JEE Type Solved Examples :
Single Option Correct Type Questions

= This section contains 10 multiple choice examples.
Each example has four choices (a), (b), (¢) and (d) out of
which ONLY ONE is correct.

Ex. 1 Two distinct chords drawn from the point (p,q) on
the circle x> +y? = px +qy, where pq 20, are bisected by
the X-axis. Then,

@]pl=lgl (b) p*=8q" (c) p* <8q” (d) p* > 8¢

Sol. (d) b
m
X X

(.0

Q * =
Suppose chord bisect at M(A,0), then other end point of chord
is(h,—q)
where, A= pth

2

which lie on x? +y? = px +qy
or h* +q* = ph —q*
g h* - ph+2¢* =0
for two distinct chords, B* —4 AC >0
or p®-4002¢° >0
or pz > 8q2

EXx. 2 The values of N for which the circle
x? +y? +6x +5 + N\x*> +y? —8x +7) =0 dwindles into a
point are

@152 (222 (2 M2 (g N2
3 3 3 3
Sol. (c) The given circle is

x?+y? +6x 45+ Nx? +y* —8x +7) =0

or  x*(1+A)+y*(1—=A\)+(6 —8\)x+(5+7A)=0

0 x2+y2+§_8)\@(+§+7)\ =0
1+A 1+A

This will dwindle into a point circle, then radius of the

circle =0

(B2 B

(3=4N)? =(5+7A)(1 +A) =0
0 9—160% =24\ —5-5\ -7A -A?% =0

O 9N =36A +4=0
N \(36)* —49.4
29
0 A=2+ 43—&

Ex. 3If f(x +y) = f(x) f(y) forall x and y, (1) =2
anda , = f(n),n UN, then the equation of the circle having
(04,0 ,) and (05,0 4) as the ends of its one diameter is

(@) (x =2)(x =8) +(y —4)(y —16) =0
(b) (x = 4)(x =8) +(y =2)(y —16) =0
(© (x=2)(x =16) +(y —4)(y —8) =0
(d) (x =6)(x =8) +(y =5)(y —6) =0
Sol. () f(x+y)=f(x).f(y) (1)
f(y=2
InEq. (i), Put x =y =1,
then f(2)= f(1).f(1) =2
Now, in Eq. (i), x = 1,y =2,then
f@3)=f()f(2)=22" =2°

Hence, f(n)=2"

g o ,=f(n)=2"0d] N
(GI’GZ) 5(2’4)

and (as,0,)=(8,16)

Equation of circle in diametric form is
(x =2)(x =8) +(y —4)(y —16) =0

EXx. 4 Two circles of radii a and b touching each other
externally, are inscribed in the area bounded by

1
y =+/(1 —x?) and the X-axis. If b =E, then a is equal to

1

1
() Z (b) g

1 1
() E (d) ﬁ

Sol. (a) Let the centres of circles be C; and C,, then

€ =({(1-2a),a)
C, =(y(1-2b).b)

and



N
b
Coll Cy
o\ A2
X 1,0 0 1,0 X
Yy b
Now, C,C, =a+b
O 0
0 (1—2a))2+§,_1§2 = +l§ L.p = 10
2 2 H  2H

1 1
or 1-2a+a—-—— =[[@+-
2 2
1 1
or 1-2a+a” +— —a =a” +— +a
4 4

or a=—

EXx. 5§ There are two circles whose equations are
x? +y? =9andx* +y® —8x =6y +n’ =0,n0lI. If the two
circles having exactly two common tangents, then the number
of possible values of n is
(a) 2 (b) 7 (c)8
Sol. (d) Given circles are S;:x* +y* -9 =0

()9

Its centre C;:(0,0) and radius r; =3
and Sy:x? +y? —8x —6y +n® =0
Its centre C,:(4,3) and radius r, = /(25 —n?)
25-n*>0+ § K 5 ()
For exactly two common tangents,

n+r, >CCy

Here,

0 3425 -n%) > /(4% +37)
O \(25-n?) >2
25-n’>4
or n?<21
or -21 <n <421 ...(id)
From Eqgs. (i) and (ii), we get
21 <n <21

ButnOI.So,n=-4,-3,-2,-1,0,1,2,3,4

Hence, number of possible values of n is 9.

Ex. 6 Suppose f(x,y) =0 is the equation of a circle such
that f(x,1) =0 has equal roots (each equal to 2) and
f(1,x) =0 also has equal roots (each equal to zero). The
equation of circle is
(a) x* +y2 +4x +3 =0 (b) x? +y2 +4y +3 =0
() x*+y*+4x -3 =0 (d)x*+y’ —4x +3 =0

Sol. (d) Let f(x,y) = x> +y* +2gx +2fy +c

a flx,1) = x® +1+2gx +2f +c =(x —2)° (given)
then, g=-22f +c =3 ..(1)
Also, f(L,x)=1+x%+2g +2fx +c =(x -0)° (given)
then, f=02g+c=-1 ...(ii)

From Eqgs. (i) and (ii), we get
g=-2f=0c =3
Thus, equation of circle is
x? +y2 —4x +3 =0

Ex. 7 A variable circle C has the equation
x? +y? =2(t? =3t +1)x —2(t* +2t)y +t =0, wheret is a
parameter. If the power of point (a,b) w.r.t. the circle C is
constant, then the ordered pair(a,b) is

1 1 1T 1
® B 3o ® Borot
1 1 1 1
ST @55
Sol. (c) =+ C:x? +y? —=2(t? =3t +1)x —2(t> +2t)y +t =0
given power of circle = constant
O a® +b? —2(t* =3t +1)a —2(t* +2t)b +t =constant
O - 2¢ byi% (6o 4B 1t (a* b* 2aF constant
- Power of circle is constant, then
atb=0and6a—4b+1=0
or b= —a,then 6a+4a+1=0
1,1

0 a=-—b=—
10 10

1 1
Hence, required ordered pair is %—,—Q
10 10

Ex. 8 If the radii of the circles (x =1)* +(y —2)* =1and
(x =7)% +(y =10)* =4 are increasing uniformly w.r.t. time
as 0.3 unit/s and 0.4 unit/s respectively, then they will touch
each other att equals to

(a)45s (b) 90 s
(c)11s (d)135s
Sol. (b) Given circles are S;:(x — 1) +(y -2)% =1
Its centre C;:(1,2) and radius r; =1
Sy(x=7) +(y —10)* =4
Its centre C,:(7,10) and radius r, =2
CiCy=10>r +r,
Hence, the two circles are separated.

The radii of the two circles at time ¢ are (1 +03¢) and
(2+0.4t)

and



For the two circles touch each other, then
C,Cy =|(1+031) (2 +0.41)|

O 10 =]3+0.7¢| or 10 =|-1 —0.1¢|
O 07t +3 = 10 or =1 —0.1¢ = +10
0 t=10 or t=90 [-t>0]

Ex. 9 A light ray gets reflected from x = =2. If the
reflected ray touches the circle x* +y? =4 and the point of
incident is (=2, — 4), then the equation of the incident ray is

(a)4y +3x +22 =0 (b)3y +4x +20 =0
(c)4y+2x+20=0 (dy+x+6 =0
Sol. (a) Any tangent of x +y? =4 is y = mx £2,/(1 + m?).
If it passes through (—2,—4), then —4 = —2m +2,/(1 +m?)

A

X« S 0 X
l|<

(-2, -a) e

JEE Type Solved Examples :

or (m=2)* =1+m*
or m=o,m=3/4
Hence, the slope of the reflected ray is 3/4.

Thus, the equation of the incident ray is

3
+4 =——(x +2
y 4( )

ie. 4y +3x +22 =0

Ex. 10 If a circle having centre at (Q,B) radius r
completely lies with in two lines x +y =2 and x +y = =2,
then, min.(jo +3 + 2,0 + —2|) is

(a) greater than V2r
(b) less than /2 r

(c) greater than 2r
(d) less than 2r

Sol. (a) Minimum distance of the centre from line > radius of
+B+2 o +B —ZIE
Na 7 A2

or min.{jo +PB +2,ja +B —2|} >+/2r

>r

. . . a
circle i.e. min.
O

More than One Correct Option Type Questions

= This section contains 5 multiple choice examples. Each
example has four choices (a), (b), (c) and (d) out of which
MORE THAN ONE may be correct.

Ex. 11 If point P(x,y) is called a lattice point, if x,y OI.
Then, the total number of lattice points in the interior of the
circle x* +y? =a*,a #0 cannot be

(a) 202 (b)203 () 204 (d) 205
Sol. (a, b, ¢) Given circle is x* +y2 =a? (1)

Clearly (0, 0) will belong the interior of circle Eq. (i). Also,
other points interior to circle Eq. (i) will have the coordinates
of the form

(£),0),(0,+ \), where A? < a®
and (A, ) and (£, = A), where A2 +p? <g?and A,y O1

UNumber of lattice points in the interior of the circle will be of
the form 1 + 4r +8t, where r,t =0,1,2,...

UNumber of such points must be of the form 4n + 1, where
n=0,12...

Ex. 12 Let x,y be real variable satisfying
x> +y? +8x —10y —40 =0. Let
a =max. {\/(X +2)? +(y -3)%} and
b=min.{y(x +2)? +(y -3)2}, then
(@)a+bh =18 (b)a—-b =4+2
()a+b =442 (d)alb =73
Sol. (a, b, d) Given circle is
x? +y? +8x —10y —40 =0

The centre and radius of the circle are (—4,5) and 9,
respectively.

Distance of the centre (—4,5) from (-2,3) is

JAa+4) =242,

Therefore, a=2J2+9
and b=-272+9
O a+b=18,a-b =42,ab =73



Ex. 13 The equation of the tangents drawn from the
origin to the circle x*> +y? —2rx —2hy +h* =0, are
(ax=0
(b)y =0
(c)(h* =r*)x —2rhy =0
(d) (h* = r*)x +2rhy =0
Sol. (a, c) The given equation is (x —r)* +(y —h)* =r?

tangents are x =0

/ % T/2-20. X
O

and y= xtan@’zI —2(1@: xcot2a

_ x(1-tana)
2tana
O 20
xD—7D
0 Aa"0O

yE—— @ in AODC, tana = %

it

or (hW*-r¥)x —2rhy =0

Ex. 14 Point M moved on the circle

Sol. (b, ¢) Given circle is
(x = 4) +(y -8)" =20
or x*+y? —8x —16y +60 =0 ..()
Equation of chord of contact from (-2,0) is
20 +03 —4(x —2) —8(y +0) +60 =0
or 3x+4y —-34 =0 ..(ii)
Solving Egs. (i) and (ii), we get

2 4—-3x 4-3x
x“+ : —-8x —16 : +60 =0

or 5x%-28x—12 =0
or (x=6)(5x+2) =0
or X =6,——

5

2 44
Therefore, the points are (6,4) and @—g,?

Ex. 15 The equations of four circles are
(xxa)® +(y £a)® =a’. The radius of a circle touching all
the four circles is
(a)(\2 - Na (b) 24/2a
(©) (V2 +1)a (d)(2++2)a
Sol. (a, ¢) Radius of inner circle = OR —a
=\(@*+a*) -a
=a(+/2 -1)

Radius of outer circle = OR + RQ
=a2 +a =a(~2 +1)

(x —4)* +(y —8)% =20. Then it broke away from it and

moving along a tangent to the circle cut the X-axis at point
(=2,0). The coordinates of the point on the circle at which the
moving point broke away is

® 52’§ (b) %é%@

(c)(6.4) (d) (2, 4)




JEE Type Solved Examples :
Paragraph Based Questions

= This section contains 2 solved paragraphs based upon
each of the paragraph 3 multiple choice questions have
to be answered. Each of these questions has four choices
(a), (b), (c) and (d) out of which ONLY ONE is correct.
Paragraph I
(Q. Nos. 16 to 18)

Consider the relation 41> —5m?* +6[ +1 =0, where [,m OR.

16. The line [x + my +1 =0 touches a fixed circle whose
equation is
(@) x* +y? —4x =5 =0 (b) x* +y* +6x +6 =0
() x*+y?—6x+4 =0 (d)x*+y’ +4x -4 =0
17. Tangents PA and PB are drawn to the above fixed circle

from the point P on the line x +y —1=0. Then, the
chord of contact AB passes through the fixed point

OB-E 0B 0B Wi

18. The number of tangents which can be drawn from
the point (2,—3) are

()0 (b) 1 () 2

(d)1or2
Sol.
16. (c) Let the equation of the circle be
x*+y*+2gx +2fy +¢ =0 ..(i)

The line Ix + my +1 =0 touch circle Eq. (i), then

g omf *U_ ooy g
2+ m)
U (Ig +mf =1)* =(1* +m’)(g* +f* —c)
or (f*=c)l® +(g* —c)m® —2gflm +2gl 2 fm -1 =0 ...(ii)

But the given condition is
41 =5m* +61 +1 =0
Comparing Egs. (ii) and (iii), we get
fi-e_gl-c_—28f _g _2f _
4 5 0 3 0
Then, weget g = -3, f =0,c =4

-1
1

Substituting these values in Eq. (i), the equation of the circle is
x? +y2 —6x +4 =0
17. (a) Let any point on the line x +y -1 =01s
P(A\,1-A)A OR
Then, equation of AB is
Ax+(1-A)y =3(x +A) +4 =0
ad (=3x+y +4) +A(x -y -3) =0

for fixed point =3x+y +4 =0, x-y =3 =0

1 5
O X

2

<

=
. o =5
0 Fixed point is %,7
18. (c) Let $ = x? +y2 —6x +4 =0.
O 8 =@ +(3)" -62) +4
=4+9-12 -4
=5>0

Therefore, point (2,—3) lies outside the circle from which two
tangents can be drawn.

Paragraph 11
(Q. Nos. 19to 21)

Ifa- chord of a circle be that chord which subtends an angle
o at the centre of the circle.

19. If x +y =1isa-chord of x* +y? =1, thend is equal to

T T s 31
(a) . (b) " (©) 5 (d) "

Tt
20. If slope of a g-chord of x> +y? =4 is 1, then its

equation is
(a)x—y+\/7:0 (b)x—y+\/7=0
(@) x—y-+3=0 (d)x—y-243 =0

2Tt
21. Distance of7 — chord of x* +y? +2x +4y +1 =0

from the centre is

() % (b) 1 ©V2 ()2
Sol.
19. (c) From figure
y
0, 1)
> N
X o) a0 X
A Y/



20. (a) *- Slope of chord is 1.
Let the equation of chord be x —y + A =0.

OM =2cos%§=\/§
B

[0=0+A] _
O 0202 -5
V2

JEE Type Solved Examples :
Single Integer Answer Type Questions

= This section contains 2 examples. The answer to each
example is a single digit integer, ranging from 0 to 9
(both inclusive).

Ex. 22 A circle with centre in the first quadrant is tangent
toy =x +10, y = x —6 and the Y-axis. Let(p,q) be the centre
of the circle. If the value of (p +q) =a +ba, whena, b 0Q,

then the value of |a — b| is

Sol. (6) *- CP =CR
—q +10
O lp 35 -,
or p—q+10 =p 2 ..(i)
and CP =CQ

...(i)

O A =%6
Hence, equation of chords are
x—y* V6 =o.

21. (b) From figure,

&A

OM = Zcosggg= 1
3

From Egs. (i) and (ii), we get
p=4J2andq =42 +2
Now, ptg=2+8J2=a+b\2 (given)
O a=2b=8
Hence, |a —b| =2 =8| =6

Ex. 23 If the circles x* +y?* +(3 +sinB)x +2cos @y =0
and x* +y? +(2cos@)x +2 Ny =0 touch each other, then
the maximum value of \ is
Sol. (1) Since, both the circles are passing through the origin

(0, 0), the equation of tangent at (0,0) of first circle will be
same as that of the tangent at (0,0) of second circle.

Equation of tangent at (0, 0) of first circle is

(3+sinB)x +(2cos @y =0 ..(0)
Equaton of tangent at (0, 0) of second circle is
(2cos@)x+2Ay =0 ..(i)

Therefore, Egs. (i) and (ii) must be identical, then
3+sinB _ 2cos@

2cos@® 2\
9 cos?
or = 7C0? ?
3 +sin0)
or Aax =1 (when sin® = —1 and cos @ =1)



JEE Type Solved Examples :
Matching Type Questions

= This section contains 2 examples. Examples 24 and 25
have four statements (A, B, C and D) given in Column I
and four statements (p, q, r and s) in Column II. Any
given statement in Column I can have correct matching

with one or more statement(s) given in Column II.

Ex. 24. Consider the circles C, of radius a and C, of

radius b,b > a both lying the first quadrant and touching the

coordinate axes.

Column | Column 1l
(A) Cand C, touch each other and

Lys A + /i, A O prime number and
a

(p) A+ isaprime
number

p Owhole number, then

(B) C, and C, cut orthogonally and
b = A +./u, A Oprime number and number
a

p Owhole number, then

(C) C, and C, intersect so that the

common chord is longest and

5. A + /U, A Oprime number and
a

number

W Owhole number, then

(D) C, passes through the centre of C;
and b =A+ Jﬁ, A Oprime number
a

(s) |\ —p]is a prime
number

and g Owhole number, then

(q) A+ is acomposite

(r) 2\ + is a perfect

Sol. (A)- (p. s); (B) = (p): (C) - (p. 1. 5); (D) » (q, 1)
N Cy:x* +y? —2ax —2ay +a* =0
Centre : (a,a) and radius : a
and Cy:x® +y? —2bx —2by +b* =0
Centre : (b,b) and radius : b
(A) - C, and C, touch each other, then
N2(b—a)=b+a O S:(ﬁﬂ)z =3 +./8

O A=
(B) " C, and C, intersect orthogonally, then
20b —a)* =b* +a*

3u=8

O a*+b*—4ab =0

or %g—4%@+1:0

0 é:4i1/(16—4):2+\/§
a 2

d A= 2,u=3]

(C) . C, and C, intersect, the common chord is
20b —a)(x +y) =b* —a*

given common chord is longest, then passes through (a,a)

O 2(b —a)a) = b* —a*

or (b=3a)b—-a)=0

i b-a#0 [b>a]
] b-3a=0

or §=3 OA= 3,u4=0

(D) " C, passes through (a,a), then a* + a* —2ab —2ab +b* =0
or b* —4ab +2a* =0

: 25 -

é:4i1/(16—8) —0+2
a 2

or

a A= 2,u=2

Ex. 25. Match the following

Column 1 Column 1l
(A) The circles x> + y2 +2x+c=0 (p) 1
(c> 0)and x* + y2 +2y+c=0touch
each other, then the value of 2cis
(B) The circles x>+ 3> +2x +3y+¢ =0 (q) 2
(c>0)andx*+ y> —x +2y +¢ =0
intersect orthogonally, then the
value of 2c¢is
(C) The circle x> + y* =9is contains the = (r) 3
circle x>+ 12 =2x +1=¢ =0(c>0),
then 2¢ can be
(D) The circle x*+ y* =9is contains in (s) 4

2
the circle x2 + y? —2x +1_% =0

(¢ >0), then (¢ —6) can be

Sol.

(A) - () B) - (@ (C) - (p, g, 1); (D) ~ (x, 9)
(A) The circles
Si(x+1)* +y* =(J1 —¢))®
Centre C;:(—1,0), radius r,:+/(1 —¢)
and Sy 1) =(T-0))’
Centre C,:(0,— 1), radius : r, = /(1 —¢)
Now, CC, =~2andn =1,

OThe circles will touch externally only and C,C, =1, +r,
a V2 =20 -c)or2c =1



. 2 3 O/m3
(B) The circles S;:(x +1)° + @ +5 = le —c
Centre C;: %1, —EQ radius :\/H
2 4

and Szz@—%g+(y+l)2:[| %—c g
Centre Cy%,—l@ radius r,: %—c@

For intersect orthogonally

(Clcz)z = "12 +r22

. gglggzﬁ_ﬁé_c
4 4
2c =2

or
(C) The circles
Sp:x® + yz =32

Centre C;:(0,0), radius r;:3

JEE Type Solved Examples :
Statement | and Il Type Questions

= Directions (Ex. Nos. 26 and 27) are Assertion-Reason
Type examples. Each of these examples contains two
statements :
Statement I (Assertion) and Statement II (Reason)

Each of these examples also has four alternative choices only
one of which is the correct answer. You have to select the
correct choice as given below :

(a) Statement I is true, Statement II is true; Statement I is a
correct explanation for Statement I

(b) Statement I is true, Statement II is true; Statement II is
not a correct explanation for Statement I

(c) Statement I is true, Statement II is false
(d) Statement I is false, Statement II is true

Ex. 26 C, is a circle of radius 2 touching X-axis and

Y-axis. C, is another circle of radius greater than 2 and
touching the axes as well as the circle C;.
Statement | Radius of Circle C, =~2(~2 +1)(~/2 +2)
Statement 1l Centres of both circles always lie on the line
y=X.
Sol. (c) Cy:(x —2)* +(y —2)* =2°
Coxx=r)* +(y =r)* =r* (r>2)

According to question,

(r=2)*+@r -2)* =r +2

(r=2)* +(r —2)* =(r +2)?

and Syi(x—1)* +y% =¢?
Centre C,:(1,0), radius ry:c

Now, S, will be contained in S,, then

GCy <n—n
or 1<3-corc<2U2c<4
(D) The circles

Si:x®+y? =9

Centre C;:(0,0), radius r;:3 and

Sy:(x—1)2 +y% = %g

Centre C,:(1,0), radius rzzg

Now, S; will be contained in S,,

then, r,—n >CC,
O S 3>10r c>8
2
g (c=6)>2
2 Y
r°=12r +4 =0
12+ .J144-16)
p= S NUEETOD)
2
=642
O r=6+42 [r>2] @2
=242 +1)* X+5 X
=2(y2 +1)@2 ++2) Ty

[Statement I is true and Statement II is always not true
(where circles in II or IV quadrants)

Ex. 27 From the point P(/2,/6) tangents PA and PB are

drawn to the circle x> +y?* =4

Statement | Area of the quadrilateral OAPB (O being
origin) is 4.

Statement Il Tangents PA and PB are perpendicular to each
other and therefore quadrilateral OAPB is a square.

Sol. (a) Clearly, P(+/2,4/6) lies on x* +y® =8, which is the
director circle of x* +y® = 4.

Therefore, tangents PA and PB are perpendicular to each other.
So, OAPB is a square.

Hence, area of OAPB = (\/E)2 =5
=(W2)" + (o)’ ~4 =4

[OBoth statements are true and statement II is correct
explanation of statement L



Subjective Type Examples

= In this section, there are 16 subjective solved examples.

Ex. 28 Find the equation of a circle having the lines
x? +2xy +3x +6y =0 as its normals and having size just
sufficient to contain the circle

x(x —4) +y(y —3) =0.
Sol. Given pair of normals is ~ x? +2xy +3x +6y =0
or (x +2y)(x +3) =0
0 Normals are x +2y =0and x + 3 =0 the point of
intersection of normals x +2y =0and x +3 =0is the

centre of required circle, we get centre C; = (—3,3/2) and
other circle is

x(x=4)+y(y-3)=0
or x?+y% —4x -3y =0 ..(i)
: — . 9 5
its centre C, =(2,3/2) and radiusr = [4 + " :E

Since, the required circle just contains the given circle(i),
the given circle should touch the required circle internally
from inside.

O radius of the required circle = | C; = C,| +r

3 5
= (-3 -2)° +% —7g+,
\/( 20 2
:5+§:E

2 2

Hence, equation of required circle is

(x +3) +(y —3/2)’ :ﬁgg

or x® +y? +6x =3y —54 =0

Ex. 29 Let a circle be given by
2x(x—a)+yQ@y —-b) =0
Find the condition on a and b if two chords, each bisected by
the X-axis, can be drawn to the circle from (a, b/2).

2x(x —a)+y(2y —-b) =0
or x*+y* —ax —by/2 =0

Sol. The given circle is

Let AB be the chord which is bisected by X-axis at a point
M. Let its coordinates be M (h, 0)

(a#0, b#0)

and let S=x?+y® —ax —-by/2 =0

0 Equation of chord ABis T =S,

hx +0 —g(x +h) —%(y +0) =h* +0 —ah —0
Since, its passes through (a, b/2) we have

2

ah-2a+n) -2 =2 —an
2 8

2 2
O hz - @ + i + bf =0

2 2 8
Now, there are two chords bisected by the X-axis, so there

must be two distinct real roots of h.

O B* —4AC>0
2 ZD
0 R sad L2
2 0z 80
a a® > 2b%.

Aliter : Given circle is
2x(x—a)+y 2y —b) =0

or x?+y* —ax _b?y =0 ..()
Let chords bisected at M (h, 0) but given chords can be

drawn A @7, g@then chord cut the circle at B(A,— b/2)

- Mid-point of ordinates of A and B is origin.
O B(A,b/2)lies on Eq. (i)

b? b?

O N+ ——ak +— =0
4 4
bZ

or AN —alh +— =0
2

A is real
2
O B* —4AC>0 or a2—4E’}2L>0 or a*>2b?

Ex. 30 Let C, and C, be two circles with C, lying inside
C,. A circle C lying inside C; touches Cinternally and C,
externally. Identify the locus of the centre of C.

Sol. Let the given circles C;and C, have centres O; and O,

with radii n, and r,, respectively. Let centre of circle C is
at O radius is .

00, =r +r,

00, =rn-r
a 00, + 00, =1, +r,
which is greater than O, 0, as 0,0, <r, +r,.
0 Locus of O is an ellipse with foci O, and O,.



o at +b* =4r° (i)
Equation of OM which is [ to AB s

b
AN A It passes through (0, 0)
0 Equation of OM is
ax —by =0 ...(1ii)
On solving Eq. (i) and Eq. (iii), we get
Aliter : x% + y? X2+ y?
Let O, =(0,0), 0, =(a, b)and O = (h, k) R and b = .
O Crex® +y* =rf — : 3
Substituting the values of a and b in Eq. (ii), we get
CZ:(x_a)Z +(y_b)2 :rZZ 01 10
2 . 2\2 A=,
Ci(x =Y +(y —k)? =1 Gy R T A
O 00, =r +
2 L or (x* +y*) (a7 +y7) =4
0 Jh—a) +(k —b) =r +n, ()
which is the required locus.
and 00, =nr —-r

Aliter :
' ABis the diameter of circle. If JOAB= q, then
OA =2r cos 0, OB =2r sin a

| (h2 +K?) = -1 ..(id)

On adding Egs. (i) and (ii) we get
J(h=a)® +(k =b)> +(h? +Kk?) =, +r,
[0 Locus of Ois \/(x -a)? +(y -b)? +\/(x2 +y2) =rn +tr,

which represents an ellipse with foci are at (a,b) and (0, 0).

Ex. 31 A circle of constant radius r passes through the
origin O, and cuts the axes at A and B. Show that the locus
of the foot of the perpendicular from O to AB is

(x* +yH)?  (x2 +y ) =4r? Equation of ABis
Sol. Let the coordinates of A and B are (a, 0) and (0, b). x +_ 7Y =1
% 2rcosa  2rsind
0 e Q)

cos sind

and equation of OM is y = x tan (90°— a)

0 cota=2
X
Y’ y
. . X,y .
[0 Equation of ABis —+==1 (1
4 a b o 0.0)8 M
Centre of circle lie on line AB, since AB is diameter of the
ircle (.0 AOB= 2
circle ( OB T/2) , . o0—a ) .
[0 Coordinate of centre Cis C = %, EQ @) A (a, 0)
v

Since, the radius of circle = r
0 r=AC =CB =0C u sin 0 =

(x* +y%)
i
B 2 o0 4 and cosa=-——F




Then, from Eq. (i),

Ity + 2Lt 4y =2
y X

. (" 9+
Xy

24,2

On squaring, we have (xZ + yz)z % =472
Xy

D (xZ +y2)2 (x—Z +y—2):4r2

Ex. 32 The circle x*> +y* —4x —4y +4 =0 is inscribed

in a triangle which has two of its sides along the coordinate
axes. The locus of the circumcentre of the triangle is
x+y —xy +k(x* +y*)"? =0. Find k.

Sol. The given circle is x* + y* —4x —4y +4 =0. This can

be re-written as (x — 2)* +(y —2)* =4 which has centre
C (2,2) and radius 2.
Let the equation of third side is

Xy o (equation of AB)
a b
B X (0, b)
M
2
3
0 A

Length of perpendicular from (2, 2) on AB = radius = CM

2.2_f

0 o b O_,

1 1 @
+
2 b2
Since, origin and (2, 2) lie on the same side of AB

3-8

O —_—— =2
Soe
+
2 bz
2 2 1 1@ .
or —+—-=-1=-2 +— (1
a b %17 b? @

Since, O AOB= g

Hence, AB is the diameter of the circle passing through
AOAB, mid-point of AB is the centre of the circle i.e. %, g@

Let centre be (h, k) = %, g@then a=2hand b = 2k.

Substituting the values of a and b in Eq. (i), then

2 2 1 1 @
—+—-1=-2 +—
2h 2k h? 4k’

or h+k —hk +4(h?* +k*) =0

O Locus of M (h, k) is

x+y—xy +y(x* +y*) =0

Hence, the required value of kis 1.

Ex. 33 P is a variable on the line y = 4. Tangents are
drawn to the circle x> +y?* =4 from P to touch it at A and
B. The parallelogram PAQB is completed . Find the equation
of the locus of Q.

Sol. Let P (h, 4) be a variable point. Given circle is
x?+y* =4 ..()
Draw tangents from P (h, 4) and complete parallelogram
PAQB.
Equation of the diagonal AB which is chord of contact of
x?+y? =4ishx +4y =4 ...(i1)
Y
©.4

e y1>7<\
X — ‘

Qe

Let coordinates of A and B are (x;, y;) and (x5, ),
respectively.

Since, A (xy, y;) and B (x5, y,) lies on Eq. (ii)

0 hx; + 4y, =4 and hx, + 4y, =4

u h(xy +x) +4(y; +y,) =8 -..(iii)
Since, PAQB is parallelogram

g Mid-point of AB = Mid-point of PQ

x;+x, _O+h

0 =
2 2

and Nntys o Bra (V)
2 2



Eliminating x from Egs. (i) and (ii), then _ M

_4yg+y2:4 _(bz—ac)(czz+a22)
% h (a” =bec)(b” +c%)

0 A=

16 + 16y =32y +h%y? =4h® (c? = ab) (a* +b*)
O  (16+h?)y?* =32y +16 —4h® =0 and _ (b —ac)(c” +a%) (iv)
392 (c* = ab) (a* +b?)
0 Wty = ) . . N
16+ h and given, Eq. (i) passes through the origin then
From Egs. (iii) and (v), we get ab+be +cap =0 V)
sh . From Egs. (iv) and (v), we get
Xt x, = P (Vi) 2 _ 2 2 2 _ 2 2
16+ h b+bc(a be) (b +c)+ca(b ac)(c +a):
From Egs. (iv) and (vi) (c* —ab)(a® +b°) (c* —ab)(a® +1°)
B+4= 32 a (c® = ab) (a* +b*) ab +(a* —bc)(b* +c?)be
16 + h* +(b* —ca)(c? +a*)ca =0
or (16 +h*) (B + 4) =32 (Vi) O abe? (a® + b?) +a’be (b +c?) +bica(c? +a?)
From Egs. (iv) and (vi) \ = a%b? (a® +b?) + b2 (b +c?)
8
a+h:m +c%a’ (c* +a%)
2, 2 2, 2 2, 2
or (16 + h?) (a +h) =8h . (vii) O abefe(@ +b7) +a(b” +c7) +b(c” +a')}
_ 22,2 o g2 2202 2
Dividing Eq. (viii) by Eq. (vii), then =abi(a” +b7) +ben (b7 +e)
a+h_h or _4da +ca® (¢? +d?)
B+4 4 B | abc {(a+ b) (b +c)(c +a) —2abc}
Substituting the value of h in Eq. (vii) then = a®b? (a® +b?) +b%c® (b® +c?)
2
o+ 19 Hp 4 4y =32 v ta (¢ +ad)
. B0 a abc (a+b)(b+c)(c ta)
O (@® +B%) (B +4) =2p* = 2a2b%c? +a2b? (a® +b%) +b%c? (b +c?)

Hence, locus of Q (, ) is (x* +y2)(y +4) :2y2 + 2% (c? +a?)

a abc (a+b)(b+c)(c ta)

Ex. 34 Show that the circumcircle of the triangle formed = (@ + D) (B +c?)(c? +a?)

by the lines ax + by +c¢ =0; bx +cy +a =0 and
cx +ay +b =0 passes through the origin if Hence, (a® +b%)(b* +c%)(c* +a?)
(b* +¢*)(c* +a*)(a® +b*) =abc (b +c)(c +a)(a +b). =abc (a +b) (b +c)(c +a)
Sol. Equation of conic is
(bx +cy +a)(cx +ay +b) + ANex +ay +b)(ax +by +c) Ex. 35 If four points P, Q, R, S in the plane be taken and
+ H(ax +by +c¢)(bx +cy +a) =0 ..(i) the square of the length of the tangents from P to the circle
on QR as diameter be denoted by {P, QR}, show that
{P,RS} —{P, QS} +{Q, PR} —{Q, RS} =0
Sol. Let P =(x;, y1), Q =(x5,y2), R=(x3,y3) and S = (x4, y4).

Equation of circle with RS as diameter is

where, A and [ are constants.
Eq. (i) represents a circle if the coefficient of x* and y* are
equal and the coefficient of xy is zero such that
be + Aca + pab =ca + hab + pbc
or  (a-bjc+A(b—c)a+ji(c —a)b =0 (i) (x = x9) (x = %) +(y = y5) (v ~4) =0
(c2 +ab) + A(a® +be) + p(b® +ac) =0 ..(ii) O {P, RS} = (x; = x3)(% = x4) +(y1 ~¥3)(y1 —ya)
Now, equation of circle with QS as diameter is

and

on solving Eq. (ii) and Eq. (iii) by cross multiplication rule,
we get & Fa- () @ (by P (x = x) (x =x4) +(¥ =¥2) (¥ —y4) =0

1 B A U {P,0S}= (1 = x2)(xy = x4) +(y1 —¥2)(¥1 —¥4)
(c2 —ab)(a® +b®) (d® - be)(b? +c?)




Equation of circle with PR as diameter is
(x =x)(x = x3) +(y =y1)(y —y3) =0
0 {0, PR} = (x, = x1)(x2 —x3) +(y2 =y1)(¥2 —¥3)
Equation of circle with RS as diameter is
(x = x3)(x =x4) +(y —¥3) (¥ —y4) =0
0 {0, RS} = (x2 = x3)(x =x4) +(¥2 —¥3) (Y2 —Y4)
Hence, {P,RS} - {P, QS} +{Q, PR} — {0, RS} =0

Ex. 36 LetT,, T, be two tangents drawn from (=2,0) on
the circle C : x*> +y? =1. Determine the circles touching C
and having T,, T, as their pair of tangents. Further, find the
equations of all possible common tangents to these circles
when taken two at a time.

Sol. In figure OS =1, OP =2

O sin [1SPC= % sin30

O 0O SO 30
+ PA,=PA, 00O PAAD PAA,
O A PAA, is an equilateral triangle.

Therefore, centre C; is centroid of A PA;A,,C, divides PQ in
the ratio 2 : 1.

a C, = @%, Ogand its radius = C,Q =%

0 Cri(x +4/3)° +y? :%g ()
The other circle C, touches the equilateral triangle PB,B,
externally.

its radius is given by =

, where BB, = a

s—a
N3 2
4 B
=—a
3a 2
—-a
2
but tan30° = a2 O a= o
3 3
O Radiuszﬁ.i:'j
2 3
[0 coordinates of C, are (4, 0)
O Equation of C,:(x — 4)* +y? =37 ...(id)

Equations of common tangents to circle (i) and circle C are
1
x=-1Ly= iT(x +2),{T,and T,}
3
and equations of common tangents to circle (ii) and circle C
are

x =1y= i%(x +2)({T, and T,}

To find the remaining two transverse common tangents to
Egs. (i) and (ii). If I divides C; and C, in the ratio

rpir, =1/3:3=1:9.

Therefore coordinates of I are (=4 /5, 0).

Equation of any line through Iisy =0 =m (x +4/5). If it
will touch Eq. (ii)

m(s+4/5 0] _,

then
(1+m?)
4 2 2
a m®=9(1+m*)
5
O 64m? =25 +25m”
O 39m?=25 0 m=+-——

5
39
Therefore, equations of transverse common tangents are

y=i%(x+4/5)

Ne)

EXx. 37 Find the equation of the circle of minimum radius
which contains the three circles

and

x? —y2 —4y =5 =0
x> +y? +12x +4y +31 =0

x? +y? +6x +12y +36 =0

Sol. The coordinates of the centres and radii of three given

circles are as given below :
C1=(0,2);n =3
C, =(=6,-2);r, =3
and Cs3 =(-3,-6);r; =3

-

Let C = (h, k) be the centre of the circle passing through the
centres Cy (0,2), C, (=6, —2) and C5 (=3, —6).

Then, CC, = CC, =CC,4
U (CCy)* =(CC,)? =(CC)°



O (h=0)* +(k —=2)* =(h +6)* +(k +2)
=(h +3)° +(k +6)

O - 4k £ 12K 4K+ 46 6kt 12k+ 45

0 12h + 8k +36 =0

or 3h+2k +9 =0 ...(Q)

and 6h —8k —5=0 (i)
ﬁ

On solving Eqgs. (i) and (ii), we get h = = —, k = —
g Eqs. (i) and (ii), we g 5 o

Now, CP = CC5 + C3P =CCy +3

e M o2 B o o

Hence, equation of required circle is

5 g
Remark

If radii of three given circles are distinct say 1, < r, < r3 then the
radius of the required circle will be equal to (CC, or CC, or CCy)
+ 1, (-CC = CC, =CCy)

Ex. 38 Find the point P on the circle
x? +y? —4x -6y +9 =0 such that

3 cosB =2 +2sinB
9(1-sin?0) =4 (1 +sin0)*
9(1-sinB) =4 (1 +sin6) (" sin@ # —1)

O o o o

5 12
sin@ =— and cosB="—
13 13

6 15
From Eq. (ii), P = @X—SX—Q ie. —%,—
q. (ii), 3 13

Eq. (ii) OP will be maximum, if P becomes the point
extended part of OC cuts the circle. Let this point be Q

then maximum value of OP = 0Q = OC +CQ =(+/13 +2)
Let U COX= a
then, Q =(0Q cosa, OQ sin0)

=((2 ++/13) cosq, (2 +4/13)sina) ... (iii)

Now, in ACOL, cosa = OL _ = NC _ =2
oc oc i3
3
0 sindl = —
V13

(i) O POX is minimum,
(ii) OP is maximum, when O is the origin and OX is the
X-axis.

Sol. Given circle is

x* +y2 —4x -6y +9 =0
or (x —2)* +(y —3)* =2 e (d)
Its centre is C =(2,3) and radius r =2

Eq. (i) Let OP and ON be the two tangents from O to the
circle Eq. (i), then OP =ON =3

Y
Q
NE g
ol
X5 L MK X
)

then J POX is minimum when OP is tangent to the circle
Eq. (i) at P

Let OPOX= ©
a P = (OP cos6, OP sin 6)
ie. P =(3cosb,3sin0) ..(ii)

From figure, OM = OL + LM = NC + HP =NC +CP sin6
O OP cosB = NC +CPsin®

Ex. 39 The circle x> +y* —4x —8y +16 =0 rolls up the
tangent to it at (2 + \@, 3) by 2 units, assuming the X-axis as
horizontal, find the equation of the circle in the new
position.

Sol. Given circle is
x? +y% —4x -8y +16 =0 ..(i)
Let P=(2++/3,3)

Equation of tangent to the circle Eq. (i) at P (2 + V3,3) is

(2+3)x +3y —2(x +2 +/3) = 4 (y +3) +16 =0
or BBx-y-2J3=0 ..(ii)
Let A and B be the centres of the circles in old and new
positions, then

B=(2+2c0s60°,4 +2sin60°)

(. AB makes an angle 60° with X-axis)

or B=(3,4 + V3 )



and radius =4/22 +4% =16 = 2

0 Equation of the required circle is
(x =3)" +(y =4 =3)" =2*
or x? 4yt —6x —2(4 ++3)y +24 +8+/3 =0

EXx. 40 Find the intervals of the values of ‘a’ for which the
liney + x =0 bisects two chords drawn from a point

Dl+fa 1-~/2a]

O0—, Uto the circle
o 2 2 0O

2x? +2y? —(1 +\/5a)x -(1 —fa)y =0.
Dl+2\fa 1-+240

Sol. The point A Hhes on the given circle as

its coordinate satisfy the equation of the circle. Let AB
and AC are two chords drawn from A. Let M and N are
the mid-points of AB and AC.

Let coordinate of M be (h, — h) and coordinate of Bis (a, ),

then
C
(h,—h)
\XC O
o+ LH 2
hziz
2
B_'_l—\@a
and -h=— 2
2
O azzh—l_ﬁa
2
and B:—Zh—l_ﬁa
2
Since, B (0, ) lies on the given circle, we have
0 f - V2o
0 23h - 1+‘f“ D 42 oon - 1T Y2a0
O 1 0 2 0
O O
_(1+\/§a)@h_l+\/§a|]
0 2
O - O
~ (1 - 2a) 72h -1 ﬁamzo
O O

0 16h* = 4h (1 ++/2a) + 4h (1 —/2a)
L0 ;/Ea)z U fa)z = 2h (1 +~/2a)
+7(1+fa)2 +2h(1- f)+ fa)

O 16h® =122 ah +(1 +~/2a)* +(1 —=+/2a)* =0
16h* =122 ah +2 + 4a® =0
or 8h% —6+2 ah +1 +24% =0

Hence, for two real and different values of h, we must have

+ +
—2 = 2

(=6 ~/2a)* =4 8(1 +24%) >0
or 72a° —32(1 +24%) >0
8a® —=32>0
> —4>0
(a+2)(a—-2)>0
Hence, the required value of a (from wavy curve)

allfe - 21 (% )

Aliter : Equation of chord AB whose mid-point is (h, — h) is

T=S

SRR 2L

=2h% +2h* —(1 +~2a) h +(1 =~[2a) h
O 4xh—4yh —(1 ++/2a)(x +h) —(1 —=~2a)(y —h)
=8h? —2(1 ++2a) h +2(1 —~/2a) h
O x[4h—(1+~2a)] -y [4h +(1 =2a)] —=h (1 +~/2a)
+h(1-~/2a) =8h% —=2(1 +~2a) h +2(1 —/2a) h
or 8k —(1++2a)h +(1 =~2a) h —x [4h —(1 +~/2a)]
+y [4h +(1 ~20)] =

It passes through A H +2fa - Ia% then
h? —2+/2ah - ME 4h = (1 ++/2a)]
+ %ﬂmh +(1-+2a)] =0
or —2fah—2h(1+fa)+(1+fa)
+2h (1 —2a) 4 (1= 2 ‘f“)

or 8h% = 62ah +1 +2a% =0



Hence, for two real and different values of h, we must have 0 2cos20

.cos0 =1
n T sin 20
-2 = 2 O 2(1-2sin®0) cosa _
(—6\/511)2 4B +2a2)>0 2sin0 cosO
) g 1-2sin’a = sina
or a”—4>0
. ‘s . d 2sin’0 +sina—1=0
- D(“ )(a-2) 0 (2sina —1)(sina +1) = 0
alfe - 2Y1 (8 ) 0 sina # —1
Ex. 41 A ball moving around the circle n sina =
x> +y? —2x —4y =20 =0 in anti-clockwise direction leaves 2
it tangentially at the point P(— 2, —2). After getting reflected o a=30°
from a straight line, it passes through the centre of the circle. Tangent at P(=2,-2)is
Find the equation of the straight line if its perpendicular —2x =2y —(x —2) —2(y —2) =20 =0
distance from P is 5/2. You can assume that the angle of O 3x+4y+14 =0
incidence is equal to the angle of reflection. Slope of PM = =3/ 4
Sol. Radius of the circle =CP =,/9 +16 =5 OPMC= 98— o= 96— 36= 60
Let the equation is of surface is y = mx +¢ 0 tan60° = | 33/ ‘Z’ _ im3 3
given po=> 1=3m/ m
2 _43-3
0 m=
0 ) 4+33
. 5_21—-m)+c
FromEq. (i) £ = ———
2 N1+ m?
we get c—11+2\6 or 7_394-2\/5
4+343 4+343
¢ being intercept on Y-axis made by surface is clearly—ve.
Hence, the required line is
_ 514\/5—3D , 039 +2430
YT ienB0 O4a+345 0O
Q M Surface O (443 =3)x —(4 +3/3)y =(39 —24/3) =0.
Tangent at P strikes it at the point M and after reflection
passes through the centre C(1,2). EX. 42 Find the limiting points of the circles
Let MN be the normal at M. (x* +y? +2gx +c) + Nx* +y® +2fy +d) =0 and show
UPMN= 1 NME « that the square of the distance between them is
INAPCM,  tan2o= 1O (c-d)* -4f%g* +4cf* +4dg*
PM 2 5
s fr+g
. tan2a = PM Sol. The given circles are
O PM =5cot20 ...(ii) (x* +y® +2gx +¢) + Nx* +y* +2fy +d) =0
and in A POM 0 X2+t + 28 4 2\ +(C+)\d):0
. R _5/2 1+A 1+A 1+A
sin(90°-a) = o
d- -fal
5 Centre of the circle Bl—g, L)\E
0 PM = ...(iii) + N1+

" 2 cosa . . L
Equating the radius of this circle to zero, we get

From Egs. (ii) and (iii), 5cot20 = > g’ fAN2 (c +Ad)
2cosd + - =
(1+N)2 (1+AN)? (1+N)

O 2cot20 cosdl = 1



o g2+ AN =(c+Ad)(1 +7) =0
O (FP=d)N =(c +d)A +g* —c =0
Let the roots be A; and A,

then A;+A, = (c +d)

2
-C

WA Z:g
(f*-d) A fr-d

O (A=A =y, +A,)° —A

:J(c+d>2 _4(g” o)
(FP-df (fP-d)

e +d) —afig® +acf? +adg’

(1)
(f*=d)
0y olerd)tyc —d) —4f’g’ +acf® +4dg’ "
L=
Af*-d)
- V2 g 2,2 2 2
and AZ:(C+d) \/{(C d) 24fg *aof +4dg}...(iii)
Af"-d)
Hence, limiting points are
O-¢ ~fME 0 O-g ~fA0
+A, 1+ A0 +A, 1+ A,0

Substituting the values of A; and A , from Egs. (ii) and (iii)
square of the distance between limiting points
_H-g ., & EZ+D-f>\1+ A, EZ
B1+)\1 1+A,0 +A; 1+A,0
(gz +fz)()\1 -A,)
[L+A A ) #AA LT
(gZ +f2) {(C _d)z _4f2g2 +4Cf2 +4dg2}
_ (f* -y
02 + £20
= g
df*-d0O
[(c —d)* —4f?g” +4cf* +4dg’]
(g +f*)

EX. 43 One vertex of a triangle of given species is fixed
and another moves along circumference of a fixed circle.
Prove that the locus of the remaining vertex is a circle and
find its radius.

Sol. Let OPQ be a triangle of given species. Then the angles
a,B,y will be fixed.

Y
P(r, )
r B Q(ry, 69)
g
o
X’ 91 a
OF—b Gb o) X
v

Let the polar coordinates of Q be (r;,6,), we have to find the
locus of P(r,0). In DOCQ

2,12 _ 2
rn+b°—a

cos 6, = (@

' 2nb ()

. 0=a+6, P £0-a ...(i1)

using sine rule in AOPQ

r-n
sinf} siny

O r =Sy (i)
sinf3

Substituting the values of 8, and r, from Egs. (ii )and (iii)
in Eq. (i)

r?sin® %
‘B

2brs.17nycos(9 -q)=
sinf3 sin
2 . 2 2 . 2
b
a31r21B:r2+ 31r21|3_2b ;
sin“y sin“y siy

+b? —4*

rsinf3

cos(6 —0a)

. . . . . . sin
This is an equation of circle in polar form with radius —B .
siny




