[CONTENTS\

FUNCTIONS
THEORY & ILLUSTRATION ..ot Page— 01
EXERCISE (O-1) oovveeeeveceseeeeeeceseeeeeeeseeeeseeeseeeeseees e Page — 33
EXERCISE (O-2) ..ot s Page — 38
EXERCISE (S-1) evveeeeeeeeeereeeeeeseeeeeeeeseeeeseee s Page — 42
EXERCISE (S-2) vvveeeeeeeeeseeeeeeeseeeeeeeeseseeseeeseseeseeesesneene Page — 45
(=G =X A1 Y ) J Page — 46
EXERCISE (JA) .ooooeeveeereeeeeeeseeeeeeesseeeseeeseseeseseseseseeeee Page — 48
ANSWER KEY ..ot Page — 49

THEORY & ILLUSTRATION .......ooeoovoooererrccceeeeessssee Page — 52
S =L [T (15 F Page — 72
SIS [T (017) J Page - 73
EXERCISE (S-1) c.vooveeeeeeeeeeeeeeesseesseesssssssesecceeeseseeeeneessee Page - 75
IS I ) Page - 77
EXERCISE (IM) oo Page — 77
EXERCISE (JA) ooooeoeeeeeeeeeeeeeeeseeeseeeseesssessecoreessseeseeseen Page - 78
ANSWER KEY ..ccoovooereeseseceeeeseesesseseeeeeeesessseseeseeeses Page - 81

JEE (Advanced) Syllabus :

Real valued functions of a real variable, into, onto and one-to-one functions, sum,
difference, product and quotient of two functions, composite functions, absolute value,
polynomial, rational, trigonometric, exponential and logarithmic functions. Inverse
trigonometric functions (principal value only).

JEE (Main) Syllabus :

Real valued functions, algebra of functions, polynomials, rational, trigonometric, loga-
rithmic and exponential functions, inverse functions. Graphs of simple functions. Oneone,
into and onto functions, composition of functions.

Inverse trigonometrical functions and their properties.
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Functions

FUNCTIONS

CARTESIAN PRODUCT OF TWO SETS:

Given two non-empty sets Aand B. The cartesian product A x B is the set of all ordered pairs of the form
(a, b) where the first entry comes from set A & second comes from set B.

AxB={(a,b)|aeA beB}
eg. A={1,23} B={p, a}

Ax B={(1,p),(1,09),(2p)(2a)Gp).GCa}
Note:

(i) Ifeither Aor B isthe null set, then Ax B will also be empty set, i.e. AXB=1¢

@i) Ifn(A)=p,n(B) =q, thenn(A x B) = pq, where n(X) denotes the number of elements in set X.

(i) A Relation R from set Ato B is any subset of Ax B.If ARB & (a, b) € Rthenbisimage
of a under R and a is preimage of b under R.

Note: If n(A) =m, n(B) = n, then number of relations defined from set A to B are 2™ — 1.

FUNCTION :

A relation R from set A to set B is called a function if each element of A is uniquely associated with

some element of B. It is denoted by the symbol :

fiA>BorA B

which reads 'f ' is a function from A to B ‘or’ f maps A to B,
If an element a € A is associated with an element b € B, then b is called ‘the f image of a’ or ‘image
ofaunder f > or ‘the value of the function f at a’. Also a is called the ‘pre-image of b’ or “‘argument
of b under the function f *. We write it as

b=f(@) or f:a—>borf:(ab)
Thus a function “f * from set A to set B is subset of A x B in which each a belonging to A appears in
one and only one ordered pair belonging to f.
Representation of Funtion :
(@ Ordered pair : Every function from A — B satisfies the following conditions :

()f <« AxB (ii)V ae Athereexistbe B and (iii) (a,b)ef & (a,c)ef=b=c
(b) Formulabased (uniformly/nonuniformly) :

(1) f:R>R y=f X =4x,f (X)=x* (uniformly defined)

Xx+1 -1<x<4

i) f(x)= w d<x<7 (non-uniformly defined)
X2 X >0

(i) f(x)= {_X 1 w<0 (non-uniformly defined)

() Graphical representation:
If a vertical line cuts a given graph at more than one point then it can not be the graph of a
function.

N

Graph (1) Graph (2)
Graph(1) represent a function but graph(2) does not represent a function.
Every function is a relation but every relation is not necessarily a function.

uuf-osA

Yo |-

) ]
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3. DOMAIN, CO-DOMAIN & RANGE OF A FUNCTION :

Let f: A— B, then the set Ais known as the domain of f & the set B is known as co-domain

of f . The set of f images of all the elements of A is known as the range of f .
Domain of f ={a laeA, (af@)ef}
Range of f={f (a) | a e A, f (a) € B}

(@ If only the rule of function is given then the domain of the function is the set of those real
numbers, where function is defined.

(b) For a continuous function, the interval from minimum to maximum value of a function gives
the range

(© It should be noted that range is a subset of co-domain.

Note:

()  The complete set of all positive real numbers is denoted by R*.

(i)  The complete set of all negative real numbers is denoted by R~.

(iii)  The complete set of all real numbers other then zero is denoted by R .

(iv) The complete set of all integers is denoted by Z.

[llustration 1:  Find the doamin of following functions :

. .. 1
() y=+/5-2x (i)y=
JX=|X|
Solution : )5-2x>0= x sg . Domain is (-,5/2]

(i) x = |x| > 0 = |x| < x = x cannot take any real values ... Domain is ¢
[llustration 2:  Find the range of following functions :

(i) f()=log;((x-1)7+4) (ii) f(X) = 3 — cosx
Solution : () f()=logg((x—1)*+4)
4<(Xx-1P+4<w

log ; 4 <log 5 (x—-1)* +4 <0

U

= 4<log 5(x-1)*+4 <o

. Range of f(x) = [4,:)
(i) f(x) = 3—cosx
—1<cosx<1
2<3-cosx<4
Range of f(x) = [2,4]

Doyourself - 1:

(i)  Find the domain of following functions :
1
a =1-log, x b =
(i)  Find the range of the following function :
1
@ log, R (b) f(x)=sin(3x2+1)
© f(x)= 23in(2x +ﬂ @ fx)= cos(Zx +ﬂ

2 eeeeee———————()
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Functions

4. IMPORTANT TYPES OF FUNCTIONS :

@)

(b)

Polynomial Function :
If a function f is defined by f (x) = a X"+ a X"+ a, X"+ ....... +a_ X+a wheren isanon
negative integer and a,, 2,8, .., are real numbers and a = 0, then f is called a polynomial
function of degree n. If nis odd, then polynomial is of odd degree, if n is even, then polynomial
is of even degree.
Note:
() Range of odd degree polynomial is always R.
(i)  Range of even degree polynomial is never R.
(i) A polynomial of degree one with no constant term is called an odd linear function.
e. f(xX)=ax, a0
(v) f (X)=ax+b,a=0isalinear polynomial
(V) f () =cisnon linear polynomial (its degree is zero)
(vi) f (x) =0isa polynomial but its degree is not defined
(vii) There are two polynomial functions, satisfying the relation ;
FO).f@AX)=f (X +f (1/X). Theyare:
@ fxX)=x"+1 & (b) f (x)=1-x" wheren is a positive integer.
Algebraic Function:
A function “f* is called an algebraic function if it can be constructed using algebraic operations
(such as addition, subtraction, multiplication division, and taking radicals) within polynomials.

Example: f(x) = \/x?> +1 g(x)- \/, +(x 2) 3x+1

y is an algebraic function of x, if it is a function that satisfies an algebraic equation of the form
+ -1+ + + = i itive i

EO Eg y" Erl e()go)l/; nom.i.é.l.s..in )I(Dnél éx)x)sl+ ;n Exr)gxyoz 3Nhere n is a positive integer and P (X),
LX) . e.0. :

Note:

(i)  All polynomial functions are Algebraic but not the converse.

(i) A function that is not algebraic is called Transcendental Function.

Basic algebraic functlon X

i) y=x2 . Domain : R

Range : R*u {0} or [0, «)

.. 1 .
() vy =% Domain : R - {0} or R,

TO " Range : R - {0}
1 -
(i) y=—7 J @ Domain : R,

: R™ or (0, )

>x Range

va y=x3
(iv) y=x° 1'/ Domain : R
ﬁ ! Range : R
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(©)

(d)

Rational function :

9(x)

A rational function is a function of the formy = f(x) = ——-, where g(x) & h(x) are polynomials

&

h(x)

h(x) # 0, Domain : R-{x|h(x)=0}

Any rational function is automatically an algebraic function.

Trigonometric functions:

@)

(i)

(iii)

(iv)

YA
B2l
Sine function /\
f(x) = sin x
) (n/2,-1)
Domain : R
Range : [-1, 1], period 2%
Cosne function Y.
(0,1

f(x) = cos x m

Domain : R
Range : [-1, 1], period 2%
Tangent function

f(x) = tan x

YA

rr/ /2

-3n/2

Domain : R—{xlx:@,nel}

Range : R, period &t

Cosecant function

f(x) = cosec x

Domain : R — {X|x = nxt, n el}

Range : R - (-1, 1), period 2% —2n  xdn

"]

/ /2 (0] 7 3 x
YAL
\J N s
(-37/2,1) (2/2.1) "
(-n/2,-1) (3n/2.-1) R
[\ /\ —1
v A
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(e)

Functions

(v)  Secant function U v4 U
f(x) = sec x F2r) 01 o
(n,-1) ’ x
Domain : R—{Xx=(2n+ 1) n/2 : n e I} m L ry=1
Range : R — (-1, 1), period 2n =L L el X;?g
(vi) Cotangent function Y/
f(x) = cot x
0 >
Domain : R — {X|x = nxt, n €l X
Range : R, period & H i i i
X=-21 X=-T X=T x=27

Exponential and Logarithmic Function :

A function f(x) = a*(a > 0), a= 1, x eR is called an exponential function. The inverse
of the exponential function is called the logarithmic function, i.e. g(x)= log x.

Note that f(x) & g(x) are inverse of each other & their graphs are as shown. (If functions
are mirror image of each other about the line y = x)

Domain of a* is R Range R*
Domain of logx is R* Range R
+ o©
f(x)=a), a>1
X
+ e
8. 3
g(x)=logx
v4 y = log,x
y = log;x
1+ y = log:x
y = log,ex
0 1 x:
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(f)

()

——/
O X
Domain : R
Range : R”
Note-1: f(x) = alX, a > 0 Domain : R — {0}

Note-2 : f(x) = log,a = Domain : R* - {1}

1
log, x
(@a>0) (a=# 1)
Absolute Value Function :
Afunctiony=f (x) = | x| iscalled the absolute value function
or Modulus function. It is defined as :

M x if x>0
Y= x if x<0
For f (x) =|x|, domain is R and range is [0,)

1
For f(X) “Ix| domain is R - {0} and range is R*.

Signum Function :
A function y= f (x) = Sgn (x) is defined as follows :

1 for x>0
y=fX)=|0 for x=0
-1 for x<0

It is also written as Sgn x = x|/ x; x#0;
=0; x=0

Note: f (x) = (sgn(x))x = f (x) = x|

Domain : R

Range : {-1, 0, 1}

"]

Range : R™ - {1}

Range : R —

y=—X

{0}

yl y=1ifx>0

y=—1ifx<0>

O y=sgnx
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(h)

Greatest integer or step up function :

Functions

The functiony = (x) = [] is called the Graph of y = [ yffg
greatest integer function where [x]
denotes the greatest integer less than T2 —
or equal to x. Note that for : 1q ._9
x | K L) | B >
[-2-1) | 2 N
F1,00 | -1 S
[0,1) 0
1,2 | 1 T
Domain : R
Range |

Properties of greatest integer function :

) [XI<x<[x+landx-1<[x]<x,0<x-[x]<1

@i) [x +m] =[x] + m, if mis an integer.

0, xel

(i) D]+ [-X] = {—1, <]

Ify=2[x] +3 &y=3[x-2]+5, thenfind [x + y] where [ . ] denotes greatest integer

[llustration 3:
function.
Solution : y=3[x-2]+5=3[x] -1
so 3[x]-1=2[x]+3
[X]=4=4<x<5
theny = 11
so x + y will lie in the interval [15, 16)
so [x+y]=15
[llustration 4:  Find the value of E} + 1+L} + e F+%} where [ . ] denotes greatest integer
L2] [2 1000 2 1000
function ?
Solution : F}+F+L_+ ...... _1+L99}+F+L.0}+ ......
' 2 2 1000 | L2 1000 2 1000

[1 2499} [1 2500} [1 2946}
=ttt —+—

1 1499} [1 1500}
|+ =F— |+

21000 |2 1000

2 1000 2 1000 2 1000
=0+1x1000+ 2 x 1000 + 3 x 447 = 3000 + 1341 = 4341 Ans.
eeemeeeeeee——————) 7
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(i)

Fractional part function :

It is defined as : g(x) = {x} = x—[x] e.g.
the fractional part of the number 2.1

is 2.1-2 = 0.1 and the fractional part

of —=3.7 is 0.3 The period of this
function is 1 and graph of this

function is as shown. / F o/
1

Graph of y = {x}

\)
QO @rmmmmmmmmnas

X {x} ) ¢ > x
Domain : R 2 4 0
[-2,-1) X+2
[-1,0) | x+1 Range : [0,1)
[0,1) X
[1,2) x-1

Properties of fractional part function :

(i)

(iv)

0<{x}<1 () {IxI} =[xy =0 (i) {{x}} = {x}

1 xel
{x+m} = {x}, m e | (V) G +H{=x} = 0, xel

[llustration5:  Solve the equation |2x — 1| = 3[x] + 2{x} where [.] denotes greatest integer and {.}

Solution :

denotes fractional part function.
We are given that, |2x — 1| = 3[x] + 2{x}

1
Let,2x—-1<0i.e x< 5 The given equation yields.

1-2x=3[x] + 2{x}

1-5[x]
= 1-2[x]-2{x}=3[x] + 2{x}= 1-5[x] =4{x} = {x} = 4
o< 24 <1 0<1-5[x]<d4=—> <<=
-4 B 5 -5

1
Now, [x] = 0 as zero is the only integer lying between —g and 5

1 1 1
= {x}= %: X=7 which is less than > Hence " is one solution.

1
Now, let2x-1>0i.e x> E

= 2x-1=3[x]+2{x} = 2[x] + 2{x} - 1 = 3[x] + 2{x}

1
= [X] =-1=-1<x<0 whichis not asolution as x > 5

1
= X= " is the only solution.

"]
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Functions

() Identity function:

The function f : A— Adefined by f (X) =x V x e Ais called the identity 1 i graph of y=x
of Aandisdenoted by | . It is easy to observe that identity functiondefined — /1

on R is a bijection.
(k) Constant function:

ylk

X

ylk

Afunction f: A— Bissaid to be a constant function if every element of (0.9 graphofy=c
AhasthesamefimageinB.Thus f: A>B; f(X)=c, V XeA, ¢
. . . . X
€ B isaconstant function. Note that the range of a constant function is a
singleton.
A B
Doyourself - 2:
(1)  Let{x} &[x] denotes the fraction and integral part of a real number x respectively, then match the
column.
Column-I Column-I11
(A [x]=4 (P) xe[2,4)
(B) [X]?-5[x]+6=0 (@ xe(~0,-2]u[2,x)
€ x={x} (N Xe(-»,-5)
(D) [XJ<-5 6 xe{-2}
® xe[0,1)

5. ALGEBRAIC OPERATIONS ON FUNCTIONS:
If f & g are real valued functions of x with domain set A, B respectively, f+ g, f—g, (f. g) & (f/g)

as follows :
@ (fFx0)(x) =1f(x) +g9(x)

domain in each case isA N B

(b) (f.9)(x) =f(x).g(X)domainis AN B

AT}
o (505

domain A n B — {X|g(x) = 0}

[llustration 6:  Find the domain of the following function :

M y= Iog(x_4) (¢ -11x+24) (i) f(x) = log, [—Iogl,2 [1+%j—1j

Solution : @) y=log,_ (X

— 11X + 24)

Here 'y would assume real value if,
x-4>0and#1, X -11x+24>0 = x>4and=5, (x-3)(x-8) >0

= Xx>4and #5,x<30rx>8 = x>8 = Domain (y) = (8, )

) 9
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(i) We have f(x):Iog{—logl,z(u%}—lj

X

e 1
f(x) isdefined if —log,,, [1+WJ -1>0

. 1 . 1 4
or if |091/z[1+Wj<—1 or if [l+@J>(1/2)

) 1 1 i i
or if 1+@>2 or if W>1 or if x*4<lorif0<x<1
D(f)=(0, 1)

1
[llustration 7:  Find the domain f(x) = |[| | 5]| T where [.] denotes greatest integer function.
X — —

Solution : [1x[-5]>11
so [|x|-5]>11 or [|x|-5]<-11

[Ix]]>16 [IxI] < -6

x| >17 or |xl<-6 (Not Possible)
= Xx<-170rx=>17
S0 X e (—oo, =17] U [17, )
[llustration 8:  Find the range of following functions :

M =335« @  f(x) = log;(2-log,(16sin>x+1))
Solution : 0) f@)———JL——
' ~ 8-3sinx
-1<sinx<1
Range of f = [ii}
15

(i) f(x) = log , (2-log,(16sin’ x+1))

1<16sin°x +1<17

0 < log, (16 sin’x +1) < log, 17

2 —log,17 < 2 - log, (16 sin® x + 1) < 2
Now consider 0 < 2 — log, (16 sin’ + 1) < 2

o0 < log ;[2-log, (16sin® x +1)] <log ;2 =2

the range is (—oo, 2]
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Functions

X —[X]

[llustration 9:  Find the range of f(x) = :
u i i g (x) T x—[x]

where [.] denotes greatest integer function.

x-[x]__ 3

lution : =
Solution Y= Tix-[x] 1400

E:i+1:>i=l_y:>{x}=i

y &} 8y 1-y
o<{x}<1:>o<L<1
-y

Range = [0, 1/2)

Doyourself - 3:
(i)  Find domain of following functions :

@ f(x)= S|n(\/—)+M+

5 (2x+1)
(b) 709 = \ x® —3x2 +2x

(if) Find range of following functions :

(a) f(x) = log, (log,, (x* +4x+4))

I (x+1)
10

(b) f(x)=

2 —Cc0s3X

6. EQUAL OR IDENTICAL FUNCTION :
Two function f & g are said to be equal if :
(@ The domain of f = the domain of g
(b) The co-domain of f = co-domain of g and

(c) f(x) =g (x), for every x belonging to their common domain (i.e. should have the
same graph)

[llustration 10: The functions f(x) = log (x— 1) — log (x — 2) and g(x) = log ( ;j are identical when x

lies in the interval

(A)[1,2] (B) [2, ) (C) (2, ) (D) (o0, )
Solution : Since f(x) = log (x — 1) —log (x - 2).
Domainof f(x) isx>2 or Xxe (2 o) Q)

g(x) = log ( l} is defined if "= >0 = xe (=0, 1)U (2,0) ... (i)
X—2 x—2

From (i) and (ii), X € (2, ). Ans. (C)
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Doyourself - 4:
(i)  Arethefollowing functions identical ?

(@) f(x) = X_Xz& (%) =X; (b) 1) =x& d(x) =/x? (c) f(X) = log,X* & §(x) = 2log, |x|

7. HOMOGENEOUS FUNCTIONS :

A function is said to be homogeneous with respect to any set of variables when each of its terms
is of the same degree with respect to those variables.

For examples 5x2 + 3y? — xy is homogenous in x & y. Symbolically if, f(tx, ty) = t" f(x, y) then
f(x, y) is homogeneous function of degree n.

llugration11:  Which of the following function is not homogeneous ?

Xy 2X-y+1

3 2 2 2
(A) X +8x%y +7y"  (B)y?+x2+5xy (C) iy: P 2yxa1

Solution : It is clear that (D) does not have the same degree in each term. Ans. (D)

8. BOUNDED FUNCTION :
A function s said to be bounded if there exists a finite M such that | f ()| <M, ¥ x e D, .
9. IMPLICIT & EXPLICIT FUNCTION :

A function defined by an equation not solved for the dependent variable is called an implicit function.
e.g. the equations x3 + y3 = 1 & x¥Y = yX, defines y as an implicit function. If y has been expressed
in terms of x alone then it is called an Explicit function.

lllugration12:  Which of the following function is implicit function ?

y= X°+e*+5 5 2 (o _ 0 (O x? log x

- = — + = =

A Y= T oosiy B Y=%  (©xy-sinx+y)=0 (D) y="="
Solution : It is clear that in (C) y is not clearly expressed in X. Ans. (C)

Doyourself -5:

2

+1

X
(i)  Find the boundness of the function f(x) = N

(i) Which of the following function is implicit function ?
(A) Xy —cos(x+y) =0 (B)y=x°
(C)y=log(x* +x +1) (D) y=Ix

(i)  Convert the implicit form into the explicit function :

(@ xy=1 (b) xy=1.

]2 C ]
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Functions

10. APPLICATIONS OF FUNCTIONAL RULE :

[llustration 13: Determine all functions f satisfying the functional relation.

1) 2(1-2x) cR—
f(x)+f(l_xJ_ 1) where xeR-{0,1}

Solution : Given f(x)+f( ! j:2(1—2x)_3_ 2

1-x X(1-x) X 1-Xx

1
Replacing x by Tx we obtain

1 1 2
f(ﬁj”l i I A

1-x 1-x
1 1 2
= f(a}rf(l—;j:—b”; ..(ii)

1
Again replacing x by (1—;J in (i) we obtain

1 1 2 2
= f(l——j+f = -
X 1—(1—1j -1 1—(1—1j
X X X
= f(l—§j+f(><)=%—2x ....(iii)

substracting (ii) from (i) then

13
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11.

14

BASIC TRANSFORMATIONS ON GRAPHS:

@)

(i)

(iii)

(iv)

Drawing thegraph of y =f(x) + b, b € R, from the known graph of y = f(x)

y=f(x)+b,b > 0
y=f(x)
X A /y=f(x)—b,b <0
/ o X
A;

It is obvious that domain of f(x) and f(x) + b are the same. Let us take any point X, in the domain of
f(x). Y], = f(Xo).

The corresponding point on f(x) + b would be f(x,) + b.

Forb>0 = f(x,) +b>f(x,) it means that the corresponding point on f(x) + b would be lying at
a distance 'b' units above the point on f(x).

Forb<0 = f(x,) +b <f(x,) it means that the corresponding point on f(x) + b would be lying at
a distance 'b" units below the point on f(x).

Accordingly the graph of f(x) + b can be obtained by translating the graph of f(x) either in the
positive y-axis direction (if b > 0) or in the negative y-axis direction (if b < 0), through a
distance |b| units.

Drawing thegraph of y =—f(x) from the known graph of y = f(x)
To draw y = —f(x), take the image of the curve y = f(x) in the x-axis as plane mirror.

Y y=f(x)

y=—f(x)
Drawing thegraph of y =f(—x) from the known graph of y = f(x)
To draw y = f(—x), take the image of the curve y = f(x) in the y-axis as plane mirror.

v y=f(X) Y

|o
Drawing the graph of y = |f(x)| from the known graph of y = f(x)

[f(X)| = f(x) if f(x) > 0 and |f(x)| =—f(x) if f(X) < 0. It means that the graph of f(x) and |f(x)| would
coincide if f(x) > 0 and for the portions where f(x) < 0 graph of [f(x)| would be image of y = f(x)
in x-axis.
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y=f(x) /_
X = X

(v) Drawingthegraph of y =f(|x|) from the known graph of y = f(x)

f(x), x>0 .
Itis clear that, f(|x|) = {fE )x) <0’ Thus f(|x|) would be a even function, graph of f(|x|) and f(x)
—X), X<
would be identical in the first and the fourth quadrants (as x > 0) and as such the graph of f(|x|) would
be symmetric about the y-axis (as (|x|) is even).

v

N v

y=f(x) V=f(1x1I)
o A i} N /I\ /5
/ o\ 3 _ O| 7
(vi) Drawingthegraph of |y| = f(x) from the known graph of y = f(x)

Clearly ly| > 0. Iff(x) < 0, graph of |y| = f(x) would not exist. And if f(x) > 0, |y| = f(x) would give y
= +f(x). Hence graph of |y| = f(x) would exist only in the regions where f(x) is non-negative and will
be reflected about the x-axis only in those regions.

N
TN T <

|

CI

y=f(x)

(vii) Drawingthegraph of y =f(x + a), a € R from the known graph of y = f(x)

y=f(x+a),a>0

Ve

(i) Ifa> 0, shift the graph of f(x) through 'a’" units towards left of f(x).
(i1) Ifa < 0, shift the graph of f(x) through'a’ units towards right of f(x).
(viii) Drawingthegraph of y = af(x) from the known graph of y = f(x)

y=af(x), a >1

It is clear that the corresponding points (points with same x co-ordinates) would have their ordinates in the
ratio of 1 : a.
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(ix) Drawingthegraph of y =f(ax) from the known graph of y = f(x).

Let us take any point x, € domain of f(x). Let ax =X, or x :?0 .

y=f(ax), a >1

y=f(x)

y=f(ax),0<a<1

///%:\w

1
Clearly if 0 <a <1, then x> X, and f (x) will stretch by 2 units along the y-axis and ifa > 1, x <X,

then f(x) will compress by 'a" units along the y-axis.

Note:

(i) A function h(x) is defined as
h(x) = max. {f(x), g(x)} then

000 - {f(X) 709290

g(x) 9(x)>f(x)

@i) A function h(x) is defined as
h(x) = min. {f(x), g(x)} then

000 - {f(X) 709 <909

g(x) 9(x) <f(x)

[llustration 14:

Solution :

[lludtration 15:

Solution :

16

Find f(x) = max {1 + x, 1 — x, 2}.

From the graph it is clear that

1-x; x<-1
f(x) =412 ; -1<x<1
1+x; x>1

Draw the graph of y = |2 —|x -1]|.

N >’ y=Ix-11
/ 0,1)
(1,0
> =
)

/ (-1,0

y=2

> X
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Wlx—ll y=12-1x-11
: > = s
/ o| 1 N\ X 1,00 [0 1 3.0
- 4
lllusration16:  Draw the graph of y = 2—|—1|
X_
AN N :
YA 1 v '
1 ; 1 -
V=X : V=171 i Ix-11
) x=1i A E
Solution : 5 >x — ol o = - oy
YN 'y .
ix=1 _ y=2-—2_
y=_Ix}1| e =14 y=2 v %11

\>\ f - \\ F N / ]

lllugration17:  Draw the graph of y = |eX - 2|

Solution :

v

Y y=le"-21
\ /y=e o (0,1)
6] S>x
:> O )X

llustration18:  Draw the graph of f(x) = cosx cos(x + 2) — cos*(x + 1).
Solution : f(X) = cosx cos(x + 2) — cos’(x + 1)

A
v

0

= %[cos(Zx +2) +c0s2] —%[cos(Zx +2)+1] s cos2 1

=30032—£<0_
2 2
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Doyourself - 6:
(i) Draw graph of following functions :

@ y=|mlx|+1 () y=min{x+1,3-x}

12.

18

CLASSIFICATION OF FUNCTIONS :
One-OneFunction (Injective mapping) :

A function f : A — Bissaid to be aone-one function or injective mapping if different elements of
A have different f images in B.

Thusthereexist x, X, e A& f (X)), [ (X)) € B, f (X)=F (X)) < x =x,0r X # X, <> [ (X)#[f (X).

Diagramatically an injective mapping can be shown as

Many-onefunction (not injective) :

A function f: A— B is said to be a many one function if two or more elements of A have the
same f image in B.

Thus f:A— B is manyone thereexist x,x, € A, f (x) =7 (x,) but x # X..

Diagramatically a many one mapping can be shown as

(i) Ifaline parallel to x-axis cuts the graph of the function atmost at one point, then the function is

one-one.
(i) I any line parallel to x-axis cuts the graph of the function atleast at two points, then fis
many-one.
(iif)  If continuous function f (x) is always increasing or decreasing in whole domain, then f (x) is
one-one.

(iv)  Alllinear functions are one-one.

(v)  Alltrigonometric functions in their domain are many one

(vi) All even degree polynomials are many one

(vii) Linear by Linear is one-one

(vii) Quadratic by quadratic with no common factor is many one.

Onto function (Surjective mapping) :

If the function f : A — B is such that each element in B (co-domain) is the f image of atleast one
element in A, then we say that f is a function from A 'onto’ B. Thus f : A — B is surjective iff
V beB, 3 some aeAsuchthat f (a)=h.

-]
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Diagramatically surjective mapping can be shown as

Notethat : if rangeissameasco-domain, then f (x)isonto.
Intofunction :

If f: A— B issuchthat there exists atleast one element in co-domain which is not the image of any
element in domain, then f (X) is into.
Diagramatically into function can be shown as

Note:
(i) A polynomial function of degree even define from R — R will always be into.
(i) A polynomial function of degree odd defined from R — R will always be onto.

(i)  Quadratic by quadratic without any common factor define from R — R is always an into
function.

Thus a function can be one of these four types :

() one-one onto (injective & surjective)

(also known as Bijective mapping)

(i)  one-one into (injective but not surjective)

(i) many-one onto (surjective but not injective)

(iv) many-one into (neither surjective nor injective)

[llustration19: Let A={x:-1<x<1} =B beamapping f: A— B. For each of the following functions

from A to B, find whether it is bijective or non-bijective.

X

@ f(x) = x| (0  fx) =X © 10 =sin~
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Solution :

[llustration 20:

Solution :

[Hlustration 21.:

Solution :

[lludtration 22:

Solution :

20

F00) = Xl —x* ,-1<x<0

@ f(x)=xx/= @ 0<x<1

. tY

Graphically, 1
The graph shows f(x) is one-one, as the straight
line parallel to x-axis cuts only at one point. -1 o 1 X
Here, range
f(x) e [-1, 1] -1
Thus, range = co-domain
Hence, onto.
Therefore, f(x) is one-one onto or (Bijective).

(b) f(x) =, 1Y
Graphically;

Graph shows f(x) is one-one onto
(i.e. Bijective)

[as explained in above example] 1
© f0)=sin" y
Graphically; 1
Which shows f(x) is one-one and onto as range 1
— 0 1T X
= co-domain. ,

Therefore, f(x) is bijective.
Let f : N — I be a function defined as f (x) = x=1000. Show that f (X) isan into function.
Let f(x)=y=x-1000 = x =y + 1000 = g(y) (say)
here g(y) is defined for eachy € I,  but g(y) ¢ N for y < -1000.
Hence f (X) is into.
Let f: R — R be a function defined by f (x) = x + +/x?, then fis
(A) injective (B) surjective (C) bijective (D) None of these
We have, f(X) = X + x? = x + | x|
Clearly, f is not one-one as f(-1) = f(-2) =0 and -1 = — 2
Also, fisnotonto asf(x) >0V x e R

range of f = (0, ©) c R Ans.(D)
Let f : R — R be a function defined as f(x) = 2x° + 6X° + 12x + 3 cosx — 4sinx; then f is -
(A) Injective (B) Surjective (C) Bijective (D) Not Surjective

We have f(x) = 2X* + 6X° + 12x + 300X — 4sinx
= [ '(X) = 6x° = 12x + 12 — 3sinx — 4cos X

£ = 6(x —g(lx))2 +6—(3sin th(rX)4 COS X)
range of g(X) = [6,20)
range of h(x) = [-5,5]
hence f '(x) always lies in the interval [1,00)
= f'(X)>0

-]
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llugration23:  Letf(x) = —;
X° +

Functions

Hence f () is increasing i.e. one-one function

Now X -0 = f -0 &X — -0 = f — —0 & f(X) is continuous

hence its range is R = f is onto so f is bijective. Ans (C)
x> +3x+a

X+1
function is one-one.

, Where f: R — R. Find the value of parameter 'a’ so that the given

x> +3x+a
lution : fX) = —5——
Solution 69] ol
- (X*+X+1)(2x+3) - (x> +3x+a)(2x+1)  -2x*+2x(1-a)+(3-a)
X) = =

(X* +x+1)° - (X* + X +1)°
Let, g(x) =-2x*+2x (1 —a) + (3-a)
g(x) will be negative if 4 (1—a)*+8(3-a) <0
= l+a-2a+6-2a<0=(@a-2)°+3<0
which is not possible. Therefore function is not monotonic.
Hence, no value of a is possible.

Doyourself - 7:

(i) Isthe function f: N — N (the set of natural numbers) defined by f(x) = 2x + 3 surjective ?
X—2

(i) LetA=R-{3},B=R-{1}andletf: A — B defined by f(x) = 3~ Check whether the

functionf(x) is bijective or not.

(i) A mapping f : A — [-1,1] defined by f(x) = sinx, V¥ x € R, where A is a subset of R (the sef
of all real numbers) is one-one and onto if A is the interval, then A is belongs to

s

(A) [0.27] (B) [‘g’ﬂ (©) [l (D) [0.7]

13.

COMPOSITE OF UNIFORMLY & NON-UNIFORMLY DEFINED FUNCTION:

Letf: A— B &g : B — Cbetwo functions. Then the function gof: A — C defined by (gof) (x) = g(f(x))
Vv x € Ais called the composite of the two functions f & g.

Diagramatically —=— [1} ftx) 21 g (fx)

Thus the image of every x € A under the function gof is the g-image of f-image of x.

Note that gof is defined only if V x € A, f(x) is an element of the domain of ‘g’ so that we can
take its g-image.

Properties of composite functions:

(@ In general composite of functions is not commutative i.e. gof = fog.
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(b) The composition of functions is associative i.e. if f, g, h are three functions such that fo(goh)
& (fog)oh are defined, then fo(goh) = (fog)oh.

(¢ The composition of two bijections is a bijection i.e. if f & g are two bijections such that gof
is defined, then gof is also a bijection.

[Hlustration 24 :

Solution :

Note

Note

[lludtration 25:

Solution :

[llustration 26:

Solution :

22

Iff(x) =X +1,9(x) = é then find (fog) (x) and (gof) (X).

Given, f()) =x2+1 .. 1) 9(x) :é ()

1
Now (fog) () = f(g0) = f(é} - (@), where 2=-

=z2+1 [~ f(X)=x%+1]

2
= i +1= ! >+1
x-1 (x-1)

: Domain of fog(x) is xe R—{1}
(gof) (%) = g(f(x)) = g(x* + 1) = g(u), where u = x*+1
_r 1 1
u-1 x*+1-1 x°
: Domain of gof(x) is xeR—{0}

If f be the greatest integer function and g be the modulus function, then

o0 (2] toa) -2 -

(A)1 (B) -1 (C) 2 (D)4
- - - - 5
Given (gof) (?SJ — (fog) (?SJ = g{f (;j}—f{g(gj} =9g(-2) - f(g} =2-1=1

X+1, x<1 X3, —-1<x<2 _
Let f(x) = 2x+1 1<x<2 and g(x) = 42, 2£x<3’fmd (fog)

g(x) +1, g(x) <1
MO0 = V29 +1, 1<g(x)<2 y

Here, g(x) becomes the variable that means
we should draw the graph.

Itisclearthatg(x) <1; Vv xe [-1, 1]
and 1<g(x)<2:; v x e (1, V2]

x*+1, -1<x<1 5 1
= fg() = 2x*+1, 1<x<2
-]
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7. Find the domain and range of h(x) = g(f(x)), where

[x], -2<x<-1 [x], —-m<x<0 _
f(x) = andg(x) =< . , [.] denotesthe greatest integer
) {|x|+1, ~1<x<?2 99 X < L] g g

function.

[f(x)], -m<f(x)<O0 N

Solution : h(x) = g(f(x)) = { fix)=n

sin(f(x)), 0<f(x)<m
From graph of f(x), we get

b = { [[xX]], -2<x<-1

sin(x|+1), -1<x<2

= Domain of h(x) is [-2, 2]
and Range of h(x) is {-2, -1} v [sin3, 1]

Doyourself - 8:
(i)  f(x) =x¥=x&g(x) = sin 2x, find

@ ff) (b) f(f-1) © f(g@j

(@ f(g(ﬂj © o) U g(g@j

0L
() 1Ff) =1 < TE OSX<2 e find fof().
[X]; 2<x<3

14.

INVERSE OF A FUNCTION :

Let f: A — B be a one-one & onto function, then there exists a unique function g : B — A such
that f(x) =y < g(y) =%, VX e A&Yy e B. Then g is said to be inverse of f.

Thus g = F1: B = A = {(f(x), X)|(x, f (X)) e f}.
Properties of inverse function :
(@ The inverse of a bijection is unique.

(b) Iff: A— Bisabijection & g : B — A is the inverse of f, then fog = 15 and gof = 1,
where |, & |5 are identity functions on the sets A & B respectively. If fof =1, then f is inverse
of itself.

(o) The inverse of a bijection is also a bijection.
(d) Iff &g aretwo bijections f: A — B, g: B — C then the inverse of gof exists and

(gofy*=ftog™
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(e) Sincef(a) = bifand only if f-1(b) = a, the point (a, b) is on the graph of “f* if and only if the point
(b, a) is on the graph of 1. But we get the point (b, a) from (a, b) by reflecting about the line

y =X

The graph of f™ is obtained by reflecting the graph of f about the line y = x.

Drawing the graph of y = f~1(x) from the known graph of y = f(x)

For drawing the graph of y = f-1(x) take the reflection of y = f(x) about the line y = x. The reflected
part would give us the graph of y = 1(x).

e.g. let us draw the graph of y = sin"Ix. We know that y = f(x) = sinx is invertible if f :

T T
[—E, E} —[-1 1]

— the inverse mapping would be f1: [-1 1] - [—g ﬂ

llugration28:  Let f: R — R be defined by f(x) = (¢*-e7)/2. Is f(x) invertible ? If so, find its inverse.
Solution : Let us check for invertibility of f(x) :
(@ One-One:

f(X) :%(ex _e—x) — f '(X) = %(ex +e’x)

= [ '(x) >0, f(X) is increasing function
.. f(X) is one-one function.
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[llustration 29:

Solution :

[Hlustration 30:
Solution :

(b) Onto:
As x tends to larger and larger values so does f(x) and
when x — oo, f(X) — oo.
Similarly as X — —oo, f(X) - —0 i.e. — 00 < f(X) < o0 50 long as X € (—0, )
Hence the range of f is same as the set R. Therefore f(x) is onto.
Since f(x) is both one-one and onto, f(x) is invertible.
(c) Tofind f(x): Interchange x & y
ey _naY

2

=x=e¥ -2xe’-1=0

+ [ 2
P SN N

2
Since €’ > 0, hence negative sign is ruled out and

Hence e’ = x++/1+ X2

Taking logarithm, we have y = ¢/n(x++/1+x?) or f(x) = /n(x+v1+x?)

e

Find the inverse of the function f(x) = log, (x + (x2 + 1) ) :a> 1 and assuming it to be an onto

function.
Given f(x) = log, (x+\/x2 +1)

) —_10g, €
NS

which is a strictly increasing functions.
Thus, f(X) is injective, given that f(x) is onto. Hence the given function f(x) is invertible.
Interchaing X & y

— log, (y+\/(y)2 +1)=x

= y+q(y) +1=a" (1)

>0

and \/(y) +1-y=a" (i)

1
From (i) and (ii), we get y = %(aX —a™) or f(x) = E(aX —a’)
Find the inverse ofthe function f(x) = /n(X’ + 3x+ 1); xe [1,3] and assuming it to be an onto function.
Given f(x) = /n(x®> + 3x + 1)

2X+3
f'(X)=————>0vx€[L3
) (x> +3x+1) =3l
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Which is a strictly increasing function. Thus f(x) is injective, given that f(x) is onto. Hence
the given function f(x) is invertible.

Interchaing X & y
= (()?*+3(y)+1-e=0

—3i‘/9—4.(1—eX)_—3i (5+4eX)
2

- 2

R y:

= y= (asy e [1,3])

3+ (5+4ex)
2

Hence f'(x) =

Doyourself -9:
(i) Letf:[-1, 1] — [-1, 1] defined by f(x) = x|x|, find f*(x).

(i) f ) =1+ n(x+2), find F(x).

15. ODD & EVEN FUNCTIONS :
Consider a function f (x) such that both x and —x are in its domain then

f(=x)=f(x) then f is said to be an even function
T (=) = (%) then f is said to be an odd function

Note:

@ f)-f(X)=0 = f(x)iseven & f(X)+f (—X)=0= f (x) is odd.

(i) A function may neither be odd nor even.

(i)  The only function which is defined on the entire number line & is even and odd at the same
timeis f (x) =0.

(iv) Every constant function is even function.

(v) Inverse of an even function is not defined.

(vi) Every even function is symmetric about the y-axis & every odd function is symmetric about
the origin.

Special Note: If afunction f(x) is defined as f (a + X) = f(a— x) then this function is symmetric about
linex=a

(vii) Every function which has '=x' in it's domain whenever X' is in it's domain, can be expressed as
the sum of an even & an odd function .

f)+{(=X) | fX)-f(=X)
2 2

] L ]
EVEN ODD

Le. f(x) =
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|

(viii) If f (x) is odd and defined at x = 0, then f (0) = 0.

f(x) | 9() f (X) +g(x) f(x) - g(x) f(x).9()|f (x)/g(x)|(gof ) (x)| (fog)(x)

odd odd odd odd even even odd odd

even | even even even even even even even

odd | even | neitherodd noreven | neither odd noreven odd odd even even

even | odd | neitherodd noreven | neither odd noreven odd odd even even
lludration31:  Which of the following functions is (are) even, odd or neither :

Solution:

[llugration 32:

Solution:

e’ +e”
2

()  f(—x) = (-x)*sin(=x) = =x" sinx = —f(x). Hence f(x) is odd.

@i  f(—x) =sin(-x) — cos(—x) =—Sinx — COSX.

Q) f(x)=xsinx (i)  f(x)=sinx—cosx (i) f(x)=

Hence f(X) is neither even nor odd.

e*+e ™) e e

@ f(-x)= > > =1(x). Hence f(x) is even
Identify the given functions as odd, even or neither :
0 fx= exx 1+§+1 @ fx+y)=fx) +f(y)forallx,y e R

) X X
(|) f(x) = o _1+E+l

Clearly domain of f(x) is R ~ {0}. We have,

X

g = X XX X (@ LeDx X
e’ -1 2 1-e* 2 (e*-1) 2
= X+ X X+l: X +§+l:f(x)

-1 2 = e -1 2
Hence f(x) is an even function.
(i) fx+y)="f(x)+f(y) forallx,y e R
Replacing X, y by zero, we get f(0) = 2f(0) = f(0)=0
Replacing y by —x, we get f(x) + f(—x) = f(0) =0 = f(x) =—f(—x)
Hence f(x) is an odd function.

@)

©

Doyourself - 10:
(i)  Which of the following functions is (are) even, odd or neither :

e ye*
f(x) = X3 si fx) = ——
(X) = x3sin 3x (b) f(x) »
ex_e—x
f(x) = f(x) = x* + 2
= e @ f09=x

)

27
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16. PERIODIC FUNCTION :
Afunction f (x) is called periodic if there exists a positive number T (T >0), where T is the smallest such
value called the period of the function suchthat f (x+T) = f (x), for all values of x, x+ T within the domain

of f.

Note:

()

(i)
(iif
(v)
v)

(i)

(vii)
(i)

Odd powers of sinx, cosx, secx, cosecx are periodic with period 2.

None zero integral powers of tanx, cotx are periodic with period =.

Non zero even powers or modulus of sinx, cosx, secx, cosecx are periodic with period 7.

f (M=f(©)=f(-T), where ‘T’ is the period.

if f (xX)hasaperiod T then f (ax + b) hasaperiod T/|al(a# 0).

Proof : Let f(x+T)=f(X)andf[a(x+T)+b]=f(ax+b)
f(@ax+b+aT)=f (ax+h)

T
fiy+taT)=f()=f(y+T) = T=aT' = T':g

If f(x) &g (x) are periodic with period T, & T, respectively, then period of f (X)£g(x) is
L.CM.of (T, T).

(@ LCMofT &T, isdefined when T /T, isrational.

a E}_ LCM of (a, p)

(b)  LCMof {B’ q|  HCFof (b, q)

In case if there exists a finite K such that K< LCM of T, and T, and overall function repeats
itself after every K, then period of the function will be K.

Every constant function is always periodic, whose period is undefined.
Inverse of a periodic function does not exist.

Illusration33:  Find the periods (if periodic) of the following functions, where [.] denotes the greatest integer

Solution :

28

function

() f(x) =e™™ +tan®x —cosec(3x —5) (i) f(x)=x-[x-b],beR

i _ Isinx +cosx| _ o

@iy f(x) = —Isin x|+ ]cosx vy  fx)= tanz [X]

() f(x) =cos(sinx) + cos(cosx) M) fx) = LS+ secx)

(1+cosx)(1+cosecx)

(VII) f(X) — ex—[x]+\c05nx\+\c052nx\+ ........ +/cosnn|
(i) f(x) = ™™™ + tan®x — cosec(3x — 5)
Period of ™™ = 27, tan’x = &t

cosec (3x -5) = %ﬂ
o Period = 2=
(i fX)=x-[x-b]=b+{x-b}
Period =1

-]
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Functions

sin x + cos x|
|sin x| +|cos x|

(i) f(x) =

Since period of [sinx + cosx| = « and period of [sinx| + |cosX| is g Hence f(x) is

periodic with rt as its period

(iv) f(x) = tang [X]

T _ T T _ T
tanz[x +T]= tanz[x] = E[X +T]=nn+ E[X]
T=2
Period = 2
(v) Let f(x) is periodic then f(x + T) = f(x)
= cos(sin(x + T))+ cos(cos(x + T)) = cos(sinx) + cos(cosx)
If x = 0 then cos(sinT) + cos(cosT)

= cos(0) + cos(1) = cos[cosgj + C0s [singj

On comparing T = g

Vi) f(x) = (L+sinx)(L+secx) _ (A+sinx)(1+cosx)sinx
" (L+cosx)(L+cosecx)  cosx(L+sinx)(1+cosx)

= f(x) = tanx

Hence f(x) has period .

Period of x — [x] = 1
Period of |cosmx| = 1

Period of |cos2nx| =

1
Period of |[cosnnx| = n

So period of f(x) will be L.C.M. of all period = 1

[Hlustration 34:

Solution :

Find the periods (if periodic) of the following functions, where [.] denotes the greatest
integer function
. . .. o X L2 . TX X
) f(x) = e ™+ sinx (i) f(x) = SIN—=+COS—=(jii) f(x) = sin— +cos—=
) fx) (i) f(x) N /3 () f(x) NE >3
() Period of ™M =1

period of sinx = 2xn

L.C.M. of rational and an irrational number does not exist.
not periodic.
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. X 27
i Period of SIN—==—+ = 2\/5
" SRV

X 2n
i COS—==—"_=
Period of \/é Tc/\/§

243

L.C.M. of two different kinds of irrational number does not exist.

not periodic.
. . TIX 27
(i) Period of sin—=——+ =23
N INE]
X = 2n 4\/5

Period of cos = =
2\/§ n/2\/§
L.C.M. of two similar irrational number exist.

Periodic with period = 4./3

Ans.

(i)

Doyourself - 11:

Find the periods (if periodic) of the following functions.
(@ f(x) = ¢n(cosx) + tan’x.
(b) f(x) = e~ [.] denotes greatest integer function

+

. X
sin—
2

X
COS—
2

© fx)=

17. GENERAL :

If X, y are independent variables, then :

@)
(b)
©
(d)

f(xy) = f(x) + f(y) = f(x) = kfn x
fixy) = f(x) . fiy) = f(x) =x", n e Ror f(x) =0
fix +y) = f(x) . fly) = f(x) = a* or f(x) = 0

f(x +y) = f(x) + f(y) = f(x) = kx, where k is a constant.

Miscdlaneouslllustration :

lllusration35:  ABCD is a square of side 7. A line parallel to the diagonal BD at a distance X' from the
vertex A cuts two adjacent sides. Express the area of the segment of the square with A

at a vertex, as a function of x. Find this area at x = 1/~+/2 and at x = 2, when ¢ = 2.

Solution : There are two different situations Dr; 7€
) 1 N ,

Casel : when x = AP <OA, ie., X<— F :

V2
1 AT
ar(AAEF) ZEX.ZX =x* (- PE=PF = AP = X)

[on}
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Functions

[Hlustration 36:

Solution :

Case-ll :whenx =AP > OA, i.e.,, X>

£
N

ar(ABEFDA) = ar(ABCD) — ar(ACFE)

but x Sﬁﬁ

=/ —%(ﬁﬁ—x)z(ﬁﬁ—x) [+ CP=+20-x]

=/? —(2€2 +x? —2x/§€x) = 2J20x — X2 — 12

. the required function s(x) is as follows :

NG

14
0<x<—
V2

s(x) = ; area of s(x) =

22 tx— Xt — 12— x <20

N

\F
b ™ 20—x C
P
O .
\\ \
A =B
L at x= L
2 V2

8(v2-1) at x =2

Ans.

If the function f(x) satisfies the functional rule, f(x +y) = f(x) + f(y) V x,y € R & (1)

= 5, then find 2, f(n).

Here, f(x +y) = f(x) + f(y);

Uuy

Uudd

putx=t-1,y=1
f(t) =f(t-1) + f(1) (1)
f(t) =f(t-1) +5

f(t)y={f(t-2) +5} +5

f(t) = f(t — 2) + 2(5)

f(t) = f(t — 3) + 3(5)

f(t) = f{t — (t 1)} + (t - 1)5
f(t) = f(1)+ (t = 1)5

f(t) =5+ (t = 1)5

f(t) = 5t

Zm:f(n) =i(5n) =5[1+2+3+...+m]=

m+1)

N 5m
Hence, >, f(n) _5m(m+1)
n=1

2

31
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ANSWERS FOR DO YOURSELF

1: () (@ xe(0,x) (b) x e (=, 0) U (4, ©)
(i) @ E"Oj (b) [-1,1] © [-22] (d) [-1,1]
2: (1) (A)—>(p.arns), (B)—> (), (C)—(®),(D)—>()
3: () @E1L0vw (1] (b) (—oo,—ﬂU(O,l)U(Z,OO)
.. 1
(i) () (~oo.0) (b) [g,l}
4: (i) (@ no (b) no (c) yes
o [0 1} y 1 1
5: () 05| () A i) @ y=7 (0) y==;
6: (i) \/\un/ (i
7: (i) notonto (ii) yes (i) B
x+2, 0<x<1
8: () @0 MO (@0 @O (e 0 @ o (i) x+1, 1<x<2
X, 2<x<3
. =X, ~1<x<0
9: () T ()= K oexer [ y=-2+e
10: () (@) even (b) odd (© odd (d) neither even nor odd
11: () (@ 2=« (b) 1 (© =

dlion. p65
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Functions

EXERCISE (O-1)

Subjective Type Quedions

1.

Find thedomain of definition of the given functions:

(i) y=

(i) y =-px(p>0)
(V) y=+/x*—4x+3

x2+1

(ix) y=m+x/x+2
i) Y=7"5 +log,, (x* —x)

(xiii) y =log,, (Vx—4 +6-x)

Find therangeof thefollowing functions:

(i) f(x) ::T_; (ii) f(x) =§

(V) f(x)=e"V’
(vii) F(¥) = log(x® + x* + x% + 1)

() ) =sin(log) (9 f(x)=2° +1

The graph of a function f is given.
(a) State the value of f(-1).

(b) For what values of x is f(x) =2
(c) State the domain and range of f.
(d) On what interval is f increasing ?
(e) Estimated value of f(2) is -

(A) 2.2 (B)2.8
(f) Estimated value of x such that f(x) =0, is-
(A)-2.5 (B)0.8

3-x, x<1
Graph the function F(x) = {ZX, w1

Find a formula for each function graphed

U

(a)

X
Vi) Y =—F————
W XZ=3x+2

1

(i) Y= (iv) y=ﬁ
(vii) y = =[] (viii) y = log, 2.

(X) y=«/;+§/xi2 —log,,(2x -3)

(xii) ¥ = \/S;I'thi’/sinx
(xiv) y = log, ,[1 — log,,(X° — 5x + 16)]

1 _ _xP-x+1
(iii) f(x):m (iv) f(X)—_Xz w11
(Vi) f)=x-x+x+1
(viii) f(x) = sin’x — 2sinx + 4

_ e —e*+1 N B
Od) 10x) = e +e* +1 (i) 10x) = 8 —3sinx
Yy
3
2
1/
\ 0/ 1 2 3 x
(C)25 (D)3
(C)-2.9 (D) 0.3
U
)
D G S W
0 1 2 3 4
33
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6.

Straight Objective Type

The graphs of f and g are given. v
4

(a) State the value of f(—4) and g(3) 3 8/
2
1

(b) For what value of x is f(x) = g(x)? N

(c) Estimate the solution of the equation f(x) = -1.

(d) On what interval is f decreasing? (

(e) State the domain and range of f.

(f) State the domain and range of g.
Solve the following inequalities using graph of f(x) : 1)
@0<fx<1

b)-1<f(x)<2
©2<f(x)<3
(d) f(X)>-1& f(x) <0 B

=N W A

8.

10.

11.

12.

13.

14.

34

If [x] and {x} denotes the greatest integer function less than or equal to x and fractional part function
respectively, then the number of real x, satisfying the equation (x-2)[x] = {x} - 1, is-

(A) 0 (B) 1 (C) 2 (D) infinite

sin®x+2sinx + 4
sin® X +2sin X +3

The range of the function f(X) =sgn ( J is (where sgn(.) denotes signum function)-

(A) {-1.0,1} (B) {-1.0} (© {1} (D) {0.1}

If 2f(x) — 3f(lj = X?, X is not equal to zero, then f(2) is equal to-
X
7 5
(A 7 (B) 5 (©)-1 (D) none of these

5-2x
The number of integers lying in the domain of the function f (x) =4/109s (Tj IS -

(A) 3 (B) 2 ©) 1 (D) 0

The range of the function f: N —I; f(X) =(-1)*"1is -

(A) [-1,1] B) {-1.1} (©) {0, 1} (D) {0,1,-1}
The range of the function f(x) =e>*+eX is -

(A) f()=1 (B) f(x) <1 €) f(x)=2 (D) f()<2
IF§(x) = 4X4+X . then 0 + f(1 - is equal to-

(A)0 (B)-1 ©1 (D) 4

"]
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15.

16.

17.

18.

19.

20.

21.

22.

23.

Functions

The range of the function f(x) = v4-x2 +v/x2 -1 is

™ V3,7 (B) [{3, V5] © [V, 3] (D) 3, V6

A function f has domain [- 1, 2] and range [0, 1]. The domain and range respectively of the function
gdefinedbyg (X) =1-f(x+1)is

“+1
For the function f(x) = Ex J_r 1 if n(d) denotes the number of integers which are not in its domain and
n(r) denotes the number of integers which are not in its range, then n(d) + n(r) is equal to -
(A) 2 (B)3 ©4 (D) Infinite
Lot f- R-4Z51 5 R[] pe defined by F00 =222 ¢ i
etf: —T—> 13 e defined by %+ 15 en f(X) is-
(A) one-one but not onto (B) many one but not-onto
(C) one-one and onto (D) many one and onto
2x? —5x+3 .
: X)=— -
f:R->R f(x) 8x2+9x+11’thenf is
(A) one-one onto (B) many-one onto (C) one-one into (D) many one into
£ 1R 5 R& 00 =PI o 14 fkx—1)+ 2 (where [x] denotes integral part of x), th
‘R—> = 12x73 2 (where [X] denotes integral part of x), then
f(x) is -
(A) one-one but not onto (B) one-one & onto
(C) onto but not one-one (D) neither one-one nor onto
Which of the following function is surjective but not injective
AFf:R>Rf(X) =x*+2x3-x2+1 (B) f:R->R f(x) =x3+x+1
(CO)f:R>R" f(X) = \/1+x2 (D) f:R—>R f(x) =x3+2x°-x+1

If £(x) = x|x| then f™(x) equals-

A Jix| (B) (sgn x). /| x| (©) —JIx| (D) Does not exist
(where sgn(x) denotes signum function of x)

Iff:(—0,3] > [7,2); f(X) = x% — 6x + 16, then which of the following is true -

(A) FH¥) = 3+/x—7 (B) f(x)=3-x—7

1
x> —6x+16

(©) fH(x) =

(D) f is many-one
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24. f : R — R such that f(x) = ﬁn(x+\/x2+1). Another function g(x) is defined such that
gof(x)=xV x e R.Theng(2) is -

e’ +e” e’ —e?
(A = (B) ¢ © (D) &
25. Let P (x) = kx® + 2k?x? + k3. The sum of all real numbers k for which (x — 2) is a factor of P(x), is
(A)4 (B)8 (C)-4 (D)-8

26.  Which of the following is the graph of y = |[x — 1| + |[x - 3| ?

sin x
27.  Which of the following is the graph Ofy:|sinx| ?

y v
(A) L (B) R A

v v

1.\— 1—0 O——0
(©) X D) ——p >

—_—-1 Oj—l o——o

T
(A) /2 B) = (C) 2n (D) 4n
Multiple Correct Answer
29.  Which of the following function(s) have the same domain and range ?

X | X
28. Period of function f(x) = min{sinx, |x|} + ;—[ } (where [.] denotes greatest integer function) is -

At (B) g0 (©) h() = (D) 100 =a—x
30. Letf(x)= x? + 3x + 2, then number of solutions to -
(A f(xp=2is1 B)f(xp=2is3 ©) |fx)|=0.125is4 (D) |f(]x])]=0.125is 8
31. Which of the following pair(s) of function have same graphs?
(A) F(x) = Ssec X _taﬂ’ 0 = COSX sin X
COSX  cotx SeCX  COSecX

(B) f (X) =sgn (x? - 4x +5), g(x) = sgn (COS2 X +sin Z[X +gD where sgn denotes signum function.

(C) f (X) - e|n(x2+3X+3) ’ g(x) =x2 + 3X + 3

(D) F(%) sin X N COSX x) 2c0s2 x
= X) =
SeCX COSecx 9 cotx
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32.

33.

Functions
|

For each real x, let f(X) = max{x, X2, %, x4}, then f(x) is -

A) x* for x<-1 B)x*for-1<x<0 (C f(1j=1 D f(1j=1
(A) X" forx<-— (B) X" for-1<x< © 5)=% (D) 5 )12
Let f(x) = sin®x + cos®x, then -
(A f(x)e[0,1]VxeR (B) f(x) =0 has no solution
(©C) f(x) e E 1} vxeR (D) f(x) is an injective function
Xx?-3x+4 ; x<3 X+6 ; x<4
Let = ’ = th hich of the followi
et f(x) { 47 >3 and g(x) {x2+x+2  x>4 en which of the following

is/are true -

f 8
AW+ W=9 ®F-9B5=l ©)(Fg©O=24 (D) @(5):5

Matrix Match Type

35.

Match the functions given in column-1 correctly with mappings given in column-I11.

Column-I Column-I1
|1 11 4 4 . .
(A) f-[ > 2}—{7, 3} (P) Injective mapping
X)=—— i . .
f(x) VRV (Q) Non-injective mapping
B) f:[-2 2] - [-1, 1] (R) Surjective mapping
f(X) = sinx (S) Non-surjective mapping
© f:R-1->R (T) Bijective mapping

f(X) = (n{x}, (where {.} represents fractional part function)

(D) f: (=0, 0] > [1, ), f(X)=@+~—X)+(-x=x)

Linked Comprehenson Type

36.

37.

Paragraph for Question 36 & 37

x? ; X<-1
Let f(X):{ X<l & 9g(xX)=42x+3 ; -1<x<1
I=x i %20 X ; X>1

On the basis of above information, answer the following questions :
Range of f(x) is -

(A) (—0,1] (B) (—o0,0) (C) (=0,0] (D) (-=.2]
Range of g(f(x)) is -
(A) (—o0,0) (B)[1,3) L (3,%) (C) [1,) (D) [0,0)



JEE-Mathematics

EXERCISE (0O-2)
Straight Objective Type

1.  The number of integral values of x satisfying the inequality [x— 5] [x — 3] + 2 < [x = 5] + 2[x= 3]

(where [.] represents greatest integer function) is -

(A)0 ®)1 ©)2 0)3
2. Range of function f(x)= Iogz(\/_24\/2_j Is given by
X+2+42-X
1
(%) 0,) ® |31 © 1.2 © |51

n
3. Suppose, f(x, n) = Z IogX(EJ , then the value of x satisfying the equation f(x, 10) =f (x, 11), is
k=1

(A9 (B) 10 ©1 (D) none

4. Range of f(x)=2% +tan X_l; X € (O,EJ is-
tanx —secx +1 2

(A)(0.1) (B) (1,0) (€) (-1.0) (D) (=0:-1)

5 If f(x,y) = max(x,y) + min(x,y) and g(x,y) = max(x,y) — min(x,y), then the value of

f(g (——,——),9(—3, —4)J is greater than -

3 2

(A)1 (B)2 (€3 (D) 4

5 i f ) d defined R R h that ()= X+3 , Xerational
. unctions f(x) and g(x) are defined on R — R such that =1 4x . xeirrational

then (f — g)(X) is-

Xx++/5 . xeirrational
g(x)= .
—X X erational

(A) one-one & onto (B) neither one-one nor onto
(C) one-one but not onto (D) onto but not one-one

7.  Letf: A— Bbeanonto function such that f(X)Z\/X—Z—Z\/X—3 —\/x—2+2\/x—3 , then set 'B'
is-

(A)[-2,0] (B)[0.2] (©) [-3,0] (D) [-1.0]
8. Letf:R — Rbedefined by f(x) = In (x + \/x2 .1 ), then number of solutions of [f*(x)| = e™ is :-

(A) 1 (B) 2 (C) 3 (D) Infinite
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9. f)=[x-1]+{PAM x e (1,3), then FH(x) is -
(where [.] denotes greatest integer function and {.} denotes fractional part function)
[ x+1 xe(1,2) [ x-1  xe(,2)
(A) (B)
| 2+X-1 x€[2,3) |12-Vx-1 x€[2,3)
[ x-1  xe(0,9) [ x+1  xe(0,1)
(©) (D)
12-Vx-1 x€[1,2) 12+4Jx-1 x€[1,2)
10. Letf:R —>Rand f(X) = x* + ax* + bx — 8. If f(x) = 0 has three real roots & f(x) is a bijective
function, then (a + b) is equal to
A0 (B) 6 (C)-6 (D) 12
11. Which of the following functions is an odd function ?
_tr 1
(A) =2+ (x +2) sgn(x + 2) B) (o1 2
©) Iog(sin X +/1+sin? x) (D) ¢+ (e2* —-1)*
(where sgn(x) denotes signum function of x)
1 2
12. Period of f(X) = {x} + {X +§} + {X +§} is equal to (where {.} denotes fractional part function)
Al B 2 C 1 D 1
(A) B3 © 5 (D) 3
X
13. Let f(X) = 2x —{;} and g(x) = cosx, where {.} denotes fractional part function, then period of
gof(x)is-
A) = B )= D) -
A 5 (B) © () 5
14. 'Thepeﬁodofthefuncﬁon-gﬂlitfﬂﬁéiis-
COS X 4 COS 5X
T T
2 (A) 3 (B) 5 C)n (D) 2n
/ Multiple Correct Answer Type
% x> 5 0<x<2
Eﬁ 15. Let f(x)=42x-3 ; 2<x<3.Then:-
% X+2 X>3
E 3 3
LA f(f(—jj :f(—j (B) 1+t f(Ej =f(§j
3 2 2 2 2
; C)H{f(1)}=11) =1 (D) none of these
E
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16. The range of the function f(6) =x/83in2 0+4cos’0—8sinOcosO is -

(A) [V5-1, V5 +1] (8) [0, V5 +1]
(C) [\/6—@, \/6+\/270} (D) none of these

17. For the function f(x) =[x + 3| = |x + 1| =[x = 1| + |x — 3|, identify correct option(s)
(A) Range of f(x) is (-, 4] (B) maximum value of f(x) is 4
(C) f(x) =4 has infinite solutions (D) f(x) =0 has infinite solutions

18. The values of x in [-2x, 2x], for which the graph of the function

_[1+sinx dv= 1-sinx N ncid
Y= 1 sinx ~Secxan Y= =\ aing +SeCx coincide are
371) (371 ( 3n nj (n 3nj
2m - U| =2 3n _m)y(r 3

3
o2 O (15 2]

19. Which of the following statement(s) is(are) correct ?
(A) If f is a one-one mapping from set A to A, then fis onto.
(B) If fis an onto mapping from set A to A, then f is one-one
(C) Let f and g be two functions defined from R — R such that gof is injective, then f must be

injective.
(D) If set A contains 3 elements while set B contains 2 elements, then total number of functions from A to
Bis 8.
20. Iff(x)=ax+band f(f(f(x))) = 27x + 13 where a and b are real numbers, then-
(A)a+b=3 (B)atb=4 ©) (=3 (D) f(x)=-3
-1
21. Givenf(l)=2and f(n+1)= f(n) vn e N, then-
f(n)+1
(A) f(2015)= —% (B) (f (2012))' " =9
(C) f(1001) =2 (D) f(2015) =-3

22.  Which of the following is/are true?
(A) f(x) = € and g(x) = £nx, then f(g(x)) = x (wherever f(g(x)) is defined)

2+X (3x-2)

(B) f(x)= 3 and g(x) = 1) , then f(g(x)) = x (wherever f(g(x)) is defined)

(x=7)

(C) f(x)=4x+ 7and g(x) = , then f(g(x)) = x (wherever f(g(x)) is defined)

(D) f(x) = x> + L and g(x) = (x — 1), then f(g(x)) = x (wherever f(g(x)) is defined)

40 -]
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Functions

Linked Comprehension Type

Paragraph for Question 23 to 25

x?+1 X+3
x @=0); g(x) =3secx; h(x) = 4

f(x)=

On the basis of above information, answer the following questions :

23. Ifrange of f(x) and g(x) are equal sets then 'a" is equal to -

(A)3 (B)-2/3 (C) 372 (D) -3/2
24.  f(x) is one-one if-
(A) x € (0,0) (B) x € (—,0) (C)x e (1,%) (D) x € (-»,1) - {0}

25.  Which the following is always false ?
(A) h(x) is one-one
(B) f(x) is one-one if x > 10
(C) g(x) is many-one if x (Ogj u(gﬁj
(D) The values of k for which f(x) = k has exactly one solutionis k =2 or k = -2

Matrix Match Type

26. Column-I Column-I11
Number of integersin
(A) Domain of f(x)=¢(n{x} P) O
(B) Domain of f(X)=-/sec(sinx) + [x+§}+\/10—[x]2 Q 2
(C) Range of f(x) =X —2x + 2, x € [0,2] (R) 3
(D) Range of f(x)=+/25-[x]? (S) less than 3

(T) more than 3
(where [.] and {.} denote greatest integer function and fractional part function respectively)

27. Match the function mentioned in column-I with the respective classification given in column-II.

(where [.] and {.} denote greatest integer function and fractional part function respectively)

Column-I Column-I1
(A) F:R>Rf(x)=(e")(e") (P) one-one
(B) f:(~0,-2)U(0,0) >R f(X) = n(x* + 2x) (Q) many-one
©) f:[-2.2] - [-1.1] f(x) = sinx (R) onto
D) f:R>R fXN)=x-3+3x-7 (S) periodic

(T) aperiodic
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EXERCISE (S-1)

1.  Find the domains of definitions of the following functions :
(Read the symbols [*] and {*} as greatest integers and fractional part functions respectively.)

() 109=Veosax ++16 —x* (i) () = l0g, logs log, log, (2x3 + 5x2 - 14)
@) f(x)= |n(M—X—2) (iv) f(x):\/ﬁ

. 2log,, x +1
(V) y=log,,sin(x—3)++16—x? (vi) f(X):|09100X[ _lox j

(vii) f(x) =yx°—|x +\/9i7 (viii) f(x) =\/(x2—3x—10)ln2(x—3)
(ix) f(x):\/(5x—6—x2)[{€n{x}}]+«/(7x—5—2x2)+[Ing—xn_

2. Find the domain & range of the following functions.

() y=logg(v2(sinx—cosx)+3) (i) y :13’)‘(2 (i) F(x) =%;_+62
() TO0=175 0 y= Xl o) f9=EE0
3.  (a) Draw graphs of the following function, where [ ] denotes the greatest integer function.
N fX)=x+[x] (i) y=((M¥wherex=[x]+(X) & x>0 &x<3
(iii) 'y =sgn[x] (iv)  sgn(x — [x])

(b) Identify the pair(s) of functions which are identical ?
(where [x] denotes greatest integer and {x} denotes fractional part function)

1-cos2x
i = 2 _ = el{x}] ii =, |— =

(1) f(x) = sgn(x? —3x + 4) and g(x) = e (i) f(x) 1+ CoS 2% and g(x) = tanx

Lasi
(iii) ) = In(1 + %) + In(1 = x) and g() = IN(L =x2)  (iv) F(x) =— X and g(x) = 20X

1-sinx COS X
4.  Classify the following functions f(x) defined in R — R as injective, surjective, both or none.
x> +4x+30

= = x3 - 6x2 - = (x? 2 4 x—

@ f(x) 2 _8x 118 (b) f(x)=x2-6x2+11x-6 (c) f(x) = (x> + x + 5)(x? + x = 3)

5. Solve the following problems from (a) to (d) on functional equation :

(@  The function f(x) defined on the real numbers has the property that f(f(x)).(1+f(x))=—f(x) for
all x in the domain of f. If the number 3 is in the domain and range of f, compute the value
of 1(3).

(b)  Suppose fis a real function satisfying f(x + f(x)) = 4f(x) and f(1) = 4. Find the value of f(21).

(c) Let f be function defined from R* — R*. If [f(xy)]2 = x(f(y))? for all positive numbers x and
y and f(2) = 6, find the value of f(50).

(d) Let f be a function such that f(3) = 1 and f(3x) = x + f(3x — 3) for all x. Then find the value
of £(300).

42 -]
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10.

11.

12.

13.

Functions

Suppose f(x) =sinxand g(x) =1 - JX . Then find the domain and range of the following functions.
(a) fog (b) gof (c) fof (d) gog

A function f : R —> R is such that fG_—ij x for all x # -1. Prove the following.
+X

@) f(fC) =x (b) f(1/x) =-f(x), x=0 (© f(x-2)=-f(x) -2

(@ Find the formula for the function fogoh, given f(x) = Ll; g(x) = x* and h(x) = x + 3. Find
X +

also the domain of this function. Also compute (fogoh)(-1).

(b) If f(x) = max(x, 1/x) for x > 0 where max (a, b) denotes the greater of the two real numbers
a and b. Define the function g(x) = f(x) f(1/x) and plot its graph.

Let f be a one-one function with domain {x, y, z} and range {1, 2, 3}. It is given that exactly
one of the following statements is true and the remaining two are false.

f(x) = 1; f(y) # 1; f(z) # 2. Determine f-(1)

x if x<
—x if x>

1-x if x<0

f(x)={ 2 ity 0 and g(x)={1

X i find (fog)(x) and (gof)(x).

Find whether the following functions are even or odd or none :

x(@* +1)

(@ f(x)= Iog(x+,/1+x2) (b) f(x) = 1 () f(x) = sinx + cosx
X 2
) f(x) = xsin?x — x3 (e) f(x) = sinx — cosx M f(x) = M
@ f0)=F g+ () () = [0+ 12193 + [(x - 122

(i)  Write explicitly, functions of y defined by the following equations and also find the domains
of definition of the given implicit functions :

(@ 10%+10Y=10 (b) x+ly =2y
(i)  The function f(x) is defined on the interval [0, 1]. Find the domain of definition of the functions.
(@  f(sinx) (b) f(2x +3)
(i) Giventhaty = f(x) is a function whose domain is [4,7] and range is [-1, 9]. Find the range and
domain of
1
(@ 9()=51(x) (b) h(x) = f(x-7)
Compute the inverse of the functions :
-l 10*-107*
@ f(x)= én(x+«/x2+1) (b) f(x)=2" © Y=10-110*
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14. Find the inverse of f(x)=2"%*+8 and hence solve the equation f(x) = f1(x).

15. (@ Function f & g are defined by f(x) = sinx, X € R; g(x) = tanx, x € R —

where K e I. Find () periods of fog & gof
(b) Suppose that f is an even, periodic function with period 2, and that f(x) = x for all x in interval

[0, 1]. Find the value of f(3.14).

16. The graph of the function y = f(x) is as follows :

N Y

Match the function mentioned in Column-I with the respective graph given in Column-I1.
Column-I11

Column-I

(A) y=If(x)|
(B) y=1(x)
(€) y=f{-x])

©) = (] - )

17. Column-I
f(x)
A COS’ X+ COSX +2
COS? X + COSX +1

5 |(x/cosx—\/sinx)(\/cosx +\/sinx)|
®) | 3(cosx +sinx) |

5
© 3(x® +2x* +3x2 +1)
(D)  log, (X’ + 2x + 2)

(P)

Q)

(R)

)

Y4
14
-2 -1

(i1) range of the function fog & gof

0

yA

2 10

Column-l11

Range
7
® (O g}

@ [53

o [+

S) [0, )
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18.

19.

20.

21.

22.

23.

24.

25.

26.

Functions

The sum of integral values of the elements in the domain of f(x) = /Iog1 |3—Xx] is

2
Number of integers in range of f(X) =x(X+2) (x +4) (x +6) + 7, x € [-4,2] is

tan® x +8tan x +15 :
1+tan®x

The number of even integral value(s) in the range of the function f(X) =

If f(x) = a |ogGJ_r_§

Let P(x) =x*+ax3+bx%2+cx+d beapolynomial suchthat P(1) =1, P(2) =8, P(3) = 27, P(4) = 64,
then find P(10).

0 x<1
If f(x)= {2x—2 « >1; then the number of solutions of the equation f(f(f(x))) = x is

1
j+ bx? + ¢ sinx + 5 and f(log,2) = 4, then I{'Ogs(aD is equal to

Let 'f' be an even periodic function with period '4' such that f(x) = 2x-1, 0<x<2,
The number of solutions of the equation f(x) = 1 in [-10, 20] are

Let f(x) _2X71 fi= X+D thena+b+cis
X+3 C—X
Let f(x) be a periodic function with period 'p' satisfying f(X) + f(x +3) + f(x + 6) +.....+ f(X + 42)

= constant V x € R, then sum of digits of p' is

EXERCISE (S-2)

Find the domains of definitions of the following functions :
(Read the symbols [*] as greatest integers function)

() £(x)=/log, (cos2nx) (ii) f(x):ZX[f][X]

(@ Let P(x) = x® + ax® + bx* + cx® + dx? + ex + f be a polynomial such that
P(1) = 1; P(2) = 2; P(3) = 3; P(4) = 4; P(5) = 5 and P(6) = 6, then find the value of P(7).

(b) Letaand b be real numbers and let f(x) = asinx + b¥/x + 4, vxecR . If f(log,,(log,10)) = 5

then find the value of f(log,,(log,,3)).
Suppose p(x) is a polynomial with integer coefficients. The remainder when p(x) is divided by
x —1is 1 and the remainder when p(x) is divided by x — 4 is 10. If r(x) is the remainder when
p(x) is divided by (x =1)(x — 4), find the value of r(2006).

A function f, defined for all X, y € R is such that f(1) = 2; f(2) = 8 & f(x + y) — kxy = f(X) + 2y?,
where k is some constant. Find f(x) & show that :

1
f(X+Y)f[ryj=k for x +y = 0.

If fx)=-1+x-2,0<x<4
gx)=2-|x,-1<x<3
Then find fog(x) & gof(x). Draw rough sketch of the graphs of fog(x) & gof(x).
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6.

10.

11.

12.

46

Let f(X) = x}¥ + x5 — x5+ x° + 1. If f(X) is divided by x® — x then the remainder is some function
of x say g(x). Find the value of g(10).

Let {x} & [x] denote the fractional and integral part of a real number x respectively.
Solve 4{x} = x + [X].

9% .
Let f(x) =— then find the value of the sum f L +f 2 +f 3 + o f 2005
9" +3 2006 2006 2006 2006

Let f(x) = (x + 1)(x + 2)(x + 3)(x + 4) + 5 where x € [-6, 6]. If the range of the function is
[a, b] where a, b € N then find the value of (a + b).

The set of real values of “x’ satisfying the equality P} + F} =5 (where [ ] denotes the greatest
X X

integer function) belongs to the interval (a, ﬂ where a, b, c € Nand < is in its lowest form. Find the

value ofa + b + ¢ + abc.
f(x) and g(x) are linear function such that for all x, f(g(x)) and g(f(x)) are Identity functions. If
f(0) =4 and g(5) = 17, compute f(2006).

The function f(x) has the property that for each real number x in its domain, 1/x is also in its
domain and f(x) + f(1/x) = x. Find the largest set of real numbers that can be in the domain
of f(x) ?

EXERCISE (JM)

1

The domain of the function f(x) = m IS - [AIEEE - 2011]
(1) (=, 0) (2) (—o0, ) — {0} (3) (o0, ) (4) (0, )
Let f be a function defined by f(x) = (x - 1)2+ 1, (x> 1) [AIEEE - 2009, 2011]

Statement - 1: The set {x:f(x)=f*(x)} =1{1,2}

Statement - 2 : fis bijection and f™*(x) =1++/x-1, x> 1.

(1) Statement-1 is true, Statement-2 is false.

(2) Statement-1 is false, Statement-2 is true.

(3) Statement-1 is true, Statement-2 is true ; Statement—2 is a correct explanation for Statement—1.
(4) Statement-1 is true, Statement-2 is true ; Statement—2 is not a correct explanation for statement-1.

If a € R and the equation —3(x — [x])2 + 2(x — [X]) + a2 = 0 (where [X] deontes the greatest integer
< x) has no integral solution, then all possible values of a lie in the interval :

[JEE(Main)-2014]
(1) (-1,0) v (0, 1) (2) (1,2) () (-2,-1) (4) (o0, =2) U (2, )

-]
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10.

11.

12.

Functions
.|

I £(x) + 2f(1j = 3x, x # 0, and [JEE(Main)-2016]
X
S={xeR:f(x) =1f(-x)}; then S:
(1) contains more than two elements. (2) is an empty set.
(3) contains exactly one element (4) contains exactly two elements
11
The functionf: R — [—E,ﬂ defined as f(x) = ﬁ IS : [JEE(Main)-2017]
(1) neither injective nor surjective. (2) invertible.
(3) injective but not surjective. (4) surjective but not injective
LetS={x e R:x>0and 2|]vx = 3|+ VX (vx —=6) + 6 =0}. ThenS: [JEE(Main)-2018]
(1) contains exactly one element. (2) contains exactly two elements.
(3) contains exactly four elements. (4) is an empty set.
Let A={xeR:x s not a positive integer}
. . 2 . .
Define a function f :A—R as f(x) :x_i(l thenfis [JEE(Main)-2019]
(2) injective but not surjective (2) not injective
(3) surjective but not injective (4) neither injective nor surjective

1 1
Forx € R—{0, 1}, let f,(x) = N fo,(X) =1-xand f3(x) = T-x be three given functions. If a function,
J(x) satisfies (f,0Jof; )(x) = f5(x) then J(x) is equal to :- [JEE(Main)-2019]

1
(1) f:(x) (2) 1,(x) (3) f2,(x) (4) S f(x)
Let N be the set of natural numbers and two functions f and g be defined as f, g : N—>N

n+1

—— ifnisodd

suchthat: f(n)= ﬁ and g(n) =n—(-1)". The fogis: [JEE(Main)-2019]

— ifniseven

2
(1) Both one-one and onto (2) One-one but not onto
(3) Neither one-one nor onto (4) onto but not one-one

1
Let a function f: (0, ) — (0, «) be defined by f(x) = ‘1—;‘ . Then fis :- [JEE(Main)-2019]
(1) Injective only (2) Not injective but it is surjective
(3) Both injective as well as surjective (4) Neither injective nor surjective
The number of functions f from {1, 2, 3, ..., 20} onto {1, 2, 3, ....., 20} such that f(k) is a multiple of
3, whenever k is a multiple of 4, is :- [JEE(Main)-2019]
(1) (15)! x 6! (2) 5% x 15 (3) 5! x 6! (4) 6° x (15)!
Let f: R — R be defined by f(x) = 1% , X € R. Thenthe range of fis : [JEE(Main)-2019]
+ X
1)(-1,1)-4{0 2[—£3} 3R—[—13} 4)R-[-1,1

WEL Y- @55 ©) 5 (4) R-[-1, 1]



JEE-Mathematics

48

EXERCISE (JA)

If functions f (x) and g (x) are defined on R — R such that

i 0, Xxeirrational .
£(x) = 0, xe _ratlo_nal 400 = € _ then (F—g) (x) s -
X, X eirrational X, X € rational
(A) one-one and onto (B) neither one-one nor onto
(C) one-one but not onto (D) onto but not one-one  [JEE 2005 (Scr.)]

Let f(x) = x° and g(x) = sinx for all xeR. Then the set of all x satisfying
(fogogof)(x)=(gogof)(x) where (f 09) (X) = f(g(x), is-  [JEE 2011, 3, (-1)]

(A) +J/nt,ne{0,1,2,.... (B) Vnm,nef1,2,..)
(C) g+2nn,ne{ ----- -2,-1,0,1,2,...} (D) 2nt,ne{...,-2,-1,0,1,2,....}

The function f : [0,3] — [1,29], defined by f(x) = 2x* — 15x° + 36x + 1, is : [JEE 2012, 3, (-1)]

(A) one-one and onto (B) onto but not one-one
(C) one-one but not onto (D) neither one-one nor onto
2
Let f : (-1,1) - R be such that f(C0s46) =———— for e (O,EJ u(ﬁ,ﬁj. Then the value(s) of
2-sec” 0 4 4?2
f (%j is (are) - [JEE 2012, 4]
3 3 2 2
1-.|= 1+,|—= 1-.|= 1+,.|=
(A) \E (B) \E (©) \fs (D) \fs
Let f : (—gg} — R be given by f(x) = (log (sec x + tan x))® Then :-
(A) f(x) is an odd function (B) f(x) is a one-one function

(C) f(x) is an onto function (D) f(x) is an even function
[JEE(Advanced)-2014, 3]
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Functions

ANSWER KEY

17.
26.
33.
36.

10.
17.
21.
26.
27.

EXERCISE (O-1)

(i) —0<x<0 (i) xeR (i) x e R—{-1,0,1}
(iv) —0<x<0 &4<x<owo (V) —o<x<land 3<X<o(vi) —o<x<land 2<X<oo
(vi) —-1<x <1 (viij0<x<landl<x<o. (ixX) 2<X<0and0<x<1

@)g<x<2mm2<x<w. (xi)—1l<x<0and1l<x<2;2<x<w

(xii) 2k < x < (2k + 1)mt, where K is an integer. (xii) 4<x<6 (xiv) 2<x<3
MHR-{1}y () R-{0} (i) (0,4/3]  (iv) [1/3, 3] (V) [1,0) (vi) R

(vii) [0,00) (viii) [3,7] (X)) [-1,1] (X [2,%) (xi) [1/3,1)  (xii) L—llﬂ

@-2 (0)-3,1 (©)[33][-23], (d(-1.3], (e)B, (HAD
Yy 1

W

1

1 1 1 1 1 1 5 X

-3 -2 -1 0 1 2 3

X, 0<x<1 2, 0<x<land 2<x<3
(a)YZ{Z_X, lex<? (0) Y=10, 1<x<2and3<x<4

@-2,4, ()-2,2, (c)-3,4, (d)(0,4] (e)[4 4],[-2,3] (f) [-4, 3], [0.5, 4]

4 5 5
@ [5’5}”3} (b) [-2,-1) U [L,3] () [-3,-2] U [-1, 1] (d) (5’3j—{2}

b 9 C€C 10 A 1. C 12 B 13 C 14 C 15 D 16. B
c 18 C 19 D 20 B 21. D 2. B 23 B 24 C 25 D

D 27. D 28 C 29. BC 30. AC 31. ABCD 32. AB,C
AB,C 34. AB,C 35 (A)(P,RT):(B)=>(Q,R): (C)=>(Q,9); (D)=(P,R,T)
A 37. C

EXERCISE (O-2)
C 2. B 3. C 4, B 5. A 6. B 1. A 8. B 9. D

B 11. ¢ 12 D 13 B 14 C 15 ABC 16. AC
B,C,D 18. AC 19. CD 20. B,C
AB,C 22. AB/CD 23. B 24 C 25 C

(A)—(P.S); (B)—>(R); (C)—(Q.S); (D)—~(T)
(A)—(P.RT); (B)>(Q.RT); (C)=>(QR,T); (D)~>(P.R,T)
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11.

12.

13.

14.
15.

16.
18.

50

EXERCISE (S-1)

o[£35 35
(iv) (=0, -1) U [0, )

) 1 1 1
() (O’ ﬁ)”(m EJ

(i) [_4,_%ju(z, x0) (iii) (o0, ~3]
(v) (B-2r<x<3-m)u((3<x<4)

(vii) (=3, 1] U{0} UL, 3)

(viii) {4} U [5, ») (ix) (L,2) U (2,5/2)

() D:xeRR:[0,2]

(i) D =R; range [-1, 1]

(i) D:{x|x e R;x#-3;x#2} R:{f(X)|f(x) € R, f(x) = 1/5; f(x) = 1}
(iv) D:R,R:(-1,1) (V)D:-1<x<2; R:[«@, x@}

. 1 11
(vi)D: [-4, 0)-{5}; R :(O, Eju(g ﬂ
(b) (i), (iii) are identical

(&) neither surjective nor injective

(c) neither injective nor surjective

(a) =3/4; (b) 64; (c) 30, (d)5050

(@ domainis x> 0; range [-1, 1];
(c) domainx € R; range [-sinl, sinl]

(b) surjective but not injective

(b) domain 2kn < x < 2kr + 7; range [0, 1]
(d) domainis0<x<1;rangeis [0, 1]

1.
(x+3)" 1024, — if0<x<1
@ (x+3)° 41’ domain is R, 1025 (b) g9gx)= x2 _
x“if x>1
X if x<0 x* if x<0
f11) =y 10. (gof)(x) = —x* if 0<x<1; (fog)(x)=|1+x if 0<x<1
1-x* if x>1 x if x>1
(a) odd, (b)even, (c) neither odd nor even, (d)odd,  (e) neither odd nor even,

() even, (g) even, (h) even
(i) (@y=1log(l0-10"),-wo<x<1

(i) (@) 2Kn<x <2Kn+n Where Kell
(i) (a) Range:[-1/3, 3], Domain=[4,7]; (b) Range [-1, 9] and domain [11, 14]

X _@7x log, x 1
e —e . - FEANNS 2
: () log,x-1" © 2Iog

@ =

X = 10; f-(x) = 10"%*

(a) (i) Period of fog is =, period of gofis 2z (ii) range of fog is [-1, 1], range of gof is [-tanl, tanl1]

(b) 0.86
(A)S; B)R; (C)P;, (D) Q
6 19. 401 20. 9 21. 6

-]

1+ X
1-x

(b) y=x/3when—-o<x<0 & y=xwhen0<x<+owo
(b) [-3/2,-1]

17.(A) = (Q); (B) = (R); (C) > (P); (D) = (S)
22. 402423. 2 24 15 25. 6 26

©
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Functions

EXERCISE (S-2)

1. @) (014) U @4 1) Ufx:xeN,x>2} (ii)R—{—%,O}
2. (@727, (b)3 3. 6016 4.  f(x) = 2x°
x+1 , 0<x<l1
5 mgﬂ):{—a+xx—lsxso;mﬁ@): 3-x , 1<x<2
x-1, 0<x<£2 x-1 , 2<x<3
5-x , 3<x<4
cx<1 -xX , =1<x<0
X , 0<x<1 _
mﬂ@={4_x’ 3gxg44”“”“ x , 0<x<g2
4-x , 2<x<3
6. 21 7. x=0 or 5/3 8. 10025 9. 5049 10. 20
11. 122 12. {-1, 1}
EXERCISE (IJM)
1. 1 2. 3 3.1 4. 4 5 4 6. 2 7.1 8 1
9. 4 10. Bonus 11. 1 12. 2
EXERCISE (JA)
1. A 2. A 3. B 4. (zeromarkstoall) 5. AB,C
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INVERSE TRIGONOMETRIC FUNCTIONS

1. INTRODUCTION :

The inverse trigonometric functions, denoted by sin-2x or (arc sinx), cos x etc., denote the angles
whose sine, cosine etc, is equal to x. The angles are usually the numerically smallest angles, except in
the case of cot™*x and if positive & negative angles have same numerical value, the positive angle has
been chosen.

It is worthwhile noting that the functions sinx, cosx etc are in general not invertible. Their inverse is
defined by choosing an appropriate domain & co-domain so that they become invertible. For this
reason the chosen value is usually the simplest and easy to remember.

2. DOMAIN & RANGE OF INVERSE TRIGONOMETRIC FUNCTIONS :

SNo| f(x) Domain Range
. T T
(1) | sin"*x x| <1 [_E’ E}
(2) | cosx x| <1 [0, n]
T T
3) | tanx xeR (_E EJ
@) | secx X >1 [0, ﬂ]—{g} or [0, gju(g TC}
T T
(5) | cosecx x| >1 [_E’ E} -{0}
(6) | cot*x xeR 0, =)

3.  GRAPH OF INVERSE TRIGONOMETRIC FUNCTIONS:

- T
(@ f: [7 E} —->[-11]
f(x) = sin x
Yy
. y=arcsinx -
y=sinx
/2 -1
0 1 /2
y=sinxl ¥ {-1
v

(Taking image of sin x about y = x to get sin-'x)

52

11, 1] > [-n/2, /2]

f1(x) = sim(x)

v

y=arc sinx
;
g
g
£
r
-1 L
T X %
0 1 3
: z
2
3
....... e —17:/2 :(g
y=arc sinx g
3
E
g
2
(y = sin"x) 1

-]



m node06 \BOAI-BO\Kota\JEE(Advanced) \Enthusiasf\Maths \Sheet\Function & TF\Eng\02_Inverse.p65

(b)

©

(d)

€

f:[0, ] - [-1, 1]
f(x) = cos x

y=arc cosx =X
e TO ~

.........y=CO,SX

g
(Taking image of cos x about y = x)
f: (-n/2, nl2) > R

f(x) = tan x

/2 /"
y=arc tanx

—72 0 72 &

y=arc tanx_+7~

y=tanx

—n/2

+-n

(Taking image of tan x about y = X)
f:(0,7) >R

f(x) = cot x
S
e T
y=arc CN
/2
/2t
y=x T i
y=cotx§

(Taking image of cot x about y = x)

f: [0, n/2) U (n/2, 1] = (~o0, 1] U[1, )
f(x) = sec x

f*: (—o0, —1]U[1, ) = [0, /2) U (n/2,n]

f*(x) =sec™x

Inverse Trigonometric Functions

fL:[-1 1] [0, n]
f*(x) =cos' x

v

n/2

-1 O 1 X

(y = cos™x)
f*:R > (-n/2, n/2)
f*(x)=tan"x

0
/2
y=arc tanx
0 > X
y=arc tanx
—n/2
(y = tan™x)
f*:R—(0, n)

f*(x) =cot™"x
v

T

y=arc C(N
n/2
y=arc cotx

0 X
(y = cot™x)
UA
T
/2
] 0 1 >X
53
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(f)

f:[-n/2,0) U (0, /2] = (—o0, 1] U[L, ) Y4
n/2

f(X) = cosec x \
£ (=00, ~1]U[L, o) = [-/2, 0) U (0, 7/2] '\1 o

-n/2

f*(x) = cosec™ x

From the above discussions following IMPORTANT points can be concluded :

(i)

(i)

(iii)
(iv)
)

All the inverse trigonometric functions represent an angle.

If x > 0, then all six inverse trigonometric functions viz sin-tx, cos™x, tan-x, sec™x, cosec™x,
cot™'x represent an acute angle.

If x <0, then sin-Xx, tan~x & cosec™x represent an angle from —n/2 to 0 (V™" quadrant)
If x <0, then cosx, cot’x & sec™'x represent an obtuse angle. (11" quadrant)

I11" quadrant is never used in range of inverse trigonometric function.

. 1 . 1) .
Illustration 1:  The value of tan™(1) + cos™ (—Ej +sin™ (——J is equal to

Solution :

2
a7~ gy 2~ o) F oy 27
A ®) 1, © (©) 7,
4 af 1), e l)om 2 m_m o m_3m
tan™ (1) + cos ( 2j+sm ( 2} 23 8527272 Ans,(C)

2n 2n
lllustration 2: 1 > cos™ x; =0 then find the value of 2 X

Solution :

54

i=1 i=1

We know, 0<cos'x<n
Hence, each value cos™x,, C0S™X,,c05Xs,......,C0S™X,,, are non-negative their sum is zero
only when each value is zero.

ie., cos™'x =0 foralli

= X =1foralli

2n
in =X+ X, + X+ X, =fL+1+1 +1}=2n {using (i)}

i=1

2n times

= 22X =2n Ans.
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Inverse Trigonometric Functions

Do yourself - 1:
(i) If a, B are roots of the equation 6x*> + 11x + 3 = 0, then

(A) both cos™a and cos™p are real (B) both cosec™a and cosec™p are real

(C) both cot?a and cot™*p are real (D) none of these
(i) If sin’x + sinly = © and x = ky, then find the value of 39% + 5k

PROPERTIES OF INVERSE CIRCULAR FUNCTIONS :

My
1 .........
() y=sin (sinx) = x o7
45°
xe[-11]y e [-1.1] - o b
--------- -1
My
1 .........
41»
it - 1 v\ = 45°
(i) y=cos(cos*x)=x S 4 — >
xe[-11],y e [-1,1] .
v
X
: L
(i) y=tan(tan' x) =x £co .
0
xeR,yeR /
v
(iv) y=cot(cot™x)=x, &
X eR;y eR % h
Y Py
N
1
(v) y=cosec (cosec?x) =x,
-1 O 1 X

X >1,]y>1

55
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(vi) y=sec(sectx) =x Ay s

X|>1;ly>1 1

Note: All the above functions are aperiodic.

[llustration 3:  Evaluate the following :

(i)  sin(cos™3/5) (i) cos(tan™ 3/4) (iii) sin (g —sin™ (—%D
1 =
iv) tan{2tant=-=
(iv) { c 4}
Solution : (i) Let cos™*3/5=80. Then,

cos0=3/5 = sin6=4/5
sin(cos™ 3/5) =sin 6 = 4/5
(i) Let tan™3/4=0.Then,

tano =3/4
4 5 1
== " asCos f=————
- w0sg [ sseos 0
cos(tan™ 3/4) = cos® = 4/5
(iii) sin(ﬁ—sin1[_—1D:sin(ﬁ_(_ED:5in2_n:£
2 2 2 6 3 2
1 1
i tan| = |=0=>tanf==
(iv) Let (5} z
2><1
n) tan(20)-1 5 5 1
tan| 20 —— | = ———— gpnd tan20 = -2 (.. -
( 4J 1+ tan 20 and 1—i 12 (- tand 5)
25
El
) 12 7
= tan| 20—— |= ="
1+ — 17
12

Ans.

PTT  cde06180A1 80\Koto\EE{Ackanced)\Enhusiasi\Weths\Sheet\Funclion & TFAEng\02_inverse p45
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[llustration 4:

Solution :

Inverse Trigonometric Functions

Prove that sec’(tan™'2) + cosec’(cot™ 3) = 15

We have,
sec” (tan™'2) + cosec® (cot™3)

- {sec(tan’l 2)}2 + {cosec(cot’1 3)}2 = {sec(tan1 %)}2 + {cosec(cot1 %j}z
= {sec(seclx/g)}2 +{cosec(cosec‘1\/ﬁ)}2 (\/3)2 +(\/1_O)2 =15

Do yourself - 2 :
Evaluate the following :

%B (iii) sin(g-sm{;}} (iv) Sin[coslgj

o wlerl) i
|

. T T . . . . . .
P-2 (i) y=sint(sinx),xeR,y e[ 23 periodic with period 27 and it is an odd function.
AY
T
TRoXSmSXS— _
+ & - <
. 5 z| . S . &
. 1. _ _n n 9 2 —% 2 N
sin'(sinx) ={x <X < Y >
2 2
T
T—X, —<X<Z
2 "7
(i) y=cos?t(cosx),x e R,y e [0,r], periodic with period 27 and it is an even function.
RS
T
-X , —-n<x<0 as s & s
cos ' (cosx) = o v 1% 2
X , 0<x<n N §
— % -n O o n 2n i
(iii) y=tan (tan x) 2 z

xeR- {(ZH —1)2, ne I}; ye (—g g} periodic with period 7 and it is an odd function.

[y
T
X+m, ——<X<-—= ) 5 A
2 2 [ S/ 7/ A
I /1 Ny I /0
] T T I % 1 | % I
tan~(tanx) =4x , ——<X<— e W A VA U SN
T _ T z
2 2 ~2r i—7 = i 5 2! 57 X
x TC<X<3TC i i i i
_Tc’ —_— —
2 -
2

57
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(iv) y=cot?(cotx),xe R—{nn,nel} ye(0,n),periodic with period = and neither even nor odd
function.

X+m, —-mt<X<0
cot'(cotx)=4x , 0<x<m
X—T, T<X<2®

|\l
29

(v) y=cosect(cosecx),xe R-={nm,nel}ye [—%,0} u(o,ﬂ , Is periodic with period 27

and it is an odd function. N
N - < o
\K}x T \\’//+ )(\59 3n //+
v 7 45° 2
_% -m (0] % n 2n X
e
(vi) y=sec?(secx), Yy is periodic with period 27 .
and it is an even function. -
+xq,¢ I -9\\ T \\)//+ | -9\\
20 D\ I S B AN
_nr ol E S/ i : NG
xe R-{@n-n3netl ye[oJo[ 3] L 1 N
-2n 3r -n n 0] n n 3n 2n X
2 2 2 2
Illustration5:  The value of sin™ (=+/3/2) + cos™ (cos (7 / 6)) is -
(A)5n/6 B)n/2 (C)3n/2 (D) none of these

Solution : sin! (—\@/2) = —sin™? (x@/Z):—n/S

and cos™ (cos (7 /6) = cos™ cos (2n — 5n/6) = cos™ cos (5 n / 6) = 51/6

5
Hence sin™ (-+/3/2) +cos™ (cos 7t/ 6) = —g+—n =X

6 2 Ans.(B)

[llustration 6:  Evaluate the following :

(i) sin}(sin10) (i) tan(tan(-6)) (iii) cot™(cot 4)

PTT  cde06180A1 80\Koto\EE{Ackanced)\Enhusiasi\Weths\Sheet\Funclion & TFAEng\02_inverse p45
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Solution :

Illustration 7:

Solution :

Inverse Trigonometric Functions

(i)

(i)

We know that  sin"(sin@) = 0, if —n/2 <0 < n/2

Here, 6 = 10 radians which does not lie between —r/2 and /2

But, 3t-0i.e.,, 3xr— 10 lie between — g and g

Also, sin(3w — 10) = sin 10
sin}(sin 10) = sin™ (sin (37 — 10)) = (37 - 10)
We know that,

tan*(tan®) = 0, if—m/2 < 0 < /2. Here, 6 = -6, radians which does not lie between
—nt/2 and n/2. We find that 2 — 6 lies between —rt/2 and 7t/2 such that;

tan (2n — 6) = —tan 6 = tan(-6)
tan~(tan(-6)) = tan™ (tan(2x — 6)) = (2n - 6)

(ii) cot™(cot4) = cot™*(cot(n + (4 — m))) = cot™*(cot(4 - n)) = (4 — )

Ans.

Find the number of solutions of (X, y) which satisfy |y| = cos x and y = sin"(sin x), where |x|

< 3.

Graphs of y = sin™(sinx) and |y| = cosx meet exactly six times in [-3rx, 3n].

v
_5n _n 3n
-3\ 2 2/ 0 2 3n <
227 /3n T 2n /5n
~ 2 5

Do yourself - 3 :
Evaluate the following :

(i) cosl(cosl?’—nJ (ii) tanl(tan(ED (iii) sinl(sin(s—nD
6 6 6

TU
P-3 (i) sintx+costx= 5 x| <1
TU
(i) tantx+ cot?x =5 xeR
TU
(iif) cosec™ x + sec™ x =5 x| >1
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P-4 (i) sint(-x)=-sintx x| <1
(i) cosec(—x) =—cosectx, |x|>1
(iii) tan?t(—x)=-tan*x xeR
(iv) cot?(-x)=m-cot’x, xeR
(v) cost(-x)=n-costx, x| <1
(vi) sec?(-x) =m —sectx, x| >1
1
P-5 (i) cosec?x= sin—1; ; x| >1
. 1
(i) sectx= cos—1; ; x| >1
tan~* 1 . x>0
(i) cottx= X .
n+tan" = ; x<0
X

Illustration 8:  Find value of x if cos "(—x) + tan™}(-x) — 2sin}(x) + sec™ (—%} =§ for x| < 1.
Solution : m — cos(X) — tan"(x) — 2sin"(X) + cos(~X) =§

T — cos™'(x) — tan™(x) — 2sin™(x) + m —cos™(X) =§

21 — 2(sin™'x + cos™x) — %: tan™'x

2n — Tt — % =tanx = tan'x = 37475 Hence no soluton Ans.

Do yourself - 4 :
(i) Prove the following :

(@) cos” (EJ =tan™" (Ej (b) sin” (—ij =tan™" (—ij =cos™ (—Ej -7
13 5 5} 3 5}

1
(i) Find the value of sin(tan-‘a + tan'lg); a=0

X+Yy
1-xy

tan™ where x>0,y>0&xy<1

X+Yy
1-xy

P6 () (@ tanrtx+tanty= 7 +tan™ where x >0,y>0&xy>1

g, where x>0,y>0&xy=1

m node06 \BOAI-BO\Kota\JEE(Advanced) \Enthusiasf\Maths \Sheet\Function & TF\Eng\02_Inverse.p65
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©
(i) (@
(b)
(i) (a)
(b)

Inverse Trigonometric Functions

+ Xy

tan™ x — tan?y = tan™* 1 where x>0,y >0

X+Yy+Z—-Xxyz
1-Xxy—-yz—-zx

tan—1x+tan—1y+tan—1z:tan—l{ }if x>0,y>0,z>0&xy+yz+zx<1

sinfl[x\/l—y2 +yV1-x?]  wherex>0,y>0& (x> +y?) < 1

sin?x +sin™y =
n—sin[xy1-y? +yv1-x*]where x>0,y >0 & x* +y? > 1

sint x —sinty = sin? [x4/1-y* —yv1-x* ] where x > 0, y> 0
cos™x +costy =cos? [xy —+/1-x?+/1—y?] where x>0,y >0

cosfl(xy+\/1—x2«/1—y2); X<y, X, y>0
—cos’l(xy+\/1—x2\/1—y2); X>y, X, y>0

costx—costy=

Note: In the above results x & y are taken positive. In case if these are given as negative, we first
apply P-4 and then use above results.

[llustration 9:

Solution :

Prove that
1 1 2 1 1 1 1 =
' 1= ttanl—=tanl—= i) tan'=+tant=+tan = +tant ===
() tan 7+tan 13 tan 9 (i) : 2 3 5=
1 1
i — -1 -1__—
(i) LH.S.=tan 7+tan 13
1.1
= tant 13 tan1x+tan1y:tanl[ﬂ} if xy<1
11 1-xy
1-=x—
7 13
= tan™ (—Oj =tan' (Ej =R.HS
9
(ii) (tan1—+tan1£j+(tan "= +tan 4)
7 8
1.1 1.1
_tant| 2T |ytant| 38 —tan1(£j+tan1(2j
11 11 17 23
1-=x= 1-=x=
5 7 3 8
6 +11
17 23 325 T
_tant| 17 _23 :tanl(—j=tan11 =—
6 11 35)” " W Ans
17 23
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Illustration 10: P thtsin’12+cot14+tan’163
ustration 10: Prove tha 13 3 16
Solution : We have,
sin’lE+cos’1i+tan’1§
13 5 16
:tanfngrtanfngrtan*1§ [ sin’lgztan’1 12 and cos™ 1 4 —=tan* 3}
5 4 13 5 5 4
12 3
1 5 +4 , 63
=m+tan 12 3 +1an E tan1x+tan1y=n+tan1[—X+yj,ifxy>l
1-—x— 1-xy
5 4
=n+tan 63 +tan™ 63
-16 16
_ 463 63 _ B
= m-tano+tan [--tan™(—x) = —tan ' x |
- T
12 . ,3 . .56
Ilustration 11: Prove that : cos*==+sin™* = =sin*—
13 5 65
ion - - cos™ 12 +sint 3 =tan™ S +tan™t 3
Solution: We have, L.H.S. = 13 5 12 4

oo B ]

3
LHS. =tant| 12 4 _ 4 =tan*1§
L 5.3 33
12 4

R.H.S. = sin™? 56 =tan™ 6
65 33

L.H.S. = R.H.S. Hence Proved
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Inverse Trigonometric Functions
I ——————————————————————————————————————————————————————————————————————

Do yourself - 5:
Prove the following

(i sin™ (Ej +sin™ (Ej =cos ™ (Ej (i) tan™ (Ej +tan™ (Ej —tan™ (
5 17 85 4 5

af 2 af T 4 l
(|||) tan (Ejﬂan (ﬂj—tan (2]

EJ_E
19 4

SIMPLIFIED INVERSE TRIGONOMETRIC FUNCTIONS : /2

2tantx  if  |x|<1 V' \ b
@ y=f(x):sin1(12X2J= n—-2tan'x if x>1 :
+X < >

—(n+2tan'x) if x<-1

D
b
—n/2
v A
y = £(x) = cos ™ 1-x*) | 2tan™x if x>0 D
(b) 1+x* ) |=2tanix if x<O0
< =)
v
n/2
2tan"' x if |x|<1

=l n+2tan*x if x<-1

2

© y=f(o=tan’ 2X

A

—(n—2tan'x) if x>1

|
—
<<

-n/2
y
d) y=1f(x)=sin" (3x - 4x} N
/2
| I
_(n+3sintx) if —l<x<—= D D
2 < <32 :—1/2 +1/2: Sx
1 1 -1 : R
= 3sint x if —=—<x<= |
2 2
- . 1
n—3sin"x if Eéxél 2l
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© y=f(x)=cos?(4x® —3x) T
_ ) _ . )
3cos x—-2n if —13x£—§
=|2n—-3cos*x if —ESXSE
2 2
-1 - l X
3cos™x if  =<x<1 , 5
| 2 Be1
1 MY
—(r+2sinx) —lgxg—E oo b
. . 1 1
() sint(2xy/1-x%) =< 2sintx T <x<—— _L
. 1 = i
—2sintx —<x<1
" 2
L —n/2
VA4
)
2C0s ™ x 0<x<1 &
o) cost(2x? -1) =
2n—2c0s X -1<x<0
1 4
1 1 31
i . s 2tan = +tan = =tant =
[llustration 12: Prove that : > 7 17
Solution : We have, 2tan1%+tan1%
3
2)(; E’
— tan-1 1+ 5
=1tan e -.-2tan1x=tan1( 2 zj,if —l<x<l| 1§
-0
4.1
—tantottan it =tan i3 7 :tan’lg :
4 1 17
1-—x= 2
3 7 :
3
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Inverse Trigonometric Functions

) 1-x
lllustration 13: Prove that tan™+/x 2cos (1 XJ XG[O 1]
+

2
_ 1-(x
Solution : We have, %cos1 (1—)(} :%cos1 (—)2 =%><2tan1\/§ =tan ' Vx.

1+X 1+(&

Alter : Putting \/x =tan®, we have = 6 [0%}

_ _ 2
RHS :%cos1 (1—)(} = %cos1 (wj = Ecos’1 (cos20)=6 - (26 € [OgD

1+X 1+tan’0 ) 2
=tan"'/x = LHS
Illustration 14 : Prove that : (i) 4tan*1l—tan’1i+tan*1i:£
5 9 4
(i) 2tan™ 1sect 5\/_+2ta i1z
5 8 4
541 41 41 1 1 1
lution ) 4tan'=—tan'—+tant— =2{2tan*=!—tan ' —+tan "t —
Solution ® 5 70 99 5 70 99
2tan~' x
:Z{tanlZL/SZ}—tanlithan1i
1-(@/5) 70 99 =tan™ if | x|<1
11
_2tan > —Jtan L —tan 2L gant L/lZZ _tant.]70_ 99
12 70 99 1-(5/12) N
b X
70 99
120 1
Ctant 220 a1 2 1120 g L _ggnt) 119 239 | _ppg T
119 6931 119 239 14240 120 1
119 239
(i) 2tan1%+sec1 5\/_Jthan 3 2{tan1%+tan ;}+sec1 52
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14‘1 \/7 2
_otan1) 5 8 4 |[ 5V2
=2tn . 1.1 +ian [Tj -1 ['.'sec’lx:tan’lxlxz—l}
_tt
8
=2tan’1E+tan’1£=2tan’1£+tan’1£
3 7
=tan™ ZL/?’Z stantl °.°2tan’1x=tan’1i2, if | x|<1
1-(1/3) 7 1-

3 1
7_{_*

l——x1
4 7

1
= tan’1§+tan’1— =tan™
4 7

Do yourself - 6 :
Prove the following results :

(i) 2tan1(%j+tanl(a=tanl(;j (ii) Zsinl(gj—tanl(%j=%

6. EQUATIONSINVOLVING INVERSE TRIGONOMETRIC FUNCTIONS:
. . a - 1ln

[llustration 15: The equation 2c0s™X + Sin™"X = &5 has

(A) no solution (B) only one solution (C) two solutions (D) three solutions
. . . a T ¥ 5
Solution : Given equation is 2 cos™ X + sinxX = e
-1 -1 = 1 11TC -1 TU llTC 1

— COS™ X+ (cos™Xx+sinTx)= 5 = COS™ X + EZ?: cos x=4n/3
which is not possible as cos™ x ¢ [0, 7] Ans.(A)

lHlustration 16:  If (tan™ x)? + (cot™ x ) =5r/ 8, then X is equal to-

(A -1 (B)O 1 (D) none of these

Solution : The given equation can be written as (tan™ x + cot™ x )2 -2 tan™ x cot™ x =512/ 8

66

Since tan™ x + cot™ x = /2 we have
(n/2)? = 2tan™ x (n/2 —tan™ x ) = 5n%/ 8

= 2ttan?tx)?-2(n/2)tantx-31?/8=0 = tan'x=-n/4 = x=-1 Ans.(A)

-]
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Inverse Trigonometric Functions

ALLEN
. - -1 X_l -1 X+1 TC
[llustration 17: Solve the equation : tan™™ ——+tan =—
X—2 X+2 4
x-1 xX+1 T
ion: tan'—=+tan™
Solution : 7 a2 2
taking tangent on both sides
-1 X+1
B tan [tan N (XD +tan [tan . (D
= tan(tanl(x—;)+tan1()(—+;D=1 — X—2 X+2)) _
X- X+ 1—tan [tan - (X_lntan [tan - (XHD
X-2 X+2
x—1+x+1
x=2 x+2 _;  (X=DO+2)+(x-x+D) _, 1
= x-1 x+1 = X2 —4—(x2-1) = 2X _4__3Z>X_iﬁ
X—2 X+2
o1
Nowverlfyx—ﬁ
i_l i-i-l
— tan \/E -1 \/E _ 1(\/5— j (I+1j
=tan +tan =tan™ | ———— [+tan”
1 1 272 -1 242 +1
2 +2
2 2
A (v2+1)(V2-1)+(2v2-1)(V2+1)) . 4(6) . .. =@
=tan =tan"| = |=tan () =—
(2v2-1)(2v2 +1)-(V2-1)(V2 +1) 6 4
X =t
J2
_1 )
=tan™ V2 +tan~ 2 :tan{ \/E+1j+tan1 (Ej{same as above}
1 1 22 +1 22-1
2 +2
J2 J2
= tanl(@) =2
@) 1
_, 1 -
X =+ are solutions Ans.
J2
Illustration 18: Solve the equation : 2 tan™(2x + 1) = cos ™.
Solution: Here, 2 tan™*(2x + 1) = cos™x
2
or  cos(2tan™'(2x +1)) =x {We know cosze=w}
1+tan 0
M—X 2 2 —_ 2 2
1+ (2x+1)° = (1-2x-1)(1+2x+1)=x(4x"+4x +2)
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= =2X.2(x+1)=2x(2+2x+1) = 2x(2X+2x+1+2x+2)=0
=  2X(2xX°+4x+3)=0

= x=0 or 2X+4x+3=0 {No solution}

Verify x=0
101 = et r_rm
2tan(1) =cos (1) = 575
x = 0 is only the solution Ans.
Do yourself - 7 :
Solve the following equation for X :
(1 _ .4 X T
iy sinfsin™| = |+costx [=1 iy costx+sinti=2
® [ (5J } (1 2" 6

7. INEQUATIONS INVOLVING INVERSE TRIGONOMETRIC FUNCTION :

[llustration 19:

Solution :

[llustration 20:

Solution :

Illustration 21 :

Solution:

68

Find the complete solution set of sin™(sin5) > x* — 4x.
sin}(sin5) > x* — 4x = sin[sin(5 - 2m)] > X* - 4x
= X-4x<5-2n1 => X -4x+(2n-5)<0

= 2-+49-2n<X<2++9-2rn = xe€(2-+49-2n, 2++9-2n)

Ans.

Find the complete solution set of [cot™x]* — 6[cot™x] + 9 < 0, where [.] denotes the
greatest integer function.

[cot™x]?-6[cot™*x] +9<0
= ([cotx]-3)’<0 = [cotX]=3 = 3<cotx<4 = X e (-, cot3]

n . ;
If cot-1—>g, ne N, then the maximum value of n is -
T

(A) 1 (B) 5 (©)9 (D) none of these

n =
cott—>=
T

N cot[cot1 (EB < cot (Ej 13
T 6 T

— n<m/3 = n<5.5(approx)
= n=5 “ (n e N) Ans. (B)

-]
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Inverse Trigonometric Functions

(i)

Do yourself - 8:
Solve the inequality tan—x > cot™x.

(i) Complete solution set of inequation (cosx)? — (sin*'x)? > 0, is

(A) [0, %j (B) [—1, %j (C) (-1, 2) (D) none of these

8. SUMMATION OF SERIES:

[llustration 22: Prove that :

tant| S22 7Y | tan L2=% | v tant =% |y ttant| S% |y gant| L | ot X
C,y+X 1+c,c, 1+c,c, l+c.C,, C, y

Solution: L.H.S.
tan1£Cl yJ+tan1£ 2 1J+tan1£ﬂJ+...+tanl( n ”1J+tan1(—J
C,y+X +C,C, 1+c,c, +C,C, 4 C,
x_ 1
1| Y Gy a a -1 -1 -1 -1 a1
tan XL +(tan c, —tan cl)+(tan c,—tan cz)+....+(tan c, —tan cn_1)+tan {—nj
y ¢
X 1 1
=tan™ [—j —tan™ [—j —tan"'c, +tan"'c, +tan™ [—j
y C, Cn
— 1 -1 -1 -1 -1
=tan*| = |-(cot "¢, +tan"*c, )+(tan"* ¢, +cot ¢, )
y n n
= tan™ (éj—ﬁjtﬁztanl [—j = R.H.S.
y) 2 2
Do yourself - 9:
£ 2
i - Y tan™
(i) Evaluate : ; (1+(2r+1)(2r—1)j
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Miscdlaneouslllustrations:

lllustration 23: Iftan™y =4 tan™ X, (| X |< tan gj , find y as an algebraic function of x and hence prove

Solution :

[llustration 24 :

Solution:

70

that tang is a root of the equation x* — 6x*+ 1 = 0.

We have tanty=4tan™x

= tan?ty=2tan? - (as|x| < 1)
4x
i} —x2 L, 4x(1-x?) 2X
—tant—1=X"  _gpt 2T as <1
B 4x? x* —6x%+1 1-x2
1-x%)?
4x(1—x?)
= ==
x* —6x* +1
If tan il
X =tan—
8

_ _ T
- tan1y=4tan1X=§:> yisnotdefined = x*-6x2+1=0

If A=2tan™(2y2-1) and B =3sin"(1/3) + sin™(3/5), then show A > B.

We have, A=2tan™(2v2 -1) = 2tan"(1.828)

= A>2an*({3) = A>%" ....... (i)

. 4(1 . 4(1 . 4(1) =
also we have, sin""| = [<sin™ | = | = sin"| = |<
3 2 3) 6
] 1 T
35|n1(—j<—
= 3)72
3
) 2 .
also, 3sin™ (Ej=sin1 (3.3—4(% j =sin™ (—3j =sin"}(0.852)
3 3 3 27

= 3sin(L/3) <sint(y3/2) = 3sin(L1/3) < n/3

also, sin™(3/5) =sin™ (0.6) <sin*(/3/2) = sin(3/5) < /3

2
Hence, B = 3sin™* (1/3) + sint (3/5) < ?" ........ (ii)

From (i) and (ii), we have A > B.

"]

Ans.
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Inverse Trigonometric Functions

[llustration 25:

Solution:

If 6 = tan™(2 tan’0) “Lsine (—3sm 20 j then find the sum of all possible values of
2 5+4co0s20
tano.
0 = tan™(2 tan’) — L sin* (—35"1 20 j — 0 =tan"'(2 tan’0) “Lsin (—6 tan(j j
2 5+4c0s20 2 9+tan o

1
1 2 ( tan ej 5 1
= 0 =tan'(2tan’0) —=sin! 3—2 = 0 =tan'(2 tan’0) —=tan™ (—tan ej
2 1 2 3
1+ ( tan ej
3
-1 2 -1 1 :
= O=tan"(2tan’0) —tan (gtan ej ........ ®
taking tangent on both sides
6tan* 0 —tan
= tanb=———— = 2tan’0-6tan’0 +4tand =0

3+2tan’0
= 2tanB(tan’0-3tanB+2)=0 =  2tanO(tand —1)*(tano + 2)=0
= tan6=0,1,-2 which satisfy equation (i)

sum=0+1-2=-1 Ans.

ANSWERS FOR DO YOURSELF
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1:

2:

O

(i)
(i)
(i)
(if)
(i)

(i)
(i)

C (i) 1526

15 1 .4
ry (i) E @i 1 (iv) 5
T .. T ..y T

6 (i) 6 (i) 6

1, if a>0

{—1, if a<0

% i) 1 (i) ¥3

(1, ) (i) B

nl4
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EXERCISE (O-1)
Straight Objective Type

1. The domain of the function sin{log2 (%D is -

1 1 3 1
@ 3 ®37] @[3 © 32
2. Domain of the function f(x) = Iogecos_l{&} is, where {.} represents fractional part function -
(A)xeR (B) x € [0, ) (C)x € (0, ) D)xeR-{x|xel}

_ 1 . 1
3. tan 1(1—x2—7J+sm 1(X2+7—1J (where x = 0) is equal to

T T 3n
GV (B) 7 ©) (D) n
4. The value of tan(sec™*3) + cot’(cosec™4) is -
(A) 9 (B) 16 (C) 25 (D) 23
5 Ifx>0cos™ (Ej =T _cos? (EJ then x is -
X 2 X
(A) 12 (B) 16 (C) 20 (D) 320

6.  If2<a<3, thenthe value of cos™ cos[a] + cosec™ cosec[a]+cot ™ cot[a], (where [.] denotes greatest
integer less than equal to x) is equal to
(A)2-m (B)2+m C)n (D)6

7. If cos‘1(2x2 -1)=2n- 2c0s X, then -

(A)x e [-1, 0] (B)x € [0, 1] (C) xe [0, %} (D) X< [—% %}

8.  Number of integral ordered pairs (a,b) for which sin‘l(l +h+b*+.... o) + cos™ (a —a—;+a—93— ..... ooj =g Is-
(A)O (B) 4 ©9 (D) Infinitely many

. !iﬂgtanl r + 22rr‘°’11r2 41 sequalto-
() ® > © ()3

Multiple Correct Answer Type

10. If sin(Zcos1 (%Dmos(ﬂanl (%D =§, where p & q are relatively prime then digit at units

place of (p — q)***, k e N, can be -

(A)1 (B)3 €7 (D)9

PTT  cde06180A1 80\Koto\EE{Ackanced)\Enhusiasi\Weths\Sheet\Funclion & TFAEng\02_inverse p45
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11.

12.

13.

14.

15.

Inverse Trigonometric Functions
I rEE———

Consider the function f(x) = e* and g(x) = sin~'x, then which of the following is/are necessarily true.

(A) Domain of gof = Domain of f (B) Range of gof — Range of g

(C) Domain of gof is (-, 0] (D) Range of gof is [—g OJ

Let f(X) = sin_l(tanx) + cos‘l(cotx) then

(A) :g wherever defined (B) domain of f(x) is x = nni%, nel
(C) period of f(x) is g (D) f(x) is many one function

Let f(x) =" be an invertible function such that f ~* = g, then -

(A)g(e)=0 (B) Domain of 'g' is R

(C) Range of 'g' is R (D) f(g(e))=¢

Value of 3tan* (%j +tan™! GJ +sin™ (%} +cos ! (%} is greater than

A 5 (B) 3 © 3 (D) 5

Which of the following is/are correct ?

(A) cot™(x)=tan™" (EJV x € R —{0}

X
(B) If f : R > Rsuch that f(x) = sgn(e”) then f(x) is an into function.
(C) If f : R — Rsuch that f(x) = sinx + x then f(x) is an odd function.

X

(D) If f : R —> R such that f(x) = °

o then f(x) is a periodic function .

(where [.] represents greatest integer function)

EXERCISE (O-2)

Straight Objective Type

1.

The range of the function f(x) = sin_l(logz(—x2 +2x+3))is-

T T T [ T
(A) [—; 5} (B) [—; 0} © (O 5} (D) [1,1]
Range of f(x) = cot_l(loge(l - x2)) IS -
(A) (0,%) (B) (0@ (©) _E,RJ (D) (Oﬂ
The value of sin™ {cot [sin1 2_4\@ +coslg+5eclﬁ ]} is-
(A) 5 (B) 6 (C) 0 (D) 10
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4. Number of solution(s) of the equation cos*+/x —sin"*v/x =1 +cos ™ v1—x —sin’1i =— is-

_r
Ix 2

(A)0 (B)1 (€2 (D) 4

QI r((r+1)?") .
5. r;tan [(r+1)+((r+1)!)zj is equal to -

T s -1 -1
(A) 5 (B) 2 (C)cot 3 (D) tan "2

Multiple Correct Answer Type

6. Let f(x)= \/ cos ™t +/1-x* —sin~'x then which of the following statement/s is/are correct -

(A) Domain of f(x) is [-1,1] (B) Domain of f(x) is [0,1]
(C) Range of f(x) is {0} (D) Range of f(x) is [0,\5 J
7. Ifa=2tan"(y3- 2\/_)+Sln [\/_ \/_j BZCOtl(\/é—Z)+%SeC1(—2) & y:tanl%_i_c(.)sl%,
then
(A)a=pB (B)a+p =3y ©)4p-v)=a D)B=v
8.  Ifaisonlyreal root of the equation X3+ (cosl) X2+ (sinl) x+1=0, then (tanl o+tant lj cannot
o
be equal to-
T T
(A)0 Gl © -3 (D) =

x*—4 if |x|<3 1
9. Let f(x) :{539n|x—3| it [x>3 and g(x) = 2tan"(e") — for all x e R, then which of the
following is wrong ?
(where sgn(x) denotes signum function of x)
(A) f(x) is an even function (B) gof(x) is an even function
(C) g(x) is an odd function (D) fof(x) is an odd function

Subjective Type Questions

X

10. Least integral value of x for which inequality sin™ [sin[ze +13n > n—g holds, is
e’ +

11. The product of all real values of x satisfying the equation
- 2x* +10| x| +4 L[ 2-18| x| T .
sin~" cos 5 =cot| cot ™| ———— | |[+—=is

X“+5|x|+3 9| x| 2

12.  Number of integral solutions of the equation 2sin™«v/x?—x +1+cos /x> s

is equal to

3ab
13. Ifsin- 15|n(12 j+cos cos%ﬂan tanl0 =arn+b, then |— 30
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Inverse Trigonometric Functions

EXERCISE (S-1)

y
3
Given is a partial graph of an even periodic function f whose period is 8. 2
1
>X
If [*] denotes greatest integer function then find the value of the expression. 0 1/ Sk

-4

f (=3) + 2|f (=1)| + {f [gﬂ +£(0) +arccos(f(=2)) + f(=7) +f(20)

(@ Find the following :

0] tan{cos‘llﬂan‘l[_—lﬂ (ii) cos‘l(cosﬁj
2 J3 6

(iii) cos(tan‘lgj (iv) tan(sin‘lgmot‘lgj
(b) Find the following :

(i) Sinl:g—sin'l [_—fﬂ (ii) COS{COS*[_—\ZEJJr%}

(i) tan-l(tan%nj (iv) sin(%arcsin@}

Find the domain of definition the following functions.
(Read the symbols [*]and {* } as greatest integers and fractional part functions respectively)

i) fx)= arccosli—xx (i)  f(x)=1/cos(sinx) +sin-11;(‘2
(i) f(x)=sin™" [XT_S) —log,,(4-x) (iv) f(x) =sin}(2x + x?)
v) f(x)= —mez +cos™ (1-{x}), where {x} is the fractional part of x.

log, (1—-4x°)

3-2X

(vi) f(x)=+3-x +cos‘1( j+ log, (2] x|-3)+sin™*(log, x)

(Vi) f(x)= esm’l[gj +tan™ &—1} + fn(«/x —[x])

Identify the pair(s) of functions which are identical. Also plot the graphs in each case.

-1 1_ X2 -1 . 1
(@ y=tan(cos'x);y= (b) y=tan(cotx);y= »
X
. X
(c) Y=sin(@rctanx);y = g (d) y=cos(arctanx);y =sin(arccotx)
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5.  Lety=sin"}(sin8) — tan-!(tan10) + cos(cos12) — sec}(sec9) + cot(cot6) — cosec*(cosec 7). Ify

simplifies to an+b, then find (a — b).

6. Show that : sin‘{sin%)mos‘ [cosgjﬂan [ tan%jﬂzot [cot( 1271)}:13771

3 16 1 7 J6+1 =
7. Provethat:(a) 2cos*——+cot"—+=cos'—=n (b) arc cos\/: —arc cos —
@ V13 63 2 25 3 23 6

8. Ifaand B are the roots of the equation x* + 5x — 49 =0, then find the value of cot(cot™a + cot™p).

9. Ifa>b>c>0, then find the value of : cot™ (+abj+cot‘1(1+bcj+cot‘1[l+caj.
a-b b-c c—a

10. Find all values of k for which there is a triangle whose angles have measure

tan™ (lj,tan‘l(1 + kj and tan™ (1 + 2k) .
2 2 2

11. Find the simplest value of

(@ f(x)=arccosx +arc cos(2 +E\/3 3x° j (%1}

(b) f(x)=tan™ {H+2_1J x e R —{0}

12. (@) Solve the inequality : (arc secx)?— 6(arc secx) +8 >0
(b) Ifsin® +sin?y < 1; x, y € R then prove that sin"(tanx . tany) e (-n/2, n/2).
13. Solve the following :

) ) 1 1 2
sinx+sint2x == tan™ +tan™ =tant—=
(a) 3 (b) 1+ 2X 1+4x x?

(©) tan*(x 1) +tan*(x) +tan *(x +1) =tan *(3x)  (d) 3cos” x = Sin_l(\ll—xz (4x? —1))

() sin‘lx+sin‘ly=2—3n & COS_lX—COS_lyzg

14. Find the sum of the series :
@) cot™'7 + cot*13 + cot21 + cot*31 + ..... to n terms.

1 2 2
-1 -1 —1
(b) tan 3t tang+ ... +tant et o
1 1 1 1

(c) tan!———— +tan!—5——— +tan!'—5——— +tan'—————— to n terms.

X“+x+1 X +3x+3 X°+5x+7 X+ 7x+13

1 1 1 1 .

(d  sin'—=+sin™* +sinTt ——=+..... +sin™ +......00 terms.

5 J65 N 4n*+1
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10.

Inverse Trigonometric Functions

EXERCISE (S-2)

2

1+X) & B:arcsin[LiJ for 0<x<1,then prove that o+ 3 = n, what the

If ao=2arc tan(1

value of o + B will be if x> 1.

Solve the following :

x-1 2x -1 23

-1 -1 - 14

(@) tan <oy Ttanto o =tan 36
1-a? 1-b?

2tan™" X =cos " ———cos ™ > >

(b) 1+a? 1+ b? (a>0, b>0)
. L . » L,y _ .. 3
Find all the positive integral solutions of, tan™'x + cos =sint—.
J1+Yy? V10

1 7
Prove that the equation, (sin~x)3 + (cos™x)® = ax® has no roots for a < 2 and o> 3

Solve the following inequalities :
(@) arccot’x—-5arccotx+6>0 (b) arc sin x > arc cos x (c) tan*(arc sinx) > 1
Solve the following system of inequalities :

4arctan’x—8arctanx+3<0 & 4arccotx—arccot’x—3>0
10 10 m i

If the sum ZZtan‘1 (—j = kr, find the value of k.
n=1 m=1 n

Show that the roots r, sand t of the cubic x(x — 2)(3x—7) = 2, are real and positive. Also compute the
value of tan™(r) + tan™(s) + tan™(t).

2
Solve for x : sin‘l(sin(zx +4D <m-3.

1+x2

Find the set of values of ‘a' for which the equation 2cos*x = a + a?(cos™x)~! posses a solution.

EXERCISE (JM)

If X, y, z are in A.P. and tan-1x, tan-ly and tan-1z are also in A.P., then [JEE (Main)-2013]

Q) x=y=z (2) 2x =3y =62z (3)6x =3y =2z (4) 6x =4y =3z
1
Lettanly =tan-1x + tan—l(lz))((zj, where | X | < NeR Then a value of y is : [JEE (Main)-2015]
3x-x° 3x+x° 3x-x° 3x+x°
(1) 1+ 3x? (2) 1+3x? (3) 1-3x? (4) 1-3x°
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If x = sin~1(sin10) and y=cos-1(cos10), then y — x is equal to: [JEE(Main)-2019]
Q)= (2) Tn 3)0 (4) 10
2 3
I cos™ [3—j +c0S~ [ j =g[x > ZJ then x is equal to : [JEE(Main)-2019]
\/ /145 V146 /145
— @) = () =/ @) =
19 n
The value of cot[z cot™ [1+ ZZpD IS [JEE(Main)-2019]
n=1 p=1
22 23 21 19
1) 53 2) 5 ©) 19 (4) 5

All x satisfying the inequality (cot-1 x)2— 7 (cot-1 x) + 10 > 0, lie in the interval:-
[JEE(Main)-2019]
(2) (-0, cot 5) U (cot 4, cot 2) (2) (cot 5, cot 4)
(3) (cot 2, ) (4) (=0, cot 5) U (cot 2, )
Considering only the principal values of inverse functions, the set A=1{x>0:tan*(2x)+tan*(3x) =§

[JEE(Main)-2019]
(1) isan empty set (2) Contains more than two elements
(3) Contains two elements(4) isa singleton

EXERCISE (JA)
Let (X, y) be such that sin™ (ax) + cos ™ (y) + cos ™ (bxy) :g [JEE 2007, 6]

Match the statements in column-I with statements in column-I1 and indicate your answer by darkening
the appropriate bubbles in the 4 x 4 matrixgiven in the ORS.

Column-| Column-I1
(A) Ifa=1andb =0, then (X, y) (p) lies on the circle X’ + y* = 1
(B) Ifa=1andb =1, then (X, y) (@ lieson(X-1) (Y -1 =0
(C) Ifa=1andb =2, then (x, y) (N liesony=x
(D) Ifa=2andb =2, then (X, y) ) lieson (4x° - 1) (y'=1) =0
If 0 < x< 1, then v1+x2 [{xcos(cot™x) + sin(cot x)}* - 1]¥2 = [JEE 2008, 3]
X
A B) x C) xvV1+x? D) v1+x?
(A) N (B) (©) (D)
23 n
The value of cot[Zcot‘1 [1+22kD IS [JEE(Advanced) 2013, 2]
n=1 k=1
23 25 23 24
(A) > (B) 73 ©) % D) 53
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Match List-1 with List-11 and select the correct answer using the code given below the lists.

List-I List-II
) ) 2 1/2
- i - 1 /5
P iz cos(tan y)+ysm(tan y) +y? takes value 1. —Z43
y* | cot(sin™y)+tan(siny) 23
Q. Ifcosx + cosy + cosz = 0 = sinx + siny + sinz, 2. 2
then possible value of cos>—Y is
i . . 1
R. If COS(Z—XJ C0S2X + SinX Sin2x secx 3. 5
. T
= COSX Sin2x secx + COS[Z+XJ C0S2X,
then possible value of secx is
S. |If cot(sin’lxll—xz):sin(tan’l(x\@)),x;to, 4, 1
then possible value of X is
Codes :
P Q R S
(A 4 3 1 2
B 4 3 2 1
© 3 4 2 1
) 3 4 1 2 [JEE(Advanced) 2013, 3, (-1)]
Let f : [0,4n] — [0,%] be defined by f(x) = cos*(cosx). The number of points x e [0,47] satisfying
10-x .
the equation f(x)= 1OX [JEE(Advanced)-2014, 3]

If a=3sin™ (1_61j and B=3cos™ (%J where the inverse trigonometric functions take only the
principal values, then the correct option(s) is(are) [JEE(Advanced)-2015, 4]
(A) cosp>0 (B) sinp<0 (C) cos(a+B)>0 (D) cosa<0

The number of real solutions of the equation

1

sinl[i X _Xiigji J =g—cos‘1 [iﬁ‘gjl i(—x)‘} lying in the interval (——,
i=1 i=1 i=1

N
N |-

j is
i=1
T T

(Here, the inverse trigonometric functions sin"'x and cos "x assume value in [_E’E} and [0, «],

respectively.) [JEE(Advanced)-2018]
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X : :
LetE, = {x eR:x=#1land —1>0} and E, :{x eEl:sml(loge[LlD is a real number}.
X_

X—

. . . . . . T T
(Here, the inverse trigonometric function sin™x assumes values in [—E,E}.J

Let f : E, — R be the function defined by f(x)= Ioge(ij

X-1

and g : E, > R be the function defined by g(x) :sinl(loge(LD.

LIST-I

The range of f is

The range of g contains

The domain of f contains

w D O T

The domain of g is

The correct option is :

AP->4Q-o2R>1S—>1
B)P>3 Q>3 R—>6 S>5
COOP>4Q->2R>1S—>6
DP—>4Q—>3 R>6S—>5

x-1
LIST-II

(—0,0) U (0, 0)

=l

1 e
(‘”’0)“(5’ a}

[JEE(Advanced)-2018]
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ANSWER KEY

EXERCISE (O-1)

1. ¢ 2 B 3 B 4 D 65 C 6. B 7. A 8 A 9 A
10. B,C 11. B,C 12. ABCD 13. B,CD 14. AB 15 BD

EXERCISE (O-2)

1. A 2 C 3 C€C 4 A 5 B 6. AD7.  ACS8 ABD
99 D 10 1 11. 9 12. 2 13. 1

EXERCISE (S-1)

1 T T .
1. 5 2. @ (1) ﬁ’(ii) % (i) g (iv) %; (b) (1) % (i) =1, (i) v (iv) ﬁ

4
3. () -1/3<x<1 (i) {1 -1} (iii) 1<x<4 (iv) [-++2), (2 -1)]
(V) xe (-1/2,1/2), x 20 (Vi) (32, 2]  (vii) (-2, 2)-{-1,0,1}
Y1 Y 4
4. (@) _1\\ o\l \X (b) _\o Lx\
y N
T y A
1
(©) o > and (d) /o\; all are identical.
I
5 53 8. 10 9. = 10. k=1741 11. (a) g;(b) %tan‘lx
{12 (@ (oo, sec2)U[L, »)
1[3 11 3 1
13. (a) X=§\/;; (b) x=3; (c)x=0, At (d) {7’1}; (e) X=§,y:1

2n+5

14. (a) arccot[ } (b) % (c) arctan(x + n) — arc tanx, (d)%
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EXERCISE (S-2)

4 _

=’ 2. (a X=§;(b) x:% 3. x=1y=2 &x=2;y=7

(a) (cot2, w) U (-, cot3) (b) (%1} (© (%,1})[—1,—%}

(tan%,cotl} 7. k=25 8. 3{ 9. xe(-11) 10. ae[-2m, n]-{0}

EXERCISE (JM)
1 2. 3 3. 1 4, 1 5. 3 6. 3 7. 4

EXERCISE (JA)
(A)P; (B)Q; (C)P; (D)S 2. C 3. B 4. B 5 3
BCD 7. 2 8 A
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