CONTINUITY& DIFFERENTIABILITY

* A function f is said to be continuous at x = a if

Left hand limit = Right hand limit = value of the function at x = a

ie. lim f0)= lim f(x) =f(a)

X—a— X—a

i.e. lim f(a—h):r!irré f(a+h)=f(a).

h—0
* A function is said to be differentiable at x = a
if Lf'@)=Rf(@) ie Ilim @=M-T@ _ T@+h)-f@)
h—0 —h h—0 h
: d n n-1 d 1 n 1
1) — (X)=nx , — ==, _\/;z_
() < ) ) s

od o,

(i) ax (x)=1

(iv) d (@)=a* loga,a>0,a=1.
dx

a>0,a=1,x

(vi) d (logax) =,
dx x loga

wiii) -2 (loga| x |) = a>0,a%l, x#0
dx x loga

d .
— (SIn =CoS X, V R.
x) ™ (sin x) X, VX e
i) & (tan x) = sec’, ¥ x € R
dx ' '

(xiv) di (secx) =sec xtan x, V x € R.
X

Noodo g
XVl) — (SIn°X) = .
(i) - (s =

... d 1 1
— (tan = Y R
(xviii) ™ (tan™x) Tix? X €
1
xx) L (sectx) = ———.
dx | x|Vx2 -1

(xxii) % (%] :%,X?&O

.. d du dv
—(uxv)=—x—
(oav) dx( ) dx dx
Vdu udv
Nod(u) . Tdxdx
boxvi) dx [vj_ v2

SOME ILUSTRATIONS :
3ax+b, if x>1

**Q. Iff(x) = J11 if x=1
Bax—-2b, if x<1

i L@© =0, vceRr
dx
d Xy — /X
(v) d—x(e)—e-
.. d 1
— (I =—,x>0
(vir) o (log x) < X
(%) dix(|og|x|)=§,x¢o
(xi) i(cosx):—sinx vVxeR
dx ’ '
(xiii) % (cot x) = — cosec’x, V x € R.

(xv) di (cosec x) =—cosec x cot X, V X € R.
X

-1
1-x2

i) & (cosix) =
dx

- d -1 1
XIX —_ X)=_-——— VX R
( ) dx (COt ) 1+x2’ <

. d 1 1
(xxi) — (cosec™x) = ————.
dx |x|vVx2 -1
. d du
— (ku) = k—
(xxiit) dx( u) i
d _ o av du
(xxv) d—x(u.v) =u i +de

, continuous at x = 1, find the values of aand b.
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Sol. lim f(x) = lim f(x) = f()........ (i)

x—1" x—1"
lim f(x) = limf(1—h) = lim[5a(l— h)—2b]=5a - 2b
X—1" h—0 h—0
lim f(x) = limf(1+h) = lim[3a(l+ h)+b]=3a+b
x—1* h—0 h—0

f()=11
From(i) 3a+b=5a-2b=11andsolutionisa=3,b=2

ax +1

Q. Find the relationship between a and b so that the function defined by f(x) = {b 3
X +

is continuous at x = 3.
Sol. --f(x)iscont.atx=3 = XILrgf(x) = XILrgf(x) =f(3)........ (i)
lim f(x) = limf(3—h) = m[a(s—h)ﬂ]:a*a +1
lim f(x) = limf(3+h) =lim[b(3+h)+3]=3b+3
x—3" h—0 h—0
f(3)=3a+1

From(i) 3a+1=3b+3=3a+1 —=3a+1=3b+3
= 3a-3b=2 isthe requiredrelationbetweenaand b

dy
**|f v = (log. x)* +x'°%* find

SOI . y = (Ioge X)X + Xloge X _ e |0g{(|oge x) }+ e|og{xlogex}
e log{(log, x)} N e|oge x.log, x

- 1+ Iog(logx) :|_+_e|0§]e X.|OgeX‘:|09X i IOng|

d_Y_ _e xlog{(log, x)} X.
logx x X X

dx

X

=(log, x)* {@ +log(log x)} +x10% X[z Io&}

d%y T
**If x =a(0—sind), y =a(l+cosd), find o 6=2
X

Sol. x=a(@—-sing) = 3—)(; =a(l-cosh)

y =a(l+cosh) :%:a(—sine)
dy dy/do _ a(-sin0) _ _2sin0/2cos0s0 0
dx dx/dd a(l-cos6) 2sin®6/2 2
d_y —cosecr2 190 _Loocecr® 1
dx? 2°2°dx 2 2 a(l-cosh)
[_y] —cosec v ;:%.2.1:3
d a(l—cos;[) a a
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**Ify= sm(msm x) prove that (1 X )ﬂ—xd—y+my 0

dx*  dx
Sol.y:sin(msin‘lx) :g—i:cos(msin‘lx) —
—X

= /1-x? j—y =m cos(m sint x)

X

Again diff.w.r.t.x, v1-x ﬂer_y( ZXZJz—msin(msin‘lx)
1-x

1-x2

:>(1—x )d_y_ Y __m sm(msm x) —m?y

dx? dx

= (1—x )gx—y—xgi+m2y:0

SHORT ANSWER TYPE QUESTIONS

2x-3, if x<2
5x—9, if x22
2. Discuss the continuity of the greatest integer function f (x) = [x] at integral points.

1. Discuss the continuity of the function f(x) :{

3. Discuss the continuity of the identity function f(x) = x.
4. Discuss the continuity of a polynomial function.
3,if0<x<1
5. Find the points of discontinuity of the function f defined by f(x) = < 4 ,if 1<x <3
5,if 3<x<10

2
3 is discontinuous.

6. Find the number of points at which the function f (x) = 99 —
x?0 -1, if x<1

X2, if x>1

7. Discuss the continuity of f(x) = { ,atx = 1.

8. Discuss the continuity of modulus function f(x)= |x — 2|.

X .
—, ifx=0
9. Discuss the continuity of the function f(x) is defined as f(x) =1 ,/x2 ” atx =0.

0 ,if x=0

sin2x
10. Find the value of k for which f(x) :{ B5x » X#0 js continuous at x = 0.
k , x=0

X .
. - . —, ifx#0
11. Discuss the continuity of the function f(x) =< ,/y2 atx=0.

0 ,if x=0

) ) 1-cos4x . .
12. Find the value of k for which f(x) =) 5,2 x#0 s continuous at x = 0.

k , x=0
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kx .

—,if x<0 . . .
13. The value of k for which f(x) = |x| < is continuous at x =0 is :

3,if x>0

14.

Discuss the differentiability of the greatest integer function defined by f(x) =[x], 0 <x <3 at x =1.

15. Discuss the differentiability of the function f(x) = |x — 2| at x = 2.
16. Find : dix_sinz(\/cosx)] 17. Find : dix[logsin\/x2 +1]
r 1+1log, x
18. Find : 3 [2X] 19.Find: 3 |e e
dx - dx
20. Find : & 2C°SZX} 21 Find : 2| log, tan| =+ %
dx dx 4 2
_ ;. i
22, Find : - fant| Y1EX7 -1 23.Find : 4| sin L
dx X dx J1+ X2
24. Find : —| tan™ 1+s!nx where0<x <X 25, Find : A | gy Sinx+cosx
dx 1-sinx 4 X | J2
. d[ s . d x|
26. Find : —|x*"* 27. Find : —[xx
! dx - ] I dx J
ANSWERS

1. Continuous for all real values of x 2. Continuous everywhere
4. Continuous everywhere 51,3
7. Continuous at x = 1 8. Continuous everywhere

10. é 11. Discontinuous at x =0
13. k=-3 14. not differentiable at x = 1
16. — 2sinx.sin(~/cosx).cos(~/cosx) 17 xcosvx? +1
2(~/cosx) VX2 +1sinvx2 +1
19.e 20. — 2" Jog2.5in 2x
2. 1 23 -
2(1+x? 1+X
25.1 26. xs""‘(cosx.loge X +ﬂj
X

27. x* .XXI:(1+ logx)logx + 1}
X

LONG ANSWER TYPE QUESTIONS
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3. Continuous everywhere
6. Exactly at two points
9. Discontinuous at x = 0

12. 4

15. not differentiable at x = 2

1
18. _2_x|092

21. sec x

2.
2



V1+kx —v/1-kx

,—1<x<0
1. Find the value of k for which f(x) = X is continuous at x = 0.
2x +1
,0<x<1
x-1
V1+kx —+/1-kx 1<x<0
2. Find the value of k for which f(x) = X C Is continuous at x =0 .
2x+1
0<x<1
x-1
(x+3) -36 X0
3. Find the value of k for which f(x) =1 _3 ' **" s continuous atx = 3.
k Jf x=0
_ i kx +1, if x<m | ,
4. Find the value of k for which f(x) = . is continuous at X =7 .
cosx ,if x>mn

sin5x

5. Find the value of k for which f(x) :{m if x#0

is continuous at x =0 .
k+1 if x=0

3ax+bh, if x>1
6. If f(x) = /11 if x=1,continuous at x = 1,find the values of aand b.

Sax-2b, if x<1

sin(a +1)x +sinx %<0
X
7. Determine a, b, ¢ so that f(x) = c , X=0 s continuous at x = 0.
VX +bx? —/x 0
bX3/2 » X >
kcosx T
8. If f(x) = { T~ 2X n2 , s continuous at x = Z, find k.
3, X =

2
3x-2 ,0<x<1
9. Show that the function f defined by f(x) = {2x?-x , 1<x<2 is continuous at x = 2 but not
5X—-4 , x>2
differentiable .
10. Find the relationship between a and b so that the function defined by

ax +1 JdfF x<3 . .
f(x) = . IS continuous at x = 3.
bx +3 Jf x>3

AMx?-2x) ,if x<0
4x +1 JfF x>0

11. For what value of » the function f(x) = { is continuous at x = 0.

27



12.

13.

14.

15.

16.

17.

18.

19.

20. If

21.

22,

23.

24,

25.

26.

217.

28.

x-4 +a, if x<4
k-4 o |
If f(x)= a+b if x=4 iscontinuous at x =4, find a, b.

X~ +b|fx>4
-4

xZ+ax+b, ifO0O<x<?2
If the function f(x) = 3x+2, if2<x<4 iscontinuouson [0, 8], find the value ofa & b.
2aXx +5b, if4<x<8
1-sin®x . T
——, ifx<—
3c0s” X 2
Iffx)=4 a if x=
b(1—sinx) i x
(1 —2x)? 2
Discuss the continuity of f(x) = [x-1+[x-2| atx=1&x=2.

. dy
If v=(log, x) +x"°%* find —Z.

is continuous at x = % find a, b.

V Nla
E]

2
If x=a(0—sind), y=a(l+cosd), find 9Y ao=T
dx? 2

Ifx=a cose+logtan9 and yzasinefindd—yat ="
2 dx 4

Ify= sm(msm x) prove that (1 x)j)z(y xd—y+my 0

dx

x=va™ "t y=+a®"! show that :—y:—x.
X X

dy ny
If :(x+\/x2+a2T, rove that = = —2——
’ P dx  \x%+a?

dy _X+y

If log, /x> +y? =tan™ yj rove that —= .

Oe +y (x p I X—y

, prove thatd—y:X
dx

m+n
) X

If x™y" =(x+y

If x J1+y +y+1+x =0 ,-1<x<1,prove that — dy —%
dx  (1+x)

dy _ [1-y°
If v1- 1-y° = how that
V1-x? +1-y? =a(x —y), showtha i V1o

If y=vx%+1 Iog{—+ /1+LJ find gy
X
dy P

If x = ausin 2t(1+cos2t) and y = Bcos2t(1-cos2t),show thatd— = tant.
X o

2
If y=+/x+1-+/x—-1, provethat (x? 1)—y+xd—y—1y:0
X
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30. If (cosx)¥ =(siny)*, thenfindg—i.

LONG ANSWER TYPE QUESTIONS

ANSWERS
1.k=—% 2.k=-1 3. k=12
4.k=—g 5.k:§ 6.a=3,b=2
o 2
7.a=-3/2, c=1/2, bisany non - zero real number 8.k=6
10. 3a—3b=2 isthe relationbetweenaand b
11. there is no value of A for which f(x) is contonuous at O.
12.a=1,b=-1 13.a=3,b=-2 14, a—% =
15. continuous atx =1 &x=2.  16. (Iogx)x{li+ Iog(Iogx)}x'ogx{ o logx
0gXx

17. 1 18.1

a
29 1 30. logsiny + ytan x

2y -1 (logcosx — xcoty)
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