e
23. DEFINITE INTEGRATION

1. INTRODUCTION

Let f(x) be a continuous function defined on a closed interval [a, b] and jf(X)dX =Fx)+c then
Tf(x)dx = [F(x)]: or Tf(x)dx =F(b) —F(a) is called the definite integral of f(x) within limits a and b. The interval
[aa, b] is called the ran;e of integration. Every definite integral has a unique solution.

b n/2

Note: jf(x)dx =F(b)—F(a) also represents the net area of the curve f(x) with x-axis. j sin? xdx
a 0
2 ™21 - cos2x 1 sin2x [? 1= n
Sol: Isinzxdx=j ———|dx == x— ==|=-0|=—
5 0 2 2 2 2|2 4
lllustration 1: If L;L(3x2 +2x+k)dx =0, find the value of k. (JEE MAIN)

1
Sol: Here the answer of the definite integral j[3x2 +2X + k}dx is already given i.e. 0 hence by using simple integral
0

formulas we can solve it and by comparing it to 0, we will obtain the value of k.

Here, we have, L)l (Bx% +2x+k)dx =0

1
3 2 1
3X—+2X—+kx =0 ; [x3+x2+ka =0
3 2 0 0
1+1+k-0+0+0)=0; 2+k=0=>k=-2
4
lllustration 2: Evaluate: I(Zsecz X+ X +2)dx. (JEE MAIN)
b 0 b b
Sol: As we know J{f(x)ig(x)}dx = If(x)dx + Ig(x)dx . Hence by using this method we can solve the given
definite integral. a a a

g U9 U4

4 4 4 %
We have, J'(Zsec2 X+ X +2)dx = 2J‘sec2 xdx+J.x3 dx+2_[dx
0 0 0 0

n/4

4
+2[x]5" = 2(tan%—tan0]+|:(7E /44) —0:|+2{%—0}

= Z[tanx]g/4 + {%}

0
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4 4
=21-0)+| 0|+ E=24 4 F
45 2 1024 2

2. PROPERTIES OF DEFINITE INTEGRALS
Property 1

b b b

j f(x)dx = j f(t)dt = j f(u)du

Here x is a dummy variable; it can be replaced by any other variable t, u,........
/2 /2 n/2
j sin(x)dx = f sintdt = j sinudu =

10
This is similar to the summation property Zr = th ZU =

T=1 T=1 u=1
Property 2

b a

If(x)dx = —If(x)dx

a b

i.e. the interchange of limits of a definite integral changes only its sign.

Property 3
b C b
If(x)dx :jf(x)dx+Jf(x)dx (@a<c<b)

Generally, this property is used when the integrand has two or more rules in the integration interval

= jbf(x)dx = jcl f(x)dx+.|'C2 f)dx+....... + Ib f(x)dx wherea < ¢, <c¢, <. c, <b.
a a Cl Cn
Illustration 3: Evaluate: _[4f(x)dx, where f(x) = | 2X 8 1=x=2 (JEE MAIN)
1 6x, 2<x<4

C

Sol: Here as we know, If(x)dx Jf x)dx+If(x)dx where (a < ¢ < b) . Hence by using this property and solving by

using the integral formula we can solve it.

We have, 1= jl f(x) dx
2 4 2 4
= L f(x)dx + .[2 f(x)dx = _[1 (2x + 8)dx + J; 6xdx

- [x +8x} [3x ] [(2)2 +8(2) - (1) —8(1)] + [3(4)2 —3(2)2J

=11 + 36 = 47.

2
lllustration 4: Evaluate : I| 1—x|dx (JEE MAIN)
0
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1-x,when0<x<1

Sol: Here |1 - x| =
x—1, whenl1<x<?2

therefore, similar to the problem above, we can solve it.

1] = 1-x,when0<x<1
x—1, whenl1l<x<?2

1 2 X2 1 X2 2
I:g(l—x)dx+{(x—l)dx:{x—?} +|:?—x} =(1/2-0)+ (0 + 1/2) = 1

Property 4

Property 5
b b
ff(x)dx =I f(a+b —x)dx

Application: T ) dx =22
M) +fl@+b—-x) 2

a

PLANCESS CONCEPTS

With the help of the above property, the following integrals can be obtained.

n/2 /2 /2 n/2

I f(sinx)dx =I f(cosx)dx ; j f(tanx)dx =J f(cotx)dx
0 0 0 0

/2 /2 1

1
I f(sin2x)sinx dx=I f(sin2x)cosxdx ; If(logx)dx =If[|og(1—x)]dx
0 0 0 0

n/2 - n n/2 n

sin” x dx:j cosx T
o sin"x+cos" x o cos" x+sin" x 4
n/2 n n/2 n n/2 n/2
J‘ta”—xdxz J’COt—XdX:E; J‘;dxz I;dxzﬁ
o L+tan"x o 1+cot"x 4§ l+tan"x o 1+cot"x 4
n/2 n /2 n n/4
J~sec—de: I&dx=£ ; I Iog(1+tanx)dx=EI092
o sec" x+cosec"x o cosec"x+sec" x A 8
/2 /2
_[Iog cotx dx = Ilog tanx dx =0
0 0

Shrikant Nagori (JEE 2009 AIR 30)
. 1 .1 2 1.
lllustration 5: Prove that [ cot™ (1 -x+x*)dx =2 tan™ x.dx (JEE MAIN)

a a
Sol: As we know cot™ (Ej =tan* (EJ and If(x)dx = If(a—x)dx by using these two formulae we can solve the
a
given problem. 0 0
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jICOt_l(l_X+X2)dX:jltan_{ } -[t Lx-x _jltan_l(xﬂ—l_x)]dx
0 0 1- X+X 1 X]_ X) 0 1-x(1-x)

= jltan‘lxdx + fltan‘l(l— X)dx = 2.[ tantx.dx
0 0 0

[ tan* [1‘3 * bbj =tanta+tan bj
-a

1

lllustration 6: Find the value of Ilog (E—IJ dx (JEE MAIN)

X
0

Sol: Here log ( j Iog(l x) Iog(x) and jf(x)dx = J'f(a—x)dx by using these two formulae we can solve it.
X 0 0

J.Iog( < de Ilog(l x)dx — Ilog(x)dx Ilog[ ]dx—]'logxdx:].Iogxdx—}logxdx
0 0 0

= Ilog (x)dx—jlog (x)dx =
0 0

n/2

lllustration 7: Evaluate: j de (JEE MAIN)
o Sinx+cosx
a a n/2 .
Sol: As If(x)dx = jf(a —x)dx therefore we can write .f de in the form of
0 0 o Sinx+cosx

”J/-zasin(n/Z—x)+bcos(n/2—x)
0

sin(m/2—-x)+cos(w/2-X)

dx and then adding these two equations we can solve the given problem.
[= ”J/-2a5|nx+bcosx

0 SINX + COSX

n/2 . n/2 .
- J- asm(n/2—x)+bcos(n/2—x)dx: J- acosx +bsinx
0

sin(r/2-x)+cos(n/2—X) SinX +cosx

dx ()]
0

Adding (i) and (i),

n/2 . /2
nal= (@+b)(sinx +cosx) \ [@+b)dx=(@+b)n/2 =1=(a+b) /4
0 SINX + COSX 0
™2 sin?x 1
lllustration 8: Show that | ———dx = —~log(2 +1) (JEE ADVANCED)
o SiNX-+cosx 2

Sol: This problem is similar to the problem above.
;2
n/2 .
Let I=I de ()
0 sinx+cosx

By property 4, we have

dx (1))

I:jm sin’((n/2)—x) dx :jm . cos? x
0 sm( 0 sinx+cosx

(n/2)-x)+cos((n/2)-x)
Adding (i) and (ii), we get
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dx

o = J~n/2$in2x+coszx _J-rr/2 dx In/z 1
0 sinx+cosx 0 sinx+cosx 2\/_ (1/+2)sinx+(1/+/2)cosx

n/2 1 n/2
2\/_"- cos(n / 4)sinx +sin(nt / 4)cosx o= 2\/_-[ sin x+(7:/4))OIX

_ Ljn/zcosec{x +£}dx - L{Iog’canFJrE}}m
2270 4 22 2 8],

= Iogtan{ n}—logtanﬁ _ 1 |Og(ta”(3“/8)J= 1 (cot(n/S)]
Zf 8 8] 22 tan(n/8) | 242 ~\tan(n/8)
—lo (\/§+1)
2[ ﬁ J

i 3n/4
lllustration 9: Evaluate : I w4 _tanx

“™/4 1 4 Jtanx

and using the property Lbf(x)dx = j:f(a +b —x)dx, we can solve the given problem.

= ——log cot

dx (JEE ADVANCED)

. sinx
Sol: By putting tanx =
COSX

dx

Let I:J'3Tt/4 Vtanx I_J-3n/4 sinx (I)

“m/4 14 \Jtanx /4 \Jcosx +/sinx

On applying I:f(x)dx = .Lb f(a+b—x)dx we get

3n/4 Jsin(Br/ 4)-(x/ 4)-x)

dx
e \/cos((?m/4)—(n/4)—x)+\/sin((3n/4)—(n/4)—x)

I:

3w sin((n/2)-x)

A \/cos((n/Z)—x)+ sin((n/2)—x)

an/4 Jcosx
m/4 Jsinx ++/cosx

Adding (i) and (ii), we get

dx

dx ... (i)

o= ISn/4 sinx dx+j3n/4 \Jcosx _ I3n/4 vsinx +\/cosx
/4 Jsinx ++/cosx /4 Jsinx +cosx /4 \/smx+\/cosx

_3n/4 3n/4 | 3W n|| |3n w|_ m
= Lt ]n/rh‘(‘zﬂ{:*z}“ -2

n/2 4 +3sinx .
llustration 10: The value of |, 109 —————|dxis (JEE ADVANCED)
0 4 +3cosx

n/2 .
Sol: Similar to the problems above, we can write I log A4+ 3sinx dx as
0 4 +3cosx

72 [4+3sin((n/2)—x)
_[ log
0 4+3cos((n/2)—x)

]dx and then by adding these two equations we can solve the given problem.
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Letl = jn/zlog A+ 3sinx dx
0 4 +3cosx

On applying property 5, we get

- [0 [4+35in((n/2)—x) de

o %9 4+3cos((n/2)—x)

:.[n/zlog 4+3c95x dx:—jn/zlog 4 +3sinx dx =1 =10
0 4 +3sinx 4 +3 cos X

Thus, ;/Zlog(Mj dx=0

4 +3cosx
lllustration 11: [ = J'n/zd—X, (JEE ADVANCED)
0 4+5sinx
2tan> X
Sol: Let sinx =——2— and then by putting tanE =1, we can solve the given problem.
1+tan? >
2
. jn/z dx _ In/z sec’(n / 2)dx
O 445 (2tan(x/2)/1+tan*(x/2)) “° 4+4tan’(n/2)+10tan(n/2)
X 1 X
Let tan—=t = —sec"—=dt
2 2 2
1
[ _1p dt p_r 1 dtzl[lnH(l/Z)} ~Liog2
044412110t 2°0(t+(1/2)(t+2) 3°°(t+@1/2) (t+2) 3 t+2 |, 3
lllustration 12: Evaluate : (JEE ADVANCED)

,;[6 1++/tanx

sinx

Sol: Let tanx = and then using property j:f(x)dx = I:f(a +b —x)dx, we can solve the given problem.

COSX

“J/} dx _ EJ@ \Jcosx dx i
wel+tanx g /sinx ++/cosx
3 Jeos(n/2-x)

= _[ _ dx [ herea + b = /2]
6 \SIN(T /2= X) +Jcos(rn /2 - x)

- T— Vsinx___ 4, .. (ii)
/6 VCOSX +4/sinx

/3

L2A= [1dx =i =2
n/6 3

TN
—== =
6 6 12



Property 6

J. f(x)dx = ng(x) dx if f(=x) =f(x) (even function)

0 if f(—x) = —f(x) (odd function)

Note: This property is to be used if the integrand is either an even or odd function of x

. n/2 .
lllustration 13: j /Zcosz x dx is equal to
-7

/2 /2 . .
Sol: As jn /zcosz X dx = 2.[(;T cos?® x dx, therefore using property 7 we can solve it.
—T

2 2 sin2x]™*
Herel =2 I cos?x dx {- f(=x) = f(x)} ; _[ (1+ cos2x)dx = {x+ > } =5
0 0

0

1% si 2
lllustration 14;J‘ xsin(L+x%)

o > dx is equal to

1+x

a
2 2f if f(—x) = f functi
Sol: Here by using the property If(x)dx _ Z[ (x)dx if f(-x) =f(x) (even function)

- 0 if f(—x) = —f(x) (odd function)
%3 sin(l +x%)

5 & f(—x) =
1+x 1+x

B x> sin(1 - x?)

Here f(x) = 5

V() = = (%)
~1=0

Property 7: j;af(x)dx _ 2E|;f(x)dx, if f(2a—x) = f(x)

0, if f(2a—x)=-f(x)

Note: The above property is used to halve the limits

lHlustration 15: Evaluate : Jjnﬂde

a—bcosO

Sol: Let [ f(x)dx = 2! f(x)dx, if f(2a—x) = f(x)

0, if f(2a—x)=-f(x)
2n sin20 sin20
I=| —————do f) =———
Let jo a—bcosH — Let 1(0) a—bcosO
f(2n—0) = sin2(2rn —0) —sin20 —_£(0)

a—bcos(2x—0) - a—bcosH

By property 7, we have

J-zn sin20

—— do=0
0 a-bcosH

Mathematics | 23.7

(JEE MAIN)

(JEE ADVANCED)

(JEE MAIN)

. Hence by using this property we can solve the given problem.
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2
llustration 16: Evaluate jo"xsin4 x cos® x dx (JEE ADVANCED)

Sol: Similar to the problem above.

2n . 2n .
I= .[o xsin? x cos® x dx = .[o (21 — x) sin® x cos® x dx

21:2nj;nsin4x cos® x dx : I:Zn.[onsin“x cos® x dx;
I:4nJ‘TE/25in4x cos® x dx ; I:4n_[n/2cos4xsin6x;
0 0
= I:Z—TE n/Z(sin2x)4dx S>2X=t= dx:ﬂ
1670 2
2
T g n/2( . .
= I:ij sin4tdt:£I /2sin4tdt = == lj. / (S|n4t+sm4t)dt :E.l.g—nz?’i
16 70 870 8127 82 8 128

Property 8: If f(x) = f(x + a) (i.e. f(x) is a function with period a), then J‘;af(x)dx = nj; f(x)dx

lHlustration 17: Evaluate: J.;nsin8 X dx (JEE MAIN)

Sol: Here sin® (n — x) = sin®, therefore by using this property, we can solve the given problem.

n/2

I= 4'[T[sin8 xdx =8 j sin®x dx = 87'5'3'l I ﬁ
0 0 8642 2 32
Illustration 18: Evaluate: Ijncoss x dx (JEE ADVANCED)

2

Sol: Let I:.f " cos® x dx
0

Let f(x) = cos®x

f(2m — x) = cos® (2n — x) = cos®x = f(x)
Then jzncoss X X dx = ZJﬂcos5 X dx
0 0
Now, f(rt — X) = cos® (r — X) = (- cos X)? = — cos’x
=—1(x); Igcoss xdx=0
Hence Ijncoss xdx=0

Property 9

a+nT T

J' f(x)dx = n_[f(x)dx (if f(x + T) = f(x), and niN i.e. f(x) is a function with period T)
a 0

b+nT T b
J f(x)dx = (n— m)I f(x)dx + If(x)dx m,n e |
a+mT 0 a

20

On
llustration 19: 1 = J W1+ cosx dx (JEE MAIN)
0



2007
Sol: I = 2 |
0

X
cos—|dx =t

X
2

1007 n

—1=22 J |cost|dt:200x/§J‘|cost|dt: 40042
0 0

h(x)
Property 10: c;j_x j f(t) dt = h'(x) f(h(x)) — g'(x) f(g(x))
g(x)

h(x)
Corollary (1): di .[ f(t) dt =h' (x) f(h(x)) [a is any constant independent of x]
X
a

cd T _
Corollary (2): I !f(t) dt =f(x)

b
< [0 ] dx

a

b
Property 11: jf(x) dx
a

b
Property 12: If f(x) > 0 on [a, b], then If(x)dx >0
a

This property is also called the domination law.

There are a few more properties which might be helpful in solving problems

b b+c
1. Shift property: If(x)dx = j f(x)dx

atc
b -b
2. Reflection property: jf(x)dx = —j f(—x)dx
a —a
b/k

b
3. Expansion/Contraction property: jf(x)dx =k .[ f(x)dx vk>0
a a/k

PLANCESS CONCEPTS

=7 if B>a)

B dx
L N (X= o) (x=B)

Jl o @26 By = Z(B - )”

b [x—a T
jan_de_E(b—a)

If f(t) is an odd function, then ¢(x) = fo(t)dt is an even function.

If f(x) is an even function, then ¢(x) = J'Xf(t)dt is an odd function.
a

Every continuous function defined on [a, b] is integrable over [a, b]

Every monotonic function defined on [a, b] is integrable over [a, b]

Mathematics | 23.9
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PLANCESS CONCEPTS

Change of variables: If the function f(x) is continuous on [a, b] and the function x = ¢(t) is continuously

differentiable on the interval [t,, t,] and a = ¢(t,), b = ¢(t,), then

[t dx = Ji2 ot oyt

Nitish Jhawar (JEE 2009 AIR 7)

3. SOME SPECIAL INTEGRALS

3.1 Walli’'s Formula

7[/2 T[/2 B ~
I sin"x dx = j cos" xdx _(-H{-3)..2
0 0 nn-2)...1

(if nis odd positive integer)
(-1 (n-3)..1 [E

2} (if n is even positive integer)

n/2
lHlustration 20: Evaluate J cos’ x dx
0

Sol: By using Walli's formula we can solve the given problem.

64.2 16

[= 2 =2

753 35

3.2 Gamma Function

"2 r((m+1)/2)r((n+1)/2)

j sin™ xcos" x dx =
5 zr((m+n+2)/2)

where I'(n) is called the gamma function
OR

/2 (m-1) (Mm=3)....(2 or 1)) (n—1) ((n—3)...(2 or 1))

I sin™ cos" x dx =
0 (Mm+n)(M+n-2).....20or1)

(if m and n both are not simultaneously even positive integers)

(if m and n are both even positive integers)

(Mm-=1) (M-=3)..A)((n=1)(n-3)...Q1)) n
(M+n)(m+n-=2)...(2) 2

n/2
lHlustration 21: Evaluate | = j sin* x cos’® x dx.
0

Sol: Using the gamma function formula i.e.

(JEE MAIN)

(JEE MAIN)
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w2 r((m+1)/2)r((n+1)/2)
j sin™ xcos" x dx =
5 zr((m+n+2)/2)

We can solve it.

- r((4+1)/2)r((5+1)/2) ~ r(5/2) e ((3/2).(1/2))(2.1) 8
- 2ar(@+5+2)/2)  2r(11/2)  2((9/2.7/2.5/2.3/2.1/2) 315

4. NEWTON LEIBNITZ FORMULA

In calculus, Leibnitz’s rule for differentiation under the integral sign named after Gottfried Leibnitz tells us that if

we have an integral Iyyl f(x,y)dy then for x in (x,, x,) the derivative of this integral is thus expressible as
0

d Y1 Y1
— fx,y)dy |= [~ f (x,y)d
™ Uyo (x,y) yj fy f oy

provided that f and its partial derivative f_are both continuous over a region in the form [x . x,] x [y, y,].

5. SUMMATION OF SERIES BY INTEGRATION (LIMIT AS A SUM)

To find the sum of an infinite series with the help of definite integration, the following formula is used
n

AL P
|mZ(:) (HJE:;[(X) X

0
n— r=

The following method is used to solve the questions on summation of series.

(i) After writing (r — 1)th or rth term of the series, express it in the form Ef(ij.
nin

n-1
Therefore the given series will take the form as lim Zif(i)
n—=o =N N

(i) Now write J in place of lim X and x in place of " and dx in place of n. We get summation in the form of
n—»o n
integral j; f(x)dx.

" b-a b-a
Also we can write If(x)dx = lim =—=[f(a)+ f(a+h)+...+f(a+(n—-1)h)] |whereh==—+
n—>o N n

a

lllustration 22: Evaluate lim L+L+ ..... +i (JEE MAIN)
nso| N+l n+2 2n

n-1
Sol: By using the summation of series by integration formula i.e lim Zf

n—w
r=0

g 1 1) §1
Limit = lim > —— = lim Z( j:jl+xdxz[|09(l+x)]é =log2
0

noosintr nse(1+(r/n)n

1
[le = J.f(x)dx we can solve it.
n)n g

1100 +2100 +3100 100

Hlustration 23: |im (JEE MAIN)

Ao oL

Sol: By observing the given problem, we can say that it's a sum of an infinite series so by using the summation of
series by integration formula we can solve it.
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100 100 n 100
Tl (r s=tim =YL o havax - L
g0 nTn n>» n Z\n 0 101
lllustration 24: Find the value of fim |— " 4", 1 (JEE ADVANCED)
oo | (n+1)2 (n+2)> 4n
Sol: Here t = n 5= 1 ! K therefore similar to the problem above, we can solve it.
(n+r)* N[A+(r/n)
n
Therefore the given series = lim z;l — dx

oo SL4(/mP N 0L x)

1 1
Given series = I 1 dx={—i} =_—1+1=l
o(1+X)2 1+x ], 2

Evaluate the following definite integrals as the limit of sums.

b
lHlustration 25: L cosx dx (JEE ADVANCED)

b
Sol: Here If(x)dx = lim E [f(@)+f(a+h)+..+f(a +(n—1)h)] where f(x) = cos x and h= ?
n—o N
a

b
J'cosx dx = lim E [cosa+cos(a+h)+....+cos(a+ (n—1)h)]
n—o>w N
a

_ o b-a cos(a+((n-1)/2).h).sin(nh/2)
S o sin(h/ 2)

cos(a+n_1. (b—a)j ) sin[n : (b—a)]
b-a 2 n 2n
( n ) .(b—a}
sin| — =
2n

b-a cos(a+(1-(1/n)/2)(b-a)).sin((b-a)/2)

= lim 2.

ho>e 2N sin((b—a)/ 2n)

. cos(a+(1-(1/n)) (b-a)/2)).sin((b-a)/2)
RS sin ((b—-a)/2n)/((b-a)/2n)
= ZCOS(ﬁjsin(EJ =sinb-sina

2 2
lllustration 26: jf(xz +x)dx (JEE ADVANCED)
Sol: Similar to the problem above.
hop-a_2-1_1
n n n

b
[ f0adx = lim b-a s f@ih) 4ot flat (1)
n—o N
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Ilz(xz +x)dx = lim l[f(1)+f(1+h)+....+f(1+(n— 1)h)]
n—o N

= lim 1[(12 +1)+{21+h)? + @ +h)}+... +{L+ (—1)h)? + (1 + (n-1)h)}

n—->o N

= lim 1[12.n+h(1+2+...+(n—l))+1 Nn+2hL+2+...+(n-1))+h?(1% + 22 +..(n—-1)?)]

n—o N
Here h = 1
n
= lim l[n+l(n_1)(n)+n+2. n(ﬁ—1)+l(n—1)n(2n—1)}
n—wn n 2 n 2 n2 6
= i {Lr(l—(l/n))(l)+1+2(1—(1/n))+(1—(1/n))(1)(2—(1/n))}
n—oo 2 2 6
= 1+—+1+1+1 = 2
3 6

6. INTEGRAL WITH INFINITE LIMITS

If a function f(x) is continuous for a < x < oo, then by definition,
[ foadx = lim [ fdx - 0)
a b—>w Ja

If there exists a finite limit on the right-hand side of (i), then the improper integral is said to be convergent;
otherwise it is divergent.

Geometrically, the improper integral (i) for f(x) > 0, is the area of the figure bounded by the graph of the function
y = f(x), the straight line x = a, and the x-axis. Similarly, we can define

J‘i}f(x)dx = IirI] Iabf(x)dx and f;f(x)dx = Ifwf(x)dx+f:of(x)dx

7. IMPORTANT RESULTS

b n/2
If f(x) >0 and a < b, then .[f(x)dx >0, eq. I sinx dx =1
a 0

a 0
If f(x) >0 and a < b, then ff(x)dx <0, egq. j cosx dx = -1
b n/2

a 0
If f(x) <0 and a < b, then .[f(x)dx >0, eqg. I sinx dx =1
b n/2
X 1 2 3 X
I[x]dx = J'(O)dx + I(l)dx + Ide +..t I [x]dx, where [ ] denotes the greatest integer of x.
0 0 1 2 Ix]
/2 /2
I log(sinx)dx = f log(cosx)dx = —glogZ
0 0

/2 /2
I log(tanx)dx = I (cotx)dx =0
0 0

Tf(x)dx = jlf(x)dx + Tf(Za —Xx)dx = }f(x)dx + jlf(a + X)dx
0 0 0 0 0
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b 1

J[x]dx =(b —a)jxdx,where [ 1 denotes thefractional part of x.

a 0
5 1 5
eqg., J[x]dx = Sdex =5
0 0

f(b)

b
Integral of an inverse function is given by I f1 (y)dy = bf(b)—af(a) — jf(x)dx

f(a)

Derivation of the given formula is given in the solved examples

8. GEOMETRICAL APPLICATION

The area of the figure bounded by the graphs of two continuous functions y = f,(x) and

y = £,(x), f,(x) < f,(x), and two straight lines x= a and x = b is determined by the formula
S :jab(fz(x)—fl(x))dx. It is sometimes convenient to use formulae analogous to x.with
respect toy, i.e., regarding x as a function of y. In particular, the area bounded by the curve
x =f(y), the y-axis and the two abscissae y = c and y = d is given by jcdf (y)dy. The area of
the figure bounded by the graphs of two continuous functions x = f,(y) and f,(y) (with f,(y)

<f,(y)), and the two straight linesy = ¢, y = d is given by Jj(fz(y)—fl(y))dy

S

My =1,(%)

y = f,(x)
Figure 23.1

b

From the view of geometry we get an important inequality as if m < f(x) < M fora < x < b, then m(b-a) < Jf(x)dx

< M(b-a)

a

FORMULAE SHEET

Important results

W — T

2. Tf(x)dx = —if(x)dx
a b

1. {f(x)+ g( )+h }dx _If(x)dx+jg(x)dx +jh(x)dx
b C b
3. J'f(x)dx = If(x)dx+!f(x)dx (a<c<b)

4 j'f(x)dx jlf(a x)dx
0 0

5, Jf(x)dx _ Zi‘f(x) dx if f(-x) =f(x) (even function)

0 if (=x) =—f(x) (odd function)

b b
6. If(x)dx =I f(a+b —x)dx

. jOza Fo0dx = 2£f(x)dx, if f(2a—x) = f(x)

0, if f(2a—x)=-f(x)

[ f(t) dt = h'() f(h() - g'(0) flg(x))
(x)

a+nT

funct|on with perlod T

j f(x)dx = njf(x)dx (if fx + T) = fx), and neN ie. f(x) is a

10. If f(x) = f(x + a) then
Igaf(x)dx = n_[;f(x)dx
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b b b b/k
11| [f09 dx| <[00 dx 12. [fgdx =k [ fpgdx vk>0
a a a a/k
13. % (J’yyol f(x,y)dy] = J;: f (x,y)dy (Leibnitz formula)
Definite integral of rational functions
= dx T » xP~tdx T
IO X’ +a’ 2a IO 1+x  sin(pn)’ <P
/2 . 5 2 o m n/2 p>0
3. sin“x dx = cos“x dx =— i
h k 4 4. [3 gy o p-o
X “7/2p<0

5 wsinsz_np
'.[o 2 2

dx

2n

6 2x _
' IO a+bsinx Ja? —p?

l b1

© 2 _ © 2 _
7. Io sin ax“dx _Io cos(ax?)dx = 2\ 2

8. 75X oy — [0 X gy

o

o Jx

\/g

o [N g1
2

X

Advanced formulas

1.jnsin(mx) sin(mdx = 0 m,n integers and m = n
0 n/2

m,n integers and m=n

5 J:cos(mx) . cos(nx)dx = {O m,n integers and m =n

n/2 m,n integers and m=n

™. 0 m,n integers and m+n odd
3. Io sin(mx).cos(nx)dx =

2m/(m2 —n2) m,n integers and m+n even

135..2m-1n

4. J.n/z sin™x dx = In/z cos’™ x dx =
0 0 246..2m 2

Definite integrals of exponential functions

©_-ax _ a O _ax . _ b
1.Ioe COSbXdX_a2+b2 Z.Ioe sin bx dx_a2+b2
o .2 1 |n © 0 o_axy,  L(N+1)

_%.joeax dX:E 3 4.Joxe dx_—an+1
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2
2 F[m;—l) J-;o xdx _n

o0 X
5.J xTe™ ™ dy=— — 7 e¥-1 6

0 2a(m+l)/2

- n-1 w X dX 2
7.I X dx =T(n) l+l+i+ ..... 8.J -
0e¥-1 " 2" 3N 0e¥y1 12

n-1
9. k=) ot
0 eX41 " 2n 3"

—ax —bx 2 2
10.J‘widx:lln b +p
0 x sec (px) 2 | a?+p?

_ abx
1._[ idx=arctan9—arctani
0 xcsc(px) p p

©e (1 -cosx)

12. fox—z

dx = arccota—gln(a2 +1)

JEE Main/Boards

Example 1: Evaluate:

(i) dx — ] 22 dx
0\J(a2 / 4)-(x-(a/2) S AT
Sol: (i) As we knowj X =sint 2, therefore by
22 _x2 a’

using this formula we can solve the given problem.

(i) Put x = acos 0:0 € [0, p] and solve it using the
appropriate formula.

dx
~(x-(a/2)

(M
l J(a2 /4)

:(sinl—x_(a/z)J : :(sin1 2x—aj
(a/2) 0 a )

N =2sin7(1) =

= [sin 1=sin"'(= 2 x g: 7. (i)

Then dx = —a sin 0 dO. Hence,

a 0
a—X
/—d =

_J;a+xx -T[
j 2sin”(0/2) 25|n cos— de
0\jzcos 6/2) 2 2

1-cosH

(-asin0)do
1+cos6

- ajzsin2 940 = aj(l —cos0)do
0 2 0

= a(0—sinb)] = a(n) = am.

Example 2: Evaluate dx

2 .
”j sinx
0 SinX + cosx

a a
Sol: Let j f(x)dx = j f(a—x)dx
0 0

/2 .
sinx
By using this we can write _[ —————dx

0 SINX + COSX

/2 sin[(n /2) —x:|
s
5 sin[(n/2)—x]+cos[(n/2)—x]

dx and by adding

we can get the result.

/2 sin(n/2)-x]
o sm[(n/Z) xJ+cos[(n/2) x]

/2

COsX

!; CcoSX +sinx

n/2 _. /2

Cgrn ] Smercosxy Ty m
o SiNX+cosx 0 2

=%

4



1
1
Example 3: Evaluate I'OQ [;—ljdx
0

Sol: Here Iog[ j log(1-x)~log(x) and

If(x)dx = .[f(a x)dx by using these two formulae we

0 0
can solve it.

o1
I= jlog [——l]dx
0 X
(Put x = cos?t: cos t > 0; then dx = =2 cos t sin t dt)

0
=- j log (sec’t—1).2cost sint dt
n/2

/2 /2
= j Iog(tan2 t).sin2tdt =2 f sin2t . log(tan t)dt
0 0

/2
=2 j log(cot t) . sin2t dt

n/2
L 2=2 I log(tan t. cott)xsin2t dt =0
0

Example 4: Evaluate:

() I=I|cosx|dx
0

1
(i) I= I|2x+1|dx

22
4f dy. where f 4x+3, 1<x<?2
(i) I_.I (x)dx, where f(x) = 345 2<x<4
Sol: (i) Here |cos(n — )| = |cos x| hence | cosx | =cos x
therefore using the formula Jcosx =sinx we can solve
it.

(ii) By putting 2x +1 =z we can solve it.
b C b
(iii) As jf(x)dx = 'ff(x)dx+jf(x)dx (@a<c<b)

By using this formula we can obtain the result.
n/2

() I=2 [ |cosx|dx
0

/2
=2 j cosxdx = 2(sinx)§/? = 2(1) =

(il = f|2x+1|dx (put 2x+1=1z)
22
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1% 3 9
=Ej|z|dz:j|z|dz:5
-3 0
2 4
(iii) = [fodx + [ fx)dx
1 2
2 4
= [(4x+3)dx+ [ (3x+5)dx
1 2

4
2
= (2° +3x) + [%Jer]
2
=9 + 28 =37.

17

Example 5: Evaluate | = J[xz]dx, where [x] is the
0

greatest integer function

Sol: [x?] takes constant values O, 1, 2 in intervals (0, 1),

(1, \/E), (\/5, \/5) respectively. By substituting these
values we will get the required result.

1 2 17
| = I[xz]dx+ J [x%]dx + I[xz]dx
0 1 N
1 2 17
= dex+ '[ldx+ jde
0 2
= 0+(W2-1)+207-V2)=24-+2

Example 6: Let f(x) be an odd function in the interval
X

{—%, g} with period T, prove that F(x) = jf(t)dt is a
a

periodic function with period T.

Sol: As f(x) is an odd function.

X+T X+T
Fx+T)= j f(t)dt = jf(t)dt + j f(t)dt = F(x) +1(x)
T
x+T
where [(x) = '[ f(t)dt = j f(t)dt = 0 (since fis an odd

2
function). Hence F(x) is a periodic function with period T.

Example 7: Evaluate je sin®@cos? 0 do
0

a a
Sol: As we know, If(x)dx = jf(a —x)dx, hence by using

0
this formula we can evaluate it.

Let| = je sin’ 0cos® 0 do
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- j(n—e)sinz(n—e)cosz(n—e)de
0
= J(n—e)sin2 0 cos’ 0 do
0
- njsin2 0 cos’ 0 de—je sin? 0 cos® 0 do
0
I( |n29j 401
0

N :Ejsin2 260d6 Jj(ﬂ]de
4 4

5 2
T e_sin4(9 n_ﬁ
8 4 ], 8

S
16
n-1
Example 8: Evaluate |lim zl [ﬂj
n—oo =1 n n—r

Sol: Here by using the limit as a sum method we can
solve the given problem.

n—ll
. n+r
lim z_ -
n—>e —n

n—r
n-1 1

— lim Zl\/1+r/n:j\/l+xdx

noe Zn\1-r/n gV1-x

1
=,[ 1+x2d :.[(:)L dx2+J-01 xdx2

0vV1—x \/l—x \/1—x
= [sinx = V1-x°]5
=[sin"1-0]-[sin"0-1] = =

7

Example 9: Integrate : 1= I 1 6
+sin

Z

a a
Sol: As .[f(x)dx = If(a —X)dx hence we can

3n 3n

4
write j - s J do and then
1+sin® 1+sin®
4 4
by putting 0 = g+ y we can solve the given problem.

3n

I:£1+sm9 -1[
4

4

sme

3n
4
A=n| D . pute=Tuy

2 1+sin@ 2
2

4 4

nJ 27‘CJ dy
n1+cosy o 1+cosy
2

n/4
== seczldy:n tany - ntan’
2 2 2 8

0

O—n|a

JEE Advanced/Boards

1
2
Example 1: Show that 1 < J'ex dx<e.

2, . . . .
Sol: & is an increasing function in [0, 1]. Further, e° <

2
e <e'Vxel0 1]

1 1, 1
3 Ildx<jex dx<Jedx
0 0 0

1 2
or 1<Ie dx <e.
0

2
+2
jﬂdt find the critical

Example 2: If F(x) = >

o 4+e
points of F(x).

Sol: By using Leibnitz rule we can write

x2 2
F(x) = ﬂdt,
o 4+e?
202 £,2
as F'(x) _y - +4 (2x)= 0
4 +e*
By Leibnitz Rule,
22 £y2
F'(x) :M . (2x)
4+e2X2
F(x) =
= *-5%x%+4)x=0

= ®K-4)x-1)x=0
= x=0, %1, £2

These are the critical points of F(x).
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n/2
Example 3: Evaluate: I log sin x dx

n/2
Sol: We can write I log sin x dx

n/2
As I log sin(g—xjdx and then by adding these two
0

integration we can obtain the result.

n/2 n/2 -
| = Ilogsinxdx = jlogsin ——x |dx
0 0 2

n/2
I log cosx dx
0

n/2 /2
s 20= j (log sinx +log cosx)dx = I log(sinx cosx)dx
0
n/2 /2
= _[ Iog(smzxjdx = j log sin2x dx — I log2 dx
5 2

n/2
= _g|092+ I log sin2x dx (Put 2x =t)
0

7 17 )
= ——log2+=|log sint dt
29 2£ ?

n/2

= ——I092+ I log sint dt.

Y T
s 2l===log2+I = I=-—log2
2 9 2 9

3
Example 4: Evaluate: (i) I= j(x2 +x)dx
1

b
(i) I= Isin x dx as limit of a sum.

a

Sol: By using the limit as a sum method we can solve
the problems above.

Hfx)=x*+x,a=1b=3,nh=3-1=2

I=lim hZfa+rh

n—o

= lim hZ((a+rh) +(a+rh))

n—o0

= lim h(zn:rzhz +rh(2a+1) +(@° +a)J

n—o

= limh

n—owo

(n(2+h) (4+h)+(23+1)

_n(22+ ) +n@ + a)j

= lim (—2(2 +h) (4+h) +(2a+1) —2(2 +h) +2(a2 +a)J
n—w 6 2
=§+6+4 38
3 3
b
(ii) I=Isin x dx
a
. n .
nh=b-a; I= Lmh ;sm(aﬂh)
h
pm 2 h
= H - (Z;ZSlnzsm(aHh)J
sin—\r
2
h
~ n
= lim —2— Zcos a+hr—b —Cos a+hr+b
h—»0 . h =1 2 2
sin—
2
h
= |lim L[cos(a+£}—cos[a+nh+bD
h—»0 . h 2 2
sm5

=cosa-cosb

3
Example 5: Evaluate 1= j(| x —2 | +2[x])dx, where [x] is
-1

the greatest integer function.

Sol: By putting x—2 =y and it is negative in interval -3
to -1 and positive in interval 0 to 1.

3
11=I|x—2|dx;Putx—2=y
-1
1 -1 1
[lyldy = [-ydy+2[ydy
-3 -3 0
R TR 21 _441=5%
= S+ =4+1=
3
Izzj[x]dx

j dx+j0dx+jdx+J2dx =-1+0+1+2=2
-1

=1 +2,=9
Example 6: Show that | = j xlog X dx=0
o (L+x?)?

Sol: By splitting the given integration into two intervals
i.e. from 0 to 1 and then 1 to co we can solve the given
problem.
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T xlog x © xlog x 7 xlog x
dx = dx + dx
‘([(1+x2)2 !,‘(1+x2)2 J1-(1+x2)2

Put x = 1/y in the second integral

0

) leogx

’ f y*logy
1(1+x)

__}ybgyd
1+y

oL +y?)

Thusl:J~xlogx J-ylogy
0 (L+x%)? o (L+y?)?

Example 7: If [ =

4cos‘l( 2 ]dx then find
1-%°

its value.

Sol: We can write cos‘l[ ZXZJ as cos‘l( _2)(2)
1-x 1-x

> J and then by solving we will get the

Example 8: Evaluate I(pX +q)dx as a limit of a sum
a

Sol: Here as f(x) = px + g, therefore using the limit as
sum method we can solve the given problem.

b
I= J.(px + q)dx

a

Iim hfa) + f(a + h) +.....

+ fa + (n = 1h)]

I|m hi(pa + q) + {p(@a + h) + g} +......

{p(@+ (n—-"1h) + g}l

= Lmh[p(a+a+ ....... +

: 1
LI_I’)Y?J h {pna + Epnh(n -1+ qn}

. 1 .
Lm {hpna+5pnh(hn—h)+qnh} ..... (i)

Since, h = (b — a)/n, or nh = b — a, we obtain from (i)

_ _a+ P _a_
I—llir(\){(pa+q)(b a)+2(b a)b-a h)}
=(pa+ ) (b-2) + £ (b-ap
:%(b—a)(2a+b—a)+q(b—a)
=%¢w—aa+q(b—a.

fl-cosnn . -
Example 9: If U = J-l—dX where n is a positive
o 1—cosx

integer or zero, then show that U, + U =2U

n+1°

/2
Hence show that j sin” no do = nn

o sin’ 2

Sol: Here U = U __, — U__ therefore by substituting
n+2 and n+1 in place of n and solving we will get the

required result.

CU :J-l—cos "X i
0 1-cosx
Un+2_ Un+1

_ ]3 {(1 —cos(n+2)x)} — {1 —cos(n+1)x} dx
- (1-cosx)

dx

:IC s(n+1)x —cos(n+ 2)x

0 (1-cosx)



25in(n +(3/ 2))xsin(x/ 2)
2sin(x / 2)

1l
o—3

- ]Esm n+ 3/2)) X (i)
0 sin(x/ 2)

Similarly
'Tf n+(1/2)) (i)
0 sin(x/ 2)

from (1) and (2)

_.,-u

, we get

n+2 n+1) - ( n+1 U )

zsin(n+(3/2))x—sin(n+(1/2))x
sin(x/ 2)

—_—

0
~ .’f2cos(n+1)x sin(x/Z)OIX _ 5 sinh+1)x " B
" sin(x/ 2) Tl v f,

~U,+U =2U

n+1

Hence proved

NowU ,-U ,=U  -U.
Similarly implies

u.,-U.=U_ ,-U=U-U _=.. =U-U
~U-U , =U-U=n-0

=>U =n+U_,

=n+mn+U
=2n+U_,
U=nt+U ... )

n-2

U, = 0]

n/2 . 2 n/2 _
J~ sin nede: J- 1 cosZnGOIe
1-cos20

Hence ..
.2
o sSin“6 0

dx

Put20 =x .. do = —
2

sin’ nO

_ _Il cosnx

Hence J
1- cosx

0 sme

1

1
= EU —Enn {from (1)}

n

n/4
Example 10: Solve I %dx
—Cos2x

—-n/4

n/4

- x+(n/4)
Sol: By splitting ————dx
_7;[/42—c052x

n/4 - n/4

= I X dx I ———dx and as we
7n/42—c052x 47n/42—c052x
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is an odd function

X
know [2 —Cos ZXJ

4
n/ X

therefore j ———dx=0
/42—cos2x

n/4 1

Therefore O+£2 j —dx
4 0 2 —Ccos2x

This is because
2 —cos 2x

j is an odd function,

whereas ( is an even function

2—cos ZXJ

_ ETt./[4 dx
2 5 2—((1-tan®x)/ (1+tan®x))

A (1 + tan® x)dx n “j-“

2 5 2(1+tan’x)—(1—tan’ x) 2

sec’ x dx

o 1+3tanx

oosec’x dx = dt

(tan’l \ft)o :F

Now let tan x = t

Ry L
271+3t2 2[

Example11: Show that

1
T dx

T
<'([\/4—x2—x3 ) 42

Sol: Since 0 < x < 1
1 1 1

< <
\/4—x2 \/4—x2 -x3 \/4—2x2

Hence by using the property:

SO

b b
If f(x) < g(x) on [a, b], then [ f(x)dx <[ g(x)dx we

can solve the given problem.

Integrate the above relation

ix/4d—xxz ) i\/4 —C:Z( 7 i\/ixzxz
N NN

T
<

E<.1[ dx
6 oVa_xi_¢ 42

Hence proved.
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Exercise 1

2 4y
Q.1 j
174X —x°
n/2
(1 2 j dx
(4S|n X +5cos’ X)
/2 .2
Q3 J~ sin“ x dx

0 1 +sinxcosx
1

Q4 [|5x—3]dx
0

2x+1, 1<x<2

2

3
Q.5 [f(x)dx, where f(x) =
1 x“+1, 2<x<3

n/4
Q.6 j | sinx |dx
-n/4

T X
Q7| —dx
‘([ (1 +sin® x)

2
Q.8 Evaluate using limit of a sum:J'(x2 +1)dx

n/2
Q.9 Evaluate: I | sinx —cosx | dx

Q.10 If f and g are continuous function on [0, a]
satisfying f(x) = f(a — x) and g(x) + g(a— x) = 2 then,
show that

Tf(x)g(x)dx = jf(x)dx.
0

100x
Q.11 Evaluate: _[ V1 —cos2x dx

Q.12 (i) Show that if f(t) is an odd function then jf(t
is an even function w.r.t. x.

(i) Can Jf(t)dt be an odd function if f(t)dt is an even

function?

Q.13 If f(x) I 1+t2dt, then find the value of f'(x).

n/2

Q.14 Evaluat
vaate _T;[/z—cos(l x| +(n/3))

T+ 4x2

tlog t
Q.15 If f(x) = Jlidt then prove that
1 +t
f(x) + f[ij = l(logx)z.
X 2
2t
Q.16 j||ogx|dt

xsin(n+(1/2))x

! 2sin(x/ 2)

Xm neN.

Q.18 If F(x) = I(3sint+4cost)dx. Find the

¢ S5t 4
least value of F(x) on the interval {Tﬂ ?n}

Q19 If I, =
and I,.

oOt—n|a

tan"0do, n € N, then find n(l_, + |

n+1)

Q.20 If “a” is a positive integer, solve for “a”

a 33
I a’ ﬂ+§cosx +asinx —20cosx dxgi.
0 4 4 3

Q.21 If f(x) = sin x, then find its mean value on (=2, 0).

!
Q.22 Evaluate 1= [ ————=dx

0 X +—\/a2 —-X2

nn-1)(4n+1)

5 , where

2
a

Q.23 Show that 1= [ Vx |dx =
0

[x] is the greatest integer function.
nX+Ai

Q.24 Show that | = J |sinx |dx =2n+1-cosh, neN,
O<A<m 0



msin2x, sm (75/2)cosx)d 8

X=—
Q.25 Show that | = .([ X —n 2

Q.26 Let f and g be function satisfying the following
conditions:

(i) f(0) = 1
(i) g(0) =
Find f(1).

(i) f(x) = g(x), g'(x) = f(x)
(ivigx)>0VvVxeR

Q.27 Show that

(i) ]Elog(1+ cosx)dx = rlog(l/2);
0

™3 dx on

(i) | ——=—=
K‘L 1++cotx 12

Q.28 Prove that

]E dx b T

ol-2acosx+x* 1-a’ a’-1
Accordingasa < Tora> 1.

a
Ix dx

Q.29 (i) Evaluate lim-2
n—0 o Sino

a
(ii) If y = x [log dx, Find j—i atx = e.
X

Q.30 Find the intervals of increase of f(x) defined by f(x)

= j(t2 +21) (12 - 1)dt.
0

Exercise 2

Single Correct Choice Type

1 . 1-2x,x<0
Q.1 I_lf(x) dx is equal to where f(x) = {1 e 2% x50
(A) 4 (B) 4 Q2 (D) -2
Q.2 j_lle|X| dx equals
(A) 2e (B) 2e -1 Q) 2e-2 (D)e-2

Q.3 I:[x]dx equals ; where [] is G.I.F.

(A)O (B) 2 Q3 (D) 1
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Q4 Ig| cosx |dx equals

(A)1 (B) 2 3 (D) 4
Q.5 j_22|2x+3|dx equals
25 25 25
A) — B)O C) — D) —
(A) 5 (B) © 2 (D) 3
2
Q6 [|1-x* |dx=
22
(A) 2 (B) 4 ©6 (D)8
5t 4
Q.7 The point of extremum of I rootrd dt are
0 2+¢
(A)x =-2 (B)x =1
Ox=0 (D) All of the above

Q.8 The point of intersection

F.09 = [(2t-5) dtand F, () = [2tdt, are -
2 0

6 36 4 11 11
(A) [g:gj (B) (3 9] © (g 6} (D) (EIEJ

Q.9 If fand g are continuous function on [0, a) satisfying
f(x) = fla—x) and g(x)+g(a-x)=2,then | = j f(x)g(x)dx =

(A) j f(x)dx ®) j (x)dx

© ZIf(x)dx (D) None of these
0

log5 x [ aX
Q.10 The value of integral I ﬁdx =
5 €°+3
(A)3+2p (B)4-p
@Q@2+p (D) None of these

Q.11 The value of the integral j sin mx sinnx dx for m
#n(m,nel),is- -0

(A0 (B)p Q) /2 (D) 2p
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Q.12 [ [logx |dx =

1/e
(A) 1—1 (B) 2(1—3]

e e
Q©e'-1 (D) None of these
Q13 | Lﬁ

pl—2acosx+a
A) — " (B) n(1 - a?)
2(1-a%)
© é (D) None of these

1
Q14 j(l—x)gdx -
0

1 11
(A) x (B) 0 (@) 0 (D) 2
Q15 | Laz
0 (x +VxX° +1j
3 1 3
(A) s (B) A © 3 (D) None of these

Q.16 If [x] denotes the greatest integer less
5

than or equal to x, then the value I[| x—3|[ldx is -
1

(A1 (B) 2 €4 (D)8
"2 sinx 2
Q.17 e Xdx is equal to -
a2 1+ cos’ x
(A)2e (B)1 @0 (D) None of these

Q.18 The value of
1/2
172 | x+1 g x—1 :
I — | +|——=| -2| dx equal
1721 x -1 x+1

(A) log (4/3)
(C) 4 log (4/3)

(B) 2 log (4/3)
(D) 4 log (4/3)

Q.19 Let f(x) = x — [x], for every real number
1

x, where [x] is integral pat of x. Then jf(x)dx is
-1

(A) 1 (D) Y2

(B) 2 o

Q.20 If [x] stands for the greatest integer
10 2
[x°]

[x2 —28x+196] + [x2] o
4

function, the value of

(A) O (B) 1 © 3 (D) None of these

3
Q21 The value of [ (|x—2]+[x])dx is ([]

-1
stands for greatest integer less than or equal to x)

(A7 (B) 5 Q4 (D) 3
n/2 .2

Q.22 I _de is equal to
5 Sinx+cosx

A =X (B) \2log(v2 +1)

2

(C)izlog(x/iﬁtl) (D) None of these

\/_
/2
Q.23 Ifu,, - I x'%sinxdx then the value of
0

u,+90u,is

T 8 T ° s ° T °
s ol @] mef

Q.24 For any integer n, the integral

T
jes'“ Xcos>(2n+1)x dx has the value
0

(A)w (B) 1 @ao (D) None of these
/2

Q.25 The value of j sin(log(x + Vx% +1))dx is
-n/2

(A) 1 (B) -1 o (D) None of these

Q.26 The value of a € (-x, 0) satisfying
20
sina + I cos2xdx =0 is

(A) —m/2 (B)-p

X4
Q27 Iff(x) = [ sinvtdt, then f(x) equals

2

Q) -n/3 (D)0

(A) sin x?> —sin x (B) 4x3 sin x? — 2x sin x

Q) x*sinx?*—xsinx (D) None of these



T
Q.28 J‘xsinxcos4 X dx =
0

B = (-

3 c (D) None of these

T
A) -
(A) 10
Q.29 If f(x) = ae®* + be* + cx, satisfies the conditions f(0)

= -1, f'(log 2)
log4
= 31, j (f(x) — cx)dx =39 then
0 2

(A)a=5b=6c=3
(©a=-5b=6c=3

(B)a=5b=-6c=3
(D) None of these

n/4

Q.30
-n/4

(A)O

e* sec? xdx
2x

is equal to

(B) 2 ©e (D) None of these

a
Q.31 jloga (x+\/1+x2 jdx is equal to
|

(A) 2 log.a ®0

(©) log,2 + log a (D) None of these

sin’ x
—d
Slx/m]+@/2)
= the greatest integer less than or equal to ¥, is

(A) 1 (B) O (©)4-sin4 (D) None of these

Q.32 The value of X, where [x]

Q.33 If f(x) = Jlog(1+t2)dt then the value of f'(1) is
equal to 0

(A) 2 (B) O O 1 (D) None of these
Q.34 J d)c(osx is equal to

0l+3
(A) 7 (B) 0 (@) g (D) None of these

Previous Years' Questions

Q.1 The value of the integral

J~n/2 \/cotx
0

— = dx is (1983)
rcotx ++/tanx
(A) /4 (B) m/2 ©p (D) None of these
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Q.2 For any integer n, the integral

I: eCOSZ X cos®(2n + 1)xdx has the value (1985)

(A) w (B) 1 ©o (D) None of these

Q.3 Let f: R - R be a differentiable function and

f(x)

f(1) = 4. Then, the value of IimJ. Adt is (1990)
x—>144 x -1

(A) 8f' (1) (B) 4f' (1) Q) 2f (1) (D) f (1)

Q.4 The value of Jn/zd—x is (1993)
0 1+tan®x

(A)O (B) 1 (C) /2 (D) n/4

Q.5 The value of I;n[Zsinx]dx where [-] represents the

greatest integral function, is (1995)
5 5
A - (B) - © (D) -2p

Q.6 J.OX f(t)dt+x + letf(t)dt, then the value of f(1) is

(1998)

(A) 1 B0 (ON (D) 1
2 2
Q.7 /4 dx is equal to (1999)
n/4 1+ cosx ) 1

(A) 2 (B)-2 © > (D) 5

Q.8 If for a real number vy, [y] is the greatest integer
less than or equal to y, then the value of the integral

f‘/z/ ?[2sinxldx is (1999)
T T

(A) —m (B) O (@)} > (D) 3

2
Q.9 The value of T Los X dx,a>0,is (2001)
T1+a"

A) 7 (B) an ©) g (D) 21

Q.10 Let f: (0, ©) —> R and F(x) = j:f(t)dt, If

F(x?) = 2 (1 + x), then f(4) equals (2001)

5
(A) 7 (B) 7 G4 (D) 2

Q.11 Let f(x) = LX 2 —t?dt. Then, the real value of x if it

satisfies x2 — f'(x) = 0 are (2002)

1
(A) £1 (B) +—
\2

© i% (D)0 and 1
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Q.12 Let T > 0 be a fixed real number. Suppose, f is
a continuous function such that for all x € R, f(x + T)

= f(x). If | = IOTf(x)dx, then the value of j33+3Tf(2x)dx,

(2002)

(A) %I B)1 @ 3l (D) 6l

241 _t2 . .
Q.13 If f(x) = sz e " dt, then f(x) increases in (2003)

(A)(2,2) (B)Novalueofx (C)(0,%) (D) (-x,0)

Q.14 The value of the integral J‘;Ji;xdx is  (2004)
+X

T I
(A) E+1 (B) E_l (OR (D) 1

Q.15 Match the conditions expressions in column | with

statement in column |l (2007)
Column | Column Il
1 dx 1 2
“lo -
A) f_11+X2 (P) 5 9[3j
1 dx 2
B 2log| =
of B we?
3 dx T
© [ = 03
2 dx T
(D) (s) =
! X\/x2 -1 2
Q.16The value of .Lzzl 1—x%|dx is..... (1989)
X
Q.17The value of I P l+5|nxdx ..... (1993)
Q.18The value of I [ ——dx is..... (1994)
V5-x+ f
sinx cosX
Q.19 Let = and J=|—=dx.
(% gxon - <2
Then which one of the following is true? (2008)

2
(A)I>§andJ>2 (B)I<§andJ<2

(C)I<§andJ>2 (D)I>§andJ<2

X
Q.20 I[cotx]dx,[.]denotes the greatest integer

0
function, is equal to (2009)

D) -=

G -1 5

s
(A) 3 (B) 1

Q.21 Let p(x% be a function defined on R such that

p(x)=p(1-x) for all p(0)=1 p(1)=41.Then

1

Ip(x)dx equals. (2010)

0

(A) 21 (B) 41 (C) 42 (D) V41
L8log(1+x) .

Q.22 The value of | ———~dx .is (2011)
o 1+x?

(A) %IogZ (B) glogZ () log2 (D) rlog2

Q.23 If g(x I cos4tdt, then g(x+) equals (2072)

(B) g(x) + g(n)

(D) g(x).9(n)
n/3 dX

Q.24 Statement-I: Thevalue oftheintegral | ——
I n'[61+\/tanx

o 90

9(x)

© g(x)-g(x)

isequalto n/6.

:Tf(a+b—x)dx

a

b
Statement-II: jf(x)dx (2013)

(A) Statement-| is true; statement-Il is true; statement-I|
is a correct explanation for statement-I.

(B) Statement-1 is true; statement-Il is true; statement-II
is not a correct explanation for statement-I.

(C) Statement-| is true; statement-Il is false.

(D) Statement-| is false; statement-Il is true.

1
Q.25 The integral J(l +X —ij e xdx is equal to (2014)
X

1

1
(A) (x+1)e x+c  (B) —xe *+c

ol X+
—1) X +C (D) xe *+c

(© (x

1 logx?

Q.26 The integral dx
2logx? + Iog(36 -12x+ x2)

is equal to (2015)

A1 (B) 4 1 (D) 6
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Exercise 1

Lo
Q.1 Ietaﬂ X
0

sin! (cosx)dx.

Q.2 Prove that :

1 PRy
() [Jox—a B - L=2X

dx— B- OL)

=
=
O t—>0
N |

j T where o, B> 0
,/x o) ( \/7
x dx

0y(x—a)(B—
J\/l sintdt.

Find the value of B(Z) B(1).

(iv) f

= (oc+[3)§where a<p
Q.3 (i) Let B(IT

(i) Determine a positive integer n < 5, such that
1

[e(x-1)" dx = 16 - 6e.

0

/2
Q4 () I e* [cos(sinx)cos2 §+ sin(sinx)sin’ ﬂ dx
0

(i) ]E{(1+ x)e* +(1 - x)e’x} In x dx.
0

Q51fP= [~ deXdX anclR:jdX4

ol+x? 0l pl+x
then prove that

T
(I)Q_Z
(i)P=R
(iii) P— [Q+R—
22
2 2

-1)d

Q.6 x Jox =4 where u and v are

22t —2x? +1

in their lowest form. Find the value of

(1000)u
\%

Q.7 Let h(x) = (fog) (x) + K where K is any

sinx
then

constant. If d (h(x)) = - :
dx cos “(cosx)

compute the value of j(0) where j(x)

dt, where f and g are trigonometric functions.

fX) f(t)
g0 9

“/2 /1 sm2x
1+5|n2x
2
Q.9 If the value of the definite integral | =.[(3x2 —-3x+1)

cos(x® — 3x3 + 4x — 2) dx can be expressed in the form as
p(sin g where p, g € N, then find (p + q).

N A Iy S
Q.10 J- 2x" +3x° —=10x> - 7x —12x dx .
3 X2 +2

Q.11 For a > 2, if the value of the definite integral

. Find the value of a.

X
equals
.([az +( 9 5050

Q.12T X -

72\/x2+4.

4
~ ( CosX

2
Q13Lletu = j ——>% | dx and
SINX — COS X

4/ .
. “j [5|nx+cosx

2
] dx. Find the value of v
cosX

0 u

m/4 x dx

Q14 | —
0 CosX(COSX + sinx)

dx
QJS;[ 2 _x+1
1+«/§
2 2
Q16 | x+1 (1+x—ljdx
1 X —x?+1 X
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1n
Q17 Lim n? I(2010dnx—k2012cosx)|x|dx.
X—
-1n

Q.18 Find the value of the definite integral

I| J2sinx +2cosx | dx.
0

Q19 If]z (COSX + COS2X + cOs3x)? +
(sinx + sin2x + sin3x)? dx
has the value equal to {E + \/WJ . W are positive integer.

Find the value of (k> + w?).

dx

1+X \/x+x +x°

onj

™2 asinx +bcosx
Q.21 j — " dx.

0 sin(n+xJ
4

Q.22 A continuous real function f satisfies f(2x) = 3 f(x)
vV x e R.

If If(x)dx=1, then compute the value of definite
0 2
integral J.f(x)dx.
1

Q.23 The value of fl {Ix= 21+ [x]} dx, where [x]

denotes the greatest integer less than or equal to x is.

2 dx.
1+x°

Q24.[sm

stj-(ax+b)secxtanx
] 0 4 +tan?x

dx (a,b > 0)

2X+ 3)sinx

stj( dx.

l+cos X)

4/COS X
0 +/COS X +4/sinx

nm .
Q.28 If IM
o I+ ] cosx|

Q.27 Evaluate _[

dx (n € N) is equal to 100 & log 2,

then the value of n.

n/2

Q.29 Evaluate E'; 1t cosxtsing

COs X

fIn(I+ax)
Q.30
‘([ 1+x2

dx, a e N.

n3

2
Q.31 j

0 e +1

e +1dx.

Q32 If J.\/_ dx =2a I sin’x dx, find the value of

a+l
jxdx.

a

Q.33 Let a, B be the distinct positive roots of the
equation tan x = 2x then evaluate I(sinax . sinB x)dx,
independent of a. and . 0

pta
Q.34 Show that J. | cosx | dx =2q+sinp where g e N

&——<p<—

Q.35 Show that the sum of the two integrals

2/3
.[e“l dx+3j' e -2 dx is zero.
a 13

Q.36 Let F(x) = max (sin px, cos px). Find the value of
10

T
F(x)dx.
42 ,{o

2 1|:\/l+sinx +\/1—sinx}dX

Q.37 | tan
'([ V1 +sinx —+/1—sinx

Q.38 Comment upon the nature of roots of the quadratic

1

equation x® + 2x = k + I|t+k | dt dependent on the
0

value of k € R.

+ 4 %1068 sinx691)

1 232, 998
Q39 .[ (2x°7° +x
-1

1+ X566

_x%sin2x. sin(gcosxj
Q.40 ch

0

dx

2X—T



X (x—x3)1/3
Q.41 Evaluate _[ dx

4
1/3 X

l n=1 k-1

Q42 Lim =% k| (x—k)(k+1—x)dx]

x—>® n Ty s
n/2
Q43 Letl = | _Cosxtd 4y and
3sinx +4cosx+25

0

sinx+3

n/2
| = J' - X
5 3sinx +4cosx+ 25

If25|=an+bln§Wherea,b,canddeNandgis

not a perfect square of a rational then find the value of
(@+b+c+d).

Q.44 Let y = f(x) be a quadratic function with f(2) = 1.
Find the value of the integral

2+m
J f(x).sin(xgzjdx )

2-7

Exercise 2

Single Correct Choice Type
Q.1 j;| x2 +2x—3|dx equals

(A) 5/3 (B)7/3 Q4

(D)o
n/2
Q.2 The correct evaluation of _[

! ( nj
sin| X ——
0 4

B) 2-2 (©) =2+2 D)0

dx s -

A) 2++2

Q.3 The correct evaluation of Jl sin® x [dx is -
0
w &

2n
B) 2%
3 ()3

4 3n
- D) 2=
(C)3 ()8

15

Q.4 J' [x2]dx, where [-] denotes the greatest integer
0

function, equals -

A) 2++2
Q) —2+2

(B) 2-+2
(D) —2-+2
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Q5 Solve | . dx
0 a2 cos® x +b? sin x
2 2
T T
A) —— B) ——
@ 2ab B) 4ab
2
T Y
© 33b (D) Sab
" secx
Q.6 J S is equal to -
o 1+2sin“x
(&) Slog2 +1)+i‘ ®) [log2 +1)—i‘
3 42| 3 22
© 3 |og(\5+1)—i‘ (D) 3 Iog(\/§+1)+i‘
22 22

Lo
Q.7 If Iex (x—a)dx =0, then
0

A)T<a<?2 B)a <0
QO0<acx<1 (D) None of these
/2

Q8 [ {x—I[sinx]}dx is equal to -
b

2 2 2
T Y Y
A — (B —-1 (C) —-2 D) None of these
(A) 3 (B) p (@) p (D)
100
Q.9 The value of the integral j sin{x —[x]}xdx s -
b

(A) 100 (B) 200 (©) 100 (D) 200 =
Y T
Q.10 The value of the integral j xlogx dx is -

o (1+x%)?

(A) 1 (B)O ©2 (D) None of these
1/n
Q.11 lim Kl+£)(l+g)(l+i] ...... (1+DH is
n—o n n n n
equal to -
(A)e/4  (B) 4/e (C) 2/e (D) None of these

Q.12 The solution of the equation
LX ! dx=2

092 [ex_l 6

(A) x =log 4

(C) x = log (%}

(B) x = log 2

(D) None of these
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Q.13 The value of

. [ 1 4 9
[im + +
nse \14+n° 8+n° 27+4n°

+..+N terms] is -

(A) %Iogz B)O0 (@) %IogB (D) None of these

Q.14 lim

n—o

n n’ n’ .
2 23/2+ 2 23/2+"‘+ 2 _1\213/2 15
(n“ +1°) (n® +29) [n° +(n-1)]
equal -

A -~ mE o2 (D) None of these

2 \/5
Q.15 |im i Jn Jn T n

N> \/7 Jin+ 4y \/(n+8)3 Jin+4n-1)P
is equal -

1 1
0 58] @8] 0 5-8] o
1
Q.16 |im {tan[ jtan(z jtan[anj .tan {MJF
n—w 2n 2n 2n 2n
is equal -

(A)O (B) 1 (OB (D) 2

Previous Years' Questions

Q.1 The integral J.ll//zz([x]ﬂog(?—xj}x equals (2002)
-X

1 1
(A) 5 (B)0 1 (D) |09(5j

Q.2 If I(m,n) :I:tm(1+t)“dt, then the expression for

[(m,n) in terms of Im + 1,n=1) is (2003)

2n

(A)
m+1 m+1

Im+1,n-1)

n

(B) Im+1,n-1)

m+1

2n
m+l m+1

© Im+1,n-1)

D) 2 I(m+1,n-1)
m+1

Q.3 Let f be a non-negative function defined
on the interval [0, 1] . If J: 1-(f'(t)%dt =
[, ftdt, 0<x<1andf(0) = 0, then

1
(A) fEE
1
(B) f(z
© f[l <l and f[E
2) 2 3
(D) f(lj > i and f[ij < l
2) 2 3) 3

Q.4 The value of

(2009)

J \log3 xsinx?

(2011)
\/@smx +sin(log6 — x?)

dx is -

3 1 3
(C) log— (D) glogz

(A) —Iog >

(B) —|09—

n

n
Q5 letS = ) —— and
|<Z=(")n2+kn+k2

n-1
Z ,forn=1,2,3 ...,

(2008)
ioon? +kn+ k2’

then

(A) S, <—+= B)S,>—F—

3[
33

3f

DT >

343

QT <

n sinnx

Q6Ifl = | dx, n=0,1,2,.., then (2009)

T+ 7)sinx

10
A1, =1, ) 2Ly =107
m=.

10
© 2Ly =0 O1,=1
m=1

n+1

xta—x*
Q.7 The value(s) of I—zdx is (are) (2010)
o l+x
22 2 71 3=n
A) 25— By~ (OO0 D) =_2T
(A) 7 " (8) 105 © ( ) 3
Paragraph for Q.8

Read the following passage and answer the questions.
For every function f(x) which is twice differentiable,
these will be good approximation of



[Ctx ( ]{f(a) + (b)),

for more accurate results for ce(a, b),

F(c) = —[f(a) f(c)] +—[f(b) f(c)]
When ¢ = a+b
b b-a
L f(x)dx = T{f(a) +f(b) + 2f(c)}dx (2006)
Q.8 Good approximation ofjg/zsinxdx,is (2003)

(B) 12 +1)/4
(D) n/8

(A) m/4
© n(~2+1)/8

Q.9 If f"(x) < 0, “xe (a, b), and (c,f(c)) is point of maxima

where ce(a, b), then f'(¢) is - (2009)
f(b) — f(a) f(b) - f(a)
W= —= (B)a(—b_a j
© ZEMJ D)0
b-a
[ ) - (- a) / 2)(F(t) + f(a))
Q.10 If lim=8 = 0, then

t—a (t— a)3
degree of polynomial function f(x) at most is - (2002)

(A)O (B) 1 @3 (D) 2

Q.11 For any real number x, let [x] denotes the largest
integer less than or equal to x. Let f be a real valued
function defined on the interval

—[x] if [x] is odd

X
[-10, 10] by f(x) = {1_'_[)(] —x if [x] is even

2
m- 10 .
Then the value of Ej'_lof(x) cospxdxis ... (2010)

Q.12 For x > 0, let f(x) =

jlx Ilog t dt . Find the function

f(x) + f(1/x) and show that f(e) +f(1/e) =
Int =log.t

1/2. Here,
(2000)

Q.13 If f is an even function, then prove that

sin2x)cosxdx  (2003)

J.;/z f(cos2x)cosxdx = \/EI:Mf(
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m+ 43
dx
n/32— cos(l X | +(n/3))

Q14 Evaluate | (2004)

Q.15 Evaluate
Ion elcosx] {2 sin(%cos x) + 3COS(%COS xnsinx dx (2005)

(5050) jol (1 = x%°)100 g

Q.16 The value of (2006)

,[()1 (1 = x0)101 gy

Q.17 Let g j l—dt then which of the following
+1°

is true? (2008)

(A) g(x) is positive on (—=,0) and negative on (,0)
)

(B) g(x) is negative on (—o,0) and positive on (0,)

(C) g(x) changes sign on both (—x,0)and .-

(D) g(x) does not change sign on ()
1

Q.18 [g'(x)dx= (2008)
|

(A) 29(-1) (B) 0 (©) -29(1) (D) 29(1)

Q.19 The total number of distinct x [O,l] for which

X
—dt—2x lis
1+t

(2016)

Q.20 Let fR — R be a continuous function which satisfies

= j f(t)dt. Then the value of f(In5) is (2009)
0

Q.21 Let f be a non-negative function defined on the

interval [0,1]},/1—(f'(t))2dt = _)ff(t)dt 0<x<1land

f(0) =0 then (2009)
A) f 1 <£andf 1 >1
2) 2 3) 3
(B) f| = L >1andf 1 >E
2)7 2 3) 3
© f| = <landf 1 <1
2) 2 3) 3

(D)fij landf(
2) 2

w|
;/
WII—‘
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Q.22 Match the statements/expressions in column | with the open intervals in column II. (2009)
Column | Column I
(A) Interval contained in the domain of definition of non-zero -
() [—EIEJ
> T
(B) Interval containing the value of the integral .1[(x - 1)(x - 2)(X - 3)(x - 4)dx () 0,5
(Q) Interval in which at least one of the points of local maximum of cos’ x +sin lies ) nn
8'2
. . 1. .. .
(D) Interval in which tan (Slnx + COX) is increasing ©) [Ong
® (-7
Q.23 Match the statements in column | with those in column II. (2010)
Column | Column I
K8
(A) A line from the origin meets the lines X=2 = y-1 = z+1 and 3 _ y+3 = z-1 at Pand Q
-2 1 2 -1 (p) -4
respectively. If length PQ = d Then d?is
(B) The values of x satisfying tan! (X + 3) —tan! (X — 3) =sint (%] (@0
(C) Non-zero vectors ;,B and ¢ satisfy ac= O(B— 5) . (B—E) = 0 and possible values of are (N4
. . . [ 9x . [x
(D) Let f be the function on [—n,ﬁ} given by f(O) =9and f(x) =sin ? /sin E x#0
T (r) 5
2
The value of — | f(x)dx i
evalue o Tc:[{ ( )d is
(s) 6
. 1% tlogd+n) . . 093 .
Q.24 The value of )!I_)IT})X—3J. t“Tdt is (2010) Q26 The value of J- Xsinx dxis
1 0 1 1 02 sinx? +sin(|og6—x2)
A) O B) — O — D) — (2011)
(A) (B) 2 © 2 (D) o2
1 3 1 3 3 1 3
A) —log= B) =log= Q) log = D) = log=
o () Flog> @ 3logs  (©logs  (O) 2 logs
Q.25 The value (s) of J dx is (are) (2010)
o 1+x2 /2
. 2 T+ X
22 2 Q.27 Thevalue oftheintegral I [X +Iogm]COSXdX
(A) 7—7T (B) ﬁ is -n/2 (2012)
n n n’
71 3 A) O B) — -4 0 —+4 (D) —
© 0 n (A ® 3 @ Z-+4 (D) 5

(D) Iy
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n/2
Q.28 The following integral I 2cosecx) dx is equal

n/4
to (2014)

Iog(1+\/§) 16
(A) 2(e"+e™) d
! (e +e ) u
Iog(l+\/§) 16
(B) 2(e"+e™) d
E[ (e +e ) u
Iog(1+\/§) 16
(©) u_ ,-u d
[ (e
Iog(1+\/5) 16
© [ 2(e"-e") du
0

Q.29 Match the following: (2014)

List | List 11

(i) The number of polynomials f(x) with non | (P) 8
negative integer coefficients of degree <2

1
satisfying f(O) =0and jf(x)dx =1,is
0

(i) The number of points in the interval (q) 2
[_\/E,\/E} at which f(x) = sin(x2 ) + cos(xz)

attains its maximum value, is

4
(iii) j —dx equals

_2(1+e)

1/2
[ j cos2.x.log [1+xj de
1/2 1-x

1/2 x
I COS2X. Iog( dxj
—X

(iv)

equals

Codes: i i i v
A r g s p
B g r s p
© r g p s
Gy a r p s

1 2
Q.30 The value of J‘4x3 d—(l—xz) X is
) dx?

(2014)

1+x

1 . 2
Q.311f a =I(e9x+3tan 1Xj{12+9;< ]dx
0

Where tan™! takes only principal values, then the value
3n ).
of (Ioge |1 + oc| - Tj is

Q.32 The option(s) with the values of a and L that satisfy

the following equation is(are)
4n

_[ et (sin6 at + cos” at)

(2015)

2 =L? (2015)
_[et (sin6 at + cos” at)
0
4n 4n
A a=2L=2 1 B a=2L=S *1
e"-1 e"+1
4n 4n 1
(c)a:4,L:e 1 (D)a:4,L:e *
e"-1 e"+1
Q.33 The correct statement(s) is(are) (2015)
(A) f'( )
(®) (2

)<0
< f (x) #0forany x e (1 3)
(D) f(x) 0for some x (1 3)

Q.34 Let f:R — R be a function defined by

f(x):{[g] X= 2} where [x] is the greatest integer
X >

less than or equal to x.

) 2
If /= J‘de dx, then the value of (4/ - 1) is

2+f x+1
(2015)
Q.35 The value of Igdx is equal to (2016)
1+¢e*
_E
2 2
Y T
A) —-2 B) —+2
(A) 2 (B) 2
€ n®-e2 (D) n° +e2
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PlancEssential Questions

JEE Main/Boards JEE Advanced/Boards

Exercise 1 Exercise 1

Q3 Q8 Q12 Q2 Q7 Q.10
Q17 Q21 Q.23 Q15 Q.22 Q.27
Q.26 Q.28 Q.32 Q34 Q44
Exercise 2 Exercise 2

Q9 Q12 Q17 Q2 Q7 Q.10
Q.20 Q23 Q.29 Q12 Q15

Q32 Q.34

Previous Years’ Questions Previous Years’ Questions

Q4 Q8 Q11 Q1 Q4 Q6
Q7 Q10 Q.15

JEE Main/Boards

Exercise 1

Q1 X
6

13
Q4 =
10

Q7i

22
Q.11 20042

4n 1(1}
Q14 —tan | —
N

Q18 %—2\/§+i

V2

Q2 =~

445

34
Q5 —
3

14
Q8 —
3

Q.12 (ii) Not necessary

Q.16 2—g+2e log2
e

> 1IogZ

191, —-=
Q 12 2

Q3L
~ 33

Q6 2-2

Q9 2(2-1)
Q.13 2x/1+x*

T
A7 —
Q 2

Q20a=1,230r4



Q.21 -1

N |-

Q.29 (i) - ; (ii) 1+e

Exercise 2

Single Correct Choice Type

Q1A Q2C
Q7D Q8 A
Q13C Q14 B
Q19 A Q.20 C
Q25C Q.26 C
Q318 Q32C

Previous Years' Questions

Q1A Q2c
Q.7 A Q8C

Q13D Q14 8B
Q.18 % Q198
Q24D Q25D

JEE Advanced/Boards

Exercise 1

7'l:2 s

Q.1 ?_Z(“IOQZH%

Q22 =
S

Q.30 (—0, =2) U (=1, 0) U (1, )

Q3C Q4B

Q9 A Q.10B
Q15 A Q.16 B
Q21 A Q22C
Q.27 B Q288
Q33C Q34C
Q3 A Q4D

Q9cC Q10C

Q15A—>s;B—>s;Cop;Dor

Q20D Q21 A

Q.26 C

Q3@4Mbyn=3

Q4 (i) %[e“/2 (cos 1 +sin1)-1] (i)e™  +e'*+e*—e*+e—¢'

Q.7 1 -sec(1)

T 16\/5

Q10 = -—2%
22 5

Q134
Q.16 Llog2
509

Q.19 153

Q8In2

Q.11 2525
14 Zlog2

Q. 3 g

Q.17 2012

Q20 &
3
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e’ +1
Q26 —_
Q5 A Q68
Q11A Q128
Q17 ¢ Q18C
Q23C Q24C
Q29 B Q30 A
Q5A Q6 A
Q11A Q12C
Q.16 4 Q17 72 -1)
Q22D Q23BC
Q.6 125
Q9 4

Q.12 4\/5—4In‘1+\/§‘

2
Q15 L

63
Q18 246

n(a+b)

22

Q.21
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Q225

(am+2b)w

5—
343

Q.28 10

2

li=n
Q31 - E+ log3 -

Q.36 5

n+4
666

Q.39

Q42 =~
16

Exercise 2

Single Correct Choice Type

Q1C
Q7C
Q13 A

Previous Years’ Questions

Q1A
Q7A

1) 1 ,_ 1
Q.12 f(e)—i—f(g] = E(Ioge) =3

24 1) e. (1
Q.15 ?(ecos(z}rism(ﬂ—l]

Q200
Q.24 B
Q29D
Q35 A

Iogz}

Q2B
Q8 A
Q14 8B

Q2A
Qs8C

Q21C
Q25 A
Q302

T
Q.23 90 Q24 —
NE]
n(m + 3) 1 w2 1 T n
Q26 — Q27_2[x]0 _2[2 J_4
1 _
Q.29 E{g—log 2} Q.30 tan'(a). log/1 +a’
9
Q.32 E Q330
3n? s
Q.37 16 Q.38 Real and distinct ¥ k € R
Q.40 8 Q416
/2
Q.43 62 Q441=8as [ ysinydy=1
0
Q3D Q4B Q5 A Q.6 A
Q98B Q108B Q118B Q12 A
Q.15 A Q.16 B
Q3C Q4 A Q5A,D Q.6 A, B, C
Q9 A Q108 Q114
Q13 1= 2" f(sin2t)cost dt Q14 a1
. = IO sin2t)cos X \/g >
Q.16 5051 Q.178B Q.18 D Q19 A
Q22A—>p,q sBo>p tCopqgrtD>s Q.23 A
Q.26 A Q.27 8B Q.28 A
Q319 Q32A,C Q.33 A,B,C Q.34 -2
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JEE Main/Boards

Exercise 1

1/2 1/2
Sol1: | dx  _ dx
1/4\/X—X2 /4 |1 1 2
- — X — —
4 2
2
=
-5 ~1/4
= sin’l—2 = sin”O—sin“[ /
1/2 1/2
1/4

3)-2
sin'| 5| = =
2) " 6

Sol 2:
'([ 4sin’ x +

5cos® x '[

_ nJ/_Z dX _
0 9 cos20
~+
2 2

n/2

sec’ 0d0

M4 2sec? 0do

o 10+8tan’6

n/2 2
J~ 2cosec 0 do

n/4

St
o 10+8tan“ 0

410cot’6+8

™2 cosec?0

- sec” 6d6
o 5+4tan’0

a5cot’0+4

1

0 4+cos’x

@ dt
+‘1[_5t2

©odt
+4 ’([5+4t2 £
1

:—tn

25

+

2\/{tan 5
) EXTE

I/2|

244

1 VS

12, L tan

V5o 2

cot™

7]

1>< 1 tan~
5 2/45

1

Lt
2/5);

™2 sin?x
Sol 3: I.—dX
0 1+sinxcosx

o2 Sin’

T_x
2 ™2 cos?x
|=j4d. xorI:I—, dx
0 1+sinxcosx 0 1+sinxcosx

n/2 1 n/2

sec? xdx

= J‘— X = N —
o 1+sinxcosx o 1+tan®x+tanx

X
- |imj"'—2t = lim | dt .
xaooo]__i_t +t x—>ooo 2
(t+l) + ﬁ
2 2
2 g2t+1
= —tan
3 NERN
_L{E_E} 2n
Bl2 6] 33
=
343
3/5
Sol 4: j3 5xdx+j (5% — 3)dx
3/5
3/5 2 1
—E}x—éx2 +5L—3x
2", 2
3/5

9 1 13

5 2 10

2 3
Sol 5: I(Zx +1)dx + I(x2 +1)dx
1 2

2

2 3
= x ‘

X 3
+X +—+x|
1 3 2
=(4+2—2)+(9+3)—(

—a+12-2-8 -4
3

g

8 _34
3
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n/4 n/4
Sol 6: _[ sinxdx =2 _[ sinxdx = 2[—cosx|g/4}
-n/4 0

et

Sol 7: | j =
O(1+sm x) 0(1+5|n X)
T /2
2I=n.[ 12 dx—ZnI L dx
pl+sin“x o 1+sin“x
/2 n/2
SR SR SV S S
0 1-cos2x 3—-cos2x
1+— 0
, 2
n/ /2 2
=2n_[ dx ___2n sec xd;<
0 3_(1—tan X) o 2+4tan”x
1+tan®x
_ EJ/- sec’xdx _ m il[ _“J/‘2 cosec?xdx
2 2 2
0 7+tan X n/4 = cot x+1
2 2 2
1
0
gl et f
1-¢2 41

2 2l

N[ Aa

== \/7tan‘1 2+2_[ }
t +2

1
x/_’can’1 2+—tan’l t}
0

V2 2
= n_\/ztan"lx/z+\/§tan‘1i}

Nlﬁ
T

2

2
= 2)(—:—

2 2 202

2
Sol 8: j (<% +1)dx

h = EZZ;ZE
n n n
. n . n 2
= m;hf(awh) - m;h((rh) +1)
. < 213
= Lmz(r h® +h)

= lim [h3 xw+hn}

n—oo

- {E(n)(n+1)(2n+1) +%Xn}

n—w n3 6
8x1x2 14
= +2 = —
6 3

/2

Sol 9: j |sinx—cosx|dx
0

n/4 n/2
I(cosx sinx)dx + I (sinx — cosx)dx
n/4

. n/4 . /2
= sinx + cosx| + (—cosx — S|nx|
0 n/4

(&5 H )
2-1-1+2=22-2

Sol 10: f(x) = f(a —x)
g(x) + gla-x) =

If(x)g(x)dx = Jf(a —x)gla—x)dx =1
0 0

L] = J'[f(x)g(x) +fla—x)gla-— x)]dx = I[f(x
0 0

| = Tf(x)dx
0

1007
Sol 11: j v1 —cos2xdx
0

1007 1007
I V2sin? xdx = \/5 I sin? xdx
0

0

Qsin?(n— x) = sin’x
U= 100\/§J.Vsin2 xdx = 100J§I|sinx|dx
0 0

Also ‘sin(rc - x)‘ = sinx |

/2
“1'= 20032 [ |sinx|dx
0

= 200\/5(—|cosx|)g/2 = 20042

)x2]dx



Sol 12: (i) f(-t) = —f(t)

g0 = [f(t)dt

g(-x) = _j f(t)dt = _j f(t)dt +_j f(t)dt
Qf(t) = odd function

-a
So j f(t)dt =0

_J‘Xf(t)dt = _f(f(t)dt
Putt=-p

= ~[fp)dp " f(-p) = f(p)

= Tf(p)dp

~9(=x) = g(x)
(ii) f(t) = f(-t)

g= [fodt; g(=x) = [ f(t)dt

Putt=-p

X

= [ fC-pydp = —Tf(p)dp =~ Tf(t)dt

—a

5 glx) = j f(t)dx

X

L9+ 9w = | f(t)dt+_J.f(t)dt = _J.f(t)dt

X
.. It is not necessary that if f(t) is even then If(t)dt is

odd a

2
X

Sol 13: f(x) = j 1+t2dt
a

fx) = V1I+xtdx? = 2xv1+x*

3 4 4x3dx

Sol 14: | =
—“/32—cos{| X | +nj
3

| = T[f $dx

—”/32—cos(| X | +nj
3

n/3
s2=2n | dx
"/32—cos[| X | +§J
n/3
=l = Zch dx

3 B
I=4—nj dt =—x«/§tan’1\/§t‘ &
31/J§1+t2 A3
3
_Amr o an o 1. Aml o af 3-1
= \/g[tan 3—tan 1}— \/g{tan [1+3X1H
= A%l
3 2

Putt = 1 =dt= —idp
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) 1) 7logt

_ (log) ‘ Iogt dt

- 21 = (logx)?
oo fx) + f(lj = l (logx)?
X 2

Sol 16: - J' logxdx + Ilogxdx
1/e

—(xlogx - x)i/e + (xlogx — x)|ie

+ [(2elog2e — 2e) — (0 — 1)]

:1—3—E + 2elog2 + 2e —2e + 1
e e

=2—g + 2elog?2
e

nfn+3)
ﬂsm n+§ X
Sol 17: j—dx neN

0 25in5
2

25in(n+%}x cosg = sin(nx + 2) + sin(nx)

ij-smnx+.sm(nx+x) dx
2O sinx

l]f sin(n+1)x + sinnx
2 sinx

dx
0

If nis odd

lf sinnx —sin(n + 1)x dx

2O sinx

T .
sinnx

.'.2I=.[, dx == ==
5 Sinx

If nis even

Jsm(h +1)x d
sinx

2l =

1

0

X

Sol 18: F(x) = j (3sint + 4 cost)dt
5n/4

= 3(—cost)|;[ +4smt|5 P

o

= —-3cosx + i + 4sinx — i

V2 V2

B (4sinx—3cosx)5_ 1
5

2

5t 4n | .
From interval 73 SiNX < Cosx

.We get min value of x = ?

4X\/§31

~.Min value = -

n/4
Sol 19: 1 = I tan" 6d6
0

n/4
Lo+l = J (tan“‘16+tan”+l B)de
0

n/4
j (tan"* 0)sec? 0dO
0

tand = t = sec?qd6 = dt

1 el 1
= [t Mdt=— ==
0 nj, N
1

n(ln—1 + In+1) =nx H =1
n/4
I tan’ 6d0
0

/4

n/4 n/4
J.tanesec2 0d0 - _[ tan0do
0 0

+

11 1 5 1
1 11 ogdz2=>-Liog2
a5 g2 = 55 log

2 h 2

1
—2f—$

Jtan 0sec’ do— jtan 0sec’ 6dO



w2 g2 083X | 3 ex a2
Sol 20: | 4 4 dx < -7
0 +asinx —20cosx
/2 2

!; {a2 cos’ x+asinx—20cosx}dx < _a?

n/2
= a +isin3 X
12 0

3 . n/2
+ Z(+5|nx)|0 }

a2

/2 . /2
+ a(—cosx)|n —205|nx|n <—-—
0 0 3

= az{—i+i}ta—20§—i
12 4 3

=a*+a-20<0

(a+5) (@4)<0 " a e [-5, 4]

-.alis +ve interger

Soa=1,230r4

Sol 21: f(x) = sin x

Mean value of sin x from [-2, 0)

0

J- smxOIX _ =110 + 2] -1
5 2 2
} 1
Sol 22: | = | ———dx
ox+val-x°
X = acoso
dx = —asinqd6
j» -asindd nJ/.Z sinod 46
acosO+asind cos0 +sin0
/2 0
n/2
_ J~ ( cosG. jde
0 cos0+sind

n/2
=1 [ do Lmoz
AN 2|2 4
2

Sol 23: 1= }0dx+}ldx+?2dx....+ nj (n—1)dx
0 1 4 (n-1)2

2
Y I (n—1)dx

= (-1)?

- Z(n—l)xuil)z - Z(n—l)(n2 —(n—1)2)

S
o

2.(-1)@n-1) = > (2’ -3n+1)

2n(n+1)(2n+1) 3 3n(n+1) ‘n
6 2

= Iﬁfltilz fﬂlj;z._,3 +n =
2 3

nin+1)(4n-7) n
6

. 4n’ =3n-7+6) _ n4n’ -3n-1)
6 6

n(n—1)(4n+1)
6

nm+A
Sol 24: I |sinx |dx =2n + 1-cosh
0

neN 0<A<p

A nn+A
LHS = _[|sinx|dx+ J' | sinx | dx
0 s
2 Y
= —cosx|0 + n.[|sinx|dx
0

n/2
= —(cosk—1) + 2n _[ sinxdx
0

=2n + 1-cosh
. . T
L XSIN2x.sin| —cosx

Sol 25:|=j
0

X
2X—1

L (= x)(—sin2x)sin(;(—cosx)]dx

I:£ 2m—x)-n

On adding (i) and (ii)

(2x —m)sin2xsin T cosx
K 2 d

2= |

0

X
(2x—m)

™

= jsiansin(Ecosxjdx

2

0
n/2 -

orl = .[ sin2xsin| —cosx |dx
0 2

Let Ecosx =t
2

— Zsinxdx = dt or sinxdx = — 2 dt
2 T
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= —— J' 2><2—smtdt Sol 28: _[
T2 T ol- 2acosx + a-
n/2 /2 n/2 B n dx
= — j tsintdt = — t(—cost)|O + I costdt - ,[ N
T 0 0 2;3[1—tan2 J
1+a’—
8 [ . n/2j| 8
= —| 0 +sint = — 2 X
2 |o 2 1+tan >
2 X
Sol 26: Let f(x) = K .e* + K,e™ sec de

1
O t—3

g(x) + f'(x) = Kje* - Ke™ (1+a2)(1+tan2 ;j—Za(l—tan2 ;j
~g'(x) = Ke* + Ke™ = f(x)

O = 1=K +K, =1
Alsog(0) =0=K,-K,=0

X
sec? Zdx
2

I
O t—3

(1+a2 —2a)+tan2 §(1+a2 + 2a)

K, =K, = 1
2 . X
Putting = =t
) = e +e* 2
h sec? Xdx = 2dt
2
e+ — 2
1
Ay = —& =28 % F
(@) > %6 J‘ _ 1 J‘ dt
Tlratt+(1-a® l+aly [1_a
Sol 27: (i) Ilog(l + cos x)dx l+a
O o0
= J.Iog(l—cosx)dx =| __1 x 1+a tant t
(1+a%) |1-a 1-a
T 1+a o
o210 = _[Iog(l—cosz x)dx
1 =n
= —Ifa<1
/2 1-2a2
= ZJ‘Iogsmde =4 j logsinxdx
1 =n.
== 15 ifa>1
=4 x | — |log2 a-
(3]s a
21 = ~2nlog2 dex ,
= _ 1 Sol 29: (i) lim2— = lim
< I = -nlog2 = nlog 3 0 a—0 o SinX a0 20sina
/3 /3 1. 1
(ii) J‘ dx _ dx = Zlim = E

(0]

1
1+\/@ I 2a-0( sina
/e M8y cot[n—xj

n/3
X
= L [ ntdt

KJ/.61+\/tanx (i)y = xt

"3 Jtanx +1 N
e\ 1+~vtanx 3
T 1dy 17

12 ydx

X
s 2l = logy = [.[Iogdt] logx
1

_[ logtdt + (logx)(logx)
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X
dy [logtdt

X
-2 = x1 [Iogzx +ljlogtdt}
dx X7

e
[logtdt

e
dy o= €1 [Iogze +ljlogtdt]
e1

= e(eloge — e — (—1))[Iog2 e+ %(eloge -e (—1))}

= e{i+1}=e+1
e

Sol 30: f(x) = j (t2 + 2t)(t2 —1)dt
1

f'(x)=(x+2x) (x*=1)>0
XX+ 2)x=Nx+1) >0
SX e (-0, =2) U (-1, 0) U (1, »)

Exercise 2

Single Correct Choice Type

0 1
Sol 1: (A) I (1-2x)dx + j(l + 2x)dx
-1 0

1
+x+x2‘0 =0-[1-1+[1+1]=4

0 1
Sol 2: (C) je‘xdx + Iexdx
-1 1

—X

= —e —[1-e"+[e"-1]

xl
+€e
1 0

=el+el-2=2e-2

3 1 2 3
Sol 3: (C) j [X]dx = j 0dx + j 1dx + j 2dx
0 2

0 1
=0+1+2=3
n/2 T
Sol 4: (B) Icosxdx+ J —cosxdx
0 /2

= sinx|g/2 —sinx|:/2 =1-[0-1]=2

-3/2 2
Sol 5: (A) j —2x +3)dx + j (2x + 3)dx
-2 -3/2

1
|
1
>
N
+
w
X
| —
Y
~
N
+
>
0
+
w
x_

1l
|
1
N|©
|
N | O
|
—
N
|
)
N
| E—
+
1
N
+
o
|
7\

| ©
|
N |
N—
| |

2 oi10+2-2 4,82
4 4 2

Sol 6: (B) }|1—x2 |dx:2ﬂ1—x2‘dx
-2 0

1 2
=2 {f(l —x%)dx + I(xz —1)dx}
0 1

4 2
Sol 7: (D) f'(x) = (L)‘;‘”szx =0
2+e

x=0or(x>-4)(x*-1)=0
SXx=0,x=22,x==%1

Sol 8: (A) F,(4 = [(2t-5)dt = 2 -5¢
2
=x>-5x-(4-10)=x>-5x+6
F 00 = [2tdt =%
0

.'.x2:x2—5x+6:>X=E Y=
5

N|w
ul| &

Sol 9: (A) f(x)=f(a-x)

g(x) =2- g(a—x)

I:Z[f(x) g(x) dx = _([f(a—x).(Z—g(a—x)) dx
= Z(ij(a—x)dx—if(a—x).g(a—x).dx
Puta-x=t

—dx = dt

-2 Ef(t) dt - [-F(t).(t)at

a
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¢ ¢ : sec’ (x/2).dx
= =2 | f(t).dt + | f(t).g(t).dt
'e[ () £ () () :>!(1+a2)(1+tan2<x/2))—2a(1—tan2x/2)
a a
3I:2£f(t).dt—£f(t).g(t) dt put tan (x/2)
Izzif(t) dt—I:21=2jlf(t) dtI:Tf(x)dx L sec? (x/2) dx=dt:>2T a
0 ’ 5 ' 0 2 0(1—a2)+(1+a2)t2
ogs o [ 2 e A 2 g
501 10: (B) Of exe—_ldx :l_a.tan . (1—a) 0 :>1_a(an oo —tan )
o € +3
e+3=t :L.E: n
odx = dt l-a?2 1-a
8 t-4 n/4 secx 1
] dt Sol 14: (B) | —————dx = [(1-(1-% dx
4 o 1+2sin”x )
t=4sec?;  dt = 8sec’0tanbdq ) ].ngx ) %
n/4 2 n/4
2tan6><85e2c etanede: J- A(sec? 6 —1)do 0
0 4sec” 0 0 o dx
\ \ Sol 15: (A) | ;
= 4tan)"* 407" =4-p 0(xs b2 +1)
x = tan@
Sol 11: (A) "2 sec?0do “f cosd o
]Esinmxsinnxdx = Z]Esinmxsinnxdx o (tan6+secd)’  p (L+sin6)’
- 0 1 + sind =t
= ]E[cos(m—n)x—cos(m+n)x]dx =0 cosfdo = dt
: jaro _1f_ 11 ) 3
1 e 1t3_2t21_24 )
Sol 12: (B) —j Iogxdx+j|ogxdx
1/e 1

Sol 16: (B) j“x - 3|]dx
1

=[x ! | N
= xogx—x|1/e +xogx—x|1

2 3 4 5
jldx+J.de+J'de+J‘1dx
1 4

2 3
1T+1=2
=1+ 1 —l+e—e+1
e) e ™2 sinx 2
Sol17: (C) | = > e % Xdx
2 1 _a2l+cos®x
=2-=-=2|1--
e ( E] n/2 .
| = J' —sinx e—coszxdx
221+ cos?x
dx

O o e?
0

Y2 (x4 ’ x—1 : v
1- tan? (x/2) Sol 18: (C) I= I |:(ﬁj +[mj _2] dx
1+tan’ (X/Z)

=2l=0=1=0

= Put cos x = -1/2



1/2 2/2
1:21‘ x+1 x-1
0 x-1 x+1
1/2 1/2
= 2.[ il_x__l dx = 2 24X dx
0 x—-1 x+1 o Ix“-1
~ 2 M2 3
——4Iog‘(x 1)‘0 = 4Iog4
1
Sol 19: (A) j{x—[x]}dx
a
le 0 1
= — - J.(—l)dx+J.de
-1 -1 0
=0-[-(0+1)+0]=1
10 2
S0l 20: (C) | = | X’ dx

2 [(x =141+ [x%]
2 [14-x%7]

= | ————————d
i[x2]+[(x—14)2] "

10
=2l = jdx =10-4=6=1=3
4

3
Sol 21: (A) I(|x—2|+[x])dx
-1
2 3 0
= j(2—x)dx+j(x—2)dx + j(—l)dx
-1 2 -1

1 2 3
+ J'de+J‘1dx+J.2dx
0 1 2

2 3

2 2

==X+ X om0+ 4142
2 2
-1 2
=[4-2]—[—2—%J+[§—6J_(2—4)+2
5 3

=2+ ——— +4=6+1=7
2 2

M2 sin?x M2 cos?x
Sol 22: (C) J,—dx = j_—dx
o SINX+cosx o SINX+cosx
n/2 n/2
s2l= I 1 dx = i dx

sinX + cosx b1
0 \/5 0 cos[x—4]
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n/4
-2 j sec| x— = |dx
R

1 b1 I
= —log| sec| x—— |+tan| x——
2 { ( ‘J ( 4H0

2l = %[Iog(ﬁ+lﬂ == %Iog(\/z+l)

n/4

n/2
Sol 23: (C) p,, = J x*0 sinxdx
0
/2
M, = j x8 sinxdx
0
10 w2 9
Hyp = X (—cosx)‘o - j (~cosx)10x”dx
0

10 /2
My = [Ej 0)+ I cosx10.x°dx
0

=10 J‘cosx.xgdx}

0

_ . /2 n/2 s .
=10| x”sinx| - I 9x° sinxdx
0

9
T
=10 x [Ej - 90y,

9
“Hy, + 90, = 10(5]
2
Sol 24: () | e X cos3(2n + 1)xdx
0

I = [ % cos? ((2n +1)n—(2n+ l)x)dx

—3

O3 O

sin® xcos® ((2n +1)x)dx

220=0 =l=0
n/2
Sol 25: (C) | = I sinlog(x+\/x2 +1de
-n/2
n/2
= j sinlog(\/x2 +1—x)dx
-n/2
n/2

= j sinlog;dx

—n/2 VX2 +1 +x
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n/2
= - J. sinlog(\/x2+1 +xjdx =
-n/2
221=0 = 1=0
20

Sol 26: (C) sina + j cos2xdx =0

1 200
= sino + Esin2x

o

=0

= sina, + %[sin4a —sin2a] =0

= sina. + cos3a sina= 0
= sino. = 0 or cos3a =-1
= o =nm,or 3a =2n+1) =«
T
S0 ==
3
Sol 27: (B) f'(x) = sinvx*dx* —sinyx2dx?
= 4x3sinx? — 2xsinx

T

Sol 28: (B) stinxcos“ xdx =
0 0

Y
2l = nJ‘sinxcos4 xdx
0

Let cosx =t

—sinxdx = dt

-1
2|:—njt4dt
1
1 T
2l = thdt = = [1+1
n_jl o 1+

=T

5

Sol 29: (B) f(0) =a + b = -1
f'(x) = 2ae® + be* + ¢

f'log2) = 8a + 2b + c = 31

log4 log4
I (f(X)—(X))dX = j (aez"+bex)dx
0 0
= 2e2 | pe* 09t 8a + 4b - (ierj -5
2 0 2 2

j(n —x)sinxcos* xdx

= 15a + 6b = 39
=9a =45
a=5b=-6c=3

M4 e Xsec?xdx  fF e¥sec?x
Sol30:(A) 1= [ ————= [ =—=
s €7 -1 x4 1—e
4 (e sec?x  e*sec? x
s 2l = j : - dx =0
sl e -1 e”-1
=0

Sol31: (B) | = Tlog(x+V1+x2j
-1

- Jtog{o ]

-1
2l = jlog(x2+1—x2) = Jloglzo
-1 -1

dx

9 sin? x 2 sin? x
Sol 32: (C) j dx + j
-2 0 =

2 2
2

0
=—2J‘mdx + %I(l—cost)dx

2; _1 0

2
0 2

+1[2] - %sian

=-1[2] + 1sin2x
2 -2 0

=-2+ %[0+sin4]+2—%[sin4]=4—sin4

Sol 33: (C) f(¥) = [log(+1*)dt
0

f'(x) = log(1 + x?)
1

£(x) = x 2X
1+x
2
nF) =2 =1
)] 5
Sol 34: (C) | dx
01+3COSX

dx



Y 3COSX
= COSX dX
pl+3
2l = JdX =T
0
=X
2

Previous Years' Questions

rcotx
Jeotx + \/tanx

Sol 1: (A) Let | = jO”/Z

= J~n/2 Jtanx
0 \/cotx+\/tanx

On adding Egs. (i) and (ii), we get

2l = j;‘/z dx

)
4
Sol 2: (C) Let | = L;T eCOSZX. cos>{(2n+1)x}dx
Using ij(x)dx
0, f(a—x) = —f(x)
2 joa/ f0dx, fa—x) = f(x)
Again, let f(x) = ecosz X cos>{(2n+1)x}

s fr-x) = (e“”zx) {- cos*(2n + 1)x} = - f(x)

~1=0

f(x
j()tht
= _dt=lim 2

x—1 x—1

. X)
Sol 3: (A) )|(I_I’I11 L 1
(using L' Hospital's rule)

. _Zf(x)f(x) = 2f(1) . £(1)

xal
=8f'(1) [~ f(1)= 4]
/2 1
Sol 4: (D) Let 1=j — = dx
0 1+tan’x
e
1, Sinx

COS3 X

(i)

w2 cos’x

SN T L S
'[0 cos> X + sin’ x
cosS[g—xj
2
:I:In/ dx
TC

n/2 sin® x

:>I:I 5 dx
0 sin® x+cos®x

On adding Egs (i) and (ii), we get 2I = _[:/21 dx

() [X]ﬂ/2 n == r
4
Now, I f(x)dx— 2A
:>I {Asm }
= [——cos—+Bx}
= B+2—A:2—A =B=0
T T
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Sol 5: (A) It is a questions of greatest integer function.
We have subdivide the interval n to 2w as under keeping

in view that we have to evaluate [2 sin X]

Y
1,1/2
0
X ; 5 X
oxm 30 0 om
-1/2,71/6 Y,_l'sﬂ/ 2N 1211n/6

We known that, sinE = E
6 2

. VLS 1
sinft+— |=sin—=-=
( 6] 6 2

C11n T . T 1
sin— =sin| 2n—— |=—-sSin—=—-=
6 6 6 2

9r 3n
sin— =sin—=-1
6 6

Hence, we divide the interval & to 2w as
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Definite Integration

/) (7n 1ln) (1ln
T — | —=—r——— |1 2
1 1 1
i = OI__ i _11__ 1 __IO

2sin x = (0, -1), (=2, -1), (-1, 0)
[2sinx] x = -1

J. [25|nx]dx+.|. [2$|nx]dx

2n .
+ LWG [2sinx]dx

= j7n/6—1 dx + jlln/G—de + jzn -1 dx
T 7n/6 11n/6
__T_,(An)_n__10n_ 5n
6 6 6 6 3

Sol 6: (A) Given, [ f(t)dt = x+ jxlt f(t)dt

On differentiating both sides w.rt. x, we get
fx) 1 =1-=xf(x).1
=01+xfx) =1

= f(x) =

1+x

=f(1) = 11
1+1 2

Sol 7: (A) Let 1= j 3/: ! - i’; — 0

3n/4
-[ﬂ/4 1+cos(7c X)

_ p3w/4 dx

~Jwa 1 -cosx

(i)

On adding Egs. (i) and (ii), we get

3n/4 1 1
:I + dx
n/4 | 1+cosx 1-cosx

3n/4 2
i Y Feerl

_[3n/4 2 _ 3n/4
= I—In/4 cosec xdx—[—cotx]n/4

= {—cot3—n+cot£} =-(C-NH+1=2
4 4

Sol 8: (C) The graph of y = 2sin x for n/2 <x < 3n/2 is
given in figure. From the graphs, it is clear that

2, if x=mn/2

1, if n/2<x<5n/6
0, if Sn/6<x<m

-1Lif n<x<7n/6

—2,if 7n/6<x<3n/2
Y

/

[2sinx] =

/2 5n/6\ i 7n/6 3n/2” X

3n/2 .
Therefore, L/z [2sinx]dx

- j:;;/zdx+j5"/ 0dx +j7“/6( 1)dx

3n/2
-L /6 (= 2)d

= D + [ + [

2
Sol 9: (C) Let 1= " cos X

m1+a

2
:jfn cos“(—x) d(=x)
T ol+at

2
>1=]" 2 €2 X gy .. (i)

o1+

On adding Egs. (i) and (ii), we get



Mathematics | 23.49

X
2[:J‘Tr [1+a ]coszxdx
- X

l+a
= J_n cos® xdx = ZInde
= I;(1+c052x)dx

= J.Onldx = J'Onc052xdx

_[ +2_[ cos2x dx

=n+0

=2l=n=1=nr/2

Sol 10: (C) Given, F(x j f(t)dt

By Leibnitz rule,

F'(q) = f(x) (i)
But F(x?) = x2 (1 + x) = x> + X (given)

= F(x) = x + x¥?

=>Fx =1+ %xl/z

= f(x) = F'(x) = 1+%x1/2 [from Eq. (i)]

3

— AV
=) =1+

:>f(4)=1+%x2=4

Sol 11: (A) Given, f(x) = LX 22 dt
=f'(x) = \/ﬁ
Alsox?-f'(x) =0

X = N2-%°
>x=2-¥=2>x+x*-2=0

=>x=z1
Sol 12: (C) J.;+3Tf(2x)dx put2x =y = dx = %dy

-1 r6+6T el
"EL’» fiyydy == =31

2 2
Sol 13: (D) Given, f(x) = _[:2 Tt dt

On differentiating both sides using Newton’s Leibnitz
formula , we get

g = e 0®? J dpe pl 0?1 42
dx dx
2

— zxe—(x4 -¢-2><2 +1)(1 _ e2x2 +1)

2 4.2
[where, €1 >1, ¥ xand e ® 2+ 5 Qvy]
S fx) >0

which shows 2x < 0 orx < 0

=X e (—0, 0)

Sol 14: (B)I—j ,/Lz‘( —jl\/lix
1_

101 1
[sm x] I —dt

-x>=tdt=-xdx)

(where, 2 = 1

I=(sint1- sm‘lo)+[t] _——1
Sol 15: (A)LetI__f dx
11452

Put x = tan 6 = dx = sec®0 dq

~. 1=2j;‘/4de=g
(B) Letl_j \/7

Put x = sin® = dx = cos6 dq

/2 ™
= 1do ==
Jo 1003
3 dx 1 1+x
C ==
( >j — 2{ }

Sl ()

[sec XT :%—Ozg

o) [’ ﬁ
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Sol 16: [ |1-x* | dx
- j’l (x% —1)dx + jl (1 - x?)dx
2 1

+ jlz (x2 —1)dx

X N X ' X ’
= ——x +|X——] +|—=—-Xx
3 3
-1 1
—l+1+——2 1—1+1—E
3 3 3
[ﬁ_z__+1J
3
=4

3n/4 X

Sol 17: Let I:I dx

n/4 1 +sinx

5]
:>I:.[3n/4 4 4 d

X
n/4 . (TC 3 j
1+sin| —+=——x
4 4
{ J'bf(x)dx = _[bf(a +b —x)dx}
a a
=I3n/4 T'[—X dX
/4 1 +sin(n—X)
_ J~3n/4 T _J‘3T[/4 X dx
n/4 1 +sinx n/4 1 +sinx
3n/4  dx .
1= -1 [from Eq. (i
= njn/4 1+sinx [ a- 0

7 3n/4  dX
=>1== —
27n/4 (1+sinx)

N :£I3n/4 (.l—smx)'
27m/4 (L+sinx)(1-sinx)

=EJ-3n/4 (1—S|nx)dx
2

/41 _sin® x

T (3n/4 1 sinx
:_J‘ o I
2°m/4 | cos®x  cos®x

T 3n/4
= > s (sec? x — secx.tanx)dx
T

3n/4
n/4

= J1-1-(2-42)]

= g[tanx - secx}

(i)

= g(—2+2\/§)
— n(\2-1)

SoI18:LetI:J3 x

——dx
2 J5_x +x

:>I=J.3 N2+3-x
2 J2+3)-(5-x) +4/2+3-x
R et
\/;+ 5-x

On adding Egs. (i) and (ii), we get

3 x+x/5—x
:>21_j \/ﬁ+\f

:>21:I231dx:1 :1:%

dx

Sol 19: (B)
I= j.ﬂdx < }de =i|L.«/;dx 2,802 ‘2
0 VX 0\/; 0 3 2
=I< E
3
J:'lfcosxdx<j‘idx| 1-2
o x  alx °
J<2
Sol 20: (D) Let ](.[cotx]dx
0
= ]ﬁ[cot(n - x)}dx,j[—cot x]dx
0 0
Adding (1) and (2)
= I[cotx]dx + ](.[—cot x]dx =]'(—1)dx
0 0 0

w[x]+[x]=-lifxez

=0ifxeZ

[+]:--

(i)

.. (i)

. ()

(D)



Sol 21: (A) p'(x)=p'(1-x)
:p(x):—p(l—x)+c
at x=0
Now p(O):

= p(x)+p(1-x)=42

—p(l—x)+42

1 1

I= Ip(x)dxjp(l—x)dx

0 0

1
2= j(42)dx —=1=21
0

1 og(1+x)dx
2

|
Sol 22: (D) 1:8[
o l+x

Iog(1+tan9)

> sec? 6d6(|etx=tan6)
1+tan“0

TE

=]"Iog[1+tan(%—ej}i TlogZdG Ilog 1+tan9)d6
0 0

2l = 2rnlog?2
[=mnlog2

Sol 23: (B, €) g Icos4tdt

sindx
4

+k

=g'(x)=cos4x = g(x)
= g(x) =2 %[+9(0) =0]
=g(x)+g() = 9(x)~g(r) (

+g(x)=0)

n/3
Sol 24: (D) 1= | dx

61 ++tanx

I—

~ “f Vtanx dx
/6 1++/tanx

B T Vtanxdx
26 L+tanx

n/3
2= I dx
/6

= I= 1 rr =l, statement-Tis false
3 6| 12

b b
If(x)dx = J.f(a+b—x)dx it is property

a a

e
e X +[1——2je x Ldx
Sol 25: (D) j X

X+=
=Xe X+c

As j(xf +f( ))dx(x)+c

2
logx dx

4
Sol 26: (C) I=
'l.logxz +Iog(36—12x+x2)

2]‘- logx dx
22Iogx+log 6 x)

4 Iog(6—x) b b
B Ilogx(6—x)+log
2

Equation (i) & (ii) gives

Iogx+|og 6 x)

4 4
= dx = [dx =2
>logx +log(6—x) o

Hencel =1

JEE Advanced/Boards

Exercise 1

1
1
Sol 1: Ieta” “sint(cos x)dx.
0

1
j(tan’1 x)sin~ [sm(——xndx
0 2

1
= j[gtanl x —xtant x]dx

0

dx 1 [f(x)dx = [f(a+b-x)dx

Mathematics | 23.51

(D)
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1 1
_ T -1 l_l 2X -1
= E[xtan X‘o E-([1+x2 dx} - Ixtan xdx
2
=z E—llogZ - |(tan™t x)— l X +1- 1
214 2 20 ]_+)(
—ﬁ—zlo —1><£+l (x)l—tan‘l‘1
g8 a4 977 | M 0
 n rn 1 1 =
= —-—log-—+=-=x—
8 4 8 2 2 4

2 1
T b4

== —Z ((log2) + N+=
3 l(('9) 1)2

Sol 2: (i) Put x = a.cos?0 + Bsin’0

= 2(B — a)sinBcosO dO

b
= [Nix-a)p-

o

n/2

I\/(B ) cos? O(B —a)sin’ 0

x (B — a)sin26d6

2 n/2
(B a) Ism 26d0

2 n/2
- @ [ @-cos4e)de

0

_B-o n _ (B-0ofn
4 2 8

(i) 1= T %dx
—-Q

n/2 2
- ((ﬁ;‘“)%szsx(g—a)smzede
0 —a)sin
n/2

B—)j

/2
- 2B -a) J- (l+c2029Jde
0

>< sin®cos0do

—R— "
=B oc)2

2 2(B—a)sinBcosHdO

) (o.cos? 9+Bsin2 0)x (B—a)cosOsind

(i) 1 =

) HJ/,2 2do 1 J/- 2sec” 0do

o acos’0+PBsin0 B o & 20
p

Put tan =t

z dt 2 1 =) b

B o, a a
[ B Blo
2 7 T

n/2
(iv) 1= j

0

(0.cos? 0 + Bsin? 0) x (B — o) sin20d0
(B—oa)sinBcos6

n/2
=2 J (occosze+[3$in2 0)do

n/2
=2 j ((B—a)sin” 0+ a)do
0

(B - a)

=200 x E +2 j (1 - cos20)d0

2n T
sol 3: (i) j J1-sintdt—- j\/l —sintdt
0 0

) %T(\/l_smt+\/l+sint)dt - Tx/l—sintdt
0 0

= j\/l—sint +\/1+sintdt - J\/l—sintdt
0 0
= J\/l—sintdt

[

sin—+ COS—

W

= —2cos1 + 2$in1
2 2

0

= 2[0-1]+2[1-0] =4
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1 e
(i) [e*(x~1) (il j{(l +x)e* +(1— x)e-X} logxdx
0 1
1 logx =t
= [(x—l)n e* —nj(x—l)”‘lexdx] x = et = dx = et dt
0

Ei;{{1+et}}eet +{1—et}e‘etdt
1
1 n-2 xd
£ . " = H(eet +e‘et)t+(eteet —eteetjt}etdt

0

1
(X _ 1)n—l eX
0

- (-1 -n

= (1) + (1

1
-1 n-2 .x
DT, Sol 5: R = j
+ n(n-1) 1 1+x*
—(n-2)[ (x=1)"3e*dx
‘! Putx:lzdx:—idt
t t2
= —=1)" + n(=1)"" = n(n=1)(=1)"2 0 _p2 % 2
= | dt = | =P
1 1+t 0 1+x
- n(n—1)(n—2)'[(x—1)“_3exdx *
0 ) 2
Takingn =3 n21=2P = I1+X dx
1 ol+x*
~(-1)* + 3(-17 - 3@ - NN - 3(2) (1) [e*dx
0 1+x
=+1+3+6-6('-1) = [——5—dx
of1_1 42
=16 - 6e "
w2 |cos(sinx)cos? > _ T dt (Put x — 1 =1
Sol 4: (i) Jex 2 dx S22 X
0 +sin(sinx)sin‘25

N
I
[t
|_n

172 {cos(sinx)[cosx +1] }dx : \/_ f

2 -(')‘ € +sin(sinx)[1 — cosx]

_ L[E+E} _
E“fex {[cos(sinx)+sin(sinx)] } 212 2 2
2

b +cosx[cos(sinx) —sin(sinx)]

S

Put cos(sinx) + sin(sinx) = t

(=sin(sinx)cosx + cos(sinx)cosx)dx = dt '[ xdx
L2 01+x4
j {00+ 00} Put X2 = t = 2xdx = dt
1 R | 7/2 = lj dtz i R
= Ee"f(x) = Eex {cos(sinx)+sin(sinx)}‘0 251+t 2 0
0
2n
AP+R-2Q = o4 T -
- 1[ "2(cosl+sinl)— e°(cosO)J 22 22 4
2 b b I

= 2[ "2(cosl+sinl)— 1]



23.54 | Definite Integration

Putx*-3x2+4x-2 =1t
x*-1)
Sol G:J > 1 dx 2
1y 2- S+ |= J'costdt = sint’. = sin2 + sin2 = 2sin2
2
x> X b
p=q=2=p+q=4
Put2—£+i:t:(i—ijdx=dt P=d P
x> x4 X X 5
2 Sol 10: | J-23x6—12x2+1dx
16 ol10: 1= | ————
ljﬂzl 2ﬁ‘16_li_1 _1 5 X2
41 Jt 4 1 2|4 8

3x8 +6x% —6x* —12x% +1

dx
X2 +2

125 =

d
Lt

Sol 7: h(x) = fog(x) + k B f 3x* 0 +2) - 6x2 (2 +2)+1dX
B 2
dh(x —sinx _ X“+2
dhto ) {g(x)}g (x) = S 2
d cos“(cosx) N

f(x) f(t) - .[ 3x* —6x% + dx

I N3 X“+2

009 (t)

sinx dt s 52 « 2
h(x) =_.[2—dx = j— = tant _ X 2.3 1
cos”(cosx) cos? t 2% 3 c 3X ) +2 ﬁtan \/50

= tan(cosx) + ¢
~f(x) = tanx, g(x) = cosx 6 a2 ) 42 | N ~1642 N

tanx tant 5 3 | 2\/5 5 2\/5
J(x) = j 2 dt

cost

cosx 1 « o

9 sint Sol 11: -[ 2 :gtanflg
j0) = [ ==t pa +x° 0

1cos’t

in_ = 2525
cost = U = —sintdt = du a2 5050
.1[% __lcosl 1 . 1 1 2

- 0U2 B u 1 - cosl T Teee Sol 12: X +X

j\/x +4 sz/x +4
2 [1-sin2x sm2x ™2 (1 _tanx \’ 22 22
Sol & -[ 1+5|n2x -([ (1 tanxJ dx = _J;ﬁdx - Zgﬁdx
n/2 2
tan(x—%j ZJA(\[X2+4_
0

=22 = log2

n/4
dx = 2logsec (X—EJ
4o

4

Vx? +4

gx/xz +4 +2log X+Vx° +4
—8log|x +Vx% +4

0

2

2
Sol 9: 2| = j (3x% —3x +1)cos(x> — 3x% + 4x — 2)dx
0

|
N

0

+ [(3x% —9x +7)cos(x® —3x% + 4x — 2)dx

O — N

2\/5—4Iog‘2+2x/§‘+4logz

4x/§—4log‘1+\5‘

2
21=2 J'(3x2 —6x + 4)cos(x® —3x? + 4x — 2)dx
0



1/
Sol 13:u= - [ [—— | dx
20

nfer )

— X
2 0 COSX
2
/4 cos[n-—x]
4

v=2 |

0 COSX
v__2
‘u 172

n/4

SoI14:—£—I xdx

2R cosxcos{n—x]
4
T
/4 [4—xjdx
E.; (n j
cos| ——X |cosXx
4

T
n/4 —dx
P | 4

\/E 0 cosxcos(n—xJ
4

- /4 dx

8\/5 0 cosxcos{z - xj

/4 dx

o COS” X+ cosxsinx

o3

=T = Tog+t)| = g|ogz

=dt

Jszf

=dx = (\ll—sinthZSintdt = sin2tdt

n/2

tsin2tdt
o sinft—sint+1
T .
= —t |sin2tdt
™2 tsin2tdt "/2(2 ]

=I (2 2 T

b 1-sin“tcos t o 1-sin’tcos’t

ol = ETEJ/-Z sin2tdt
2 5 1-sin“tcos’t
5o E“f sin2tdt  _ 4ET sin2tdt
2 sin? 2t 2 3 3+4cos? 2t

01_

1445
2 2
Sol 16 j X +1 Iog{lJrX__]dX
145 x? (x2+ —1} X
2 X
1+«/§
2 142
= I +X2 |09(1+[x——j]dx
: {[X_lj }
X
1
X—-—=t= (1+—jdx—dt
2

n/4
j log(1 + tan6)d6
0

n/4 _

= jlog 1+1t—ane do
5 1+tan6
n/4

[ [ log2)~log(1 + tan6)]de
0
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23.56 | Definite Integration

n/4
j Iogzde——logZ:> | = —IogZ
1/n
Sol 17: limn? j (2010sinx +2012cosx) | x | dx
n—oo —l/n
1/n
= limn? j (2012cosx) | x | dx
n—o0
-1/n
1/n
= 2012 lim 2n? _[ X cos xdx
n—o

n—o0o

=2012x2 limn? [xsmx| - I smxdx}

=2012x2 limn? Fsinl+cosl—1}
nso [N N n

1 1
sin= cos—=-1
=2012x 2 lim|—14y—N

n—o 1
2

n n

= 2012 x 2{1—%} = 2012

Sol 18: ﬂ\/zsinx + 2cosx‘dx

\/Esinx + 2cosx > 0
= tanx > — \/5

SX < n—tan‘“/5

n—tanflx/z
(\/Esinx + 2cosx)dx

0

rr—tan_l\/E
+ _[ (\/Esinx+2cosx)dx

i

n-tan "2 . n—tan 142

—+/2cosx +2sinX
0 0

-1 _ 71\/5

n—tan 2 n—tan
_\/ECOSX

s n

=- ﬁ[—costan’l \/5—1] +2sintan™t «/5
+ 2[sintan 2] - \/5[—costan‘1 2 +1J

1 \E 62
= W2x g g =g =2k

+ 2sinx

Sol 19: cosx + cos3x = 2c0S2XCOSX

Sinx + sin3x = 2sin2Xcosx

T
= J\/(Z COSX + 1)2 [cos2 2% + sin’ 2x]dx
0

U
j|2cosx+1|dx
0

2n/3 T
= J (2cosx +1)dx + J (-2cosx —1)dx
0 2n/3
= 25inx2n/3+2——25|nx| [n_Z_n
0 3 2n/3 3

=2 ﬁ +(ﬂ—nj—2 O—ﬁ
2 3 2
= \/§+\/§+§=2\/§+§ = x/ﬁ+g

w=12,k=3
=k’+w?=9 + 144 = 153

.}(1—x)(1+x) dx
o XA +x)(L1+x) \/1
“+1+x

iil—x2 1 dx
0

2
X (1+1J(1+X) \/ +x+1
X X

X2 dx

1

R
—+x+1| [T+x+1
X

X

dt

S (t+Int

Put t = tan?0 = dt = 2tan0sec’0d0

Putl+x+1-t: J

n/2
de =2 | dé
/2 seczetan n'/[g

o [E_m|_m
2 3 3

Sol 21: “j-z asinx +bcosx N
" 3\ sinx+cosx

_ j 2tanesec 6

/2 .
_ J- (acosx+bsmx)\/§dx

0 SinX + cosx



(a +b)r

L 21= b— —_—
f(a+) 2x/§

1
Sol 22: j fx)dx =1

j}f(ix)

1
dx =1 :jf(Zx)dx =3
0 0

\/de

- “j~2 (a+b)(sinx + cosx)
(sinx + cosx)

Put2x=t:dx=%

2odt 2 B
{f(t)? =3= .l[f(t)dt =6

2
.-.jf(t)dt =6-1=5

Sol 23: .[_31 {Ix=21+ [x]}dx = .[?1 {Ix=21 + [x]}dx +

jo’l {Ix=21 + [x]}dx = jlz {Ix=2l + [x]}dx

+J‘23 {Ix—=2l + [x]}dx

[° @-x-Ddx+ [J 2-x+0)dx+

J'lz (2-x+1)dx + .[23 (x -2+ 2)dx +

Sol 24: x = tan®

dx = sec0d0

n/3

I sin‘tha—ne sec’ 0do
0 1+tan®

n/4 n/3
IZesecz 0do + I (m— 26)sec2 0d0
n/4

. n/3 3
= —Z{Otaneui - I tanede] + ntane|:/4
n/4

/4 n/4
+2 9tan6|0 - I tan0do
0

_ ol T _r _l 2
= 2|I3>< 3 4]} + {Iogz 2IogZ] }
+ n(\3-1) + 2{%}—{;092}2

2t w T
=== —m4= -
N 2+IogZ+\/§n m s log2

5

Sol 25: I(ax+b)secxtanx

dx

0 4 +tan® x
Y
21 _ Isecxtanxdx
an +2b 04+tan2x

_‘fdt 1ot

-1

) 13+t2 f f

_ i{n_g_g} _ 1 2 (ant2om
N I RN R BN &

Sol 26: [ XX =3)sinx 4

p L+ cos? X)

3] = j 2n+6)smx

1+ cos® x
T . -1 1
I :J- sinx dx:_[_dt :Idt
n+3  51+cos’x 11+t° 11+t
1
:tan"lt‘ :£+£:>I=(rc+3)E
-1 4 4 2

\/COS X

Sol 27: Let f
COS X +4/SiN X
Tt
fcos ~ X
Then, fl =—x |=
2

ool
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23.58 | Definite Integration

Jsin x
\/SiN X 4+ 4/cOos X

Now (x)+1{ 5 x| - X TNEE g

COS X +4/Sin X

nm

Sol 28: 21 = [ MTlsnx|
0 1+ (cosx)
T sinx ™2 sinx
21 = nznj—dx =2n’n j _
O1+cosx 0 1+ cosx

0
= ZnZRI_—CH =2n’n Iog(’c+1)|1 = 2n’r log2
11+t 0

-1 =n’tlog2 = 100% log2
~n=10

©/2 COS X
Sol29: [ —————dx
0 1+ cosx+sinx

/2 cos X
= | —————————dx
0 (1+cosx)+ sinx

X .2 X
n/2 C052§—Sln27

= I 2 dx
0 2cos’ 5+25in5cos5
2 2 2

n/2 1—tan25
= _[—2 dxs

X

0 2+2tan—

2

[Dividing numerator and denominator By coszg]

/2 (1—tan XJ(lHanX]
1 j 2 2 dx

2 0 1+tan5
2

n/2
:l j 1—tan5 dx
2 0 2

—E x+2lo cosi
(D) ) 9 2

n/2

o

ax = tan® = abx = sec?0 dO

tan_la

0 (a2 + tan? 0)

tan71 2
log(1+tan0) J'
0

tan71 a2
sec

2
alog(l + tan®)

a’ +tan’ 0

2
sec” 0 do

tanf:L 0

20

- 1
7 N\
|a
+
N
o
«Q
(@)
o
wn
N3
N
I
—_—
o
+
N
o
«Q
'_l
N—
1

x sec’ 0 =do

0

sec’0

do

0

Q

log(1 +tan9)xitan
a

sec’0 1

0

2l = log(1 + a®)tana
| = tan”"'a log V1 +a?

/n3
2
Sol 31: _[
o e +1

e*+1

e =t

2e* dx = dt

dx = ldt
2t

log3 3
-1 x 1
tan " e

1

4 2

(1+tano)

_1 tan®

dx =

A Ej(t+1)t

tan71 a2

S

-1,2 tano
- I x —tan! an do
1+tan0® a a

o a’+tan’

dx

0 e +1

1

:wﬂ@_z+1FG_AJ&

1\t t+1

0

e +1
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1=« 1. . 1 1
= —| =+log3 -log2 == — = | =
2Ls+og og } ZsmoasmB[ZOLB 20LB:| 0

p+gn
Sol34: [ |cosx|dx

a n/2

Sol 32: Given, I\/; dx =2a I sin®x dx
a 0

0

32 7 293 ciny o
| X PR ,[ 3 sin x—sin3x dx p p+am
3/2 4 jcosx+ J. | cosx | dx
0
0 p
[ sin 3x = 3 sin x — 4 sin’® x} ar

= sinx|z + I (cosx)dx

n/2
:z[aw—OJ:E{S(—cos X)_[_cos 3)(]} ’
3 2 3 o

qn
= sinp + qx2 j(cosx)dx
0

2 32 _4a s 1 3n .
:>§a —E{—B(cos E—cos Oj+§(cos 7—cos 0 = 2q + sinp

2
2 1 -5 2/3 o y_2
=222 3(0-1):10-) sot35: FeteoPax 3 oS o
4 1/3

:zaw:?:ax/;—Za:O

2
3

Letx + 5 =tand S(X_Ej =t

:a(\/;—2)=03a=0 orva=2=a=0ora=4 0o, 0,
= jet dt+(—1)jet dt=0
1 1

When a = 0:
atl 1 27 1 1 Putt=-2
dex:jxdx: x =—(1—0)=—
a 0 2 0 2 2 . 2 0 2
jet dt+(—1)~[eZ dz =0
When a = 4: 0 1
a+l 5 2 5
1 9
dex:jxdx: L :—(25—16):— Sol 36: sin t x > cos m X
0 Y 2|, 2 2
2nm + i <X < 2nT + i
4 4
Sol 33: tan x = 2x 1 1
2N+ — <x<2n+ —
11 4 4
Ej[cos(a —B)x — cos(a + B)x]dx 1
0 T
) 1 F(x)dx
1| sin( - sin(e+B)x| 42 _{o
2| (@=p) |y (@+p) | .
- - T x2x10[f(x)dx
M. . 4\/5 0
1|sin@-p) sin(e-p)
2l o-PB (a+PB) 174 1
- = 5—7{ I cosmxdx + J sinmxdx
sina. = 2a.cosa \/E 0 1/4
sin[3 = ZBCOSb S5tl1 T 1 T
) ) o = —= —{sinZ—O}——{cosn—cosZ]
sinasmB—smasinB S|na|snB+cosacosB \/E T i
_1 2B 2a B 2B 20

2 a-PB (o +B)



23.60 | Definite Integration

Hfl IJ ’

n/ztan‘{ 1+sinx—(1—sinx)

Sol 37:
'[ 1+sinx+(1l-sinx)—2vV1-— sin® x

0
= Itan’lﬂdx: J‘tan’1
2—2cosx

1
Sol 38:x + 2x = k + [[t+K|dt
0

t=k=0=dt=dU

ktkfudu - %[(k+1)2 _kZJ

k
o 2k+1
2

X2 + 2x = 4k2+1 =X+ 2X — [4k+1] =0

2
J4 4204k +1)

2a

= X = real and distinct

=>Xx=-2%

1,332, ,998 1668 _: 691
2x>7° +x77° +4x sinx
Sol 39: | = j dx

it 1+x5

1,332 , 998
2X7°° +X
|= | ————dx =2

5 1%

2 + tan‘lt‘ —i + =n+4
© 333 333 o 333 4| 666

X2 —(x — n)z]sin2xsin[gcosxjdx

Sol 40: 2 :nj
0 2X—T

= n? Isin2xsin[£cosxjdx
0 2

Let gcosx =t =- gsinxdx =dt

-n/2
= —nzxg j Z.Etsintdt
Y /2 T
/2
21=8 j tsintdt
-n/2
)2 n/2
=4 —tcost|_ﬂ/2 + I costdt | = 4[+2] =
-n/2
1/3
3 1
(x X3)1/3 L {x [Xz—l
Sol 41: [+— L —dx= [t~
1/3 X 13 X

(&
dx = I —dx
1/3 x>

1 2 1.1
Put X—2—1 =1, then _x_3dx =dt or X—3dX = _Edt

1
WhenX—lt—l——l Oandwhenx—%t:9—l:8

1 (X—X3)1/3 4/3
Now, | 2 —dx == [3 dt=—= | L
1/3 X 8 g
8

. 1| n= -1 k+1
Sol 42: lim — ij Jx—k)(k +1- xdx]

n—>00n
x—-k=t
1 1 12
J.w/t(l—t)dt j (—J —(t=1)%dx
0 0 2
1
1

1, 1\ 11 1Y 1 [t_zj
=Z[t-Z | |==|t==| + Zsin’?

2l 24 2 8
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/2
1 © 1 =n =4 I tsintdt = 4{t(—cost)|i + I costdt
= —X—+—X—=— -n/2 -n/2
2 8 2 8 8
n-1 = 4[sint|ﬂ/2 } =8
Ilmika— j—xdx_ 1 - —n/2
oo S 8 2 16
. njz Ginx 43 3 Exercise 2
olas:i= 5 Ssin(x+a)+25 cosa =g
Single Correct Choice Type
/2 .
A +3) = _[ 4cosx+3s!nx+25dX:E 2
o Acosx+3sinx+25 2 Sol 1: (C) J'|(x+3)(x—1)|dx
n/2

3cosx —4sinx

1
— = dX _
31-4) (J; dcosx 1 35inx £ 25 £x+3 )1 —x)dx + !(x+3)(x 1)dx

_ . n/2 2
= log (4cosx+3smx+25)|0 - _J(Xz +2x—3)dx+j(x2 +2x — 3)dx
1 1

= log(28) — log(29) = log 28
29 X3 2 1 X3 2 2
28 28 =—|—+X —3X|0 +| —+X _3X|l
161 + 91 = 21 + 3log == = 21 + 3log = 3 3
29 29
a+b+c+d=2+3+28+29=62 =—1+1—3+§+4—6—1+1—3
3 3 3
Sol 44: f(x) = ax? +bx + ¢ 5 2 §
= —+—+=—=4
f'(x) =2ax+ b 3 3 3
f'(2) = 4a + b = 1 /2 1
"2) = = Sol 2: (B ——sinx — ——=cosx|dx
f(2) da+b 1 ( ) .([ \/E \/E
2+m 241 (X 2) B
J‘f(x)sin{ ]dx = —J (4 - x)in—=d 1 | ™4 ) n2
> = — I (cosx —sinx)dx + I (sinx —cosx)dx
\/5_ 0 n/4
2+m
- j [f(x)—f(4- x)]sm—)dx 1T /4 /2
- = — sinx+cosx| +(—cox—sinx)|
\/E_ 0 n/4
2J+.“{ax2 +bx+c } ~
=~ dx 1 1 1 1 1
- a4 —x)? +b(4 —x)+c = — {_Jr_ 1} { [ JH
=l A 22" NG
2+m
ax—4+x)(x+4—-x) -2
= sin dx
zj.i +b(x—4+x)} [ 2 J L N 1+IJ 2J2-2 =2-.P2
V2t V2
2+m
= | (a(zx_4)4+2bx—4b)sin(";2jdx B
2 Sol 3: (D)2 [ (sin* x)dx = 2 x (WJXE _ 3
P 0 4x(4-2) 2 8
= _[ (8ax + 2bx — 4)smudx
2-n 1 \2 15

Sol 4: (B) j 0dx = j 1dx + j 2dx
0 1

_ 42]-“(x+2) (X_zjdx x—2:t
2 2
=2 -1+2005-2)=2-2



23.62 | Definite Integration
7 X .
Sol 5: (A) I=[— - dx 0
5a2 cos® x +b? sin’
i T—X
Then I=I — ( )2 5 dx
0a’ cos’ (m—x)+b*sin’(m—x)

If I a-— x)dx

dx (i)
El;azcos 2 x+b?sin? x

Adding (i) and (ii), we get

dx

2

| X 41— X
I:J' 2 2.2
pa“ cos” x+b”sin”x

2

U
nI > dx
0a> cos® X +b?sin? x

n/2 1

=2n I dx
o a%cos® x+b?sin? x

2a

I dx ZIf

0

dx, if f(2a—x) = f(x)

/2 2
=21 =27[ J. % dX
b a° +b“tan”x
[Dividing num. and denom. By cos” x]

n/2
sec? x
OrIZTCJ‘—d2
b a +b tan® x

Let tan x = z. Then, sec® x dx = dz

T TC
Also x=0=z=tan0=0 and X725 = z—>tan§

or Z—>®

:n]? :lof dz
0"3‘2+b222 b2o(a/b)2+z2

- X —1 tan™? [L] ’
b? (a/b) a/b)j,

n/4
Sol 6: (A) | ————dx
o 1+2sin“x

4
“jA dx

.2
o COSX+2sin“ XCosX

~/4 cosx dx

0 €os? x +2sin® xcos® x

4
iz cos xdx

o - sin? x)(1 + 2sin’ x)
12 dt
o -t +2t%)

ol

3 5 l1-¢2 R
142 142

=lj 12 = L gt
3 0 1-t 3 0 1+t2
114t RS S

= —/n tan \/_t‘
6 1.t '3 1/\/5

:—fn\/i-'-l £ £:1|:£n(\/§+1)+ij|
6 V2-1 3 4 3 22

1 2
Sol 7: (C) j e (x—a)dx =0
0

For this integral to be zero

If o < 0thenx—-oawhenxe (0,1)>0

.. Itis not possible that integral reduce to zero
If2>a>1thenx-a

when x € (0, 1) < 0 function gives negative value and so
cannot reduced zero.

~If 0 < a < 1, f" can take both positive and negative
valuce and it is possible that integral reduced to zero

n/2
Sol 8: (A) j {x=Isinx]} dx
0

[ 1 — greatest integer function

[sinx] = 0 sinx € [0, 1) i.e. x e [o,gj

n/2 n/2 2

j (x=0)dx = ﬁ
O 2

r
8

0



100
Sol 9: (B) J sin(x[x])ndx
0

Since x — [x] has a period of 1

1
= 100_[sinrcxdx = @(—cosnxrj
0 n 0

100( 1- 1)) 200
J~ xlogx
Sol 10: (B) Ly

X = tan® = dx = sec’0d0

| = "j-z tan®log(tan)sec? 6dO

0 sec* 0

/2
= I tanelog(’tane)cos2 0do
0

/2
= I sinbcosBlog(tan0)do
0

n/2
= .[ cos0sinBlogcot6do

/2
I sinecose[logtane + Iogcote]de

n/2
sinfcos6| logtan—logtan6 |[d6 =0
J [ ]

Sol 11: (B) log | = I|m Zlog(lJr—)xl
n) n

r=1

1
IogI:JIog(1+x)dx
0
1 ox
logl = x log (1 - |——d
ogl = x log( +x)|O £1+Xx

1
= log2 - Il—lidx =log2 - [1] + log (1+x)(1)
0 +X

4 4
= 2log2 - loge = Iogg == o

X

1
|o'£2 \Ve¥ -1

Sol 12: (A) dx

Pute*—1 = t2 = exdx = 2tdt or dx = dt

eX-1 l

j 2dt = 2tan‘1t‘ =
1 1+t

2ltantt-2| = I
{an 4} ;

stanTt = g = ot= tang -3

1+t2

n
6

e—1=3=x=log4

2

]
N\
S5
Ne—
N
=

Sol 13: (A) lim = lim X =
n_)wrZ;‘I’ +n new;(rj3 n
- +1
n
1 2 1
S [k = Lmpd ) 22
0 +1 0

Q& 1 1 ¢ 1
- rlwi?o; 2 g G dx
[Hﬁ J (1+x°)
n
Put x = tan® = dx = sec?0d0
n/4
J-sec 0do _ I cos0do = sme| L
sec’ 0 \/5

.k Vo

Sol 15: (A Ilm
ol 15: (&) ;J[n+4(r—1)] Jin+ 4np?

“mZ“: X = — 7

1
dx = j(l +4x)732dx

1
_ 1
) 'c[\/(l +4x)° 0

1
_ a0 af o1 1 )"
-1/2 4O 2 1+4x

1

0
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1 , s
Sol 16: (B) log | = Ilm(ZIogtan[anH = Imyn) =

n—o| S m+1

1
= f'ogta”(ngdx Sol 3: (C) Given [, V1 -(f'(t)’dt
0

E)(:t = dx = zdt :I;f(t)dt,OSXS1
2 I

/2 Differentiating both sides w.r.t.x by using Leibnitz rule,
= I logtantdt =0 we get

V1= (F(x))? = f(x)
= f'(x) = +y/1 - (f(x))?

Ll=e%=1

Previous Years' Questions .
:Iidx = ijdx
1/2 1+x N1- (f(x))z
Sol 1: (A) J' . 2[[x]+|og(—}]dx
v 1- =sin (f(x)) = £ x + ¢
_I [x]dx +J Iog[1+xjdx Putx =0
12! 12 X = sin”' (f(0)) = ¢

J'1/2 X]dx + 0 =c=sin"0)=0 (. f(0)=0)

12 o f(x) = £ sinx
{ lo g( j|s an odd funcUon} but f(x) 2 0, v x < [0, 1]
—X .
o f(x) = sin x
J. [x ]dx+J' [x]dx As we know that,
1/2
sinx<xVx>0
I 1/2( 1)dx +.[ (O)dx (1 1 (1 1
ssin| = |<=andsin| = | <=
2 2 3 3

[X]:/z

1]
|
VY
o
+
| =
N—
Il
|
| =
I
7\
N
N—
A
N
Q
>
o
—n
VR
WK
N——
w|R

o 2 — —
Sol 2: (A) Here, I(m, n) = J';tm(1+t)”dt reduce into Sol 4: (A) x* =t = 2xdx = dt

log 3

[(m + 1, n — 1) [we apply integration by parts taking I—E sint
(1 + t)" as first and t™ as second function] 2 log 2 sint +sin(log 6 — 1)
m+1 | .
- I(m,n):{(lth)”. t :l 121093 sin (log 6 — 1)
m+1 | 2,492 Sin(log 6 —t) +sint
tm+1
—j nl+t)" Y. —dt Lk
m+1 =—j 1dt:>I—Iog—
2
on log 2

T mil m+1~.‘(1 +OT e



n

Sol 5: (A, D) Gives, S_= —_—
" kzz(:) n® +kn+k?

n

1 1 L
== = | <lim> =
k=N 1+E+k7 n—>e N
n n2
1

=i(£_ﬂjzi
B3 6) 33
ie. S <—

33

Similarly, T, >—=

3\/_

Sol 6: (A, B, C) Given] = [ — """ _dx 0

1+ 7)sinx

Using I:f(x)dx = _[:f(b +a—x)dx

T isinnx N
we get In = I_nmdx (II)

Adding Egs. (i) and (ii), we get

dx

n sinnx nsinnx
21 :[ —Tdx=2[ =
-7 sinx 0 sinx

sinn

(f()—

|s an even function)
nx

©sinnx
=1, = [ —dx
0 sinx

nsin(n + 2)x — sinnx
Now,I ,, 1 =[ ( _)
e Jo sinx

dx

B J-rr 2cos(n+1)x.sinx
0 sinx

dx

= ZJ:cos(n +1)x dx

_ 2{5in(n+1)x} _0
(n+1) 0
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= ... (iii)

Since, In—J'nsmnXd =l =nandl, =0
0 sinx

. FromEq. (i), =L =1=..=p

andl,=1,=1,=..=0

10

= > L., =10r and ZI
m=1 m=1

.. Correct options are A, B, C.

4 4
Sol 7: (A) Let I = .[;de

1+x

J~1(x -1(1- x) +(1- x)
l+x)

2 2
J-1(1+x —2X) dx

~1)(L-x)*dx +
1 +x°)

J

2
=I1{(X2 “DA-x)* + L+ x) - dx+ 4 4x }dx
1 +x%)

0
1 4
j 0 -1A-x)*+@+x°)—4x+4- dx
0 1_y2
jl[x 4x +5x* —4x® +4-— 4 jdx

0 1+x?

1 6 5 4 '
I X— > i—i+4x 4tan!x

o 7 6 3 0

e P B SR 2
7 6 5 3 4 7

= (cosec x.cot X + sec?x — cos X)

. (cos®x — cos X) . cos X

| sin?x+cos® x— cos® x.sin? x
sin’ x.cos® x

. COS?X . Sin?x

= —sin’x — cos?x (1 — sin’x)

= — sin%x — cos°x

. /2 _ n/2 . 2 5
. Io f(x)dx = Io (sin® x + cos’ x)dx
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/m+ n+
/m+n+2

243 Vs
22 \f

Sol 8: (C) j;/zsinxdx

n/2 .
Io sin™ x.cos" xdx =

n/Zf( )d __

T o 0+=

=2 sin0 +sin| = |+ 2sin
4 2

:g(1+ﬁ)

Sol 9: (A) F'(c) = (b —a) f'(c) + f(a) — f(b)
F'(c) =f"(c)(b-a) <0

= F(c) =
_ (o= f@)=f@
b-a
t (t- a)
f(x)dx — {f(t) + f(a)
Sol 10: (B) Given, lim =2 =0
t—a (t _ a)

Using L' Hospital’s rule

[ 00— M 4f(a + h) + fa)
= lim =2 2 =0
h—0 h3

f(a+h)-— %{f(a +h)+f(a)}

—gww+M}

l =0
= h'ﬂ% 3h?

Again, using L'Hospital's rule

f'(a+h)—%f'(a+h)—%f'(a+h)

—Df"(a+h)
— lim 2 =0
h—0 6h
—bf"(a+h)
= lim—“%—— =0

h—0 6h

=f'@ =0 va=R

= f(x) must have maximum degree 1

X —[x] if[x] is odd

Sol 11: Given, f(x) = . .
1+[x]—x if[x] is even

f(x) and cos nx both are periodic with period 2 and both
are even.

10 10
" J' f(x)cos mxdx = ZI f(x) cos nxdx
-10 0

N ZNNN S/

-10-9 2291 2 910

3
= 10.[f(x)cosrcxdx
0
1
Now, If(x)cosr:xdx
1 1
= I(l —x)cosnxdx = —Iucosnudu and
2 2 1
If(x)cosnxdx = I(x—l)cosnxdx = —Iucosmdu
1

10 1 20
I f(x)cosnxdx = —20jucosnudu =—
Y

-10 0
2 10

= — | f(x)cosnxdx =4
10 1,

Sol 12: f(x )—f In—tdt for x >0 (given)

1/x Int
Now, f(1 = —dt
Putt=1/u

= dt = (-1/ud)du

, xIn(L/u) (-1) 1)
..f(1/x)—j11+1/u ¥ du

:J'X Inu u:J‘X Int
Tuu+1) Ll +1t)



1+t 1+1)

logt x log t
Now, f(x) + f(xj jl dt + jl dt

_[ (l+t)|ogt +_[XXIOgtdt
ta+t) 1

1 21 2
E[Uogt) | = - (logx)

Putx =e

1 1 1
- f fl=|== ==
. f(e)+ (e] 5 (loge)? 5

Hence proved.

Sol 13: Let I = J'On/zf(cost)cosxdx

I _j /Zf[COSZ(E—XJJCOS£E—X]dX
2 2
{u singI: f(x)dx = joa fa— x)dx}

I= j:lz f(cos2x)sinxdx
On adding Egs. (i) and (ii), we get

2= I:/z f(cos2x)(sinx + cos x)dx
= \/EJ‘;/Z f(cos2x)[cos(x —m / 4)]dx

Put —x + % =t=-dx =dt

o 2l=— \/Efn/nff[cos(g - ZtDCOStdt
L2l = \/Ej/;

f(sin2t)cottdt

L l= «/EJ';[Mf(sinZt)cost dt

Sol 14:

0, f(=x) = —f(x)

Using [* fodx =4 ..
sing .[—a (x)elx {zjo f(x)dx, f(=x) = f(x)

x> dx

... (i)

= [
—1'(/3 T *1'[/3 T
2—cos[|x|+3j 2—cos(|x|+3j

. IZZIJ/B m dx 40

2—cos[| X | +nj
3
x3dx

2—cos(| x|+nj
3

. —
0 2-cos(x+m/3)

is odd

Put X+§ =t=dx=dt

o t
2n/3 dt 23 €€ Edt

=4T
/3 2 —cost n/3

Sl=2r :
1+3tan’ =
2

Put tangzu = secZ%dt=2du

NE) du
1/f

=1=2r

[\/_ tant /3 U]J—
B

47

— — 4r -1 1
= Z(tan'3-tan!1)=—=tan (—J
3 V3 2
3
If/jg—n+4x dx = —\4/3 tan™ [EJ

2—cos[|x|+nj 3

3

Sol 15: Let

Izj‘ﬂelcOSXI 2sin lcosx +3cos lcosx sinxdx
0 2 2

= 1= Igek"s"'.sinx.25in(%cosxjdx

+jnel“’”'.Bcos(lcost.sinxdx
0 2
Szl o+
. 2a
using Jo f(x)dx
0, f(2a—x) = —f(x)
- zj;f(x)dx, f(2a—x) = +f(x)

where |, = 0 [ f(m - x) = —f(x)] ...(ii)

and

/2 . 1
l, = 6j0 ec°s".smx.cos(§cosxjdx
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Now, L _6J et cos[ jdt

(Put cos x = t = — sin x dx = dt)

1
6| etcos| L +E.[et sinLdt
2 2 2 0
. 1
6| etcos| L +l etsint - [£ costdt
2 2 2 2 2 o

1
I

=6 etcos£+letsin1 -2
272572, s

:ﬁ[ecos[lj+gsin[l]—lj ... (i)
5 2) 2 2

From Egs. (i), we get
24 1) e . (1
I=—|ecos| = |+=sin| = |-1
5 2) 2 2

Sol 16: Let I, = [ (1 —x° ) dx,

using integration by parts
1
_ [(1 _ XSO)lol.X:|
o
1 50,100 49
+jo (L-x>")"" 50.x™.xdx
= 0~ [ (50)(L01)(1 —x*)"*° (-x*)dx

1
=-50(101) IO 1 -x°)dx +(50)(101) J‘Ol(l _y50Y100 gy
= 50501, + 50501,

=1, + 50501, = 50501,

L BOOL _gh5q

2
f'(ex)ex

Hence positive for (0,00) and negative for (—,0)

Sol 17: (B) g(x) =

Consider the line

x+1 y+2 z+1
3 1 2

X-2 y+2 z-3

L = =
1 2 3

,Lz:

1
Sol 18: (D) Hence jg'(X)z
a

Acircle Cofradius 1isinscribed in an equilateral triangle
PQR. The points of contact of C with the sides PQ, QR,

RP are D, E, F, respectively. The line PQ is given by the

343 3]

equation \/§+y—6 =0 and the point D is [TE

Further, it is given that the origin and the centre of C are
on the same side of the line PQ

Sol 19: (A) Let f(x j—dt_zx 1
2 4 _ _
)= X112 L2 ex=2 o p
x4 +1

f(0)>0,f(1)<0

"~ One solution in (0, 1)

Sol 20: f I.f dt:f =0
0
x)

Also f( ) ( x>0 :>f( ) ke, x >0
'.'f(O)zO and f(x) is continuous
:>f(x)=OVx>0

- f(In5) =0

Sol 21: (C) ' = +y/1—f?

= f(x) = smxorf(x) = —sinx (not possible)
= f(x) =sinx

Also x >sinxV > 0.

Sol22: A—>p,q,5;B>p t;Cop,qrtDos

(A) (x—3)2j—z(/+y=0
dx  _pdy 1 _
I(X_S)Z—I y 2X_3—In|y|+c

So domain is R—{B}.

(B)Put x=t+3
2 2

[(t+2)(t+1)t(t-1)(t-2)dt = jt(t2 —1)(t2 —4)dt -0
© f(x):%—(sinx—%jz

. . 1
Maximum value occurs when sinx = =

(D) f(x) > 0 if cos > sinx



Sol 23: (A) Let the line be X_ % _Z intersects the lines
a C

=SD=0=a+3b+5c=0and
3a+b-5c=0=a:b:cu5r:-5r:2r

on solving with given lines we get points of intersection
P=(5-52)and Q= (— — —] PQ* =d* =6

(B) (p. 1)
’can’l(x+3)—tan’1 (x—3):sin’1(3/5)

a3 a3 6 3
1+(x2—9) 4 x2_g 4

. x*-8=8

Orx=+4

(ON(AD)

As@=pub u (jpl)=-45.2 and | = 4a.¢

and ‘B‘ +b.c-d.c=0

Again, as 2 ‘b ‘z‘B - é‘

Solving and eliminating b.¢ and eliminating |é|2
5 12

We get (2 M —1ou) ‘b‘ =0= p=0 and 5.

X sin9 x/2 2 _%sin9(x/2)

) 1= '[( x/2 nX '([sin(x/Z)
X/Z—O:dx—Zbe

X=nb=mn/2
__“/2 sin90 —sin70 (sin79—sin59)
Ty sin® sin@
sin50 —sin30 sin306 —sin® ;
+( : )+( . )+S|hed6:E
sin® sin® sin T
/2 /2

I (cosSE)Jrcos66+cos46+c0526+1)+§ I do
0 To

16| sin80 sin60 sin40 sin20
=" + + +
e 8 6 4 2
_[e]n/Z ° |:__0:| 4
xfn(1+ x
Sol 24: (B) lim (L+x) T

xeom x»04 3 12
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Sol 25: (A)

1,4 (1 B X)l ) .1[X4[(1+X2)_2x}2

J

o 1+x?

Now on polynomial division of x® by 1+x?, we obtain

1
j{xG +xt —4x +4{(x4 —x? +1)—1+X2H
4
dx:_.'{(x6 —4x° +5x% —4x° +4)—1+X2}dx
7

- X__4L+5_X_4i 4x O—4[tan x}
7 6 5 3

1 22
= l—i+1—+4 4| =43 |-n=F0
7 6 3 4 7 7

Sol 26: (A) x° =t = 2xdx = dt

I_yns sint dt
2Inz sint+sin(1n6—t)

1% sin(In6 —t)
and I== | — —dt
2 2 5|nt(In6 —t) +sint

x> =t = 2xdx = dt
In3
21:1j1dt:>1=11n§
. 4 2
n2

Sol 27: (B)

(xz + Zn(n * XDcosxdx
/2 T—X
I /2

-n/2_ 9 f x? cosxdx +0 [ fn(THX
0

T—X

jis an odd function]

2572 2 /2

=2 (x2 sinx) J. 2xsinxdx —2(——0] 4.[ xsinxdx
00

5 /2 2

=%—4{(—xcosx)n/ + g cosxdx} :%—4
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17

Sol 28: (A) (2cosecx) dx

Nla — N3

Let

n

= cosecx +cotx =e"and

u —u
_ e'—e
Xx—cotx=e " = cotx =

(e“ —e™ )dx = —2cosecxcotxdx

u u 17 (eu_e_u)
:—J(e +e ) ——— du
2cosecxcotx

0 Iog(1+\/5)
=-2 j (e“ +e‘“)du= .[ 2(e" + e")du
Iog(l+\/§)

1
Sol 29: (D) (p) f(x)=ax’ +bx,jf(x)dx =1
0
=2a+3b=6
= (a,b)=(0,2)and(3,0)
_ 2 T
Q) f(x)—\/icos[x 4]

Y T
XX - =2nt = x> =2nn+—

4 4
T O
. J; /T a5 x e[ ~3E3]

2 2 2 2
(r) I( 3 + 3x x=j3x2dx:8

X —X
ol\l+e” 1+e 0

—X

112 1+x
(s) I COSZXI“[l—jdX =0 asitis an odd function

-1/2
1 &
Sol 30: (2) '([4X3d?(1_)(2 )dx

= {4x3 %(1 —x° )S} ;— :[lZXZ %(1 —x? )dx

e"+e " :2cosecx,x:%:u|og(1+\/§)lng:>u:0

1

- {4x3 «s(1-) (—2x)Ll —12Hx2 (1) TO ~[2x(1-x) dx

0
- 0—0—12[0—01+12.1f2x(1—x2)dx
0

6 1
=12x _—(1—X2)

1 . 2
Sol 31: o = J‘(e9x+3tan 1xj 12 +9x dx
0 1+x°

3
1+x

Put 9x +3tan'x =t :[9+ 2jdx=dt

:>ot=j|£etdt=e9+37ﬂ—1 :[Ioge|l+a|—%J=9
0

Sol 32: (A, C) Let Tet ((sin6 at+ cos? at))dt =A
0
I= Tet (sin6 at+ cos? at)dt

Put t=m+x
dt = dx
Fora=2aswellasa=4

T
I= ex_[e" (sin6 ax+ cos? at)dt =e’"A = [=¢e"A
0
T
Similarly Je“e’t (sin® at+ cos* at)dt = e*"A
0

_Ate"A+eAreA e -1
A e" -1

L

Sol 33: (A, B, C) (A) f'(x) =F(x)+xF'(x)
f(1)=F(1)+F'(1)

f'(1)=F(1)<0

(B) f(2)=2F(2)

F(x) is decreasing and F(1) = 0

Hence F(2) < 0

= f'(Z) <0
(© f(x)=F(x)+xF'(x)

F(x) <0vx & (1,0)

|

.. Forbotha=2,4
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F'(x) <0Vx e (1,3)
Hence f(x) <0Vx e (1,3)

0 1 2
Sol 34: I:I x0 dx + ﬁdx+_|. x1 dx+0=
°2+0

02+1 1 2+0
=4I-1=0
n/2 2
Sol 35: (A) I= | “">Zdx ()
i 1+é€
/2 2
X° COS X
= | dx (i)
-n/2 1 +-—
eX
n/2 2 X
_ J- X~ COS x.e dx
i 1+e€”
(i) and (ii)
/2
2 j x> cos x dx
-n/2
n/2
I= j x2 cos x dx (even fn)
0
/2
=x2.sin x g/z - f 2x sin x dx
0

n/2
- Zi—z{(—x cos x)g/2 - J. (—cos x) dx}

0

2
:n——2[0+sinx
4

2 2
w2 T I
0 } 4 1] .



