CHAPTER

Squares and
Square Roots

o5

6.1 Imtroduction

You know that the area of a square = side % side (where ‘side’ means ‘the length of
aside’). Study the following table.

Side of a square (in cm) Area of the square (in em?)

I Brnioy = L
2 | Ix2=4=2
3 | 3x3=9=3
5 5% 5=25=5
8 E8x8=64=8*
a | axa=a*

What is special about the numbers 4,9, 25, 64 and other such numbers?
Since, 4 can be expressed as 2 X 2 =24 9 can be expressed as 3 X 3 =32, all such
numbers can be expressed as the product of the number with itself.
Such numbers like 1,4, 9. 16, 25, ... are known as square numbers.

In general, if a natural mumber 7t can be expressed as n®, where 2 is alzo a natoral
number, then # is a square number, Is 32 a square number?

We know that 5 = 25 and 6% = 36. If 32 is a square number, it must be the square of
a natural number between 3 and 6. But there 14 no naturdl number between 5 and 6.
Therefore 32 18 not a square number.
Consider the following nurabers and their squares.

1 1 %x1=1
2 2x2=4
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3%x3=9
4x4=16
5x5=25

= \Doo =1 onth koW

From the above table, can we enlist the square numbers between | and 1007 Are
there any natural square numbers upto 100 lefi out?
You will find that the rest of the numbers are not square numbers.

The numbers 1,4, 9, 16 ... are square numbers. These numbers are also called perfect
SquAares,

1. Find the perfect square numbers between (i) 30 and 40 (i) 50 and 60

6.2 Properties of Square Numbers

% Following table shows the squares of numbers from 1 to 20.

Number Square Number Square

| i 1 L121
2 4 | 12 144
3 9 13 169
4 16 14 196
5 25 15 225
6 36 16 256
7 49 | 17 289
8 64 | 18 L 324
9 81 19 L 361
10 100 20 400

Study the square numbers in the above table. What are the ending digits (that is, digitsin
the one’s place) of the square numbers? All these nurabers end with 0, 1,4, 5. 6 or 9 at
unit’s place. None of these end with 2, 3.7 or 8 at unit’s place.

Can we say that if a number ends in 0, 1, 4, 5, 6 or 9, then it must be a square
number? Think about it

TRY THESE

1. Canwe say whether the following numbers are perfect squares? How do we know?
iy 1057 (i) 23453 (i) 7928 (iv) 222222
(v) 1069 (vi) 2061
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Write five numbers which you can decide by looking at their one’s digit that they
are not square numbers.

2. Wiite five numbers which you cannot decide just by looking al their unit’s digit
(or one’s place) whether they are square numbers or not.

s Siudy the following table of some numbers and their squares and observe the one’s

place in both.
Tahle 1

Stjuare Number Sqguare Number Square
1 1 11 121 21 441
2 4 12 144 22 484
5 9 13 169 23 529
4 16 14 196 24 576
5 25 15 225 25 623
6 36 16 256 30 900
i 49 17 289 35 1225
8 64 I8 324 40 1600
9 81 | (19 361 45 2025
10 100 20 400 50 L 2500

The following square numbers end with digit 1.

Square Number

1 ' 1 Which of 1232, 772, 822,
a1 ‘ 9 1612, 109* would end with
121 i digiti?

361 19
M| 21

Write the next two square numbers which end in | and thear corresponding numbers.
You will see that if a number has 1 or 9 in the unit’s place, then it'’s square ends in 1.

® | etus consider square numbers ending in 6.

16 4 Which of the following numbers would have digit
36 ‘ 6 6 atunit place.
196 | 14 @ 19° (M) 242 (i) 26°

256 16 (iv) 36° (v) 342
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We can see that when a square number ends in 0, the number whose square (£ 15, will
have either 4 or 6 in unit's place.
Can you find more such rules by observing the numbers and their squares (Table 1)?

A @’ What will be the “one’s digit” in the square of the following nurbers?
P @ 1234 i) 26387 i) 52698 () 99880
v 21222 (vi) 9106

* Consider the following numbers and their squares.

102= 100
We hawve 2R = 400 e But we have
ONE ZETO : r" 80 = 6400 wo ZEros
1002 = 10000

But we have
four zeros

’ 2007 = 40000
We have
G;\U;};f 7007 =490000 ( ———]
900¢ = 810000
If a number contains 3 zeros at the end, how many zeros will its square have 7
What do you notice about the number of zeros at the end of the number and the
number of zeros at the end of its square?
Can we say that square numbers can only have even number of zeros at the end?
® Sece Table | with numbers and their squares.

What can you say about the squares of even numbers and squares of odd numbers?

TRY THESE

1. The square of which of the following numbers would be an odd number/an even
number? Why?
W 727 (i) 158 (i) 269 () 1980

2. What will be the number of zeros in the square of the following numbers?
(1 60 (@) 400

6.3 Some More Interesting Patterns

1. Adding triangular numbers,
Do you remember triangular numbers (numbers whose dot patterns can be arranged

as riangles)? 4
& ok
£ e o koskle
ES sl ook sk ook
& £ kR EE B ok R
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If we combine two consecutive triangular numbers, we get a square number, like

By e

1+3=4 3+46=9 6+10=16
=2 =3 =

2. Numbers between square numbers
Letus now see if we can find some interesting pattern between two consecutive
sguare numbers.

the two square numbers 9(=37) _{\
and 16(=4%). 2.3.4(=2

rmé\ 5.6.7.8,9(=3)
nunbers betwesn

? the two Sguare

nurhers 16(=4%) 10,11, 12,13, 14, 15, 16 (=43

17,18, 19,20, 21, 22, 23, 24, 25 (= 5%)

Between 1%(=1) and 2*(=4) there are two (i.e.. 2 x 1) non square numbers 2, 3.

Two non square numbers
between the two Square .«
numbers | (=17 and 4(=22). ~

4 non sguare numbers
between the (wo sguare
mumbers 4{=24) and 9{3%).

]

Between 23(=4) and 3*(=9) there are four (i.e., 2 x 2) non square numbers 5, 6, 7, 8.
Now, 3F=0, 42=16
Therefore, P_P=6-9=7

Between 9(=3%) and 16(= 4%) the numbers are 10, 11, 12, 13, 14, 15 that is, six
non-square numbers which is | less than the difference of two squares.

We have =16 and 52=25
Thewfors;,  SP—4P=9

Between 16(=4%) and 25(=5?) the numbers are 17, 18, ... , 24 that is, eight non square
numbers which is | less than the difference of two squares.

Congider 7¢ and 6% Cun you say how muny numbers are there between 6% and 727
If we think of any natural number n and (r 4+ 1), then,

(n+1P-ri=m+2n+1)-rt=2n+1.

We find that between n®and (n + 1)2 there are 2n numbers which is 1 less than the
difference of two squares.

Thus, in general we can say that there are 2n non perfect square numbers between
the sguares of the numbers n and (n+ 1). Check for n =35, n =6 etc., and verify.
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I. How many natural numbers lie between 9% and 10* ? Between 1 1% and 1227

2. How many non square numbers lic between the following pairs of numbers
@ 100% and 101* @) 907 and 912 (i) 1000% and 10012

3. Adding odd numbers

Consider the [ollowing

1 [one odd number] =] =%
| +3 |sum of first two odd numbers| =4=27
| +3 +5 [sum of first three odd numbers] =9=3%
L+3+5+7 [...] = le=4*
143+5+7+9 [.] =25= 352
1+3+5+7+9+11 [...] =38=6

So we can say that the swm of first n odd natural numbers is n*.

Looking atit in a different way, we can say: ‘If the number is a square number, it has
1o be the sum of successive odd numbers starting from 1.

Consider those numbers which are not perfect squares, say 2, 3, 5,6, ... Can you
express these numbers as a sum of successive odd natural numbers beginning from 17
You will find that these numbers cannot be expressed in this form).

Consider the number 25. Successively subiract 1, 3, 3,7, 9. ... from it
G 25-1=24 @ 24-3=21 @ 21-5=18 ) 16-7=9
(vi 9-95=0
This means, 25 =1 + 3+ 5+ 7 + 9. Also, 25 is a perfect square.
Now consider another namber 38, and again do as above.
Gy 38-1=37 @) 37-3=34 @ 34-5=29 (iv) 29-7=22
(V) 22-9=13 vy 13-11=2 vil) 2-13=-11
Thig shows that we are not able to express 38 as the

m— sum of consecutive odd numbers starting with |. Also, 3815

- ) not a perfect square.
Find whether each of the following

numbers is a perfect square or not?
i 121 @ 55 () 81
(iv) 49 (v) 69

S0 we can also say that i a natural number cannot be
expressed as a sum of successive odd natural numbers
starting with L, then it is not a perfect square.

We can use this result to find whether a namber is a perfect
sguare ofr not.

4. A sum of consecutive natoral nnmbers
- Congider the following
First Nurnber E=0=4435
i 3
el F=25=12+13
2 T =49=24+125

Second Number
341
.
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02=81=40+4] »

i _ D! we can express the
IF=121=60+6] g;;e;}'Mdnmhwas
152=225=112+ 113 the swm of two consecutive

positive integers.
TRY THESE

I. Expressthe following as the sum of two consecutive integers.
m 212 i 13* @) 11° ) 19
2. Dovyouthink the reverse is also true, i.e., is the sum of any two consecutive positive
integers is perfect square of a number? Give example to support your answer.

5. Product of two consecutive even or odd natural numbers
11x13=143=122-1
Also Nx13=0(12-1)x(12+1)
Therefore, 11x13=(12-1)x(12+1)=122-1
Similardy, I13x15=(14-Dx(14+1)=14-1
20%31=(30-1)x 30+ 1) =30FP-1
4 x46=(45-1) % (45+1)=452-1

Soin general we can say that (a + 1) x (g — 1)=a?- L.

6. Some more patierns in sguare numbers

Observe the squares of numbers; 1, 11, 111 ... ete. They give a beautiful pattern:

) B — |
s 1 & A
1113= I - |
1111° = 2 3 # 3 @2
1111 o= 1 2 3 4 5 4 3 2 |
111111113=1 2 3 4 5 & 7 B 7T 66 5 4 3 2 |
Another interesting pattern.
T =49 - .
Write the square, making use of the above
67 = 4489 pattern.
667 = 444889 M 1111112 @ 1111111°

6667+ = 44448889
66667 = 444448R8R0O
666667 = 444444 888EE9
The funis in being able to find out why this happens. May
be it would be interesting for you to explore and thimk about
such questions even if the answers come some vears later.

Can you find the square of the following
numbers using the above pattern?
(i) 66666672 (i) 6O666666T?
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E EXERCISE 6.1

What will be the unit digit of the squares of the following numbers?

i 81 @ 272 (i) 799 (v) 3853

(v) 1234 (vi) 26387 (vii) 52698 (viii) 99880
(ix) 12796 (x}) 55555

The following numbers are obviously not perfect squares. Give reason.

@ 1057 (i) 23453 () 7928 (v} 222222
(v) 64000 (vi) 89722 (vil) 222000 (vi) 505050
The squares of which of the following would be odd numbers?

i 431 (i) 2826 (iii)y 7779 (iv) 82004

Observe the following pattern and find the missing digits.
112=121
1012 = 10201
1001# = 1002001

Observe the following pattern and supply the missing numbers.
11¥=121
1012=10201
101012 = 102030201
T 0T 0 0 e ey e AP
............ 1= 10203040504030201
Using the given pattern, find the missing numbers.
12420428 =32

2+F+6 =T To find pattern

P4 122= 132 Third number is related to first and second
42454 2 =212 number. How?

51, 2 552: 112 Fourth number is related to third number.
{}2_1_'?_'2 _I__l =_1 I{GW?

Without adding, find the sum.
@ I+3+5+7+9
@ 1+3+5+7+9+T11+13+15+17+19
(i) 1+2+5+7+9+11+13+15+17+19+21+23
()  Express 49 as the sum of 7 odd numbers.
(i) Express 121 asthe sumof 11 odd numbers.
How many numbers lic between squares of the following numbers?
i) 12and 13 (i) 25and 26 (i) 99 and 100D



SquaREs aMp Square Roots- B 97

6.4 Finding the Square of a Number

Squares of small numbers like 3,4, 5, 6, 7, ... etc. are easy to find. But can we find the
square of 23 so quickly?
The answer is not so easy and we may need to multiply 23 by 23.
There is a way to find this without having to moultiply 23 x 23,
We know 23=20+3
Therefore 23 =(204+372=20020 + ) + 320+ D)
=200 +20x3+3x 20+ 32
=400 + 60 + 60 +9 =529

Example 1: Find the square of the following numbers without actual multiplication.
1) 39 ) 42
Solution: (i) 39°=(30+972=30(30 +9) + %30 + 9)
=30 +30x94+9x30+9
=900+ 270 + 270 + Bl = 1521
(i) 422 ={40+22=40(40 + 2) + 2(40 + 2)
=4P+40x2+2 x40+ 2%
= 1600 + 80 + 80 + 4= 1764
6.4.1 Other patterns in squares
Consider the following pattern:

252 =625 =(2 x 3) hundreds + 25
35% = 1225 = (3 % 4) hundreds + 25 Consider a number with unit digit 5, 1.e., a5

(@a3P = (10a + 5°
2 — 7
75% = 5625 =(7 x 8) hundreds + 25 — 10a(10a + 5) + 5(102+ 5)

125 = 15625 = (12 x 13) hundreds + 25 = 10062 + 502 + 50a + 25
Now can you find the square of 957 = 100a(a + 1) + 25
= a{a + 1) hundred + 25

Find the squares of the following numbers containing 5 in unit’s place.
M 15 i) 95 i 105 (iv) 205

6.4.2 Pythagorean triplets
Consider the following

P+4=9+16=25=5%
The collection of numbers 3, 4 and 5 is known as Pythagorean triplet. 6, 8, 10 is
also a Pythagorean triplet, since
60+ 81=36+64=100=10¢
Again, observe that
5%+ 12 =25+ 144 =169 =132 The numbers 5, 12, 13 form another such riplet.
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Can you find more such triplets?

For any natural number m > 1, we have (2m)* + (m* - 1) = (m” + 1), So, Zm.
m*—1 and m? + 1 forms a Pythagorean triplet.
Try to find some more Pythagorean triplets using this form.

Example 2: Write a Pythagorean triplet whose smallest memberis 8.

Solution: We can gel Pythagorean triplets by using general form 2m, m?— L om? + L.

Letus first take m—1=8

So, m=8+1=9

which gives m=3

Thetelone, 2m=6 and mi+1=10
The tripletis thus 6, 8, 10. But 8 is not the smallest member of this.
So, letus try 2m =8

then m=4

We get m—-1=16-1=15

and m+1=16+1=17

The tripletis 8, 15, 17 with 8 as the smallest member.
Example 3: Find a Pythagorean triplet in which one memberis 12.

Solution: If we take m-1=12

Then, m=12+1=13

Then the value of s will not be an integer.

So, we ry to take m' + 1 = 12. Again s’ = 11 will not give an integer value for m.

Sa, let us take 2Zm=12
then m==6
Thus, m—-1=36-1=35 and m+1=36+1=37

Therefore. the required wipletis 12, 35, 37.
Note: All Pythagorean triplets may not be obtained using this form. For example another
triplet 5, 12, 13 also has 12 a8 a member.

. EXERCISE 6.2

1. Find the square of the following numbers.

@ 32 (i) 35 i) 86 {iv) 93
W 71 (vi) 46

. 2 Write a Pythagorean triplet whose one member is.
L 6 (i) 14 ) 16 fiv) 18

6.5 Square Roots

Study the following situations.
(a) Areaofasquare is 144 cim®. What could be the side of the square?
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We know that the area of a square = side?
If we assume the length of the side tobe ‘a’, then 144 =a?
To find the length of side it 1s necessary 1o find a number whose square is 144,

(b) Whatis the length of a diagonal of a square of side 8 em (Fig 6.1)7 A D
Can we use Pythagoras theorem to solve this 7
We have, AB*+ BC*= AC?
i.e., 3+ ¥ =AC
or 64 + 64 = AC* i
or 128 = AC? B . c
Again to get AC we need to think of a number whose square is 128. Fig 6.1
(¢) In aright triangle the length of the hypotenuse and a side are
respectively 3 cm and 3 cm (Fig 6.2).
Can you find the third side? e -
Let x cm be the length of the third side.
Using Pythagoras theorem S=xt+32
25-9= x? s
16 = Fig 6.2

Again, to find x we need a number whose square is 16.

In all the above cases. we need to find a munber whose square is known. Finding the
number with the known square is known as finding the square root.
6.5.1 Finding square roots
The inverse (opposite) operation of addition is subtraction and the inverse operation
of multiplication is division. Similarly, finding the square root is the inverse operation
of squaring.
We have, 1# = 1, therefore square root of 1 is |

2% = 4, thercfore squarc root of 4 is 2 -
, Since 0 =81,
3* =09, therefore square rootof 9 is 3 and  (~9)? = 81
We say that square
roots of 81 are 9 and -9.

(i) 11*=121. What is the square root of 1217
(i) 14°=196. What is the square root of 1967

BN, THINK, DISCUSS AND WRITE

(=1} =1.Is -1, a square rootof 17 (-2 = 4.1s-2, a square root of 47
(—9) =81. Is -9 a square root of 817

From the above, you may say that there are two integral square roots of a perfect square
number. In this chapter, we shall take up only positive square root of a natural number.
Posiuve square root of a number 15 denoted by the symbol J_ .

For example: JE =2 (not -2); -.ﬁ =3 {not -3) etc.
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Statement Ioference
2=1 J =1 62 =36 J36 =6
2=4 J4 =2 72=49 J49 =7
3=9 V9 =3 82 = 64 J64 =38
42=16 V16 =4 92 = g] V81 =9
5¢=125 J25 =5 107 = 100 V100 = 10

6.5.2 Finding square root through repeated subtraction

Do you remember that the sum of the first 7 odd natural numbers is 2*7 That is, every square
number can be expressed as a sum ol successive odd natral nurbers starting from 1.

Consider \r’ﬁ . Then,

i 81-1=80 (i) BO-3=77 @) T77-5=72 (iv) 72-T7=065
(v} 65-9=56 (v) 36-11=45 (m) 45-13=32 () 32-15=17
(x) 17-17=0

From 81 we have subtracted successive odd

TRY THESE

By repeated subtractiom of odd numbers starting
from . find whether the following numbers are
perfect squares or not? If the number is a perfect

numbers starting from | and obtained 0 at 9™ step.

Therefore xﬁﬁ =0,

Can you find the square root of 729 using this method?
Yes, but it will be time consuming, Letus try to find itin

sepuare then [ind its square root. 5
@ 121 a simpler way.
(w 35 6.5.3 Finding square root through prime factorisation

L:lﬁ} ig Consider the prime tactorisation of the following numbers and their squares.
(g; a0 ( Prime factorisation of a Number Prime factorisation of its Square h
6=2%3 AG=2 T3N3
Ee= 2R IAND 64=2%x2X2%2%x2%2
12=2x2x3 144 =2 %2 x2x2x3x3
\ 15=3%5 225=3%3%x5%5 y

How many times does 2 occur in the prime factorisation of 67 Once. How many times
does 2 occur in the prime factorisation of 36? Twice. Similarly, observe the occurrence of

3in6and 36 of 2in 8 and 64 etc. 21 324
Youwill find that each prime factor in the prime factorisation of the

: : . ; 2| 162
square of a number, occurs twice the number of times it occurs in the 3 T
prime factorisation of the numberitself. Let us use this to find the square =~ - ———
root of a given square number. say 324. 3| 27
We know that the prime factorisation of 324 is 319

324=2x2x%3x3Ix3Ix3 3




Sausres anp Sauare Roors B 101

By pairing the prime factors, we get
324=2x2x3x3IxIx3I =BPxFPxF=2x3x3)°

So, J324=2x3x3=18

Similarly can you find the square root of 2567 Prime factorisation of 256 is 2| 256
256 =22 xIXDIx2x2 %22 2| 128
By pairing the prime factors we get, 2| 64
256 =222 w2 T 2= (2x2wIn2) 2' 12
Therefore, \[256 = 2x2x2%2= 16 2| 16
Is 48 a perfect square? 21 &
We know 8= XTI w2 n2%3 2| 4
Since all the factors are not in pairs so 48 is not a perfect square. 2
Suppose we want to find the smallest multiple of 48 that is a perfect square, how
should we proceed? Making pairs of the prime Factors of 48 we see that 3 is the only
factor that does not have a pair. So we need to multply by 3 to complete the pair.
Hence 48 x 3 = 144 is a perfect square. 2| 6400
Can you tell by which number should we divide 43 10 get a perfect square? 21 3200
The factor 3 is notin pair, so if we divide 48 by 3 we get 48+ 3=16=2x2x2x2 2| 1600
and this number 16 1s a perfect square wo. 2 ' 200
Example 4: Find the square root of 6400, 2| 400
Solution: Write 6400 =2x2x2 X2 %2 X2 x2x2x5%5 2| 200
Therefore  JGA00 =2X2X2X2%5=80 2| 90 2| 100
3| 45 2| 50
Example 5: Iz 90 a perfect square? BT HET
Solution: Wehave 90=2x3x3 x5 5 | 5
"The prime factors 2 and 5 do not occur in pairs. Therefore, 90 15 not a perfect square.
That 90 is not a pertect square can also be seen from the fact that ithas only one zero.
Example 6: [s 2352 a perfect square? Il not, find the smallest multiple of 2352 which 2| 2352
15 a perfect square. Find the square root of the new number. 9 | 1176
Solution: Wehave 2352 =2x2%2x2x3xTx7 2| 588
As the prime factor 3 has no pair, 2352 is not a perfect square. 2| 294
If 3 gets a pair then the number will become perfect square. So, we multiply 2352by3woget. 3| 147
2352 %3 =2x2x2x2x3x3IxTx7 -;.r' 49
Now each prime factor is in a pair. Therefore, 2352 x 3=7056 is a perfect square. [ 7
Thus the required smallest multiple of 2352 is 7056 which is a perfect square.
And, J7056 =2%2%3x7=84

Example 7: Find the smallest number by which 9408 must be divided so that the
quotient is a perfect square. Find the square root of the quotient.
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Solution: Wehave, 9408 =2 x 2 x2x2x2x2x3IxTx7

If we divide 9408 by the factor 3, then

9408 + 3=3136=2x2x2x2x2x2x 7 xT whichis aperfect square. (Why?)
Theretore, the required smallest number is 3.

And, J3136 =2 %2 %2 % 7=56.

6,9, 15 Example 8: Find the smallest square number which is divisible by each of the numbers
3,915 6,%and 15,

1,3,5  Solution: This hasto be done in two steps. First find the smallest common multiple and
; e O then find the square number needed. The least number divisible by each one of 6, 9 and
11,1 15is their LCM. The LCM of 6, 9and 15is2 x 3 x 3 x 5 =90.
Prime lactorisation of 90 {290 =2 %3 x 3 x 5.
We see that prime factors 2 and 5 are not in pairs. Therefore 90 is not a perfect
square.
In order to get a perfect square, each factor of 20 must be paired. So we need to
make pairs of 2 and 5. Therefore, 90 should be multiplied by 2 % 5, i.e., 10.
Hence, the required square number is 90 x 10 = 900.

B EXERCISE 6.3

1. What could be the possible ‘one’s” digits of the square root of each of the following
numbers?

L

@ 9801 (i) 99856 (@) 998001 (iv) 657666025
2. Without doing any calculation, find the mumbers which are surely not perfect squares.
@ 153 (i) 257 (i) 408 (iv) 441

3. Find the square roots of 100 and 169 by the method of repeated subtraction.
4. Find the square roots of the following numbers by the Prime Factorisation Method.

@ 729 (i) 400 (i) 1764 (iv) 4096
V) 7744 (vi) 9604 (vil) 5929 (viiiy 9216
x 529 x) 8100

5. Foreach of the following numbers, find the smallest whole number by which it should
be multiplied so as to get a perfect square number, Also find the square root of the

square number so obtained.
i 252 (i) 180 i) 1008 {iv) 2028
(v) 1458 (vi) 768

6. Foreach ol the following numbers, find the smallest whole number by which it should
be divided so0 as to get a perfect square. Also find the square root of the square

number so obtained.
i 252 i} 2925 (i) 396 {iv) 26435
(v) 2800 (vi) 1620

7. The students of Class VIII of a school donated ¥ 2401 in all, for Prime Minister's
National Relief Fund. Each student donated as many rupees as the number of simdents
in the ¢lass. Find the number of students in the class.
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8. 2025 plants are to be planted in a garden in such a way that each row contains as
many plants as the number of rows. Find the number of rows and the number of
plantzs in each row.

9. Find the smallest square nwmber that is divisible by each of the numbers 4, 9 and 10,

10. Find the smallest square number that is divisible by each of the numbers 8, 15 and 20.

6.5.4 Finding square root by division method

When the numbers are large. even the method of finding square root by prime factorisation
becomes lengthy and difficult. To overcome this problem we use Long Division Method.

For this we need to determine the number of digits in the square rool.

See the following table:

" Number Square )
10 100 which is the smallest 3-digit perfect square
3l 961 which is the greatest 3-digit perfect square
32 1024 which is the smallest 4-digit petfect square

. 99 9801 which is the greatest 4-digit perfect square |

So, what can we say about the number of digits in the square root if a perfect
square is a 3-digit or a 4-digit number? We can say that, if a perfect square is a
3-digitora4-digit number, then its square root will have 2-digits.

Can you (ell the number of digits in the square root ol a 5-digit or a 6-digit
perfect square?

The smallest 3-digit perfect square number is 100 which is the square of 10 and the
greatest 3-digit perfect square number is 961 which is the square of 31. The smallest
d-digit square number 15 1024 which is the square of 32 and the greatest 4-digit number is
9801 which is the square ol 99,

I THINK, DISCUSS AND WRITE WS
it
2

Can we say thatif a perfect square is of n-digits, then its square root will have

digits if n is even or % ifnis odd?

The use of the number of dignis in square rool of a number is useful in the following method:
® Consider the following steps to find the square root of 529.
Can you estimate the number of digits in the square root of this number?
Step 1 Place a bar over every pair of digits starting from the digit at one’s place. If the
number of digits in it is odd, then the left-most single digit too will have a bar,

Thus we have. 529, 2
Step 2 Find the largest number whose square is less than orequal to the numberunderthe 2| 529
extreme left bar (2° < 5 <3%). Take this numnber as the divisor and the quotient | 4
with the number under the extreme lefl bar as the dividend (here 5). Divide and — 1
get theremainder (1 in this case).
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]
Lh
| ]
=]

431 129

6| 4096
~36
446

6| 4096
- 36
12 | 496

64
6| 4096
~136
124] 496
— 496

Step 3

Step 4
Step 5

Step 6

Bring down the number under the next bar (i.e., 29 in this case) 1o the right of
the remainder. So the new dividend is 129.

Double the quotient and enter it with a blank on its right.

Guess a largest possible digit to fill the blank which will also become the new
digit in the quotient, such that when the new divisor is multiplied to the new
quotient the product is less than or equal 1o the dividend.

In this case 42 x 2 =84,
As43 x 3 =129 s0 we choose the new digit as 3. Get the remainder.

Since the remainder is 0 and no digits are left in the given number, therefore,

J520 =23,

®  Now consider ..I.I'q_()gﬁ

Step 1
Step 2

Step 3

Step 4

Step 5

Step 6

Place a bar over every pair of digits starting from the one’s digit. (40 96 ).

Find the largest number whose square is less than or equal to the number under
the left-most bar (62 < 40 < 72). Take this number as the divisor and the number
under the lefi-most bar as the dividend. Divide and get the remainderie., 4in
this case.

Bring down the number umder the next bar (i.e., 96) to the right of the remainder.
The new dividend is 496.

Double the quotient and enter 1t with a blank on 1ts righi.

Guess alargest possible digat wo fill the blank which also becomes the new digit m the
quotient such that when the new digit1s multiphied to the new quotient the product 18
less than or equal to the dividend. Tnthis case we see that 124 x 4 =496,

So the new digit in the quotient is 4. Get the remainder.

Since the remainder is 0 and no bar left, therefore, /4006 =64.

Estimating the number

We use bars to find the number of digits in the square root of a perfect square number.

520 =23 and  [4096 =64

In both the numbers 529 and 4096 there are two bars and the number of digits in their
square root is 2, Can vou tell the number of digits in the square root of 144007

By placing bars we get | 44(0. Since there are 3 bars, the square root will be of 3 digit.
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Without calculating square roots, find the number of digits in the square root of the
following mimbers.

1) 25600 i) 100000000 (i) 36864
Example 9: Find the square root of : (i) 729 (ii) 1296
Solution:
. - 36
) 27 (i) e
2 [ 729 3 ;2 96
—d =R
T71 329 Therefore +/720 =27 66| 396 Therefore /1296 =36
" 396
| 329 0= i=
0 0
Example 10: Find the least number that must be subtracted from 5607 so as to get T4
a perfect square. Also find the square root of the perfect square. 7| 35607
Solution: Let us try to find ,[56)7 by long division method. We get the - 49
remainder 131, It shows that 742 is less than 5607 by 131. 144 | 707
This means if we subtract the remainder from the number, we get a perfect square. -376
Therefore, the required perfect square is 3607 — 131 =5476. And, /5476 = 74. 131
Example 11! Find the greatest 4-digii number which is a perfect square. _9_9__
Solution: Greatest number of 4-digits = 9999, We find /9909 by long division 9| 9999
method. The remainder is 198, This shows 992 is less than 9999 by 198, -8l

This means if we subtract the remainder from the number, we get a perfect square. 189 | 1899
Therefore, the required perfect square is 9999 — |98 =9801. — 1701

198
And, fogp1 =99
Example 12: Find the least number that must be added to 1300 so as to get a '!'_6—_
perfect square. Also find the square root of the perfect square. 3 1300
Solution: We find /]300 by long division method. The remainderis 4. =9
This shows that 362 < 1300, 66 o
Next perfect square numberis 372 = 1369, =396
Hence, the number to be added 15 372 — 1300 = 1369 — 1300 = 69. 4

6.6 Square Roots of Decimals
Consider /] 7.64

Step 1 To find the square root of a decimal number we put bars on the integral part
(i.e., 17} of the number in the usual manner. And place bars on the decimal part
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17.64
- 16

164

704

(i.e., 64) on every pair of digits beginning with the first decimal place. Proceed

as usual. We get 17.64.

Step 2 Now proceed in a similar manner. The left mostbarison 17 and 42 < 17 < 5%,
Take this number as the divisor and the number under the left-most bar as the
dividend, i.e., 17. Divide and get the remainder.

Step 3 The remainder is 1. Write the number under the next bar (i.e.. 64) 1o the rightof

this remainder, to get 164.
a - - & a . 4. 2
Step 4 Double the divisor and enter it with a blank on its right. i T 17.64
Since 64 is the decimal part so put a decimal point in the -6
quotient.
" ’ e 82 164
Step 5 We know 82 x 2 = 164, therefore, the new digitis 2. 164
Divide and get the remainder. 0

Step 6 Since the remainder is () and no bar lef, therefore /1764 =4.2.-

Example 13: Find the square root of 12.25.

Solution: 35
3 12,25
-9
o - Therefore, f12.25=35
H3 325
325
0
Which way to move

Consider a number 176.34 1. Put bars on both integral part and dectmal part. In what way
is putting bars on decimal part ditferent from integral part? Notice for 176 we start from
the unit’s place close to the decimal and move towards left. The first bar is over 76 and the
second bar over 1. For 341, we start from the decimal and move towards right, First bar

is over 34 and for the second bar we put () after 1 and make 3410
Example 14: Areaof a square plotis 2304 m?, Find the side of the square plot.
Solution: Area of square plot=2304 m?

Therefore, side of the square plot= /2304 m
We find that, J2304 =48

Thus, the side of the square plot is 48 m.

Example 15: There are 2401 students in a school. PT. teacher warnis them to stand
mn rows and columns such that the number of rows 15 equal to the number of colurmns, Find
the number of rows.
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Solution: Let the number of rows be x Py T
So, the number of colummns =x 4 2401
Therefore, number of students = x x x =22 -16
Thus, x* = 2401 gives x= 2401 =49 59 801
The number of rows =49, 301

0

6.7 Estimating Square Root

Consider the following situations:

1. Deveshihas a square piece of cloth of area [25 cm?®. She wants to know whether
she can make a handkerchief of side 15 cm. IT that 18 not pessible she wants to
know what is the maximoum length of the side of a handkerchief that can be made
from this piece.

2. Meena and Shobha played a game. One iold a number and other gave its square
root. Meena started first. She sard 25 and Shobha answered quickly as 5. Then
Shobha said 81 and Meena answered 9. It went on. till at one point Meena gave the
number 250, And Shobha could not answey, Then Meena asked Shobha if she
could atleast tell a number whose square is closer to 250.

In all such cases we need 1o estimate the square root.

We know that 100 < 250 < 400 and Jmﬂ = 10 and /400 =20.

So 10 < .J250 <20
But still we are not very close to the square number.
We know that  15%= 225 and 16* =256

Therefore, 15 < 250 < 16 and 256 is much closer to 250 than 225.
So, J250 isapproximately 16.

Estimarte the value of the following to the nearest whole mumber.

VN T (i /1000 i) /350 ) 500

. EXERCISE 6.4
1. Find the square root of each of the following numbers by Divigion method.

(1) 2304 (i) 4489 (i) 3481 (iv) 529
(v) 3249 (vi) 1369 (vii) 3776 (viii) 7921
{ix) 376 (x) 1024 (=) 3136 (xi) 900

2. Find the number of digits in the square root of each of the following numbers (without
any calculation).
1 o4 (i) 144 (i) 4489 {iv) 27225
(v) 390625
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. Find the square root of the following decimal numbers.
@ 2.56 @) 7.29 (i) 51.84 (iv) 42.25
(v} 31.36
. Find the least numober which must be subtracted from each of the following numbers
50 as to get a perfect square. Also find the square root of the perfect square so
obtained.
(i) 402 (i) 1989 i) 3250 (iv) 825
() 4000
5. Find the least number which must be added to each of the following numbers so as
1o get a perfect square. Also find the square root of the perfect square so obtained.
1 525 @ 1750 () 252 (v} 1825
(vi 6412
Find the length of the side of a square whose area is 441 m*.
In aright triangle ABC, £B =90~
(a) TAB=6cm.BC=8cm, find AC (b} HTAC=13cm, BC=5cm, find AB
8. A gardener has 1000 plants, He wants to plant these in such a way that the number
of rows and the number of columns remain same. Find (he minimum number of
plants he needs more for this.

9. There are 500 children in a school. For a P.T. drill they have to stand in such a
manner that the nuraber of rows 15 equal o number of columns. How many children
would be lelt out in this arrangemeni.

— WHAT HAVE WE DISCUSSED? _

Il a natural number m can be expressed as n?, where # is also a natural number, then m is a
sqnaremlmher
2. All square numbers end with 0, 1,4, 5, 6 or 9 at unit’s place.

3. Square numbers can only have even number of zeros at the end.

o fEy)

4. Square root is the inverse operation of square.
5. There are two integral square roots of a perfect squatre number.

Positive square root of a number is denoted by the symbol /.

For example, 3¥=9 gives JJo =3




