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COMPLEX NUMBER

1. INTRODUCTION :

Complex numbers are defined as expressions of the form a+ib where a,b € R & i=,/-1. It is denoted

by z i.e. z=a+ib. ‘@ iscalledreal part of z (Rez) and ‘b’ is called imaginary part of z (Im z).

Every Complex Number Can Be Regarded As

Purely real Imaginary
ifb=0 if bl;t 0
Purely imaginary
ifa=0
Note
(i) The set R of real numbers is a proper subset of the Complex Numbers. Hence the Complex Number
systemis Nc Wc lc Qc R c C.

(ii) Zero is both purely real as well as purely imaginary but not imaginary.
(iii) i=.,/-1 is called the imaginary unit. Also #=—1; i¥=— ; i*=1etc.

In general i =1, 4™ =, {42 = -1 j*™3 =—i wheren € |
(iv) JE \/B = .Jab onlyif atleast one of either a or b is non-negative.

SOLVED EXAMPLE

+2008 , ;2010 | ;2012 | :2014 | :2016

+i +i +i +i
Example 1 : Find the value of
{2010 ;2012 2014 2016 ;2018
2008 2 4 6,8
12008 ;2010 ;2012 ;2014 ;2016 ' (1+' A+ ) 1
Solution: = 2010 2 4. 6,8\ =5 =—1
N . . . . . .2
{2010 ;2012 2014 2016 ;2018 i (1+| +i% 48 4 ) |

Example 2: If x=-5+2+—4, find the value of x* + 9x3 + 35x2 — x + 4.

Solution : We have, x=-5+ 2/—4
= x+5=4i = (x + 5)2 = 16i?
= x2+ 10x + 25 =-16 = x2+10x +41=0
Now, x*+ 9x3+ 35x2—x + 4
= X2(x? + 10x + 41) — x(x? + 10x + 41) + 4(x2 + 10x + 41) — 160
=  x¥0)-x(0)+4(0)-160 =  -160
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2. ALGEBRAIC OPERATIONS :
Fundamental operations with complex numbers :
(a) Addition (@a+bi)+ (c+di)=(a+c)+(b+d)
(b) Subtraction (a + bi)—(c+di)=(a—c)+ (b—d)i
(c) Multiplication(a + bi) (c + di) = (ac — bd) + (ad + bc)i

a+bi a+bi c—di ac+bd bc—ad.

d) Division o= o = +

(@ c+di c+di c—di c*+d> c’+d°

Note :

(i) The algebraic operations on complex numbers are similar to those on real numbers treating

i as a polynomial.

(ii) Inequalities in complex numbers (non-real) are not defined. There is no validity if we say that
complex number (non-real) is positive or negative.
e.9.z>0, 4+ 2i<2+4i are meaningless.

(iii) In real numbers, if a* + b>= 0, then a = 0 = b but in complex numbers, z > + z,> = 0 does not imply
z,=2z,=0.
SOLVED EXAMPLE
Example 3: Find the imaginary part of following complex numbers
NEE o |
(i [ 2i+1] (i) (1 + i) + (1 =)

_ _ 4 i (=5i(1-20)) _ ,
Solution : (i) z= |5 | = 5 =(—2-i)?=3 +4i

Hencelm (z)=4
(ii) z={(1+iyP+{(1-iP=(1+2i+i22+(1+i2 —2i)2 =4i+4i> =—8, HenceIm (z) =0

D)
)

g

EQUALITY IN COMPLEX NUMBER :

Two complex numbers z, = a, +ib, &z, = a, + ib, are equal if and only if their real and imaginary parts
are equal respectively

i.e. z, =z, = Re(z,) = Re(z,) and Im (z,) =1Im (z,).

SOLVED EXAMPLE

Example 4 : Find the real values of x and y satisfying the equation (1+|3) X2 + (2—3|)y s

+i 3-i

) (1+i) x - 2i (2-3i)y+i . (1+)(B—i)x=6i—2+(3+i)(2-3i))y+3i—-1 .
Solution : . + . =i =i
3+i 3-i 9+1

= (4x+9y —-3)+i(2x =7y —3) = 10i
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= 4x +9y-3=0 - (1)
2x -7y —13=0 .. (2)
On solving we get
x=3 & y=-1

Example 5: Ifz=x+iyand z'®=a-ibthen prove thatg —%= 4 (az—bz)
Solution : z®=a-ib = z=(a-ib)? = x + iy = (a® — 3ab?) + i(b® — 3a%b)
= Xoa?-sp? g Y _p_3a
a b
X_ Y _paz_p2
a b 4(a*-b?)

Example 6 : Find the square root of 7 + 24 i.

Solution : Let y7424i =a+ib

Squaring a?—b? + 2iab =7 + 24i

Compare real & imaginary parts a?—b?=7 & 2ab =24
By solving these two equations

We get a=%4,b=413

= J7+24i =4 +3i)

Problems for Self Practice-01

(1) Write the following as complex number
(i) V—16 (i) Vx (x <0) (iii) roots of x> — (2 cosf) x + 1 =0

2) Find the product of the real part of the roots of z2—z=5-5ij
(3) Given thatx, y € R, solve : 4x2+ 3xy + (2xy — 3x3)i = 4y2 — (x?/2) + (3xy — 2y?)i

c+i b 2c
(4) Ifa+ib= i,where cis areal number, then prove that : a*+ b*=1and —=— 1
Answers : (1) (i) 0+ 4i (i)0+i4—x (iii) cos ® +isin6,cos 6 —isin6
(2) -6
3K
(3) x=K,y=7 KeR
L0

REPRESENTATION OF A COMPLEX NUMBER :

4.1 Cartesian Form (Geometric Representation) :
Every complex numberz = x + iy can be represented by a point on the Cartesian plane known as
complex plane (Argand diagram) by the ordered pair (x, y).
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Imaginary
axis

P v)

r

]
real
0 axis
Length OP is called modulus of the complex number which is denoted by ‘z‘ & 0 is called the
argument or amplitude.

‘ z ‘ =,/x> +y> andtan 0= (%j (angle made by OP with positive x—axis)

Note :

(i) Argument of a complex number :

(@ Argument of a complex number is a many valued function. If 0 is the argument of a complex
number, then 2n7t + 0 ; n € | will also be the argument of that complex number. Any two arguments
of a complex number differ by 2nrt.

(b) The unique value of O such that — T < 0 < 7 is called principal value of the argument.

(c) Principal argument of a complex number z = x + iy can be found out using method given
below :

o Find 0 = tan"' |2| such that O e (0, Ej . Im
X 2
e Use given figure to find out the principal argument according as < >
the point lies in respective quadrant. 01t l -0 Re

(d) Unless otherwise stated, amp z implies principal value of the argument.

(e) The unique value of O = tan™ % such that (0 < g < 25 is called least positive argument.

i) If zis real & negative, arg(z) = .

Q) If zis real & positive, arg(z) =0

T
(h) If 0= E , Z lies on the positive side of imaginary axis.

(i) If 6= —g , Z lies on the negative side of imaginary axis.

By specifying the modulus & argument a complex number is defined completely. Argument impart
direction & modulus impart distance from origin.

For the complex number 0 + 0i the argument is not defined and this is the only complex number
which is given by its modulus only.

(ii) Conjugate of a complex number : I
If z=a+ib then its conjugate complex is obtained by —Z,.......T ....... z
changing the sign of its imaginary part & is denoted by

E : Re
Z.i.e. 7 =a—ib. : '
Z Z _Z,_l ______

z is the mirror image of z about real axis on Argand's Plane.
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SOLVED EXAMPLE
Example 7 : Find the modulus and principal argument of the complex numbers.

1+3i1 i—1

1-2i 0 T .. T
cos— +1isin —
3 3

(i)

1+31 1+31 1+2i1
Solution : (i) Let z= - = =—-1+1
1-21 1-2i 1+21

1 T e
|z|= /(_1)24_12:\/5 tana—‘_—l‘—l—tanzja—z

Re(z) < 0and Im(z) > 0 = z lies in second quadrant.

Principal argumentofz=mt - =7 _I :3_1t
4 4
(i Let 2 1i—1 i—1 2(i—1)
Il e = = =
s~ +isin l+i\/§ (1+1v/3)

2 2

,_260-D d-iV3)  (J3-1 L3+
= 1+1v3) (-iv3) = 2 2
Re(z) > 0 and Im(z) > 0 = z lies in first quadrant.

2 [ﬁ_lJ{ﬁHj 2(3+1 G

2 2

\/§+1
W3-t

51t

5n
12

Example 8 : Find the values of x so that the complex numbers sin x + i cos 2x and cos x —i sin 2x are conjugate
to each other

Principal argument of z =

Solution : sinx + i cos2x = cosx +i sin2x = COS2X = sin2x
tanx =1 & tan 2x = 1
_ 5 9n _ & om 9n
X244 g X888

both equation will not have solution simultaneously.
Xed



JEE (Adv.)-Mathematics Complex Number

Example 9 : Solveforzif z2+]|z|=0

Solution : Let z= x + iy
= (x +iy)?+ Jx?+y?2 =0 = x?—y?+ Jx?2+y?2 =0 and 2xy =0
= x=0o0ry=0
whenx=0 —y?+|y|=0
= y=0,1,-1 = z=0,i, —i
wheny=0 x?2+|x|=0 = x=0 = z=0
Ans. z=0,z=i,z=-i
4.2 Trigonometric / Polar Representation :

43

4.4

z=r(cos O +isin 0) where ‘z‘ =r ; asgz=0; Z =r(cosO—isin0)

Note :

(i) cos O + i sin O is also written as CiS 0.

(ii) Euler's formula :

The formula e* = cosx + i sin x is called Euler's formula.

It was introduced by Euler in 1748, and is used as a method of expressing complex numbers.
e +e™ e —e

Also cos x = T & sinx = 2— are known as Euler's identities.
1

Exponential Representation :

Let z be a complex number such that | z|=r & argz = 0 ,thenz=r.e®

Vectorial Representation :
Every complex number can be considered as the position vector of a point. If the point P represents the

complex numberzthen,dp =z& ‘ 6P ‘ = ‘z ‘ .
Note :

Q(z,)

f R(Z1 + Zz)
o P(z,)
P(z)
R(Z| _Zz)
Q'(-z)
Diagram-1 Diagram-2

If two points P and Q represent complex numbers z, and z, respectively in the Argand plane, then the
sum z, +z, is represented by the extremity R of the diagonal OR of parallelogram OPRQ (Diagram-1)
having OP and OQ as two adjacent sides and the subtraction z, —z, is represented by the extremity R
of the diagonal OR of parallelogram OPRQ' (Diagram-2) having OP and OQ' as two adjacent sides
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SOLVED EXAMPLE
Example 10 : Express the following complex numbers in polar and exponential form :

() z=1+cos o +isint (i) -
B 25 'SN25 [ 2n] 21
i|1-cos— |+sin—
5 5
i18—1T ig—ﬁ |% —|% On igi
Solution : (i) z=1+e? =2 |egB5 g & = z= ZCOS[E] e

- o cos 2= 1 isin2=
Hence polar form is z = 2 cos 25 25 25

97
and exponential form is z = 2003[2—@ e

(i-1) J2e" 1 (117/20)

(i) z= =

28in[gj{sin[g]i+cos[gﬂ 2sin(gje‘“’5 ) x/ising

- icosecﬁ(cosmﬂsinm
Hence polar form is z = \/5 5

20 20
, , 1 i(112/20)
and exponential form is z = e
LT
x/ism—
5
L)
5. DEMOIVRE’S THEOREM:
Casel
Statement :_If nis any integer then
(i) (cos 6 +isin®)"=cosnb +isinnd
(i) (cos 0, +isin 0,) (cos 0, +isin 0,) (cos, +isin 0,) (cos 0, +isin0,) ..... (cos 0, +isinob)
=cos (0, +0,+0,+......... 0,)+isin(6,+0,+0,+...... +0,)
Casell

Statement : If p, g € Z and q # 0 then

o y 2kmt +pb [ 2kn+pO
(cos 0 + i sin B)P9 = cos —q + i sin —q

where k=0,1,2, 3, ...... ,q—1
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Note :

Continued product of the roots of a complex quantity should be determined using theory of equations.

SOLVED EXAMPLE
Example 11 : If (cosO + i sinB) (cos 20 + i sin 260) ... (cos nB + i sin n®) = 1, then find the values of 6

on(n+1) __Amn
e 2 =e 2 _zmnje_n(nﬂ)

Solution: e’ . e .. ev=1= m e z.

Problems for Self Practice-02

) Find the set of values of a € R for which x? + i(a — 1) x + 5 = 0 will have a pair of conjugate
imaginary roots

(2 Find the modulus, argument, principal value of argument, least positive argument of complex num-
bers

() z=-1-i/3

3n
(ij)z=1-sina+icosa, a e 7,275

icoto+1\"
icotd -1

(3) Find the value of e2m® (

4) Prove the identities :
(i) cos 50 = 16 cos®) — 20 cos®0 + 5 cos 6;
(i) (sin 50) / (sin 0) = 16 cos*0 —12 cos?0 +1,if 0 =0, £, 21 .........

Answer :
T 4r 21
(Mae{1} (2) (i) 1z| =2, arg (z) = 2nm - 5 ne I, Least positive argument = 3 amp(z) = =
o 37
(i) |z| = ﬁ(sin%—cos%) arg z = 2nn+%—%7n, Least positive argument = = ——~,
_a_3n
amp(z)= 5~
(3)1

6. PROPERTIES OF CONJUGATE / MODULUS / ARGUMANT OF COMPLEX
NUMBERS :

6.1 Conjugate:

(i) Ifz=x+ iy, then x = Z; YE (iz=z < zis purely real
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(V) z, £z, =77,

(Vi) z, z, =Z-7Z,-Ingeneral zz,....... 2, =7, 7y Z,
L\ 4

(vii) z) 7, z,#70

(viii) If f(a+if)=x+iy = f(a—if)=

6.2 Modulus :
2 =1Z| = |=z|=|-Z] (i) zz=|z

(iii) |2,z = |z,|.lz, - In general |Zz,.........

|

|Z2

z,|=lz,].|z,]...

T 27 v) 2=z

..... |z, |

nel

(i) |z, £z )2 =|z]* + |z, ]* % 2Re(2122)or |z, + |z,)* £ 2|z,||z,| cos(o. — B), where a., B are arg(z,), arg(z,)

respectively.

z if z>0
Note : Unlike real numbers, ‘z‘ = {

-z if z<O

SOLVED EXAMPLE

is not correct.

a? +b?
c? +d?

. a+ib 2. 2.2
Example 12 : Ifx +iy = o1ig Prove that (x© + y*)* =

- . . — +I .
Solution : X +iy = crid e (i)
a-ib (i
X—iy= T e ii

- Y c—id

Multiplying (i) & (ii) we get
/a +b?
c’+d

a? +p?
c? +d?

— (X2 + y2)2 =

Hence proved
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z-1
Example 13 : If 741 is purely imaginary, then prove that |z | =1
. z-1 z-1 z—1
Solution : Re|—| =0 = — +|—0—| =0
z+1 z+1 z+1
z-1 z-1
= + =0

=zz-z2+z-1+zz-z+z-1=0

=zz =1
=|z[?=1
= lz|=1 Hence proved
Example 14 : If the complex numbers z,, z,, ................ z, lie on the unit circle |z| = 1, then show that
|z + 2y + e +z | = |z, 2, +z |
Solution : Giventhat |z P =|z,|* = ..o |z |>=1
= Z,Zy =Z,Zy) = .. zz, =1
|2, + Zy + oo 4z | = (2, +Zy e +Z,| = [Z,+Z, . +Z,
=z 2+ +z, 7| Hence proved

6.3. Argument :

(i) arg (z,. z,) = arg(z,) + arg(z,) +2km; kel (ii)arg [

ﬁj =arg(z,) —arg(z,) + 2km; kel
Z,

(iiiyarg(z")=narg(z) + 2kmw ;nk €l (iv)arg(z)=—arg(z) + 2kmt;k €l

SOLVED EXAMPLE

Example 15 : Ifarg(z,)=170°and arg (z,) = 70°, then find the principal argumant of z,z..

Solution :

arg (z,z,) =arg(z,) + arg (z,)

=170° + 70° = 240°

.. Principal argument of z = — (180° — 60°)
=-120°

Example 16 : Let z and o be two non-zero complex numbers such that |z| = |o| and arg z = n — arg o, then

Solution :

prove thatz=-o
We have, |z]| = |o| and arg z = = — arg ®

= arg (zo) ==«

TZo=A;A<0
= |zo| = -2

p_ el e
Hence z= —=——m=—""=-0

e

(O (O
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7.

TRIANGULAR INEQUALITY :
In triangle OAC C(z1+z,)
OC<OA+AC B(z,)
OA<AC+0OC
AC<OA+0OC Az)
using these in equalities we have ||z,| - |z,|| < |z, + Z,| < |z,| + |z,]

Similarly from triangle OAB
we have ||z,| = |z,|| < |z, = z,| < |z,| + |z,

Note :

(i) 1z, = 1Z,I| = 1z, + Z,|, |z, = Z,| = |z,| * |z,| iff origin, z, and z, are collinear and origin lies
between z, and z,, .

(ii) |z, + z,| = |z,| + |Z,], lIz4] = 12,]| = |z, = z,]| iff origin, z, and z, are collinear and z, and z, lies

on the same side of origin.

SOLVED EXAMPLE

Example 17 : Find the greatest and least value of |z, + z,| if z, =24 + 7iand |z,| = 6

Solution : |z -1z, <]z, + z,| < |z +|2,]

N ‘\/242+72 —6‘§|z1+22|£\/242+72 +6 =19< |z, +2,| <31

.. Greatest value of |z, + z,| = 31
Least value of |z, +z,| =19

Example 18 : Find the minimum value of |3z — 3| + |2z — 4|
Solution : |3z = 3| > |3|z] - 3| |12z — 4| > |2 |z| — 4]

= |3z - 3| + |2z - 4| > |3|z| - 3|*| 2|z| - 4| =2
Hence minimum value of |3z—-3| +|2z-4]|is 2

Problems for Self Practice-03

z-1
(1) If|zj=1and ® = 21 (where z # —1), then find Re(w)
2 If z, and z, are two complex numbers such that |z,| < 1 < |z,| then prove that =22, 1.
(3) If |z,| = |z,| and arg (z,/z,) = &, then find the value of z, + z,
4 If z li ircl =2,th h ’(h’t—<l
4) z lies on circle |z| = 2, then show tha 2 _a72+3| 53

Answer: (1) 0 (3) 0
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8.
8.1

8.2

GEOMETRY USING COMPLEX NUMBERS :

Distance formula:
If z, = x, +liy,, z, = X, + iy, , then distance between points z,, z, in argand plane is

1z, —2z,| = \/(X1 ~x)2 +(Y1-Y,)

Section formula:
If z, and z, are affixes of the two points P and Q respectively and point C divides the line segment
joining P and Q internally in the ratio m : n then affix z of C is given by

mz, +nz,

z= ——;where m,n>0
m+n

. . . mz, —nz,
If C divides PQ in the ratio m : n externally then z = Tmon
Note :

(i) If a, b, c are three real numbers such that az, + bz,+cz, =0;wherea+b+c=0anda,b,care
not all simultaneously zero, then the complex numbers z,, z, & z, are collinear.

(i) If the vertices A, B, C of a A are represented by complex numbers z,, z,, z, respectively and
a, b, c are the length of sides then,

. 2+ Zy+ Z,
(@) Centroid of the AABC=————

(b) Orthocentre of the AABC =

(asec Ajz; + (bsecB)z, +(csecClz;  zqtan A +z,tanB +zgtanC
asecA +bsecB +csecC or tanA +tanB + tanC

az, +bz, +cz,4
(c) Incentre of the AABC= —————————
a+b+c

Z,sin2A+7Z,sin2B+Z;sin2C
sin 2A +sin 2B +sin 2C

(d) Circumcentre of the AABC =

SOLVED EXAMPLE

Example 19 : IfA, B, C are three points in argand plane representing the complex number z,, z,, z, such

Az, +2Z
thatz, = }5 | 2 where ), ¢ R, then find the distance of point A from the line joining points
+
BandC.
Solution : A(z,) divides the line segment joining

B(z,) & C(z;) in 1 : A ratio.
Hence A(z,), B(z,) & (z;) are collinear

.. distance of point A is zero.



JEE (Adv.)-Mathematics Complex Number

Example 20 : LetA, B, C represent the complex numbers z,, z,, z, respectively on the complex plane. If the
circumcentre of the triangle ABC lies at the origin, then prove that orthocentre is represented
byz,+z,+ 2z,

Z1+2y+2Z4

Solution: G — Centroid of A = 3

H — Orthocentre = z say, O — Circum centre = 0
G divides HO inratio 2 : 1, therefore

Z1+2Z,+2Z 2:0+1z
1+Zp+2Z23

3 = 57 = z=2,+2,% 2,4
8.3 Rotation theorem :
(i) If P(z,), Q(z,) and R(z,) are three complex numbers
R(z,)
B Z3=Z3 | | Z3"Z2| 4
and ZPQR = 6, then (21 _ZZJ | z,-2, e'
G
Q(z.) P(z.)
ii If P R dS f I b
(i) (z4), Q(z,), R(z,) and S(z,) are four complex numbers P(z,) S(z)
Zy—2 Z3—Z .
and /STQ =0, then —=>—* = e P 0
Z1 —22 Z1 - 22 T
R(z,) Q(z,)
Note:
If z,,z,, z, are the vertices of an equilateral triangle where z, is its circumcentre then
(@) z? +z3 +2z3 -z,2,—-2,2,-2,2,=0  (b) z} +z} +z% =32}

SOLVED EXAMPLE
Example 21 : If A(2 + 3i) and B(3 + 4i) are two vertices of a square ABCD (take in anticlock wise order) then

find C and D.
Solution : Let affix of C and D are z, and z, respectively. C(z,)
Considering ZDAB = 90° and AD = AB
: D(z.) (> B(3 + 4i)
z,-(2+3i)  AD
wegel 3L a)-(2+3) - AB® ©
A(2+3i)

= z,—(2+3i)=(1+i)i
= z,= 2+3i+i—1= 1+4i

z;-(3+4i) CB -%

= 2
and 5L 3)_(3+4)  AB°©

N z,=3+4i—(1+i) (i) = z,=3+4i+i—1=2+5i
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Example 22 :

Solution :

8.4

Letz, and z, be two roots of the equation z> + az + b = 0, z being complex. Further, assume that the
origin, z, and z, form an equilateral triangle. Then show that a* = 3b.

If z,, z, and z, are vertices of an equilateral triangle. Then, z?+z2+z2=2z2z7 +zz +z.2,
Since, origin, z, and z, are the vertices of an equilateral triangle, thenz,>+z 2=z z,

= (z,+2,)=32z2, (i)

Again z,, z, are the roots of the equation z>+az +b =0,

Then, z +z,=-a andzz,=b

On putting these valuesin Eq. (i), we get (-a)?=3b = a%= 3b.

Standard Loci in Argand plane :

(i)

(iii)

If amp(z—at) = 0, then locus of z is a ray emanating from the complex
point o (excluding 'a')and inclined

at an angle 0 to the positive x—axis.

Z—-Z

If =k, then locus of z is

Z—-2Zy

(a) Perpendicular bisector of the segment joining z, and z, for k = 1.
(b) Circle fork = 1,0.

lfz=2z +t(z,—z,) wheret is a parameter,

then locus of z is a line joining z, &z,

Note :

The equation of a line passing through z, & z, can be expressed in the determinant form as

z z 1
z;, z; 1 =0.Thisis also the condition for three complex numbers z, z,, z, to be collinear.
zZ, Z, |1

The above equation on manipulating, takes the formaz + ooz + r =0 where risreal and o is
a non zero complex constant.
| azy +0azg +r|

Perpendicular distance of a point z, from the lineaz + az+r =0 is 2o
] zy zy 1
Area of triangle formed by the points z,, z, & z, is y z, z; 1
z3 z3 1

The equation of a line passing through the point z,

& perpendicular to the line joining z, to the origin is

z=2z, (1 +it) where tis a real parameter
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iv)

(@)

(c)

(vii)
(viii)

SOLVED EXAMPLE

If ‘ z-2z, ‘ = p, then locus of z is circle having centre z, & radius p. (2)
Note :
The above equation on manipulating, takes the form

ZZ +0az+az+r =0, risreal centre = — o & radius = /ool — 1 -

Circle will bereal if coo—1 > 0.

The equation of the circle described on the line segment joining z, & z, as diameter is

Condition for four given points z,, z,, z, & z, to be concyclic is the number

Z,—7Z Z,—7Z . . .
—2 L 4 "2 should be real. Hence the equation of a circle through 3 non collinear
Z,—-2, Z,—Z,

. (2-2,) (2-2,) .
points z,, z, & z, can be taken asm is real = (z—zl) (Zs ~2

Z—Z1
If Arg z-z, =0, then locus of z

(a)aline segmentif6=n (b) Pairof rayif6=0

(c) Major arc of circle excluding z, & z, if 0 < 0<m/2

T
(d) Minor arc of circle excluding z, & z, if 5 <0<m

azZ+az+r

If|lz-z| = 2o

, then locus of z is parabola whose focus is z, and directrix is the

line az + oz +r=0 (Provided azy+0zy+r=0)

If |z—z,| +|z-2z,| = K> |z, -z, then locus of z is an ellipse whose focii are z, & z,
If | |z -z, | - |z —22| | =K< |z1 -z, | , then locus of z is a hyperbola, whose focii are

z, & z,.

Example 23 : Find the locus of :

Solution :

) |z=1P+|z+12=4 (i) Re(z?) =0 (iii) |3z—-2|+|13z+ 2| =4
(i) Letz=x+iy

= (Ix +iy -1+ (Ix +iy + 1[)? =4

= (x=12+y?+(x+1)2+y2=4

= X2=2x+1+y?+x2+2x+ 1+y*=4

=>x2+y?=1
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Above represents a circle on complex plane with center at origin and radius unity.

(ii) Letz=x+iy = z%=x?—y? + 2xyi
Re(z)=0 => x2-y?=0=>y=%x
Thus Re(z?) = 0 represents a pair of straight lines passing through origin.
(iii) [3z-2|+|3z+2|=4

z——|+ z+2 _4
= 3|73 e (i)
2 -2 4
If P(z) be any point, A= 5,0 ,B= ?,0 then (1) represents PA + PB = §

4
Clearly, AB = §:> PA + PB = AB

= P lies on the line segment AB.

Example 24 : If |z + 3| < 3 then find minimum and maximum values of
(i) Izl (i) [z—1] (iii) |z + 1]

O
Solution : (i) s 2] Min. |zl =0 & max. |z| =6
max | z |

@minu—ﬂ

Min. |z-1|=1&max. |z-1|=7

(ii) 6\~
N\
max |z — 1]
(i) > Min jz+ 1] =08& max. |z + 1] =5
-6

max | z + 1|
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, T z+1) 27 .
Example 25 : Plotthe region represented by g <arg —1 < ? in the Argand plane.
Z fa—
z+1) 2n
Solution : Let us take arg (—J =? , Clearly z lies on the minor arc of
Z fa—

the circle passing through (1, 0) and (-1, 0). Similarly,
+1) 2
arg (Z—lj = ?Tc means that 'Z' is lying on the major arc of the
Z_

circle passing through (1, 0) and (-1, 0). Now if we take any point
in the region included between two arcs say P, (z,) we get

T z+1 21 - 741 o
—<arg| — |[<— T, 2n
3 g(z—lj 3 Thus 3 —afg(—z_lj_ 3 represents

the shaded region (excluding points (1, 0) and (-1, 0)).

Problems for Self Practice-04

T AB \/—
(1) If A(z,), B(z,), C(z,) are vertices of AABC in which ZABC= — and -~ = 2 then find z,in terms of z,

4 BC
and z,.

(2) If a, b, ¢ ; u, v, w are complex numbers representing the vertices of two triangles such that
c=(1-r)a+rb,w=(1-r)u+rv whereris a complex number show that the two triangles are
similiar.

(3) A particle starts to travel from a point P on the curve C, : |z — 3 — 4i| = 5, where | z | is maximum.

3
From P, the particle moves through an angle tan‘1z in anticlockwise direction on |z — 3 —4i| =5 and

reaches at point Q. From Q, it comes down parallel to imaginary axis by 2 units and reaches at point R. Find
the complex number corresponding to point R in the Argand plane.

(4) Find the complex number z satisfying the equations |z-3] =2and |z]| =2

Answer: (1)z,=z, +i(z,- z,) (3)(3+7i) 4) % (3 * 1\/7)

9. CUBE ROOT OF UNITY :

1+ iﬁ(w) = —iﬁ(wz)_

(i) The cube roots of unity are 1, 7 7

(ii) If ®is one of the imaginary cube roots of unity then 1+ ®+ ®?*=0.Ingeneral 1+ ®+ ®»=0;
where r € | but is not the multiple of 3& 1+ W+ =3 if r=3A;A €l
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(iii) In polar form the cube roots of unity are :
] 0+isin0 2n__2n0)2 4dn 4n
=cos0+isin0; w=cos—+isin —/—, =cos——+isin —/
3 3 3 3
(iv) The three cube roots of unity when plotted on the argand

plane constitute the vertices of an equilateral triangle.

Im

(1)

v) The following factorisation should be remembered : / ‘
(a,b,c € R & o is the cube root of unity) \
|/

a’—b’=(a—b)(a— wb) (a — w?b) X+ x+1=(X— o) (X — ) ;
a®+bd®=(a+b)(a+ wb)(@+ wb) ;

at+b®+c*—3abc=(a+b+c)(a+ wb+ wc)(a+ wb+ wc) ©
SOLVED EXAMPLE

Example 26 : If 1, , ®® are cube roots of unity, then prove that

(i) 1l-o+0®)(1+o-0’)=4

(i) (1-0+0?)°+(1+0-0?)°=32

(iif) 1-0)(1-0®)(1-0*)(1-e®) =9

(iv) (1-0+0?)(1-0?+o*)(1-0*+d) ... to 2n factors = 22"
Solution : (i) (1-0+0?)(1+0-0°) =(-20)(-20%) =4

(i) (1-0+0?)+(1+0-02)°

= (—20)° + (-20°)° = -320° - 320 =- 32 (0 + ©?) = 32
@iy  (1-0)(1-0*)(1-0*)(1-0°%

(1-0) (1-0?) (1 -0) (1- 0%

=(12+1+1)2=9

(iv) (1-0+0?)(1-0?+0*)(1-0*+b) ...
= (—20) (—202) (—20) (—202) ...cc........
= 22n

Example 27 : Let z, and z, be two non real complex cube roots of unity and |z -z,|> + |z — z,|* = A be the
equation of a circle with z,, z, as ends of a diameter then find the value of A
Solution : w |z=z,|* +|z—2z,|* = &, represent a circle whose diagonal extremities are represented by z, &

Z,

A= w—w22 = ‘\/5‘2 =3

10. n* ROOTS OF UNITY:

If 1,0, a,, o,.. are the n, n" root of unity then

n-1

(i) They are in G.P. with common ratio e@"m

b
(ii) Their arguments are in A.P. with common difference ?
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(iii) The points represented by n, n™ roots of unity are located at the vertices of a

regular polygon of n sides inscribed in a unit circle having center at (@A,

origin, one vertex being on positive real axis.

(iv) PProf+ol++ aP?_, =0if pis not an integral multiple of n
=n if pis an integral multiple of n
(v) (1—-a)(1—a)... (1—-a,_,)=n
(vi) (1+a,)(1+a).... (1+a, _,)=0if nis even and
=1 if n is odd.

(vii) 1.0,.0,. O o, , = 1Tor —1 according as n is odd or even.

SOLVED EXAMPLE
Example 28 : Solve (z—1)*-16 =0. Find sum of roots and centroid of polygon formed by roots in complex

plane.
z-1 1
Solution : - T (1)*
z-1 . . .
= T=1’_1’|’_| = z=3,-1,1+2i,1-2i
) 3-1+1+2i+1-2i
Hence, sum of roots = 4 and centroid = =1

4

Example 29 : If a= cos(2n/7) + i sin(2n/7), then find the quadratic equation whose roots are o = a + a? + a*and 3
=a*+a®+ad.

Solution : a = cos(2n/7) + i sin(2n/7), which is one of the 7th roots of unity.
Therefore, seventh roots of unity are 1, a, a2, a3, a*, a®and a®.
Also,a’=1 (1
Sumoftheroots=1+a+a?2+a*+a*+a*+a=0
LS=a+pf=(atat+at)+(@+at+af)=-1
Product of roots,
P=op=(a+az+a*)(a®+a®+a®
:a4+aG+a7+aS+a7+aB+a7+aQ+a10
=a*+af+1+aS+1+a+1+a2+ad [from Eq. (1)]
=3+(a+at+at+at+at+a’)
=3-1=2
Therefore, required equationis: x?—Sx+P=0o0rx?+x+2=0

Example 30 : If 1, oy, a,, ag,....... , O, _ 4 be the nt roots of unity, then prove that
(i) (1=0q) (1=0ay) (1-0j)........ (1-a,_4)=n.
(i) (2=04)(2-0ay) (2-0g)..ccc... (2-0a,_ 4)=2"-1
1 1 1 n-1
(i) 7+ e + -
1-0(1 1—0,2 1—0,”,1 2



JEE (Adv.)-Mathematics Complex Number

Solution : Zz-1(z-a)@Z-a) ... (z—a,_)=2"-1 (1)

o imit 2" —1
Limit 7 — o) @-ay) . (2—0,_)= HMIt = —"=p

z—>1 z—1 71
(i) Hence (1 — o) (1 —ay) (1 - ay)........ (1-a,_4)=n.
(i) Put z = 2 in equation (1) we get (2 — a,) (2 —a,) (2 - ay)........ (2-0a,_ 4)=2"-1
(iii) (z=-1)(z-0a,)(z-0a,) ....... (z=a,_)=2"-1
(z=-0o,) (Zz=) ........ (z=oa,_)=1+z+22+ . +2"]
take log on both sides we get
log(z —a,) +log(z —a,) +........... +log(z—a,)=log(1+z+..+2z""")
i i L+ 1 + + 1 n-1
differentiate and put z = 1, we get T—oy A-ap " -, = 2

Problems for Self Practice-05

(1) When the polynomial 5x3 + Mx + N is divided by x2 + x + 1, the remainder is 0. Then find M + N.

(2) If ® is an imaginary cube root of unity than prove that
(a+bo+ce?)®+(a+bol+cw)®=(2a-b-c)(2b-a-c)(2c—a-Db)

2020
(3) If 1,0, O...... , Olyggo Are (2021)t roots of unity, then find the value of z r(ocr + 0(20214)

r=1
(4) Resolve z’ — 1 into linear and quadratic factor with real coefficient.

(5) Find the least positive argument of the 41" root of the complex number 2 —i /12

Answer : (1)-5
(3)—2021

4) (z-1) [22 —200327nz+1j_ [22 —ZCOS%Z+1J_ [22 —2cos%z+1j

Snt
() 7
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I ercise + 1

PART-l : SUBJECTIVE QUESTIONS

Section (A) : Algebra of Complex Numbers

A-1. Find the value of x3+ 7x>—x + 16, where x = 1 + 2i.

1+1

A-2. Determine least positive value of n for which (i} =1

A-3. Simplify and express the result in the form of a + bi

N2 \2 2
L1421 L , , (2+1) (2—1)
i i) —i(9 + 6i)(2 —i)! iii —
()(2“} (i) —i( )(2 1) (iif) > Yt
3+2isin0
A-4.=. Find the set of values of 0 forwhichz= ————— is
1-2isin®
(i) Purely real (i) Purely imaginary

A-5. Find the real values of x and y for which the following equation is satisfied :

5+6i
(i) =+ =Y =2
1+ 2i 3+2i 8i—1

(i) x2—y2—i(2x +y) = 2i

A-6.= Find the value of following in the form of a + ib

(i) v-15-8i (i) Vi+v-i

A-7.= (i) Solve the following equation z2 — (3 — 2i)z = (5i — 5) expressing your answer in the form of (a + ib).
(ii) If (1 —i) is a root of the equation z3—2(2 —i)z? + (4 —5i)z — 1 + 3i = 0, then find the other two roots.
A-8.= Prove that, with regard to the quadratic equation z2+ (p+ip')z+q+iq'=0
where p, p', q,q" are all real.
(i) if the equation has one real root then q2—pp'q' + qp'?=0.
(ii) if the equation has two equal roots then p?—p2 = 4q & pp' = 29"
Section (B) : Representation of a Complex Number and Demoivre’s Theorem

B-1. Find the modulus, argument and principal argument of the complex numbers.

241

(i) 6 (cos 310° —i sin 310°) (if) =2 (cos 30° + i sin 30°) (i) o 1+

B-2. Find the real values of x & y for which z, =9y?~4 —10ix and z,=8y?—20i are conjugate complex
of each other.
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B-3. Express the following complex number in polar form and exponential form :

(i) =2 +2i (i) —1-+/3i
(iii) 2-i) (iv) (1—cosO +isinB), 6 € (0,m)

B-4.n (i)If izZ2+2z2—z+i=0,thenfind|z]|.

(i) Find the minimum value of the expression E = |z|? + |z — 3|2 + |z — 6i|]? (where z= X + iy, X,y € R)
B-5. If (/3 +i)'%=2% (a +ib), then find

(i) a? + b? (i) b

(cos26 —isin20)*(cos 40 +isin40)™°
(icos 30 + sin30)?(icos 30 — sin360)

B-6.= Prove that = — (icos70 + sin 76)

B-7. If nis a positive integer, prove the following

0 0
(i) (1+cosO+isinB)"+(1+cosO—isinO)=2""" cos" 5 cos n?

i)  (1+i)n+(1—i)= 02" . cos %

Section (C) : Argument / Modulus / Conjugate Properties and Triangle Inequality

4
C-1. If |z—2| =2|z—1]|, where z is a complex number, prove |z|*= 3 Re (z) using

(i) polar form of z, (i) z=x +1iy, (iii) modulus, conjugate properties
z,-2z, . . .
C-2.  z andz, are two complex numbers such that ———== is unimodular (whose modulus is one), while z, is
2-z,2,
not unimodular. Find |z,].
1+2z+72

C-3.= Letz be a complex number such that z € c\R and 1—2 € R, then prove that | z | =1.
R/

zZ-w
C4. Ifk>0,|z|=|w|=kand = —5——, then find Re(a).
kK +zw

C-5.xn Ifa=e*,b=¢e? c=e"” and cos a + cos B + cosy =0 = sin a + sin  + sin y, then prove the following
(i) atb+c=0 (i) ab+bc+ca=0
(iii) a2+ b2+c2=0 (iv) ¥ cos 2a.= 0 =X sin 2a
) ¥sin3a = 3sin(a. + B+ 7) (vi) ¥cos3a = 3cos(a + B + )
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V4
C-6. If |z, + z,|> = |z,|*+|z,|* then prove that (—IJ is purely imaginary
Z,
C-7.= (i) If z, and z, are conjugate to each other, then find arg (-z,z,).
\17
(V3 +i)
(i) Ifz = W, then find principal argument of z.
—1
C-8. (i) If |z,| = 1 and |z,| = 2 then find the maximum value of |z, — 2z

(i) Find the minimum value of |z— 1| if || z-3|-| z+1|| =2

(iii) Find the range of values of [z—4| If [z-1+|z+3|<8

Section (D) : Rotation Theorem and Geometry of Complex Number

D-1.

D-2.=

D-3.

D-4.

D-6.

D-7.a

D-8.=

A complex number z = 3 + 4i is rotated about another fixed complex number z, = 1 + 2i in anticlockwise

direction by 45° angle. Find the complex number represented by new position of z in argand plane.

If O is origin and affixes of P, Q, R are respectively z, iz, z + iz. Locate the points on complex plane.

If area of APQR =200 then find (i) |z|  (ii) sides of quadrilateral OPRQ

(i) If a & b are real numbers between 0 & 1 such that the points z, =a +1i, z, =1 + bi &
z, = 0 form an equilateral triangle, then find the values of 'a' and 'b'.

(i) Let z, =1+i and z,=-1-i. Find z; € C such that triangle z,z,z, is equilateral.

Letz, ,z,, z, are three pair wise distinct complex numbers and t,, t,, t, are non-negative real numbers
such that t, +t, +t, = 1. Prove that the complex number z =tz + t,z, + t.z, lies inside a triangle
with vertices z,, z,, z, or on its boundary.

Interpret the following loci in z € C.

. . . z+21 _
(i) 1<‘z—2|‘<3 (ii) Re | - <4 (z#2i)
1z+2
(iii) Arg (z+i)—Arg (z—i)=1/2 (iv) Arg (z —a) = m/3 where a= 3 +4i.
If |z—1—i| = 1, then prove that locus of a point represented by the complex number 5(z—i) — 6 is a circle.

Also find the centre and radius of the circle.

Iflz+3- ﬁ i|= ﬁ , then find the complex number having

(i) Greatest and least value of |z]
(i) Greatest and least value of princpal arg (z)

z—5i1 T
(i) Find the length of arc described by the locus of a complex number z satisfying arg (Z N Sij = Z

z+ 51 T
(i) Find the area of region bounded by the locus of a complex number Z satisfying arg (Z B SiJ = iz .
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D-9. Showthatzz +(4-3i)z+ (4 +3i)z +5 =0 represents circle. Hence find centre and radius.

D-10. Find the Cartesian equation of the locus of 'z' in the complex plane satisfying, |z— 4| + [z + 4| = 16.

Section (E) : Cube Root and nt" Root of Unity.

E-1. If o= 1isacube root of unity and a + b = 21, a3 + b3 = 105, then find the value of (aw? + bw)(am + bw?).

E-2.= Find the sum of series (1 + o)(1 + @) + (2 + 0)(2 + ©?) + ........ + (n + o)(n + ®?) where o is one of the
imaginary cube root of unity.

E-3. Ifx=1+i3; y=1-i V3 and z =2, then prove that xP + y? = zP for every prime p > 3.

E-4.= Let ®is non-real root of x3 =1

P
() IfP=0" (neN)and Q= (*"C,+ 2'C, + ....) + (3"C, + 2'C, + ....)o + (*"C, + 2"C, + ....)o? then find 6
(i) If P = 1 A to oo t dQ L then find value of PQ
] =l — T T T T ... upto oo terms an = en 1ind value O .
2 4 8 P 2

E-5. Find the complex number satisfying the equation z3 = 8i

E-6. Find the roots of the equation z® + 64 = 0 where real part is positive.

E-7.% If 1, a, a,, 0y, o, be the roots of x5 — 1 = 0, then find the value of 2~ %1  ©~%2 ©~9%3 O—0yg

. =
(;32—(11 (02—(12 (02—(13 ® —0y
(where w is imaginary cube root of unity.)

E-8. If a=¢e®" then find Re(a + a? + a® + a* + ad)

PART-Il : OBJECTIVE QUESTIONS

Section (A) : Algebra of Complex Numbers

100
-n!
A-1.=. The value of Zln equals
n=0
(A)—1 (B)i (C)2i+95 (D) 97 +i
o o (I+x-21 2-3)y+i1 .
A-2.  Thevalues of x and y satisfying the equation - + - =1 are
3+1 3-1
(A)x=-1,y=3 B)x=3,y=-1 (C)x=0,y=1 (D)x=1,y=0

A-3. Letz =9 +bi where bis non zero real and 2 = — 1. If the imaginary part of z2 and z3 are equal, then b?
equals
(A) 261 (B) 225 (C)125 (D) 361
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A-4. Let Z is complex satisfying the equation z? — (3 + i)z + m + 2i = 0, where m ¢ R. Suppose the equation

has a real root. The additive inverse of non real root, is
(A)1—i (B)1+i (C)—1—i (D)-2
A-5.= Consider the equation 10z - 3iz —k = 0, where z is a complex variable and /2 = — 1. Which of the
following statements is True?
(A) For all real positive numbers k, both roots are pure imaginary.
(B) For negative real numbers k, both roots are pure imaginary.
(C) For all pure imaginary numbers k, both roots are real and irrational.
(D) For all complex numbers k, neither root is real.

a+ib

A-6. Suppose three real number a, b, c are in GP. Let z = c—ib’ Then

A ib 5 ic c ia 5 0

zZ=— zZ=— zZ=— zZ=

(A) . (B) b (C) c (D)
Section (B) : Representation of a Complex Number and Demoivre’s Theorem
B-1.  Ifzis a complex number such that z2 = (Z)?, then

(A) zis purely real (B) z is purely imaginary

(C) either z is purely real or purely imaginary (D) none of these

B-2.w Ifz=(3+7i)(p+iq), where p, q € I - {0}, is purely imaginary, then minimum value of |z|?is

(A) 0 (B) 58 (C) % (D) 3364
R R R ( E ]
B-3. Ifz= 4 (1+1) (\/;H +1+\/_J,then amp(2) equals
(A) 1 (B) n (C) 3n (D) 4

B4. The complex number z satisfying z+ |z |=1 + 7i then the value of | z | equals
(A) 625 (B) 169 (C)49 (D) 25

B-5.=. The diagram shows several numbers in the complex plane. The circle is the unit circle centered at the
origin. One of these numbers is the reciprocal of F, which is

N Imaginary
axis

S

F
. real axis”
C

VR
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p 1-1 p 1-1 p 1+1 _ _
B-6. For Z, = m s L, = K A K which of the following holds good?

3
(A) ZIZII2=5 B)Z,*+1Z,1*=1Z,|®

©) DNZ P + 12, = 125 D) [Z[*+ |Z,|* = | 2P

1+itana )" 1+itanna S
- when simplified reduces to :

B-7. The expressmnb_itana 1—itanna

(A) zero (B) 2sinna (C)2cosna (D) none

(A)-1 (B)1 (C)0 (D) o0
Section (C) : Argument / Modulus / Conjugate Properties and Triangle Inequality

C-1. Number of complex numbers z satisfying 22 =7is

(A)1 (B)2 (C)4 (D)5
C-2.xn If(2+i)(2+2i)(2+3i)...... (2 + ni) = x + iy, then the value of 5.8.13. ....... (4 + n?)
(A) (x* +y?) (B) {Ix* +y? (C) 2(x* +y?) (A) (x +y)
4 5
C-3.» If z,, z,, z, are 3 distinct complex numbers such that = = ,
22-23] |zm-al  [z-2]
16 25
then the value of + + equals
Zy =23 I377 41—
(A)O (B)3 (C)4 (D)5
C-4. If(a+ib)’=a+ip,then (b+ia)isequalto
(A) B +ia (B) a—ip (C)p-ia (D)—a-ip
C-5. If z = x + iy satisfies amp (z— 1) = amp (z + 3) then the value of (x — 1) : y is equal to
(A)2:1 B)1:3 (C)-1:3 (D) does not exist
Z4 3n z
C-6. If z, and z, are two non-zero complex numbers such that Z =2and arg(z,z,) = PX then 7 is equal to
2
(A)2 (B)-2 (C)-2i (D) 2i

C-7. Number of complex numbers z such that |z| =1 and | z/z+Zz/z|=1is (arg(z) < [0, 2x])

(A) 4 (B) 6 (C)8 (D) more than 8
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C-8. If |z| = 1 and z # +1, then one of the possible values of arg(z) —arg(z + 1) —arg(z—1) is
A i B z C il D z
()~ ®) 3 ©-3 ©) 7

C-9.» If z, &z, are two non-zero complex numbers such that ‘21 + 22‘ = ‘21 ‘ + ‘zz ‘ , then

Argz, —Arg z, is equal to
(A)—m (B) — m/2 (©)o (D) /2

C-10. The minimum value of ‘ z-1+2i|+]4i—-3-2z|is

A) 5 (B) 5 (©) 213 (D) V15
Section (D) : Rotation Theorem and Geometry of Complex Number

D-1. Complex numbers z, , z,, z, are the vertices A, B, C respectively of an isosceles right angled
triangle with right angle at C and (z, - z,)* = k(z, — z,) (z, — z,), then the value of 'k' is
(A1 (B)2 ()3 (D)-2

D-2.= Ifz, z, z, are vertices of an equilateral triangle inscribed in the circle |[z]| =2 and if z, = 1 +i \/5 , then

(A)z,=-2,2,=1+i43 (B)z,=2,2,=1-iy3
(C)z,=-2,z,= 1-i43 (D)z,=1-i43,2,=-1-i/3
D-3. If z,,z,, z, are the vertices of the A ABC on the complex plane which are also the roots of the equation,

z® —30z2+ 3Pz + x =0, then the condition for the A ABC to be equilateral triangle is

(A) a?=B (B) o= B2 (C) a?=3P (D) a = 3?2

D-4. The points z,, z,, z;, z, in the complex plane are the vertices of a parallelogram taken in order if and
only if :
(A)z,+z,=2,+2z3; (B)z,+z3=2,+2, (C)zi+z,=25+2, (D)z,z3=2,2,

D-5.= The area of the triangle whose vertices are the roots z3 +iz2 + 2i = 0 is

3 3
(A)2 ® 7 © V7 (D) 7
D-6. Theinequality |z —4| <|z - 2| represents :
(A)Re(z)>0 (B)Re(z) <0 (C)Re (z)>2 (D)Re(z)>3
D-7. Thelocusof z, forargz=~- /3 is

(A) same as the locus of z for arg z= 27/3

(B) same as the locus of z forarg z = 7/3
(C) the part of the straight line \/EX +y =0with (y<0,x>0)

(D) the part of the straight line \/EX +y =0with (y>0,x<0)
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D-8.

D-9.

The maximum & minimum values of ‘z+ 1 ‘ when ‘z+ 3‘ <3 are :

(A) (5,0) (B) (6,0) (C) (7.1) (D) (5.1)
The equation of the radical axis of the two circles represented by the equations,
‘z—2‘=3 and ‘z—2—3i‘=4 on the complex plane is :

(A) 3y+1=0 (B) 3y—1=0 (C)2y—1=0 (D) none

2
D-10.= If z is a complex number satisfying the equation [z— (1 +i)|>= 2 and ® =—, then the locus traced by '®'
zZ

in the complex plane is

(A)x-y-1=0 B)x+y—-1=0 (C)x—-y+1=0 (D)x+y+1=0

D-11.= If zis a complex number satisfying the equation |z+i|+ |z —i| = 8, on the complex plane then

maximum value of | z | is
(A)2 (B)4 (C)6 (D)8

Section (E) : Cube Root and nt" Root of Unity.

E-1.

E-3.=

E-4.

E-6.=

E-7.=

If o & [3 are imaginary cube roots of unity then a" +" is equal to (where n € 1) -

2nm 5 2nm C)oi s 2nm 2nm
3 (B) cos 3 (C) 2i sin 3

(A) 2cos

1 1+i+w?  w

If (w # 1) is a cube root of unity then |1 —1 -1 w’ -1 =
-1 —-i+w-1 -1
(A)O (B) 1 (C)i (D)w

Ifx=a+b+c,y=aa+bp+candz=ap +ba+ c, where o and  are imaginary cube roots of
unity, then xyz =
(A) 2(a® + b® + c?) (B)2(a®—b3*-c?) (C)a*+b®*+c*—~3abc (D)a*-bd*-c?

54
If ® is imaginary cube root of unity then the value of Z (1+ o + ®?%) equals to

r=0
(A) 54 (B) 55 (C)57 (D)0
If o is non real and a. = ¥/1 then the value of olt+a+a®+a?-a”| is equal to
(A) 4 (B) 2 (C)1 (D)8
If1, 0, 0, Oy e a,, are ninth roots of unity (taken in counter-clockwise sequence in the Argand plane),

then the value of [(2-a,) (2—-a,) (2—-0,) (2 -0, )| equals to

(A)1 (B) \15 (C) /511 (D) /512

The number of roots of the equation z" = 1 satisfying |arg (z) | < n/2 are
(A)S (B)6 (C)7 (D)8
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PART-IIl : MATCH THE COLUMN

3
1@ Leta, B,y € Rsuchthatcos(a—B)+cos(B—y)+cos(y—a)=— 5

Column-I Column-1II
(A) Y sin (a+ B)=ZX cos (a+p)= (P) 0
(B) >cos(2a.—B —v) Q) 3cosa cosf cosy
©) Ycos3a= (R) 3cos(at+PB+y)
Tcos’(0+a)
D If Rthen —— =
©) 0e en ITcos(6 + o) ) 3
2. Match the equation in z, in Column-I with the corresponding values of arg(z) in Column-II.
Column-l Column-ll
(equationsin z) (principal value of arg (z) )
A) z2-z+1=0 P) -2m/3
(B) 22+z+1=0 Q -n/3
©) 222+ 1+ i,/3 =0 R /3
D) 222+1-4,/3=0 S) 2n/3
3. Which of the condition/ conditions in column Il are satisfied by the quadrilateral formed by z,, z,z,,z,inorder
givenin columnI?
Column -1 Column-ll
(A) Parallelogram P) z,-2,=2,-2,
(B) Rectangle Q Iz,-z|=lz,-z]
z1-2,
©) Rhombus R) 7. _ 7 is real
3724
Z1—2Z3
(D) Square (S) S is purely imaginary
2724
21—2y

(M is purely imaginary
23— 2y
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I Exercise + 2 I

PART-l : OBJECTIVE QUESTIONS

1.=

4.5

5.n

6.=

9.

Let Z,=(8+i)sinO+(7+4i)cos® and Z,=(1+8i)sin O+ (4 + 7i)cos O are two complex numbers. If
Z,-Z, =a+ibwhere a, b € Rthen the largest value of (a + b) V 0 eR,is

(A)75 (B) 100 (C)125 (D) 130

If |z|> — 2iz + 2¢(1 + i) = 0, then the value of z is, where c is real.

(Ayz=c+1i(-1£1_2c_c? ), where ce[-1- \2,-1+ /2]
(B)z=c—1i(-12,[1_2c_c2 ), wherece[-1- /2, -1+ 2]
(C)z=2c+1i(-1%,[1_pc_c2 ), wherece[-1— 2, -1+ /2]
(D)z=c+1i(-1£,1_2c_c? ), where ce[-1— 2,1+ /2]

Ifz,=-3+5i;2z,=-5-3iand zis a complex number lying on the line segment joining
z, & z,, then arg(z) can be :

3 By~ o X L

-2 (B)- 7 ©) ¢ (D)
If zis a point on the Argand plane such that |z — 1| = 1, then — is equal to -
(A)tan (arg z) (B) cot (arg z) (C)itan (arg z) (D) none of these
If cosO +isin0 isarootof the equation x" + a1x”‘1 + azx”‘2+ ...... +a,_,x+a =0 thenthe value of

n

z a, cosr equals (where all coefficient are real)
r=1
(A) O (B) 1 (C) —1 (D) none
If |z,] =2, |z,| =3, |z5] = 4 and |2z, + 3z, + 4z,| = 4, then the value of [8z,z, + 27z,z, + 64z,z,| is
(A) 16 (B)24 (C)48 (D) 96

Let z,w be complex numbers such that 7z +ijw = 0 and arg zw = x. If Re(z) < 0, then principal arg z =

R gy 2F o 3" o0 2

(M) 7 ®) © 0) &

If|lz, -1 <1,]|z,-2|<2,|z,- 3| <3, then |z, + z, + z,|

(A) is less than 6 (B) is more than 3 (C) is less than 12 (D) lies between 6 and 12

Let O =(0,0); A=(3,0); B=(0,-1)and C = (3, 2), then minimum value of |z| + |z-3| + |z+i| + |z -
3 — 2i| occur at

(A) intersection point of AB and CO (B) intersection point of AC and BO

(C) intersection point of CB and AO (D) meanof O,A,B, C
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10.=

1.

12. =

13.

14. =

15.

16.

17. =

A particle starts from a point z, = 1 + i, where i =+/—1. It moves horizontally away from origin by

2 units and then vertically away from origin by 3 units to reach a point z,. From z, particle moves JE units

in the direction of 2} +j and then it moves through an angle of cosecflx/i in anticlockwise direction of a

circle with centre at origin to reach a point z,. The arg z, is given by

(A) sec™'2 (B) cot'0 (C) sin™ @ (D) cos™! (__lj
242 2

Let P denotes a complex number z on the Argand's plane, and Q denotes a complex number

2|z cis (%+ 9) where 0 =amp z. If 'O' is the origin, then the A OPQis:

(A) isosceles but not right angled (B) right angled but not isosceles

(C) rightisosceles (D) equilateral.
1 1 1 1

If P and Q are respectively by the complex numbers z, and z, such that Z—+Z— = Z——Z— , then the
1 2 1 2

circumcentre of AOPQ (where O is the origin) is

zZ,—Z zZ, +z zZ,+z
A) ——= B) ——— C) ——— D) z, +z
(A) = > © ~3 (D) 2z, +2,

The real values of the parameter ‘a’ for which at least one complex number z = x + iy satisfies both the
equality |z—ail =a+4andthe inequality lz-2] <1.

21 5 7 5 57 217
wlos)  eles) Wl w5

The number of solution(s) of the system of the equations Hz + 4| — |z — 3i” =5 &|z| = 4is/are

(A)O (B) 1 (C)2 (D)4
Let z is a complex number satisfying the equation Z° + Z3 + 1 = 0. If this equation has a root rei® with 90° <
0 < 180° then the value of '0'is

(A)100° (B) 110° (C)160° (D) 170°
. 1 1 1
If ® and w? are the non-real cube roots of unity and a, b, ¢ € R such that + + =2n?and
a+o b+o c+o
1 . 1 . 1 - 24 Then th | ¢ 1 . 1 . 1 .
at0? brol crol - . Then the value o a:1 bl cxd is
(A) -2 (B) 2 ()0 (D) 16
50 50 1

If Z ; r=1,2,3,..., 50 are the roots of the equation Z (Z2)" =0, then the value of z
r=0

r=1 r

(A) —85 (B) — 25 (C) 25 (D) 75
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18.  If Z4+1=./3;
(A) z%is purely real (B) z represents the vertices of a square of side 214
(C) Z%is purely imaginary (D) z represents the vertices of a square of side 2%4.
PART-Il : NUMERICAL QUESTIONS
1= Ifa, a, a;...a,A; A, A;.... A, kare all real numbers and number of imaginary roots of the equation
Al A A’ , ,
+ + + =k is .. Then the value of a is equal to
X—a, X-—a, X—a,
2= If z, z, are complex numbers such that Re(z,) = |z, — 2|, Re(z,) = |z, - 2| and arg (z, — z,) = % then
(Im(z1 +z, ))2 is equal to
3. If x =9 QU QU7 oo y=4184-194V27 oo, and z= 2(1 +i)" and principal argument of P = (x + yz) is
r=1
a .
—tan™ (TJ then a® + b? is equal to (where a & b are co-prime natural numbers)
4. A function 'f' is defined by f(z) = (4 + i)z2 + az + y for all complex number z, where o and y are complex
numbers if f(1) and (i) are both real then the smallest possible values of |a| + |y| is (take \/E =1.41)
5 5
5. Thevalue of (\/6—2\/5 +i\/2\/5+10) +(\/6—2\/§ —i\/2\/5+10) is equal to
6. If x,2+y2 =x2+y,2=x,2+y,2=4wherex,y €R,i=1,2, 3then the maximum value of
(X1 - X2)2 + (Xz - X3)2 + (X3 - X1)2 + (y1 - y2)2 + (yz - y3)2 + (y3 - y1)2 is equal to
- 4 z z . )
7. If a complex number z satisfies |z|? + W -2 §+E — 16 = 0, then the maximum value of |z| is
(Take /6 =2.45)
8. z,z,ecandz2+z,2eR,
z,(z2-32,2)=2,2,(32,2-2,2) = 11
If z,2 + z,2 = . then the value of A is
9. If z and o are two non-zero complex numbers such that |zo| = 1, and arg (z) —arg(®) = I , then the value of

2
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1 n
How many complex number z such that | z | < 3 and Zarzr =1 where |a| < 2.

10.=
r=1
z, —iz4 .
1. If|z,+iz,|=|z,| +|z,|and |z,| = 3 & |z,| = 4, if affix of A, B, Care z,, z,, T respectively. Then area of
AABC is equal
12. If ® is any complex number such that zo = |[z]? and |z-Z| + |o+®]| = 4, if © varies, then the area
(in sq. units) bounded by the locus of z is
13.= Ifavariable circle Stouches S, : [z—z,| =7 internally and S, : |z—z,| = 4 externally while the curves S, & S,
touch internally to each other, (z, # z,), then eccentricity of the locus of the centre of the curve S is
14, Letz,, z, are complex numbers and if |z,| = 2and (1 —i)z, + (1 +i)Z, = Kf K> 0 such that the minimum
value of |z, —z | equals 2 then the value of Kis
15.= Let 1, ®and ®? be the cube roots of unity. The least possible degree of a polynomial, with real coefficients
having 2w?, 3 + 4, 3 + 4®? and 5 — ® — ®? as root is equal to
I|m n n + + n
16 IfL= (I—no)1-ne?)  (2-noY2-nw?) (n—n)(n—nw?) |
then the value of L?is (where wis non real cube root of unity and assume 72 = 10)
17w Let1,Z2,Z,...... , Z,, are 15 roots of unity, then principal argument (in degrees) of the complex number
[1+z1+22+23+ ......... +z7j_
is equal to
1+28+Zg+z10+ ....... +Z14
32 0 2qn .  2qnm ’
18.m Lletz= Y (Bp+2)| D sin=" = —icos=— = ]| then [z| is equal to (Take J2 =1.41)
p=1 q=1
PART - Il : ONE OR MORE THAN ONE CORRECT QUESTION
1.=  If all the three roots of az® + bz2 + cz + d = 0 have negative real parts (a, b, ¢c € R), then
(A)ab>0 (B)bc>0 (C)ad>0 (D)bc—ad>0
2. If the biquadratic x* + ax* + bx2+ cx +d =0 (a, b, ¢, d € R) has 4 non real roots, two with sum 3 + 4i
and the other two with product 13 + i.
(A) b =51 (B)a=-6 (C)c=-70 (D)d =170
3. Leti= /-1 . Define a sequence of complex numberby z, =0,z ,, =z ?+iforn>1. Then which of the

following are true.

(A) 12060 =/3 (B) |20l = +/2 (C) 12,06l = (D) Iz, = V2
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4, The value of i"+i™ fori=4/—1 andnelis:
2" (1+1)™ 1+)*™ (1-D*™
Ao t . (B) ot
(I-1) 2 2 2
(1+1)*" 2" 2" 2"
C)—  * (D) RETE 20
2 (1-1) (1+1) (1-1)

1 1
52 If 2cosb =x+ ” and 2cos¢ =y + y,then

1 Xy
(A)x”+x—n=2cos(n6),nez (B);+;=ZCOS(9—(P)
1 1
(C) xy + x_y =2cos(6+ ¢) (D) xmyn + —men =2cos(mO+n¢), mnez

6. Which of the following are true.

+2
(A) cos x +"C, cos 2x + "C, cos 3x +..... +"C,cos(n+1)x=2" cos”%. cos (nz )x

(B) sinx +"C, sin 2x + "C, sin 3x +..... +"C_ sin (n+ 1) x =2". cos”% . sin (n ; 2) X

nx
(C)1+1C, cosx + "C, cos 2x +..... + "C_cos nx = 2". cos”%. cos [7jx

nx
(D) "C; sinx + "C, sin 2x +..... + "C_sinn x = 2". cos”% . sin [7]

7. LetZ =x, +iy,, Z, =X, +iy, be complex numbers in fourth quadrant of argand plane and |Z | = |Z,| =1,
Re(Z,Z,) =0. The complex numbers Z, = x, +ix,,Z, =y, +iy,—Z =X, +iy,, Z, =x,+iy,, will always
satisfy

s
(A)|Z,]=1 (B)arg(2,2)= 5
(C) Zs % is purely real (D)Z,2+ (Z, )?is purely imaginary
cos(argZ,) sin(argZ,) 5 6
8. Let z, and z, are two complex numbers such that (1 —i)z, = 2z, and arg(z,z,) = g then arg(z,) is equal to

(A) 38 (B) /8 (C) 518 (D)—7n/8
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9.

10.=

1.

12.

13.a

14.

(1+i)(1+2i)(1+ 3i).....(1+ni) o
IfZ= (1_ i)(2 ~ i)(3 ~ i) ______ (n ~ i) , N € N then principal argument of Z can be

s s

(A)0 ®) 5 ©)-5 ©)n

4
Let Z__‘ =2 then

V4

5+1
(A) Greatest value of |z| is \/5 +1 (B) Greatest value of |z| is \/_2+
5-1

(C) Least value of |z| is \/5 -1 (D) Least value of |z] is \/_

2

Let a, b, ¢ be distinct complex numbers with |a| = |b| =|c| = 1 and z,, z, be the roots of the equation
az?+ bz +c=0with |z,| =1.LetP and Q represent the complex numbers z, and z, in the Argand plane
with ZPOQ =6, 0° < 6 < 180° (where O being the origin). Then

2 2
(A)b2=ac;0= ?n (B) 0 = ?R;PQ= V3 (C)PQ=2/3;b2=ac (D)6 = g;b2=ac
Z3—2 .
Letz, z,, z,, are the vertices of AABC, respectively, such that — is purely imaginary number. A
1 2

square on side AC is drawn outwardly. P(z,) is the centre of square, then

z,-z Z,—Z T
Az, -z|=|z,-z B) ar 1 =2 4arg |22 =—
(A) Iz, ~2,| = Iz,~ 2| ®) 9[4_2] g[h_aj ;
Z1—2 2374 . .
(C) arg + arg =0 (D) z, z, z,and z, lie on a cricle.
Z,—2, Z,—Z, 17 £20 43 4

Let A and B be two distinct points denoting the complex numbers o and [ respectively. A complex number
z lies between A and B where z # a., z # 3. Which of the following relation(s) hold good?

A la-z|+[z-B|=|a-B]|

(B) 3 a positive real number 't' such that z = (1 —t) o + t

Z—Oo Z—0O ZZI
C — _|=o0 p)|¢ & Il-g
Olp-o p-a Plp b

If z is a complex number which simultaneously satisfies the equations 3| z—- 12 | =5 |z - 8i | and
|z—4|=|z-8]thenthe Im(z) can be
(A)15 (B)16 (C)17 (D)8
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Complex Number

15.

16.=

17. =

18.

19.

20.=

The equation ||z +i| — |z—i|| = k represents
(A) a hyperbolaif 0 <k<2
(C) a straight line if k =0

(B) no locus if k> 2
(D) a pair of ray if k=2

zZ-o
S ‘ =k, k>0 where,z=x+iyand o = a, +ia,, p =B, +ip, are fixed complex numbers. Then which

If

of the following are true

k? -1
k(a.—B)
1-k?
(C)if k=1 then locus is perpendicular bisector of line joining a. = a,, +ia, and B =B, +ip,

kzﬁ—aJ

(A) if k = 1 then locus is a circle whose centre is (

(B) if k = 1 then locus is a circle whose radius is

k%o —PB
(D) if k = 1 then locus is a circle whose centre is (—kz 1 J

Letz,, z,, z, are the coordinates of the vertices of the triangle A,A,A,. Which of the following statements are
equivalent.

(A)A,ALA, is an equilateral triangle.

(B) (z, + wz, + 0%z,)(z, + ®?z, + wz;) = 0, where o is the cube root of unity.

©) Z, 774 _ 23772y
2372, 77174
1 1 1
D)| z, z, 1z |=0
Z, 7z Z,

If a, 3, y are distinct roots of x* — 3x?+ 3x + 7 = 0 (and ® is imaginary cube root of unity), then the value of

a1 p-1 y-1
Bl +y—1+a—1 can be equal to
(A) @ (B) 207 (C) 367 (D) 30

Let P(x) and Q(x) be two polynomials. Suppose that f(x) = P(x3) + x Q(x3) is divisible by x2 + x + 1, then
(A) P(x) is divisible by (x—1), but Q(x) is not divisible by (x—1)

(B) Q(x) is divisible by (x—1), but P(x) is not divisible by (x—1)

(C) Both P(x) and Q(x) are divisible by (x—1)

(D) f(x) is divisible by (x —1)

n-1
....... , o, _, are the imaginary n'" roots of unity then the product H(i—ar)
r=1
(where { =+/—1 ) can take the value equal to
(A)O (B)1

(C)i (D) (1+1)
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21.» If aisimaginary nt (n > 3) root of unity. Which of the following are true.

n—1 »
(A) rZz;,(n—r)oﬂ=1n__mOL (B);(n—r) sin% =%cot%_
< n—1
(C) i(n—l’) Ccos % = —% (D) Z(n_r) o = _La

r=1 r=1

22. Which of the following is true
(A) roots of the equation 219 — z% — 992 = 0 with real part positive = 5
(B) roots of the equation z'0 — z5 — 992 = 0 with real part negative = 5
(C) roots of the equation z'9 — z5 — 992 = 0 with imaginary part non-negative = 6
(D) roots of the equation z'0 — z% — 992 = 0 with imaginary part negative = 4
23.=  Which of the following is true?
(A) The number of common roots of the equations z'” =1and z'3 = 1is 1
(B) The number of common roots of the equations z*0 =1 and z3%¢ =1is4
(C) The number of common roots of the equations z4°=1,z% =1and z20=1is 1
(D) The number of common roots of the equations z2* =1,z =1and z% =1is 8

PART - IV : COMPREHENSION

Comprehension # 1 (Q.No.1to Q.No.2)

Let(1+x)"=C,+Cx+Cx*+ ... + C x". For sum of seriesC + C, + C,+ ......... , put x = 1. For sum of
seriesC +C,+C,+C_+ ...... ,orC. +C, +C, +........ add or substract equations obtained by putting
x=1andx=-1.

For sum of series C;+ C, + C, + ........ orC +C,+C + ... orC,+C,+C,+ ... we subsitute x = 1,

X =, X = ®? and add or manupulate results.
Similarly, if suffixes differe by ‘p’ then we substitute p*" roots of unity and add.

1 Cy+Cy+Cq+Cy+..... =

1[0 n 11 an .. n 11 an . n
(A)g{z —2cos?"} (B)%{Z“ +2cos%} (0)5{2 —28"1?“} (D)§{2 +23|n?n}

2w C,+C +Cy+....=

(A) % {2” —2”’22003E} (B) % {2” +2”/22003M}
©) % {2” —2”’22sinﬂ} (D) % {2” +2”’22sinﬂ}
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Comprehension # 2 (Q.No.3 to Q.No.5)
LetA, B, C be three sets of complex numbers as defined below.

z—1|_ |
A={z:|z+1|<2+Re(z)},B={z:|z-1|>1} and C= {Z: 21}
z+1| |
3. The number of point(s) having integral coordinates in the region ANB N C is
(A)4 (B)5 (C)6 (D)10
4. The area of region boundedby ANB N C is
(A) 243 (B) /3 (C) 443 (D)2
5. The real part of the complex number in the region AM B M C and having maximum amplitude is
A)—1 g) > o D)-2
(A)- ®) © 3 (D)-

Comprehension # 3 (Q.No. 6 to Q.No.7)
Logarithm of a complex number is given by

log,(x +iy) = log(|z|e®)
=log,|z| + log_e"
=log, |z| +i6

= Ioge,/ix2 +y? ) +iarg(z)

log(z) =log |z| +iarg(z)

1 _
In general log, (x +iy) = 5 log, (X2 +y?) + i[2nn+tan 1%} wheren e I.

6. Write log, (1 +4/3 i) in (a + ib) form
(A)log 2 + i(2nn+§) (B) log,3 + i(nn+§)
(C)log 2 + i(2nn+%) (D) log 2 + i(2nn—§)
7. Find the real part of (1 —i)".
1 1
(A) e4+2" cos [Eloge 2} (B) &4+ cos [Eloge 2}

(C) e+ cos log, 2) (D) e~2+27 cosg 1IogeZ
% 2
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I Exercise + 3 I

PART -1 : JEE (ADVANCED) / IIT-JEE PROBLEMS (PREVIOUS YEARS)

* Marked Questions may have more than one correct option.

1% Let z, and z, be two distinct complex numbers and let z = (1 —t) z, + tz, for some real number t with
0 < t<1.If Arg(w) denotes the principal argument of a nonzero complex number w, then

[IT-JEE-2010, Paper-1, (3, 0)/84]
A)z-2z|+|z-2z|=|z,-z)] (B)Arg(z—2z,)=Arg (z—-2z)

(9] 2,-7, Z,-7Z, =0 (D)Arg(z-2z,)=Arg(z,-z,)
2n . . 2¢m . e
2, Let » be the complex number cos 3 +isin 3 - Then the number of distinct complex numbers z satisfying
z+1 ® w?
2
© 2o 1 1 2 0is equal to [IT-JEE-2010, Paper-1, (3, 0)/84]
® 1 Z+o
3.w  Match the statements in Column-l with those in Column-II. [IT-JEE-2010, Paper-2, (8, 0)/79]

[Note : Here z takes values in the complex plane and Im z and Re z denote, respectively, the imaginary part
and the real part of z.]

Column-l Column-li

4
(A) The set of points z satisfying P an ellipse with eccentricity 5

|z—i| z|| = |z + i|z|| is contained in

or equal to
(B) The set of points z satisfying @ the set of points z satisfying Imz =0
|z+ 4| + |z—4]| =10 is contained in
or equal to
: 1 : L
©) If |w| = 2, then the set of points z=w — W (n the set of point z satisfying |Im z| < 1

is contained in or equal to

1
(D) If |w| = 1, then the set of points z=w + W (s) the set of points z satisfying |Re z| <2

is contained in or equal to
(t) the set of points z satisfying |z| < 3
4, If zis any complex number satisfying |z — 3 — 2i| < 2, then the minimum value of |2z — 6 + 5i| is
[IT-JEE 2011, Paper-1, (4, 0), 80]
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Complex Number

7=

9.*

10.

1.

2mi

Leto= e 3 ,anda, b, ¢, X, y, z be non-zero complex numbers such that

atb+c=x
atbo+co’=y

a+bo’+co=2z

|xPP +1y [ +]z]*

Then the value of
lal* +|b|* +|c|

2 IS

[IT-JEE 2011, Paper-2, (4, 0), 80]

Let z be a complex number such that the imaginary part of zis non zeroanda=z2+z + 1 isreal. Then a

cannot take the value

1
(A)-1 ®) 3

[IIT-JEE 2012, Paper-1, (3, -1), 70]

1 3
(C) 5 (D) n

1
Let complex numbers o and 3 lies on circles (x —x,)* +(y—y,)?=r>and (x — X, + (y —y,)? = 4r,

respectively. If z, = x, + iy, satisfies the equation 2|z |>=r>+ 2, then |a| =

1
® 75 ® 5

\/§+i

1]
Let w= 5 andP={w":n=1,23,...}. FurtherH, = {2603R92>5JFand H,= {ZECZRE Z<—EJF,

[JEE (Advanced) 2013, Paper-1, (2, 0)/60]
A 1
© 5 ©0) 3

1]

where C is the set of all complex numbers. If z, e P " H,, z, e P n H, and O represents the origin, then

£z0z,=

A 5 ®) §

[JEE (Advanced) 2013, Paper-2, (3, —1)/60]

2n
© 5

Let @ be a complex cube root of unity with @ = 1 and P = [p,] be a n x n matrix with p; = o' " . Then

P2+0,whenn=
(A) 57 (B) 55

[JEE (Advanced) 2013, Paper-2, (3, —1)/60]
(C) 58 (D) 56

Paragraph for Question Nos. 10 to 11

LetS=S,nS,nS, where S,={zeC:|z|<4},S,= {ZEC;I”{—F@

and S,:{zeC:Rez>0}
Area of S =

10_11 207

(A) =3 3

min|1-3i—z| =
zeS

2-43 2+4/3

(A) =

>0}

z—1+\/§i} ]
J

[JEE (Advanced) 2013, Paper-2, (3, —1)/60]

2 o) 2-

[JEE (Advanced) 2013, Paper-2, (3, —1)/60]

3-43 3+4/3

©) >
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12.

Let z, = cos [21_";} +isin (21_"(;‘}; k=12.9. [JEE (Advanced) 2014, Paper-2, (3, —1)/60]
List | List Il
P. For each z,_there exists a z, such that z,. z,= 1 1. True
Q. There exists ak € {1,2,....,9} such that z,. z = z,_has 2, False
no solution z in the set of complex numbers.
[1—=z¢|[1=25 | ..... [1—2g |
R 10 equals 3 1
9
2Kmn
) 1- 2003(1—] equals 4 2
k=1
P Q R S
(A) 1 2 4 3
(B) 2 1 3 4
(©) 1 2 3 4
(D) 2 1 4 3

krn kr
13.= Forany integerk, let o, = cos [7] +isin [7] , where i = /_1. The value of the expression

14.

15*,

12

Z|0‘k+1 - 0‘k|

k=1 is [JEE (Advanced) 2015, P-2 (4, 0) / 80]

3
Z|a4k—1 - 0C4k-2|
k=1

—1++/3i (-z)" 2*
Let z = T where i = /_1,andr, s € {1, 2, 3}. Let P = { 25 . | and I be the identity
V4 V4
matrix of order 2. Then the total number of ordered pairs (r, s) for which P> = I is

[JEE (Advanced) 2016, P-2 (3, 0) / 62]]

JgteRt#0 1.
a+ibt },where 1 \/71

Let a,b € R and a* + b® # 0. Suppose S={Z€CIZ=

If z=x + iy and z € S, then (x,y) lies on [JEE (Advanced) 2016, P-2 (4, -2) / 62]

1 1
(A) the circle with radius —— and centre (—,Oj fora>0,b#0
2a 2a

1 1
(B) the circle with radius ——— and centre (——,Oj fora<0,b#0
2a 2a

(C) the x-axis fora =0, b =0
(D) the y-axis fora=0,b #0
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16*. Let a, b, x and y be real numbers such that a — b = 1 and y # 0. If the complex number

az+b
z+1

z = x + iy satisfies Im( j: y , then which of the following is(are) possible value(s) of x ?

[JEE (Advanced) 2017, P-1 (4, -2) / 61]

(A) —1—4/1-y? (B) 1+4/1+y’ (C) 1—/1+y? (D) —1+4/1-y’

17 For a non-zero complex number z, let arg(z) denotes the principal argument with
—n < arg(z) < m. Then, which of the following statement(s) is (are) FALSE ?
[JEE (Advanced) 2018, P-1 (4, -2) / 60]

T
(A) arg(-1 — i) =0 where i= \[_]

(B) The function f : R — (-m, 7], defined by f(t) = arg(-1 + if) for all t € R, is continuous at all points
of R, where i= /_1

z
(C) For any two non-zero complex numbers z, and z,, arg[z—lj—arg(zl)+arg(zz) is an integer
2

multiple of 27

(D) For any three given distinct complex numbers z,, z, and z,, the locus of the point z satisfying

(Z—Zl)(z2 —23)
(2—23)(22 —Zl)

18*. Let s, t, r be the non-zero complex numbers and L be the set of solutions z = x + iy (x,y eR,i= «/_1)

the condition arg( jz 7, lies on a straight line

of the equation sz + tZ +r = (), where Z = x —1y . Then, which of the following statement(s) is (are) TRUE ?
[JEE (Advanced) 2018, P-2 (4, -2) / 60]

(A) If L has exactly one element, then |s| # [f|

(B) If |s| = |t|, then L has infinitely many elements

(C) The number of elements in LN {z:|z—1+i|=5} is at most 2

(D) If L has more than one element, then L has infinitely many elements

19.% Let S be the set of all complex numbers z satisfying |z—2+i| zﬁ. If the complex number z is such

1 I ) 4-z,-7,
that |Zo _1| is the maximum of the set |Z_1| AN Ur, then the principal argument of m is
[JEE (Advanced) 2019, P-1 (3, —-1) / 62]
i i 3n

)5 @ - ® @

K2

2

20.:= Let ® # 1 be a cube root of unity. Then the minimum of the set {Ja + bw + c&’|’ : a, b, ¢ distinct non-
zero integers} equals

[JEE (Advanced) 2019, P-1 (3, 0) / 62]
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PART - Il : JEE(MAIN) / AIEEE PROBLEMS (PREVIOUS YEARS)

7=

If o and B are the roots of the equation x2—x + 1 =0, then a2% + 3209 = [AIEEE 2010, (4, —1), 144]
(1) -1 (2) 1 3) 2 (4)-2
The number of complex numbers zsuchthat |z—1|=|z+ 1| =|z—i| equals [AIEEE 2010, (4, 1), 120]
(1) 1 (2)2 (3) (4)0
If (1) is a cube root of unity, and (1 + )" =A+ Bw . Then (A, B) equals [AIEEE 2011, 1, (4, -1), 120]
(1)(0,1) 2)(1,1) (3)(1,0) (4)=1.1)
Let a, B be real and z be a complex number. If z2 + az + 3 = 0 has two distinct roots on the line Re z = 1, then
it is necessary that : [AIEEE- 2011, |, (4, —1), 120]
(1)B(0,1) (2)p €(-1,0) (3)1B[=1 (4)B e (1,)

1+z
If z is a complex number of unit modulus and argument 6, then arg [E] equals:

[AIEEE - 2013, (4, —"4), 120]

(1)-0 (2) 50 (3)0 (4)m-0
1
If za complex number such that |z| > 2, then the minimum value of |2+ DI [JEE(Main) 2014, (4, - "), 120]
(1) is strictly greater than 5/2 (2) is strictly greater than 3/2 but less than 5/2
(3) is equal to 5/2 (4)lieintheinterval (1, 2)
A complex number z is said to be unimodular if |z| = 1. Suppose z, and z, are complex numbers such that
z, -2z,
577 is unimodular and z, is not unimodular. Then the point z, lieson a:
— 2122 2 1
[JEE(Main) 2015, (4, —4), 120]

(1) straight line parallel to x-axis (2) straight line parallel to y-axis
(3) circle of radius 2 (4) circle of radius /2

. 2+3isin0 . . ) .
A value of 0 for which m is purely imaginary, is : [JEE(Main) 2016, (4, — 1), 120]

—2isin
(A (B
(1) sin1 ﬁ (2) = 3) — (4)sin=1| 7,
1 1 1
Let ® be a complex number such that 2w+ 1=zwherez= /-3 .If |1 -o’-1 ®° |=3k, thenkisequal
1 o’ o’

to :- [JEE(Main) 2017, (4, -1), 120]

(1)1 (2)-z )z (4)-1
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10.=

1.

12. =

13.a

14.

15.

16.

17. =

If o, B € C are the distinct roots of the equation x2 — x + 1 = 0, then a101 + 3107 js equal to-

[JEE(Main) 2018, (4, — 1), 120]

(10 (2)1 (3)2 (4)-1
Let z, and z, be any two non-zero complex numbers such that 3|z, = 4 |z,.
If z =ﬁ+2ﬁ then: [JEE(Main) 2019, Online (10-01-19) P-2 (4, — 1), 120]

2z, 3z,

1 /17 5

1) |[z|==,— 2)Re(z) =0 3) |z|=,]= 4) Im(z)=0
()||22 (2) Re(z) ()Il\f2 (4) Im(z)
Let Z, and Z, be two complex numbers satisfying |Z,| = 9 and |Z,—3—4i|=4 . Then the minimum value of
|Z,—Z,| is: [JEE(Main) 2019, Online (12-01-19) P-2 (4, — 1), 120]
(1)0 (2)1 ) V2 (4)2

3oy, R
If Z=7+5(1=\/—1), then (1+1z+z +iz ) is equal to

[JEE(Main) 2019, Online (08-04-19) P-2 (4, — 1), 120]

(1)1 2) 1 (3)0 @) (-1+2i)°

LetzeCbesuchthat|z|<1.If © = 55(+3Z

, then :- [JEE(Main) 2019, Online (09-04-19) P-2 (4, — 1), 120]

— 7
(1) 5Im() < 1 (2) 4Im(w) > 5 (3) 5Re(®) > 1 (4) 5Re(w) > 4

The equation |z—i| = |[z—1|, i = </-1, represents: [JEE(Main) 2019, Online (12-04-19) P-1 (4, — 1), 120]

(1) the line through the origin with slope —1 (2) a circle of radius 1.

1
(3) a circle of radius 5 (4) the line through the origin with slope 1.

z—1
If Re(zz_'_ij =1, where z = x + iy, then the point (x,y) lies on a:

[JEE(Main) 2020, Online (07-01-20) P-1 (4, — 1), 100]

1 5

(1) circle whose centre is at (_E_E) (2) circle whose diameter is B3
. 3 . 2
(3) straight line whose slope is 5 (4) straight line whose slope is —g

If z be a complex number satisfying |Re(z)| + |Im(z)| = 4, then |z| cannot be
[JEE(Main) 2020, Online (09-01-20) P-2 (4, — 1), 100]

17
(1) \E ) io (3) V8 @) N7
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Exercise # 1

vEL
B-3. (i) 242 (cos% +1sin 3—75} 2/2e [ ! j

PART-I 4
Section (A) : (an
- (ii) 2(cosﬂ+isinﬂj; 2e [ 3j
A1, 17+ 24] 3 3
A2. 4
7 24 21 12 2 i 2 3_n+3_nﬁ(34)
A3 (i) =+ i (i) T (i) =i (ii)) V2| cos—mH1sI= " fiy) 2€
25 25 5 5 5
A-4 (ynt,nel (i) n £ z nel (iv) ZSin(Qj[COS(E—Q}fiSin(E—gj]; ZSin(E)ei[g%}
) ’ -3 2 2 2 2 2 2
_ [ ) 2] B4. ()1, (i)30
A5, (i) (=2 2)or |-=,-%
3 3 B-5. ()4 (i) 43
(iij)x=1andy =2 Section (C) :
A6.  ()x(1-4i)  (i)2+2 +0ior0£2i c2 2
A7.  ()z=(@2+i)or (1-3i);(i)z=1 or2—i c4. O
Section (B) : C-7. ()n+2kmkel (ii) —2n/3

cs. ()5 ()1 (i) [0, 9]
5 ; .
B-1. (i) Modulus = 6, Arg = 2km +1—§ k 1), Section(D):
DA.  1+(2+232)i
5w
Principal Arg = E D-2. (i)|z|=20
(i) OP = 0Q = PR = QR = 20
7
(i) Modulus = 2, Arg = 2km +?n(k el D3 ()a=b=2-43
(i) \3(1—1i) or V3(~1+1)

5w
Principal Arg=——+
rincipal Arg 6 D-5. (i) The region between the concentric circles with

centre at (0, 2) & radii 1 & 3 units

5
(iii) Modulus =—, Arg=2knt—tan "2 (k € 1), N . . . , 1
6 (i) region outside or on the circle with centre E

Principal Arg =—tan™12

B-2. [(-2,2); (—2,-2)] + 2i and radius % .
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(iii) semicircle (inthe 1st &4th quadrant) x*+y*  gaction (B) :
=1
(iv)
a

aray emanating from the point (3 + 4i) directed B-1.  (C) B-2. (D)
way from the origin & having equation
B3. (D) B4. (D)
J3x - y+4- 33 =0
B-5. (C) B-6. (B)
D-6. Centre (-1, 0)and radius 5
B-7. (A) B-8. (A
D-7. (i) —2 33, _—3+ £ Section (C) :
2 2 2
c1. (D c2 (A
(i) — 3 + Oi, %+i c3. (A Cc-4. (A
C5 (D) c6. (D
1om c7. (©) cs. (O
D-8. (i) \/5 . .
c9. (0 c-10. (C)
(ii) 757 + 50
Section (D)
D9. -4-3i 2,5
D-1. (B) D-2. (C)
2 2
D-10. — 4+ =1 D3. (A D-4. (B)
64 48
Section (E) : ps. @ o6 ®
E-1. 5 D-7. ©) D-8. (A)
D9. (B) D-10. (A)
B2 —(n’+2)
3 D-11. (B)
E4. ()1 (i) 1 Section (E) :
E-5.  -2i,i+ .3 &i-.3 E1. (A E2 (A
in 111':
6. 206 206 E3. (C) E-4. (C)
E-7. o E-5. (A E-6. (C)
E-8. 12 E7 (C)
PART-II PART-III
Section (A) : 1. (A)>P;(B)>S;(C)>R; (D)>S
Al () A2 B 2 (A)>QR:(B)>P S (0)>Q,S;(D)>PR
A3 B A4 (© 3. (A>PR;(B)>PQRT (C)>PRS; (D) -

A5. (B) A6. (A PQRS,T.
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Exercise # 2 PART - IV
PART-I 1. (B) 2. (D)
1. © 2. A . 6 4 (A)
3. (D 4. (© 5 ® 6 A
5. () 6. (D) 7. (B)
. © & © Exercise # 3
9. (C) 10. (B
1. (© 12. (B PART - |
13. (A 14. (€ 1. A0.0 2 1
5. (©) 6.  (B) 3. (A)-@n. B)-p)(C)- (s, D)-(@rsh
17. (B) 18. (D) 4. ()
PART-II 5. 3, Bonus (w = ™3 is a typographical error, be-
1 0 2. 5.33 cause of this the answer cannot be an integer.)
3 35 4. 1.41 6. D)
5, 2048 6. 36 7. ©) 8. (C). (D)
7 4.45 g, 5 9. (B), (C), (D) 10.  (B)
9 0.25 10. 0 1. (€ 12.  (C)
1. 625 12. 8 13. 4 14.
13. 027 14. 8 15.  (A), (C), (D) 16.  (A), (D)
15. 5 16.  0.37 17.  (A), (B), (D) 18.  (A), (C), (D)
17. 168 18. 6768 19. @ 20. 300
PART -1l PART - I
1. (A)(B),(C) 2. (A),(B),(C).(D) 1. ) 2 (1)
3. (B),(C).(D) 4 (B).(D) 3. @) 4. @)
5. (ALB)LO)LD) 6 (ALBLC)D) 5. @) 6. @
7. (A®.CLD) & BLD) .o 5. ()
o (ABCD) 10.  (AC) o 0 @
. A6 12 ©\0) 1. Bonus 2. (1)
13.  (A),(B),C),(D) 14.  (C),(D)
15 (ABLOLD) 16 (A)E)(C) B0 w0
17.  (A),B),C)(D) 18.  (C)(D) B @ 6. 2
19.  (C)(D) 20.  (A)(B).(C).D) .4
21. (A),(B).(C) 22. (A),(B),(C).(D)
23.  (A), (B), (D)
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SUBJECTIVE QUESTIONS

10.

If the equation z3 + (3 + i) z2 + 3z— (m —i) =0, where m € R has all purely imaginary roots, then find
the sum of all possible values of m.
Show that the product,

. N2 \22 2"
1+ L 1+ Ll 1+ Ll 1+ Ll i 1 - >
2 7 > ) > isequalto | 1 — 2? (1+i) wheren =>2.

Let z (1 <r<4)be complex numbers suchthat |z |=+/r+1 and |30z, +202,+152,+122,| =k | z,z,
z,+2,2,2,*2,2,2,+ 2,2, Z, |, then find the value of k.
If |z|> +Az?> +AZ?+Bz+Bz+c=0 represents a pair of intersecting lines with angle of

intersection ‘¢ ' then find the value of |A|

If 22 +az+ B =0 (o,B are complex numbers) has a real root then prove that
_ - —\2
(@ -o)aB -ap)= (- B)

If z,, z,, z, be three complex number such that

1 2, 3Bz ]
= = = + =
2| =1z =z =t and ¥ =+~ +1=0

then sum of all the possible values of |z, + z, + Z,|

1
Number of complex number (z) satisfying |z|? = |z|"2z% + |z|"z + 1 such that Re(z) # —5-

Letz, & z, be any two arbitrary complex numbers then prove that

(i) |z1+22|=‘|§—1||22|+|:||21| (ii) |z1+22|2%(|zl|+|zz|)|§_i|+|§_§|‘_
Prove that
z
(i) m_1 <|arg z|. (i) lz=1] < ||z] = 1| + || |arg z|.
Prove that

|img(z")| <n{Img (2)[[z]"~", nel®
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1. If O € [n/6, /3], i=1,2,3,4,5and z* cosb, + z° cosh, + 22 cosh, + z cosb, + cosO, = 2./3,

3
then show that |z| > —

4
12. If z,, z,, z, are complex numbers such that 2 = i+i show that the points represented by z,,z,, z, lie
Z, 2, 1,
on a circle passing through the origin.
13. P is a point on the argand diagram on the circle with OP as diameter, two point Q and R are

taken such that ZPOQ = ZQOR = 6. If O is the origin and P, Q, R are represented by complex
z,, z,, z, respectively then show that z,% cos 20 = z,z,cos?0

14, Consider the locus of the complex number z in the Argand plane is given by Re(z) -2 = [z—7 + 2i|. Let P(z,)
and Q (z,) be two complex number satisfying the given locus and also satisfying

(2 + i
arg M =E((xeR) then find the minimum value of PQ
z,-(2+ai)) 2

z-z
15. Find the mirror image of the curve ﬁ =a,acR"a=1abouttheline |z-z|=|z-z).
2
Z4
16. Let z, and z, are the two compelx numbers satisfying |z — 3 — 4i| = 3. Such that Arg <. | Is maximum
2
then find the value of |z, —z,|.
17. If z, and z, are the two complex numbers satisfying |z — 3 — 4i| = 8 and Arg 2. |75 then find the
2
range of the values of |z, — z,|.
18. If |z—2z|=]z,|and|z-z,] =z, be the two circles and the two circles touch each other then prove that
ﬂ
Img 2, ) = 0
pqgr
19. If|q r p| =0;wherep, q, rare the modulus of non-zero complex numbers u, v, w respectively, prove
rpq

2
w _

that, arg v = arg (W uj .
vV—-u
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20.

21.

22,

23.

24,

25.

26.

27.

Two given points P & Q are the reflection points w.r.t. a given straight line if the given line is the right bisector of
the segment PQ. Prove that the two points denoted by the complex numbers z, & z, will be the reflection

points for the straightline &z + aZ + r = 0 ifandonlyif; 0z, + aZ, + 1 = 0, where risreal and a.is

non zero complex constant.

Pez

The points represented by the complex numbers a, b, c lie on a circle with centre O and radius r. The

. , a'+b'-2¢c"
tangent at c cuts the chord joining the points a, b at z. Show that z = Al o2

Show that for the given complex numbers z, and z, and for a real ¢ the equation
(z4+225)z+(z4+Xz,)z+c =0

represents a family of concurrent lines and and also find the fixed point of the family.

Find the locus of mid-point of line segment intercepted between real and imaginary axes, by the line

az+az+b=0, where ‘b’ is real parameter and ‘a’ is a fixed complex number such that Re(a) = 0,

Im(a) = 0.

Givenz, +z,+z;=A,z, +z, 0 + 2, 0> = B, z, + z, w? + z; ® = C, where o is cube root of unity,

(a) express z,, z,, Z, in terms of A, B, C.

(b) prove that,|A|2 +|B|2 +|C|2 =3(|zl|2 +| 2y |2 +|z3|2).

(c) prove that A3 + B3 + C3 - 3ABC = 27z,z,z,

n-1
If w = 1 is n" root of unity, then find the value of Z |z +w 2z,
k=0
L a b c )
Let a, b, ¢ be distinct complex numbers such that = = =k, (a, b, c# 1). Find the value

1-b 1-c 1-a
of k.

20

2mi
If o = 87' and f(x) =A + ZAka , then find the value of,
k=1

f(x) + f(ax) + ..... + f(a®x) independent of a.
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2n 2n
28. Given, z = cos +isin , ‘N’ a positive integer, find the equation whose roots are,
2n+1 2n+1
a=z+z*+ ... +z-'and f=z2+2z*+ ..... +z

2
2n ) +cos( 4n ) +cos( bn ) +..... +cos( nnj =—l When n € N.
2n+1 2n +1 2n+1 2n +1 2

30. If1, oy, 0y, Olgyennens , O

29. Prove that cos(

._ 4 be the nt" roots of unity, then prove that

. . 2m . 3w . (n-Dm n
sin—. sin—. sin—........ sin——= ——
n n n n 2

seco
1. —21 3. J30 4. >
6. 3 7. 1 14. 10
-7, 24

5. |, =a 6. 17, |(z,-2,)|< [3v2, 1342

Cz —
22, z2=—-—"2 23. az+az=0

242y — 2324

A+B+C A+Bo?+Co A +Bo + Co?

24, (a)z,=————,2,= 12y =
3 3 3

25. n(|z,]? + |z, 26. —®or —w? 27. TA+T7A X +TA x"

sin?no 2n
28. z2+z+ ——— =0,where 0=

sin“ o 2n+1
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I secif Assessment Paper |

JEE ADVANCED

Maximum Marks : 62 Total Time : 1:00 Hr
SECTION-1 : ONE OPTION CORRECT (Marks - 12)

z—~2(1+i)
1. The complex number z which satisfies the equation |z| = 1 and . | = 1is
A)1 B)1+i c) D) =
+ — —
(A) B) 1+ © 5 ©) 5
2, Let z, and z, be non-zero complex numbers satisfying z,? + 2z,> = 2z z , then the triangle with vertices at origin,
z,and z, is
(A) an isoceless, non right angled triangle (B) a non-isoceles, right angled triangle
(C) an equilateral triangle (D) aright angled isocless triangle
: 1 e :
3. fz=x+iy;x#- o then number of values of z satisfying |z|" = Z%|z|"2 + z|z|"?+1VneN;n>1is
(A)O (B)1 (©)2 (D)3
4, Ifz,z,z, e Csatisfying |z,| = |z,| = |z,| =1,z,+z,+Zz,=1and z,Zz,z,= 1. Also Im(z,) < Im (z,) < Im(z,), then
|z, +z2+27is
(A1 (B) \/3 (€) 5 (D) 7

SECTION-2 : ONE OR MORE THAN ONE CORRECT (Marks - 32)
5. If k e R—{0}and k + |k + z2|=|z|?, then arg z can be

T T T
(A 5 B) 5 ©)- ©)n
2z,-z,-2,
6. If z,, z,, z, are the vertices of a triangle such that |z, -z | = |z, — z,|, then arg B
3 2
) = ®) = ©Z ©)-=
2 3 6 S 2
7. Let X, Xy, covvennnen. , X, be the roots of the equation x° + 2x° + 4x* + 8x® + 16x* + 32x + 64 = 0, then

x Y x (x ) . .
(A) [E') =1Vi (B) E‘+[E'j is real C)x|=2Vi (D) arg [X_J -
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1006 1006
8. Z | Z2r+1 _ Z2r—1 | — zl Z2r _ Z2r—2 | — 2012
r=1 r=1
where z € C, then
A 1 B)|z2-1]|=2 C i D 1
= — = =+ - —
(A) Izl (B) |22 -1 (C)z=+i Dz="77
9. Consider a complex number z = cos g +isin g andasetA={z}, z =2zk=0,1,2,...9} then
(A) all elements of Alies on a unit circle centred at origin
2n .
(B) arg (zp) —arg (zq) =? for exactly 8 ordered pairs (zp, zq); z,z, ¢ A and arg (z) € [0, 2n)
(C) number of elements in Afor which Re(z,) > sin 18°is 3
(D) number of elements in A for which Im(z,) + sin 36° >0 is 6
Z1
10. Letz, and z, are two non-zero complex numbers such that |z, + z,| = |z,| = |z,], then - may be
2
A)1+o (B) 1+ o? ©) o (D) »?
1. |Ifz,=5+12iand |z, =4, then
(A) maximum (|z, +iz,|) =17 (B) minimum (|z, + (1+1i) z,| =13 -4 /2
L. L :E . 21 13
(C) minimum 4| 4 (D) maximum iy
zy b 473
z Z,+
2 22
: Imz°) .
12. The value of z € ¢ such that the expression. S = W is minimum is/are
(A)yz=2nr(1+1) (B)yz=x(1-1) (C)z=r(2+1) (D)z=x(1+2i)
SECTION-3 : NUMERICAL VALUE TYPE (Marks - 18)
13.  If|z,| = |z,—w| = |z,— w?| where w and w? are non-real cube of unity and |z — z | < 2 the maximum value of
3z
5| is
14.  If L € Rsothat the origin and the non-real roots of the equation 2z2 + 2z + A = 0 form the vertices of an

1
equilateral triangle in the argand plane, then o equal
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15.

16.

17.

18.

" . e r(o, + 0p17)
If1, 0, 0y e 0L, @re (2017)" roots of unity, then the absolute value of 50 equal

r=1

If zis any point on the circle |z + 1| = 3, then three-fourth of the reciprocal of radius of circle represented by
w=(4+i—2z)"is.

Let A, B, C be three sets of complex numbers as defined below
A={z:|z+1|<2+Re(z)}B={z:|z-1]|>1}

andC = {23 al
Z_

|
y >1 J>’ then number of point (s) having integral coordinate inthe region AnB " Ciis

3

2 andC,:|z-a|=4 /2, a e Ronthe complex

Consider curves C.: Jarg (z—-2) = % C,:larg(z+2)| =

[ 1
plane such that C, touches both C, and C,, where sum of absolute values of a.is 2, then /A 7 equals.

BN Answers
1. (©) 2. (D) 3.
5

13.
17.

B) 4. ©)
(A)(C) 6. (A)(D) 7. (A).(B),(C) (A).(B), (C)
(A).(B).(C).(D) 10.  (C),(D) 1. (A) (B), (D) 12. A), (B)
4.50 14. 1.50 15. 40.34 16. 4.25

5 18. 3.50



