Integration by parts

Q.1. Evaluate : 0f1/2 sin =1 x/(1 - x2)3/2 dx.

Solution : 1

We have , I = 0f1/2 sin ~1x/(1 - x2)3/2 dx,

Putsin 1 x =t =>x=sint =>dx = cos t dt

[Whenx =0,sint=0=>t=0andwhenx =1/2,sint=1/2 =>t =n/6]
Therefore, I = 0f1/2 sin =1 x/(1 - x2)3/2 dx = 0f™/6 (t/cos3 t).cos t dt
= 0f™/6 t sec? t dt

= [tfsec2 t dt —J{d/dt(t).fsec? t dt}]0™/6 [Integrating by parts]

= [t.tan t - Jtan tdt ]0n/6

= [t.tan t - log sec t]0n/6

= [n/6 tan n/6 - log sec n/6] - [0 - log sec 0]

= [n/6(1/V3) - log (2/Vv3)] - [0 - 0]

= [n/(6V3) - log (2/V3)]

Q.2. Evaluate : fe ~2X sin x dx.

Solution : 2

Let I = fe “2X sin x dx = sin x fe ~2X dx - [cos x (-1/2) e ~2X dx
= - 1/2e “2X sin x 4+ 1/2 fe ~2X cos x dx

fe ™2X cos x dx = cos xJe ~2X dx — [(- sin x )(- 1/2 e ~2X) dx

= -1/2 e 2X cos x - 1/2 e -2x sin x dx

Therefore, I = - 1/2 e “2X sin x + 1/2 {- 1/2e -2x cos X - 1/2 [e~2X sin x dx}



=-1/2e 2Xsinx-1/4e X cos x - 1/4 1
Or, 5/4 1= - 1/2 e =2X sin x - 1/4 e ~2X cos X

Or,I =-2/5e-2xsinx-1/5e-2xcosx +cC.

Q.3. Evaluate : [eX[(1 + sin x)/(1 + cos x)] dx .

Solution : 3

We are given,

[eX [(1 + sin x)/(1 + cos X)]dx

= [eX[{(1 + sin x)(1 - cos*X )}/{(1 + cosX )(1 - cos X)}]dx

= [eX[(1 - cos X + sin x - sin x cos x)/(1 - cos? x)]dx

= [eX[(1 - cos X + sin x — sin x cos x)/sin? x]dx

= [eX (cosec? x — cosec X cot X + cosec x — cot x)dx

= [eX cosec? x dx - [eX cosec x dx + [ex cosec x dx — [eX cot x dx

= eX [cosec? x dx — [eX (- cot x)dx + exJ(- cosec x cot x)dx — [eX cosec x dx +
eXfcosec x dx - [eX cot x dx

= eX (- cot x) + [eXcot x dx + ex cosec x — [excosec xdx + [eX cosec x dx — [eXcot x dx

= eX cosec x — ex cot x = eX (cosec x - cot x) + c.

Q.4. Evaluate : [x.cos x .dx.

Solution : 4
Let I = [x.cos x.dx = xJcos x dx — [{d/dx(x).[cos x dx}.dx
= X sin X — J1.sin X dXx = X sin X = Jsin x dx

X Sin X + cos X + C.



Q.5. Evaluate : [x2 sin 2x .dx.

Solution : 5

Ix2 sin 2x dx = x2[sin 2xdx - [{d/dx(x2).[sin 2x dx}.dx

= x2 {(-1/2) cos 2x} - [2x .{(~1/2) cos 2x}dx

= (-1/2)x2 cos 2x + [x cos 2x.dx

= (=1/2)x2 cos 2x + x.£(1/2) sin 2x} = [1.£(1/2) sin 2x}dx
= (-1/2) x2 cos 2x + (1/2) x sin 2x -1/2{(-1/2) cos 2x} + c

= (-1/2) x2 cos 2x + (1/2) x sin 2x + (1/4) cos 2x + c.

Q.6. Evaluate : [x2e3X.dx.

Solution : 6

fx2e3%Xdx = x2[e3X.dx - [[d/dx(x2)[e3X.dx].dx

= x2(1/3)e3% - [2x(1/3)e3%.dx

= (1/3)x2e3X - (2/3) [xe3X.dx

= (1/3)x2e3X% - (2/3)[x(1/3)e3% - [1.(1/3)e3X.dx]
= (1/3)x2e3X - (2/9)xe3X + (2/9)(1/3)e3*+

= [(1/3)x2 - (2/9)x + 2/27]e3% + c.

Q.7. Evaluate : [[x%/(a + bx)2].dx.

Solution : 7

[[x2/(a + bx)2].dx = [[x%(a + bx)™2].dx



= x2[(a + bx)"2.dx - [[d/dx(x?)[(a + bx) 2.dx].dx

= x2[(a + bx)"1/(-b)] - f2x[(a + bx)™1/(~b)].dx

= - [ x%/{b(a + bx)}] + (2/b2) J[bx/(a + bx)].dx

= - [x%/{b(a + bx)}] + (2/b2) [[{(a + bx) - a}/(a + bx)].dx
= - [x%/{b(a + bx)}] + (2/b?)[fdx - f{a/(a + bx)}.dx

= - [x?/{b(a + bx)}] + (2/b2)[x - (a/b) log (a + bx)] + ¢

= - [x2/{b(a + bx)}] + 2x/b2 - (2a/b3) log (a + bx) + c.

Q.8. Evaluate : [[log x/x].dx.

Solution : 8

Let I = [[log x/x].dx = [(log x)(1/x).dx

log x J(1/x).dx — [[d/dx(log x)J(1/x).dx].dx

(log x).(log x) = [(1/x).(log x).dx = (log x)2 - I
Or, 2I = (log x)2

or, I =1/2 (log x)2 + c.

Q.9. Evaluate : [(log x)2Vx.dx.

Solution : 9

LetlI

= [(log x)2Vx.dx = (log x)2fVx.dx - [[d/dx{(log x)2} [(Vx).dx].dx
= (log x)2{(x*/2)/(3/2)} - J{(2 log x )(1/x)}{(x*/?)/(3/2)}.dx

= (2/3)(x*/?)(log x)2 - 4/3 (log x)x1/2.dx

= (2/3)(x3/2)(log x)2 - 4/3[ log x [Vx.dx — [{d/dx(log x) [VX.dx}.dX]



= (2/3)(x3/2)(log x)2 - 4/3[log x{(x3/2)/(3/2)} - [(1/x){(x*/?)/(3/2)}]
= (2/3)(x3/2)(log x)2 - 4/3[(2/3)(x3/?)log x - (2/3)J(x¥/?)] + ¢

= (x3/2)[(2/3)(log x)2 - (8/9)(log x) + 16/27] + c.

Q.10. Evaluate : [x tan ~1 x.dx

Solution : 10
Let I = fx tan ~1 x.dx = (tan™1 x)[x.dx - [[d/dx(tan ~1 x)[x.dx].dx
= (tan 71 x)(x%/2) - [[{1/(1 + x?)}(x%/2)].dx

= (x3/2)(tan 71 x) - (1/2)[{x?/(1 + x?)}dx

= (x2/2)(tan ~1 x) - (1/2)f[1 ~1/(1 + x2)].dx

= (x%/2)(tan"1 x) - (1/2)[x -tan -1 x] + ¢

= (1/2)[(x2 + 1) tan "1 x - x] + c.

Q.11. Evaluate : [log {x + V(a2 + x2)}.dx.

Solution : 11

Let I = flog {x + V(a2 + x2)}.dx = [[log {x + V(a? + x?)}].1.dx
= log {x + V(a2 + x2)}[1.dx - fd/dx[log {x + V(a2 + x2)[1.dx
= x log {x + V(a2 + x2) - [{1/V(a2 + x2)}.x.dx

= x log {x + V(a2 + x2) - (1/2)[{(a2 + x2) -1/2}(2x).dx

X log {x + V(a2 + x2) - (1/2){(a% + x2) -1/2}/(1/2) + ¢

x log {x + V(a2+ x2) - V(a2 + x2) + c.

Q.12. Evaluate : [cos 2x log sin x .dx.



Solution : 12
Let I = [cos 2x log sin x.dx = [(log sin x).cos 2x.dx
= (log sin x)fcos 2x.dx - [[d/dx(log sin x) Jcos 2x.dx].dx

=(log sin x)(sin 2x/2) - [(cos x/sin x)(sin 2x/2)dx

(log sin x){(2sin x.cos x)/2} - [(cos x/sin x){(2sin x.cos x)/2}.dx

sin X. cos X. log sin x — fcos2 x.dx = sin X. cos X. log sin x = [{(1 + cos 2x)/2}.dx

sin x cos x log sin x = 1/2 (x + sin 2x/2) + ¢

sin x cos x log sin x = 1/2 (x + sin x cos X) + C.

Q.13. Evaluate : [[(x sin ~1 x )/V(1 - x2)].dx.

Solution : 13
Let I = f[(x sin~1 x)/V(1 - x2)].dx [put x = sin 6, then dx = cos 6d8]

I = [{6.sin 8)/V(1 - sin? 8)}.cos B dB

f6sin6dd =86 (-cosB)-J1.(-cos6)db

-0cosB+sinB+c=-6V(1l-5sin20)+sind+c

- V(1 -x2)sin-1x+x + c.

Q.14. Evaluate : [[(x + sin x)/(1 + cos x)].dx.

Solution : 14
LetI = [[(x + sin x)/(1 + cos x)].dx

= [[(x + 2 sin 1/2 x.cos 1/2 x)/(1 + 2 cos2 1/2 x — 1)].dx

JI(x + 2sin 1/2 x cos 1/2 x)/2 cos2 1/2 x].dx

1/2 [x. sec2 1/2 x.dx + [tan 1/2 x.dx



= 1/2 [x.(2tan 1/2 x) - f1.(2 tan 1/2 x).dx + [tan 1/2 x.dx
= X. tan 1/2 x - Jtan 1/2 x.dx + [tan 1/2x.dx

=x.tan 1/2 x + c.

Q.15. Evaluate : [[xeX/(x + 1)2].dx.

Solution : 15
Let I = [[xeX/(x + 1)2].dx = [(x.eX¥){(x + 1) -2}.dx

= (x.e¥) J[(x + 1) "2].dx - [[d/dx(x.eX)[{(x + 1) ~2}dX].dX
= - xeX/(x + 1) - [(xeX + eX.1)(-1/(x + 1).dx

= -xeX/(x + 1) + feX(x + 1)/(x + 1).dx

= - xeX/(x + 1) + feX.dx

= - xeX/(x + 1) + ex + C

=eX/(x+ 1) +c.



