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SCALAR PRODUCT OF VECTORS
VECTOR PRODUCT OF VECTORS
SCALAR TRIPLE PRODUCT
VECTOR TRIPLE PRODUCT

o o M W D P

PRODUCT OF FOUR VECTORS

ADDITIONSOF VECTORS

Definitions and key points:

Scalar :- A quantity which has only magnitude but no directions is called scalar
guantity.

Ex :- Length, mass, time............
Vector :- A quantity which has both magnitude and direction is called a vector quantity
Ex:- Displacement, Velocity, Force......................

A vector can also be denoted by asingle letter a,b,c...... or bold letter a, b, ¢

Length of a isdinded by [al.Length of a is called magnitude of a.

Zero vector (Null Vector) :- The vector of length O and having any direction is called
null vector. It is denoted by O

Note: 1) If A isany point in the space then AA=0
2) A non zero vector is called a proper vector.
Free vector :-A vector which isindependent of its position is called free vector

L ocalisedvector :-If a is a vector P is a point then the ordere of pair, (P,d) is called
localized vector at P



Multiplication of a vector by a scalar:-
i) Let m be any scalar and a be any vector then the vector m a is defined as

ii) Length of m a is |nj times of length of a i.e. |ma|=|m[

iii) The line of support of ma is same or parallel to that of a

The sense the direction of ma is same asthat of a if mis positive, the direction of ma is
oppositeto that a if misnegative

Note: 1) oa=o0 2) mo=o  3)(mn)a=m(na)=n(ma) 4)(-Da

Negative of a vector :-ab are two vectors having same length but their directions are
opposite to each other then each vector is called the negative of the other vector.

Here a=-b and b=-a

Unit vector :- A vector whose magnitude is unity is called unit vector.

.

Collinear or parallel vectors:.- Two or more vectors are said to the collinear vectors if the
have same line of support. The vectors are said to be paralél if they have parallel lines of
support.

Note: If a isany vector then unit vector is = thisisdenoted by a {read as‘a cap}

Like parallel vectors: - Vectors having same direction are called like parallel vectors.

Unlike paralle vectors. - Vectors having different direction are called unlike parall€el
Vectors.

Note:1) If a,b aretwo non-zero collinear or parallel vectors then there exists a non zero
scalar m such that a=mb

2) Converdly if there exists arelation of the type a=mb between two non zero two non
zero vectors a,b thena,b must be parallel or collinear.

Cointialvectors :- The vectors having the same initial point are called co-initial vectors.

Co planar vectors:- Three or more vectors are said to be coplanar if they lie on a plane
parallel to same plane. Other wise the vectors are non coplanar vectors.

Angle between two non-zero vectors:-

Let OA=a and OB=b be two non-zero vectors. Then the angle between a and b is

defined as that angle AOB where 0 < #AOB <180° 5

The angle between a and b is denoted by (a,b)

(ox}



Note :- If aand b are any two vectors such that (a,b)=6 then
0<#<180° {thisistherange of ¢ i.e. angle beween vectors}
(a,b) = (b,a)

(a,—b) = (-a,b) =180° — (a, b)

(-a-b)=(ab)

If k >0; 1> 0then (kalb)=(ab)

If (a,b)=0then a, b arelike parallel vectors

If (a,b)=180°then a, b are unlike parallel vectors
If (a,b)=90"then a, b are orthogonal or perpendicular vectors.

Addition of vectors:- Let a and b be any two given vectors. If three points O, A, B are
taken such that OA=a, AB=b then vectors OB is called the vector sum or resultant of the

given vectors a and b we write OB=0A+AB=a+b B

@) A
Triangular law of vectors:-Trianglular law states that if two vectors are represented in
magnitude and direction by two sides of atriangle taken in order, then their sum or
resultant is represented in magnitude and direction by the third side of the triangle taken
In opposite direction.

Position vector :- Let O be afixed point in the space called origin. If Pisany point in
the space then OP is called position vector of P relative to O.

Note: If a and b be two non collinear vectors, then there exists a unique plane through
a,b thisplaneis called plane generated by a, b. If OA=a; OB=b then the plane generated
by a,b is denoted by AOB.

* TWO non zero vectors a,b are collinear if ma+nb=0 for some scalars m,n not both zero

* Let a,b,c bethe position vectors of the points A, B, C respectively. Then A, B, C are
collinear iff ma+nb+ p,c=0 for some scalarsm, n, p not all zerosuchthat m+n+p=0



* Let a,b betwo non collinear vectors, If r isany vector in the plane generated by a,b
then there exist aunique pair of real numbersx, y such that r = xa+ yb.

* Let a,b betwo non collinear vectors. If r isany vector such that r = xa+yb for some
real numbersthen r liesin the plane generated by a,b.

* Three vectors a,b,c coplanar iff xa+ yb+ zc=0 for some scalars x, y, z not al zero.

* Let a,b,c,d bethe position vectors of the points A, B, C, D in which no three of them
are collinear. Then A, B, C, D are coplanar iff ma+nb+ pc+qd =0 for some scalars
m,n,p,q not all zerosuchthatm+n+p+q=0

* If a,b,c arethree non coplanar vectors and r is any vector then there exist a unique
traid of real numbers. x, y, z such that r = xa+ yb+zc.

Right handed system of orthonormal vectors :-

A triced of three non-coplanar vectors i, j,k is said to be aright hand system of
orthonormal triad of vectorsif

i) 7,j,kfrom aright handed system

i) 7,j,kare unit vectors

iii) (i, j)=90° = (j, k) = (k.i)

Right handed system :- Let OA=a, OB=b and O—_qu c be three non coplanar vectors. If
we observe from the point C that arotation from OAto OB through an angle not greater

than 180° isin the anti clock wise direction then the vectors a,b,c are said to form ‘Right
handed system’.

L eft handed system :- If we observe from C that a rotation from OA to OB through an
angle not greater than 180° isin the clock —wise direction then the vectors a,b,c are said
to form a“Left handed system”.

*If r=xi+yj+zkthen H:,/x2+y2+z2 :

Direction Cosines ;- If agiven directed line makes angles «, 3,y with positive direction
of axes of x,y, and z respectively then cosa,cos3,cosy are called direction cosines of the
line and these are denoted by |, m,n.

Direction ratios :-Thre real numbers ab,c are said to be direction ratios of alineif a:b:c
= |:m:n where|,m,n are the direction cosines of theline.

Linear combination :- Let a,a,,a,....a, benvectorsand I,,1,,1,...]. be n scalars then
l,a +l,a,+l,a,+..+1 a iscaled a linear combination of a,,a,......a,



Linear dependent vectors:-

The vectors a,,a,......a, are said to be linearly dependent if there exist scalars I,,1,,1,....
not all zero such that 1,3, +1,a,+...+l.a =0

Linear independent The vectors a,,a,,a......a, are said to be linearly independt if 1,,1,,1......
arescaars, l,a +l,a,+...1. a =0

* Let a,b be the position vectors of A, B respectively the position vector of the point P
mb+na
m+n

which divides AB intheratiom:nis . Conversely the point P with position vector

mb+ na
m+n

liesonthelines AB and divides AB in the ratio m:n.

* The medians of a triangle are concurrent. The point of concurrence divides each
median intheratio 2:1

* Let ABC be atriangle and D be a point which is not in the plane of ABC the lines
joining O, A, B,C with the centroids of triangle ABC, triangle BCD, triangle CDA and
triangle DAB respectively are concurrent and the point of concurrence divides each line
segment in theratio 3:1

* The equation of the line passing through the point A=(x,y,,z) and parallel to the

vector b=(I,mn) is X4 -_Y~h _274 _,
I m n
* The equation of the line having through the points A(x,y,,z), B(X.Y,.z) IS
X=X _Y=% _ 27 _,
=% Y=Y 44

>

* The unit vector bisecting the angle between the vectors a,b is ?Jr?
a+b
R . . OP_ash
The internal bisector the angle between a,b is — =—— are concurrent.

a+b




IMP THEOREMS

Theorem 1:

The vector equation of aline parallel to the vector b and passing through the point A
with position vector a is r=a+tb wheretisascalar.

Proof : Let OA=a bethe given point and OP=r be any point on the line
AP =tbwhere ‘t’ isascalar

r—a=tb=r=a+tb

Theorem 2;

The vector equation of the line passing through the points A, B whose position vectors
a,b respectively is r =a(1-t)+tbwheret isascalar.

Proof: let Paapoint on thelinejoining of A, B

—_—

OA=aOB=b OP=r
AP, ABare collinear
. AP=tAB
=r-a=t(b-a)

~r=(-t)a+tb

Theorem 3:

The vector equation of the plane passing through the point A with position vector a and
parallel to the vectors b,c is r =a+sb+tc where st are scalars

Proof : Given that OA=a

Let OP=r be the position vector of P

AP,b,c are coplanar

.. AP=sb+tc=r-a=sb+tc

sr=a+sbh+tc



Theorem 4:

The vector equation of the plane passing through the points A, B with position vectors
a,b and parallel to the vector c is r = (1-s)a+sb+tc

Proof : Let P be apoint on the planeand OP=r
OA=a OB =bbe the given points AP, AB,C are coplanar
AP =sAB+tC
r—a=s(b—a)+tc

r=(l-s)a+sb+tc

Theorem 5:

The vector equation of the plane passing through the points A, B, C having position
vectors a,b,c is r =(1-s—t)a+sb+tc where st are scalars

Proof:

Let P be apoint on the planeand OP=r
OA=aOB=b, OC=c

Now the vectors AB, AC, AP are coplanar.

Therefore, AP =sAB+tAC, t,sare scaars.

r-a=s(b-a)+t(c-a)

=r=(1-s-t)a+sb+tc



PROBLEMS
VSAQ'S
1. Let a=i+2j+3k and b=3i +j find theunit vector in thedirection of a+b.
Sol. Givena=i+2j+3k and b=3i+]

a+b=i+2]+3k+3i+]
=4i +3)+3k

ol
+
ol

ol
ol
Il
[+

.. The unit vector in the direction of +

ol
+
ol

47 +3j+3k

|41 +3j +3k|

4i +3j+3k

J16+9+9

4i +3j+3k
J34

2. If thevectors -3i +4j+2k and pi +8j+6k arecollinear vectorsthen find Aand p.

-+

Il
I+

Il
H+

Sol. Leta=-3i+4j+Ak, b=pi +8j+6k
From hyp. a barecollinear then a=tb
= -3i +4j+Ak =t(ui +8j +6Kk)

—3i +4]+ Ak =pti +8tj +6tk

Comparing i, j, k coefficients on both sides

3 3
t=-3=u=—=———=-"06>=>u=-6
" =112 H
1
8t—-4=ot=—t==
2
1

3. ABCDE isa pentagon. If the sum of the vectors AB, AE, BC, DE, ED and AC is
AAC, then find the value of A.

Sol. Giventhat,

AB+AE+BC+DC+ED+AC=AAC

— (AB+BC)+ (AE+ED)+(DC+AC) =AAC



— AC+AD+DC+AC=2AAC
— AC+AC+AC=AAC

= 3AC=AAC

~A=3

4. |If the position vectors of the points A, B, C are -2i+j-k,-4i+2j+2k and
6i —3j —13k respectively and AB=AAC then find the value of A.

Sol. Let Obetheoriginand OA=-2i+j—k, OB=-4i +2]+2k, OC=6i —3j —13k

Given AB=)\AC
@—o_Azx[ﬁ:—o_A]
—4i+2]+2k+2i - j+k
M| 67 —3]—13k+ 27 - +K]
—2i + ] +3k=1[ 81 -] —12k]
Comparing i coefficient on both sides

2=A8=>h=-2p=T2
8 4

5 If OA= T+E,E=3T-2"+E, BC=i+2j-2k and CD=2i +j+3k then find the

Sal. D=0A+AB+BC+CD
+j+k+3i —2j+k+i+2j-2k+2i +j+3k

D=7i+2j+3k

©)

6. Let a=2i+4j-5k, b=i+j+k and t=j+2k, find theunit vector in the opposite

direction of a+b+¢.

=3i+6j -2k

3i+6j-2k _ 3i+6j-2k

Jaoooo T 7




7. lIsthetriangle formed by the vectors 3i +5j+2k, 2i -3j-5k and -5i -2j+3k is
equilateral.

Sol. Given vectorsare
AB=3i +5] +2k, BC=2i —3] -5k
A
- A
CA=-5-2j+3k B
From given vectors AB+BC+CA =0

Therefore, given vectors are the sides of thetriangle.

E\:\/32+52+22 =J9+25+4=4/38

ﬁ:‘:\/22+32+52 -./38
C_A‘=x/52+22+32=\/§

8| |-

Therefore, given vectors forms an equilateral triangle.

8. OABC is a parallelogram if OA=a and OC=c find the vector equation of side
BC,

Sol: let obetheorigin.. OA=aandOC=c

Theside BCisparalel to OA i.e. a and passing through Ciis ¢

~.r =c+tawherete R C B



9. .If ab,c arethe position vectors of the vertices A, B and C respectively of AABC
then find the vector equation of median through the vertex A A

Sol: OA=a, OB=b, OC =c be the given vertices

Let D be the mid point of BczbizC

The vector equation of the line passing through the
points a, bis r=@1-t)a+tb
b+c

-.vector equation is r = (1:t)é+t[7j where te R

10. In AABC P, Q and R arethe mid points of the ssdes AB, BC and CA respectively
if D isany point

i) Then express DA+DB+DC intermsof DP,DQandDR. A
i) If PA+QB+RC=a then find a 5
R
Sol : D isany proof let D the origin of vectors
DA=a DB=b DC=c |
. a+B — B+6 — -+ B o €
Dp:aLb, DQ:ﬁ; DR=2+C
2 2 2
DP+DQ+DR=21R¥RTCYAYC o p ¢ DA+ DB+ DC
N T o o a+b) - (b+c) - c+a
Il) PA+QB+RC=a-— +b- > [t

a—b+b;c+c—a:6

a=0

11. Using the vector equation of the straight line passing through two points, prove
that the points whose position vectorsare a,b and 3a-2b are collinear.

Sol. The equation of the line passing through two points @ and bis 7=(1-t)a+tb. The
line also passes through the point 3a-2b, if 3a-2b=(1-t)a+tb for some scalar t.

Equating corresponding coefficients,
l1-t=3andt=-2



.. The three given points are collinear.

12. Write direction ratios of the vector a=i + j—2k and hence calculate its direction
Cosines.

Sol. Note that direction ratios a, b, ¢ of a vector r=xi +yj+zk are just the respective

components ¢, y and z of the vector. So, for the given vector, we have a = 1, b=1,
c=—2. Further, if I, m and n the direction cosines of the given vector, then

|:i—— :E:L n:iz_iaslrlz\/g

J6' Je' Irl /e

Thus, the direction cosines are

(12
%6'V6 Vo)
13. Find the vector equation of the plane passing through the points
(0,0, 0), (0,5,0) and (2, 0, 1).
Sol. Leta=(0,0,0),b=(0,5,0), c=(2 0, 1)
a=0b=5j,c=2i +k
The vector equation of the plane passing through the points

a,b,cisT=a+s(b-a)+t(c-3a),steR
T=5(5j)+t(2i +k),ste R

14. Find unit vector in thedirection of vector a=2i +3j+k.

Sol. The unit vector in the direction of avector a isgiven by azl—lla
a

Now |aj=+/22 +3%+1% =14

Therefore a=—1 (27 +3] +K)

iz
2i_ 3—. 1—
ENTAMN AN TS

15. Find a vector in thedirection of vector a=i-2j that has magnitude 7 units.

Sol. The unit vector in the direction of the given vector ‘@ is

~ 1
a=—a-=

FT AR AR 3|

Therefore, the vector having magnitude equal to 7 and in the direction of ais



—

5

(62}

7a:7(ii—_£ -jzlsi‘_ﬂj

16. Find the angles made by the straight line passing through (1,3,2),(351) with
co-ordinate axes.

Sol. A=(132),B=(351)

D.RSOF AB=(1-3,3-52-1)=(-2,-21)=(2,2,-1) =(a,b,c)
D.Rs. ofNB:[E,E,Ej,r =+a?+b?+c?

r=va4+4+1=3
EE_}j
3’3" 3

Angles are cos™ (—j ,Cos™ (%) ,cos™ (—%) :

d.csof AB=

VR

WIN

17. In thetwo dimensional plane, prove by using vector methods, the equation of the

linewhose inter ceptson the axesare @ and bis 5+%=1.
a

Sol. LetA = (3,00 and B=(0,b)

~A=3, B=bh
The equation of thelineis T = (1-t)a +t(bj)
If T=xi+yj,then x=@-t)a and y=tb

.-.§+X:1—t+t:1
b

a



SAQ'S
18.1f a, B and vy are the angles made by the vector 3i-6j+2k with the positive

directions of the coor dinate axes then find coso,, cos and cosy.

Sol. Leta=3i-6j+2k

Let o=(ai)
a-i |3i-6j+2K]i
lalli| [4i-6]+2k]|i]
3 3 3

T J9+36+4x1 49 7
cosoczg;[3= @1j), y=@Kk)
:>cos[3—_—6 cos _2
—7 T
19. Show that the points A(2i - j+k), B(i -3j-5k), C(3i —4j—4k) aretheverticesof a
right angletriangle.

Sol. Wehave

AB=(1-2)i +(-3+1)j +(-5-Dk
=—j-2j-6k

|AB|=1+4+36 =/41

BC=(3-1)i +(-4+3)j +(-4+5)k
=2i - j+k and
IBC|=4+1+1=+/6

CA=(2-3)i +(-1+4)j+(1+ 4k
=—i +3j+5k

ICAl=1+9+25=1/35
We have |ABF = [BC] + |CAF

Therefore, thetriangleisart. Triangle.



20. ABCD isa parallelogram if L and M are the middle point of BC and CD
respectively then find (i) AL and AM internsof AB and AD (ji) if AL+AM =AC

Sol: Let A betheorigin of vectors AB=a AC=b AD=c

AB=DC| ite sides of parale
5 _ a5 [~ Opposite sides of parallelogram

A=b—C = a+E=b

AL atb gy _btc
2 2
KE_K§+K6_3E+K§+§E_2K§+K5
2 2 2
. 1
. AL=AB+—AB
2
AM = AC+ AD _ AB+BC+ AD _ AB+AD+AD['.’B—C=E]
2 2
AM =22+ AD

(ii) m=W=ﬂﬁ:ﬁ3’+%ﬁ+%ﬁ3+ﬁ:ﬂﬁg{ﬁé+ﬁ}=/1E:»g{ﬁ3+%}=/1E

gA—C=zE ~=3/2

21.If a+b+ct=0d, b+c+d=pa and ab,c are non-coplanar vectors then show that
a+b+Tc+d=0.

Sol. a+b+c-ad=0 ...(1)
Ba-b-T-ad=0 (2
(2 x (-1) =
—Ba+b+c+od=0 ...(3)

D=0
a+b+C-od=-Pa+b+c+d
—B=1=p=-1

—o=1=a=-1

By substituting oo = -1 in (1) we get



a+b+c+d=0.

22. If a, b, carenon-coplanar vectors, provethat —a+4b-3c, 3a+2b-5¢c, -3a+8b-5¢,
-3a+2b+c arecoplanar.

Sol. Let OA=-a+4b-3c,0B=3a+2b-5¢C
OC=-3a+8b-5¢,0D=-3a+2b+T
AB=0B-0A

=3a+2b-5c+a-4b+3c
=4a-2b-2C
AC=0C-0A
=-33a+8b-5c+a-4b+3cC
=-2a+4b-2¢C

AD=0D-0A
=-3a+2b+C+a-4b+3c

=-2a-2b+4c

AB=xAC+yADWherex, y are scaars.

4a-2b-2c=

x[—2§+ 4b- 26] + y[—2§— 25+46J
4=-2x-2y ...(1)
2=4x-2y .02

2=-2x+4y ...(3)
)-3)=2x-2y=4
—2X +4y =-2
—-by=6=>y=-1
From (3) —2x =2 -4y
=2+4
2X=2=>x=-1
Substitute x, y in (2)
—2=-4+2
2=-2



Equation (2) issatisfiedby x =1,y =-1
Hence given vectors are coplanar.

23. 1f i,],k areunit vectorsalong the positive directions of the coordinate axes, then
show that the four points 4i +5j+k,—j-k, 3i +9j+4k and —4i +4j+4k are
coplanar.

Sol. Let O beaorigin, then
OA =4i +5]+k, OB—j—k
OC=3i +9] +4k, and OD =—4i +4] + 4k
AB=0OB-0OA =-4i -6] -2k
AC=0C-OA=-i +4]+3k
AD=0D-0OA=-8i —]+3k

4 6 -2
[Hs AC E}:—l 4 3
8 -1 3

=412+ 3]+ -3+ 24] - 2[1+ 32]
=-4x15+6x21-2x33
=-60+126— 66

=-126+126=0

Hence given vectors are coplanar.

24. If a, b, c are non-coplanar vectors, then test for the collinearity of the following
points whose position vectors ar e given.

i) Show that a-2b+3c,2a+3b-4c, —7b+10c are collinear.
Sol. Let OA=a-2b+3c, OB=2a+3b-4c
OC=-7b+10¢

AB=0OB-0OA =a+5b-7¢
AC=0C-0OA =-a-5b+7¢
AC=-a-5b+7¢c=-{a+5b-7c]
AC=-AB

AC=)\AB whereA=-1

*. Given vectors are collinear.



i) 3a-4b+3c, —4a+5b-6¢, 4a—7b+6C
Sol. Let OA=3a-4b+3c, OB=-4a+5b-6C
OC=4a-T7h+6C
AB=0B-0A=-7a+9-9¢
AC=0C-0OA =a-3b+3c
AB#)\AC
Therefore, the points are non collinear.

25. Find the vector equation of the line passing through the point 2i +3j+k and
parallel tothevector 4i —2j+3k.

Sol. Leta=2i+3j+kandb=4i-2j+3k
The vector equation of the line passing through a and parallel to b is
T=a+thteR
T=2i+3j+k+t(4i —-2j+3k),te R
T=(2+4t)i +(3-2t)j+(1+3t)k,te R

26. Find the vector equation of the linejoining the points 2i + j+3kand —4i +3j -k

Sol. Leta=2i+j+3kandb=—4i+3j—k
The vector equation of the line passing through the points a, b is
T=(@1-t)a+thteR

+t(b-7)
i+ +3k+t[—4i +3] —k—2i — j —3K]
2i + j+3k+1[—6i +2] —4K]

Il
I\J QJI

T

27. Find the vector equation of the plane passing through the points i —2j +5k,,
—5j—k and -3i +5j.

Sol. Let

a=i-2j+5k,b=-5j-k,c=-3i +5]
. The vector equation of the plane passing through the points a,b,cis

T=(-s-t)a+sb+tc,wheres,te R

a+s(b—a)+t(c-2a)
i-2j+5k+s(-5j—k—i+2j—5k)+t(-3i +5j—1i +2]j—5k)
T=i-2j+5k+s(—i —3j —6Kk)+t(—4i+ 7] —5k)



28. Let ABCDEF bearegular hexagon with center O. Show that

Sol.

E, 1 C
O
F B
From figure,

= (AE+ED)+AD+(AC+CD)(-- AB=ED,AF=CD)
=AD+AD+AD =3AD
= BAO(- O isthe center and OD = AO)

29. The points O,A,B,X and Y are such that OA=a, OB=b, OX =3a andOY =3b.find
BX andAY intermsof a andb further if P dividesAY intheratio 1:3 then

Sol:

express BP intermsof aandb.
BX =0OX =OB=3a-b

AY =0Y =Oa=3b-a

@':1XOY+3OA
4
ﬁ):3b+3a
4
@265_6@:3b;3a_6: 3b;3&_46




LAQ’'S

30.If ab,c are non-coplanar, find the point of intersection of the line passing
through the points 2a+3b-t,3a+4b-2c with thelinejoining the points a-2b+ 3¢,
a-6b+6C.

Sol. Let OA=2a+3b-C, OB=3a+4b-2¢
OC=a-2b+3c,OD=3a-6b+6C

The vector equation of the line joining the points OA,OB is

T _A+t(@—ﬁ),te R
2a+3b-C+t(3a+4b-2c-2a-3b+7]

a+3b-C+t(@+b-7) ..»2)

=l
Il

The vector equation of the line joining the points OC,0D is

T OC+S(E—&Z),S€ R
a

=a-2b+3C+s(@a-6b+6c—a+2b-3c]
T=a-2b+3C+5(-4b+3¢) ...(2)

=a+(-2-49)b+(3+39)C
(2+t)a+(3+t)b+(-1-t)T

=a+(-2-48)b+(3+38)CT
Comparing a,b,c coefficients on both sides
2+t=1=>t=-1
3=t=-2-45s=>2=-2+4s=>s=-1
-1-t=3+3s=3x+t=-4
Substitute tin (1)
2a+3b-T+(-1)(a+b-c)
2a+3b-t-a-b+¢C

+2b

T

Il
ol

T



31.In aquadrilateral ABCD. If the mid points of one pair of opposite sides and the
point of intersection of the diagonals are collinear, using vector methods, prove
that thequadrilateral ABCD isatrapezium.

Sal.
D(d) R C(©)
,%qf\\\v///\M@ﬂj
2 R K 2
|
A(O) B(b)

Let ABCD be the quadrilateral M, N are the mid points of the sides BC, AD
respectively. R be the point of intersection of the diagonals. Given that M, R, N are
collinear.

Let A betheorigin

AM =2+C AN -
2

N |l

Also AR =s AC=sc Wheresisscalar
SinceM, R, N are collinear
MN =t(RN)wheret isascalar.

AN-AM = t(AN - AR)

(1-t)d+(-1+2st)c=b .. (D

Let R bedivides BD intheratiok : 1
_kd+b
C k+1

but AR =St

5|
Py

kd+b _
= =SC
k+1
=kd+b=sk+1)cT




=b=sk+)c-kd ...(2
D=0
(1-t)d+(2st—-DTc=s(k+1)T—kd

2t —1=gk +1) ..(0)
l1-t=—k=k+1=t
Putk+1=tin (i)
=28¢-1=g=s=1
Substituting st = 1 in equation (1)
(1-t)d+c=b
(1-t)d=b-¢
—(t-1)d=—(C-D)

= (t—-1)AD=AC-AB=BC
= BC=(t-1)AD

— AD//BC

= ABCD isatrapezium.

32. Find the vector equation of the plane which passes through the points
2i +4j+2k, 2i +3j+5k and parallel tothevector 3i —2j+k. Alsofind the point
wher e this plane meetsthelinejoining the points 2i + j+3k and 4i —2j+3k.

Sol. T=(-sja+sb+tc

a=2i+4j+2k,b=2i+3j+5k and

t=3i-2j+k

Equation of the planeis

T=(1-9)(2i +4]+2k)+s(2i +3j+5k)+t(3t—2] +k)

=[2—25+25+3t]i +[4—4s+35—2t]j +[2— 25+ 55+ 1]t

T=[3t+2]i +[4-s-2t]]j+[2+3] +t]k ...(D)

Equation of thelineis

T =(l-p)a+pbwherepisascalar.

T=@1-p)(2i +j+3K)+p4i —2] +3k)
=(2-2p+4p)i +(1-p-2p)j+(3-3p+3p)k

T=[2+2p]i +[1-3p]j+[3k ...(2)



At the point of intersection (1) = (2)
(Bt+2)i +(4-s-2t)j+(2+3s+t)k =(2+2p)i +(1-3p)j +3k

By comparing the like term, we get

Ht+2=2p+2

3t-2p=0 (1)
4-s-2t=1-3p
2t+s-3p=3 (i)
2+3s+t=3

Is+t=1 (D)

Solving (ii) and (iii)

(i) x3=6t+3s—-9p=9

(i) >t+3s=1
5t—9p=8 ...(iv)

Solving (i) — (iv) :

15t-10p=0

15t—27p=24

17p=—24:>p:—%

To find point of intersection,

24 .
Put p=-15 in(2)

T=(2—EJT+[1+EJT+3E
17 17
= [—E]i_%@j_#i
17 17

.. Point of intersectionis [—E,@,sj.
1717

33. Find the vector equation of the plane passing through the points 4i -3j -k,
3i +7j-10k and 2i +5j-7kand show that the point i +2j-3k liesin the plane.
Sol. Leta=4i-3j-k, b=3i+7j-10k
T=2i+5j -7k

The vector equation of the plane passing through a,b,< is



=l
Il
/\

s—t)a+sb+tc, s,te R
s(B a)+t(c-2a)

3j—k+s(3i +7]-10k—4i +3] +1C) +t(2i +5] -7k —4i +3j +k)

3j—k+s(-i +10j —9K) + t(-2i +8] —6Kk)

T
r=4i -
Suppose T =i +2j -3k liesin the plane then
i+2)-3k=4i -3j—k+5s(—i +10] —9k) +t(-2i +8j —6k)
Comparing i, j,k on both sides
1=4-s-2t=2t+s=3 (D
2=-3+10s+8t = 8t+10s=5 ...(2)
—3=-1-9s-6t=>6t+9s=2 ...(3)

(D) x3-(3) =6t+3s=9
6t +9s=2

—6s = 7:>s:—g

From (1) =342 =2
6 6 12

Substitute s, tin (2)

8- §+1o(—zj =5
12 6

:5—0—§:>E:5:>5:5
3 3 3

". Given vectors are collinear.
. The point i +2j-3k liesinthe same plane.
34.1n AABC, if ab,c are position vectors of the vertices A, B and C respectively,

then provethat the position vector of the centroid G is %(5+5+E).

Sol.

Let G be the centroid of AABC and AD be the median through the vertex A. (see
figure).



Then AG:GD=2:1

Since the position vector of D is %(E+E) by the Theorem 3.5.5, the position vector of

2(b+7T)  ,_ B
Gis 2 +1a_5+b+6
2+1 3

35.In AABC, if O isthecircumcenter and H isthe orthocenter, then show that
(i) OA+0OB+0C=0H
(i) HA+HB+HC=2HO

Sol. Let D be the mid point of BC.

Take O asthe origin,

Let OA=3,0B=band OC=T

(seefigure)
_D: B-l'é
2

-.OA +OB+0OC=0A +20D = OA + AH = OH
(Observe that AH = 2R cosA,OD = RcosA,

R isthe circum radius of AABC and hence AH =20D).

ii) FA + FB + FC =

HA +2HD = HA + 2(HO+OD)

HA +2HO+ 20D

HA +2HO+AH = 2HO



36. In the Cartesian plane, O isthe origin of the co-ordinate axes a person starts at
‘0’ and walks a distance of 3 unitsin the North —East direction and reachesthe
point P. From P he walks a distance 4 unit parallel to North-West direction and

reachesthe point Q. Expressthe vector OQ intermsof ¢ and j observethat
ZXOP =45

Sol:  Given that OP=3

Z/XOP =4%°
PQ=4
- 0Q=5
Let .POQ=0 w
cosé?:lo’sinezf'
5 5
vS

6= (50050+45°),5sn(6+45"))

5 :

—(cos@—-sing cos@+snd

[ﬁ( ) )j
:Fiﬁq

V2 B2 B
. T 7] 1 - =
O0=——xo+—==—"—"(-i+7

Q JE > 2( i+7])

37. Thepoint E dividesthe segment PQ internally in theratio 1:2 and R isany point
not on theline PQ. If F isa point on QR such that QF:FR=2:1 then show that
EF isparalle to PR.

Sol: Let OP=p, OQ=q, OR=r be the position vectors of P,Q, R, E divides PQ in the
ratio 1:2
oE-dt2p
3 R()

-1 2 -
P(p) E Q(a)



F divides QR in theratio 2:1
OF =OF —-OE

_a+2F_q+2f)
3 3

_g+2r-qg+2p
3

2 . _
=—(r —
3( p)

_2
F=3(PR)

- EF isparallel to PR



