentric angle of P is @,then coordinate
of P is (acos @bsin @.

So, coordinate of D is (-asin @ bcos @.
Let S and S’ be two foci of the ellipse.
Then, SP [§'P

=(a - aecos @ [m +aecos @

P(acos@bsin @

2 2
=d - de’cos’ (pm b= dr e )E]
H & b= aeB
=d - (d —b*)cos®
= d’sin’ @ +b*cos® ¢= CD?
34 Let(t,b - t)be a point on the line

x + y =b, then equation of chord whose
mid-point is (t,b —t), is

x b=ty
2d 2b*
S Gl SRR
2d 2b*

Since, point (a, — b)lies on Eq. (i), then
ta _bb-t)_t* _(b-tf

W@ B 2d o

O t*d +b*)-ab@Ba +b)t +2d°b* =0
Since, t is real.

O B* -4AC=20

0 ab*@Ba+b)* —4(d +b*)2a’b* =0

0 9d’ + 6ab + b*> - 8a —-8b° =0

0 a + 6ab -7b*20

35. Statement I Given, a parabola
y? =16+3xand an ellipse 2x* + y* = 4,
To find the equation of common tangent
to the given parabola and the ellipse.
This can be very easily done by
comparing the standard equation of
tangents. Standard equation of tangent
with slope ‘m’ to the parabola
y* =1643x1s

43

v = mx+— ...(d)

Standard equation of tangent with slope
2
‘m’ to the ellipse § +

y =mx+~2m’ +4 ... (ii)
If a line L is a common tangent to both
parabola and ellipse, then L should be
tangent to parabola i.e. its equation
should be like Eq. (i) and L should be
tangent to ellipsei.e. its equation should
be like Eq. (ii)i.e. L must be like both of
the Egs. (i) and (ii).
Hence, comparing Egs. (i) and (ii), we get

=1is

ﬁ = +y2m* + 4

m

On squaring both sides, we get
m*(2m® + 4) = 48

O m*+2m®-24=0

0 (m*+6)(m*-4)=0

O m' =4 [.m’# -6]
0 m=z=2

On substituting m = + 2 in Eq. (i), we get
the required equation of the common
tangent as

v =2x+23 and y = -2x -2/3
Hence, Statement I is correct.
Statement IT We have already seen

43 .

that, if the line y = mx + —=isa
m

common tangent to the parabola

v* = 16+/3x and the ellipse ); yj 1,

then it satisfies the equation

m* +2m* -24 = 0.

Hence, Statement II is also correct but is
not able to explain the Statement L. It is
an intermediate step in the final answer.

SESSION 2

1 Let equation of ellipse be
2

i + L =1
a b
Equation of directrix is x=* a

e
=40 a=4e 0 a= 4><7 =g U.g=10

e g 28

2
e’ =1 %Dbz—S

2
0 Equation of ellipse =£ + y? =1
4
Equation of normal

ax by =g b2, X 4x
X] y‘l

-
=B o

O 4x -2y =1
2 Let P(h,k)be the mid-point of the focal
chord. Then its equation is
hx | ky _ b k‘
a bz i b‘
Eq. (i) is focal chord so it passes
through (ae,0)

()

0 hea_hi K
a o bZ
x v
O LocusofPlsf+i_i
ad b* a

3 Let foot of normal be P(x,,y, ). Then

@
—2&:2 0 9y, =8x,

X

P lies on the ellipse 4x* + 9y* =36

slope of normal =



On taking x, :9, we get y, = 8
5 5
0 One possible foot of normal is Eg, EH
5 5

4 Slope of tangent m =§

Let P(x,, v, ) be the point of contact.
Then, equation of tangent is

4XX +9yy, =1
_4x

g =-2y,
9}/1
4x +9y? =10 16y: +9y? =1
1
U y, =% g

0O Required points of contact are
T3 50 B 5 e

5 Normal is 4x sec (p -2y cosec (=12

Q =(3cos @ 0) M =(a,B)

_3 + 4
cos @ cos (p_7COS ®
2 2

P (4 cos @ 2sin @
M

Q (Bcgs @ 0)

0 cos (p‘% oandP =sin @

cos® @ +sin* @ =1
0 iaz+BZ=1DixZ+yZ:1
49 49

O Latusrectum x= + 2+/3

i8+yz—1Dy—+

i Qx 243, + @

6 Equation of auxiliary circle is

X +y =9 ..(i)
Equation of AM is §+% =1 . (id)
23
! B(0,1)
N o A(3,0)
On solving Egs. (i) and (ii), we get

F 12 9@
Now, area of AAOM
=L AN =27 sq unit.
2 10

2

7x2+4y2=4D£+y—=1
4 1

0O a=2b=10P=(21

2

Required Ellipse is i +¥ =9
a b
4£ y— 1(2, 1)lies on it

P(2,1)

v / e \ v
{ P) 7(4&»

O i+i:1
16 b
O i:]—l:émbzzé
b* 4 4 3
2
0 fZ+E%@:l
0 X+ 12y° =16
X 2 2
8 = +——1andb a1 -e?)
4 1
Q(Xzy)/zk7/xw ¥1)
O =
0 PRE-2H

andQ = Q— V3, - Q given y, and y,

less than 0)
Co-ordinates of mid-point of PQ are

et
2
PQ = 2+/3 =length of latusrectum.

0 Two parabolas are possible whose

0 O

vertices are [D, —ﬁ —lljand
0 2 20

0 0

5, Y3 _18

0o 2 20

Hence, the equations of the parabolas

are X* —2+/3y =3 ++/3 and
X +243y =3 -3
9 Let required ellipse is
2
E,:—+ R 1
a b
It passes through (0, 4)

0+;)—6—1Db2=16

It also passes through (+ 3, + 2)

10

11

Ellipse is L3 +
4 1

Let A(®) =(2 cos 6,sin 6)

Then, B = ﬁlcos %+f§sm@+f%

Equation of chord AB is

Ecos@ +E§+ Xsin@ +EH

2 6

m_+3

6 2

or given chord is px+qy =r
Comparing the coefficient, we get

) . L
cos +—§ sm@ + —H
@ 6 = 6 :ﬁ
2 q 2r

= Cos

3p* 3" _
a4’
0 3(4p* +¢*) = 4r?
O r* =%(4pZ +q°)

Let POP', QOQ' be two perpendicular
diameters.

Let OAOP= 6, then DAOQ= —

Q P

P Q
Then, P = (OP cos®, OP sin 6)
2 2 2 L1..2
0 OP* cos 9+OP sin 9:
a b*
1 _cos”8 +sin2 0
OP? a b*
Q =(0Q cos(90°+0),
0Qsin(90° + 0))

O ()

Also
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0 1 =sin29+c0326
0Q* & b?
g1, 11,1
o 0Qr @ b

101

1 _
D(POP')2 +[QOQ’]Z _ZQE +l7ﬁ
[-- POP’ = 20P, QOQ' = 20Q)]

Let P(®,), Q(6,), R(6,)be the vertices of
APQR, inscribed in the ellipse
2
i + L =1
a b

Then, P', Q', R', corresponding points on
auxiliary circle X’ + y* = @ are
P'(acos®,, asin 6, ),

Q'(acos 6,,asin 6,)and

R'(acos 8,,asin®,)

A, = Area of APQR

acos®, bsinB 1
=11 g cos 6, bsinB, 1
acos B, bsinB, 1
cos 6, sinB 1
= Lab|cos 6, sinB, 1
2 cos 6, sinB, 1
A, =area of P'Q'R'
cos B, sinB 1
= % d’|cos B, sin®, 1
cos B, sinB, 1
O 8 b, Constant
, a
Equatlon of chord P(a), Q(B) is

coff e L 0
= cos é"%@ ()

Here, a = 5,b = 4. PQ is a focal chord.
2
2@ b _9 4 3
a 25
One of the foci = (ae,0

) =(
Eq. (i) passes through (3, 0

e

5
3, 0)
)

14

15

|
| w
(@]
o)
2]
Do |+
=
111
Il
@]
o
w
N
=
111

0 5 %os gcos E+sm—sm ED
2 2 2

28
=3 %os a cosE —sin il smBJ:I
22 2 2H
| BSing sinE = —2cos oicos B—
2 2 2 2
| tan— tan &= B =-_
2 2

i e X LY
Any point P(0) on the ellipse oy + - =1
is P(2 cos 0,sin 0)
Equation of tangent at P(0) is

2xcos 6+ 4 ysinB =4

O A =(2sec 6,0)
Equation of normal of P(8) is
X _ YV —4-q=3
cos® sin O
] B= %cos 9,0@
_ 3 _
AB =20 ‘ 2 secB —ECOSG =2
3 2
O @—Ecos2 9@ =4cos*0
0 9cos*8-40cos*® +16 =0
0 (9cos*B —4)(cos* 0-4) =0

0 cos® 0= 2 ascos® 074

Equation of tangent at P is
y =mx+ m ...(d)

O S'R'RS is a trapezium and its area
A, = %(SH +S'R')x SD

Equation of the line S'R' is
v =-(x+ae)
m
O x+my+ae =0 ...(ii)
ae + ae
V1+ m®
_ |aem + J@m® + b*
N1+ m?
‘—aem +dm* +b*

‘ V1+ m?

Therefore, SD =

SR

and S'R'=

Then, %(S R'+SR)x SD

O A, =2ae ﬁ%é

Area of A'B' BA is

Juny

A, = ~(A'B'+ AB)x AE

[}

Equation of A'B' is
y=-—(x+a)
m
0 x+my+a=0 ...(iii)
a+a
J1+ m’
ma+ Jdm® +b?
N1+ m?
_ma+ 7B
N1+ m?

Therefore, AE =

and AB

and A'B'=

Then, A, = 1
2

Hence, A, :A,=e:1



	Cover
	Title
	Detailed Title
	Copyrights
	PREFACE
	SYLLABUS
	HOW THIS BOOK IS USEFUL FOR YOU?
	DAY TWENTY EIGHT

