("Question‘“
Set APPLICATIONS OF DERIVATIVES
(Marks with option : 09)
9

GEOMETRICAL APPLICATION |

Remember :

1. Let y =f(x) be any curve and P (a, f(a)) be any point on it, then slope of
the tangent to the curve at the point P is f'(a). It is also called gradient
of the curve at the point P,

Hence, equation of the tangent at P is y—f(a) =f"(a) (x—a).

2. Slope of the normal at P (a, f(a)) is —]% , if f'(a) # 0 and equation of the
a

I (x—a).

S (@)

normal at Pis y—f(a)= —

‘ Solved Examples | 2 marks each ‘

Ex. 1. Find the equation of the tangent to the curve y=2x3—x%+2
at <%, 2>. (March °22)

Solution : y =2x3 —x2 +2
dy_d
dx dx
=2 x3x2—2x+0=06x>—2x
2

A hnne(5) 2(3)
dx Jat2,2) 2 2

1 1

—6x——1==
4 2

= slope of the tangent at <%, 2)

2x3—x*+2)

*. the equation of the tangent at <%, 2> is

1 1
_2==(x—=
r=2=3(3)



1

S 2y—d=x——
d 2
Co4y—8=2x—1
S 2x—4y+7=0

Ex. 2. Find the equation of the normal to the curve
x34+2x%y — 9xy =0 at (2, 1).
Solution : x3 +2x%y —9xy=0

Differentiating w.r.t. x, we get

3x2+2[x2 Zy+yx2x]—9[xjy+yxl}=0

dx dx
3x2+2x2@+4xy—9x@—9y=0
dx dx
. 2 dy 2
(2% —9x) —=-3x"—4xy+ 9y
dx

oody_—3x*—4xy+9y
T odx 2x2 — Ox

. <@> _-3@P—-4@(M)+9(1)

"y Jaan 2(22-9(2)
12849 —11 11
T 8—18 10 10

=slope of the tangent at (2, 1)
". the slope of the normal at (2, 1)
-1 _ -1 10

(e (i) "
dx Jat 2. 1) 10

". the equation of normal at (2, 1) is

10
y T (x—2)

o 1ly—11=-10x+20 S 10x+ 11y —31=0

‘ Examples for Practice ‘ 2 marks each

Find the equations of the tangents to the following curves at the given
points :

(1) y=x2+4x+1lat(—1, —2) (2) y=x3—2x%+4 at the point x=2.



2. Find the equations of the normals to the following curves at the given

points :
(1) 2x2+3y>—5=0at (1, 1) (2) y=x2+2e"+2at (0, 4).
ANSWERS
. (1) 2x—y=0 Q) dx—y=4.
2. (1) 3x—2y—1=0 (2) x+2y—8=0.

Solved Examples ‘ 3 or 4 marks each ‘

Ex. 3. Find the point on the curve y= \/;fs, where the tangent is
perpendicular to the line 6x +3y —5=0.

Solution : Let the required point on the curve y = \/T—s be P (x1, 7).

Differentiating y = \/ﬁ w.r.t. x, we get

F W= L)
1 1
= x(1-0)=—
N R

". slope of the tangent at (x;, y1)

_<dy> _ 1
dx at (x, v)) 2 /x1_3
Since this tangent is perpendicular to 6x + 3y — 5 = 0 whose slope is _T6 = —2,

slope of the tangent = _—; =

N | —

o
=
ke
wl| |

W
Il
— Il

N[ —

Lx—3=1 Cox =4
Since (x1, yy) lieson y =/x—3,y; =/x —3
Whenx1=4,y1=\/4—3= il

Hence, the required points are (4, 1) and (4, — 1).




Ex. 4. Find the equations of the normals to the curve 3x? —y?> =8, which

are parallel to the line x + 3y =4.
Solution : Let P(x;, y;) be the foot of the required normal to the curve

3x2—y)?=38.

Differentiating 3x? — > = 8 w.r.t. x, we get

dy
3X2X—2yd——0
X

dy
L —=2y—=—06
Y "
Cdy  3x
Tdxy

. <dy> _3x
“\dx Jatepy) oy

= slope of the tangent at (xy, y;)

". slope of the normal at P (x;, y;)

—1 »
=m =—- = i

<dy> o 3xy
dx Jat (xl,yl)
—1

The slope of the line x + 3y =4 is m, = 5

Since the normal at P (x;, y;) is parallel to the line x + 3y =4, m; =m,

con_ 1 oy =x
. 3x1 3 N 1

Since (x;, y,) lies on the curve 3x2 — 32 =38,

3x2—y2=8

S 3x2—x2=38 o [y =x1]

S 2x2=38 Sox2=4

x =+ 2

When x; =2,y =2

Whenx; = —2,y;= —2

.. the coordinates of the point P are (2, 2) or (—2, —2) and the slope of the
1

normal is m; =my = ——.

3



.". the equation of the normal at (2, 2) is
yo2= 1 G-2)

3
C3y—6=—x+2
Cox+3y—8=0
and the equation of the normal at (—2, —2)is
y+2= —% x+2)

C3y—6=—x+2

Cox+3y+8=0

Hence, the equations of the normals are
x+3y—8=0 and x+3y+8=0.

Ex. 5. If the line y = 4x — 5 touches the curve y2 = ax® + b at the point (2, 3),
show that 7a + 25 = 0.
Solution : y2 =ax3 + b

Differentiating both sides w.r.t. x, we get

ZyQ =ax3x2+0

dx

dy 3ax?
.. a = X
. <dy > = 3a(2)° = 2a = slope of the tangent at (2, 3)
dx 2.3  2(3)

Since the line y = 4x — 5 touches the curve at the point (2, 3), slope of the tangent
at (2, 3) is 4.
o 2a=4 Soa=2
Since (2, 3) lies on the curve y> = ax> + b,

3By =al2?®+5b S 9=8a+b
S 9=82)+b [ a=2]
Sob= =7

" Ta+2b=72)+2(—7)=0.

| Examples for Practice ‘ 3 or 4 marks each |

1. Show that the tangent to the curve 8y = (x —2)? at the point (—6, 8) is
parallel to the tangent to the curve y = x 4 (3/x) at the point (1, 4).



2. Find the points on the curve given by y = x3 — 6x% + x + 3, where the tangents
are parallel to the line y=x+5.

3. Find the equation of the normal to the curve x2 + % = 5, where the tangent is
parallel to the line 2x —y + 1 =0.

4. If the line x +y = 0 touches the curve y> = ax? + b at (1, — 1), find @ and b.

ANSWERS
2. (0, 3) and (4, —25) 3.x+2y=0
4. a :%, b= l
3 3

RATE MEASURE

Remember :

1. If s is the displacement of a particle at time ¢, then the velocity,

2
i.e.v= @ and the acceleration, i.e. a = @ = Q
dt dt  df
2. If y=f(x) is a differentiable function, where x and y are differentiable

dx

. dy
functions of ¢, then — = f"(x) - —.
dt f( ) dt

‘ Solved Examples ‘ 2 marks each

Ex. 6. The displacement s of a particle at time ¢ is given by
s =28 — 52 + 4t — 3. Find the time when the acceleration is 14 ft/sec?.
Solution : s =2 — 52 +4t—3
", velocity =v = ds _ i(2t3 — 52 + 41 —3)
dt dt

=2X32—-5x2t+4x1—-0=62—10t+4

and acceleration = a = do_d (622 — 10t + 4)
dt dt
=6x2t—10x1+0=12r—10

Now, acceleration = 14, when 121 — 10 =14

i.e. when 127 =24, i.e. when t =2

Hence, the time when acceleration is 14 ft/sec? is 2 seconds.




Ex. 7. The edge of a cube is decreasing at the rate of 0.6 cm/sec. Find the
rate at which its volume is decreasing, when the edge of the cube is
2 cm.

Solution : Let x be the edge of the cube and V be its volume at any time ¢.

Then V=3

Differentiating both sides w.r.t. ¢, we get

W o™

dt dt

d
Now, ?); =0.6 cm/sec and x =2 cm

) dV—32206 =72
ST (2)*(0.6) =17.

Hence, the volume of the cube is decreasing at the rate of 7.2 cm3/sec.

Ex. 8. A spherical soap bubble is expanding so that its radius is increasing
at the rate of 0.02 cm/sec. At what rate is the surface area increasing,
when its radius is 5 cm ?

Solution : Let r be the radius and S be the surface area of the soap bubble at

any time 7.

Then S = 472

Differentiating w.r.t. z, we get
) =4n X 2r£/
dt dt

. as_ 8nr@ . (1)
dt dt
dr

Now, 7 =0.02 cm/sec and r =5 cm

. (1) gives, Z;j =87(5)(0.02) =0.87

Hence, the surface area of the soap bubble is increasing at the rate of 0.87 cm?/sec.

‘ Examples for Practice | 2 marks each

1. The law of motion of a particle is given by s = 3 — 32 + 6¢ + 1, where s is
the displacement of the particle at time #. Find its velocity and acceleration

att=1.



2. The displacement s of a moving particle at a time ¢ is given by
s =15+ 20t —2¢. Find its acceleration when the velocity is zero.

3. The displacement x of a particle at time 7 is given by x = 160t — 16/2. Show
that its velocity at t=1 and t=9 are equal in magnitude but opposite in
directions.

4. A stone is dropped into a quite lake and waves in the form of a circle are
generated, radius of the circular wave increases at the rate of 5 cm/sec. At
the instant when the radius of the circular wave is 8 cm, how fast is the area
enclosed increasing?

5. Water is being poured at the rate of 36 m3/sec into a cylindrical vessel of
base radius 3 metres. Find the rate at which water level is rising.

6. If each side of an equilateral triangle increases at the rate of \/E cm/sec,

find the rate of increase of its area when its side is of length 3 cm.

ANSWERS
1. 3,0 2. — 4 units/sec? 4. 807 cm?/sec
5. 4) m/sec 6. 355 cm?/ sec.
T

‘ Solved Examples ‘ 3 or 4 marks each

Ex. 9. A man of height 1.5 metres walks towards a lamp post of height
4.5 metres, at the rate of <3> metre/sec. Find the rate at which

(i) his shadow is shortening

(ii) the tip of shadow is moving.
Solution : Let OA be the lamp post, MN the man, MB =x his shadow and

OM =y the distance of the man from lamp post at time .

A

45 N

(0] y M x B

Then % =% is the rate at which the man is moving towards the lamp post.



dx . . . . .
Ex is the rate at which his shadow is shortening.
t

B is the tip of the shadow and it is at a distance of x 4+ y from the post.

— ( +y)= ; A fj is the rate at which the tip of the shadow is moving.

From the figure,

x _xty o 45x=15x + 15y
1. 4.5
. . 1
. 30x =15y . X=—y
3 @ 1 @ 1<3> < >metre/sec
dt 2 dt 2\4
d@-i-@—i §:<9>metres/sec
dt dt 8 4 8

Hence (i) the shadow is shortening at the rate of < %) metre/sec, and

(ii) the tip of shadow is moving at the rate of <§ > metres/sec.

Ex. 10. The volume of a sphere increases at the rate of 20 cm3/sec. Find the
rate of change of its surface area, when its radius is 5 cm.  (Sept. *21)
Solution : Let  be the radius, S be the surface area and V' be the volume of the

sphere at any time ¢.
4
Then S =4nr? and V = 3 3

Differentiating w.r.t. 7, we get

dS 4 ) dr g dr
= X - = N
i Ty T

dV  4rn dr dr

GV W R AP (1
M T3 a T M

1 av

From (1 LN

rom() di  4m? di

ds 1 av
’ = 8nr X

Cdt 4m? dt



L 4s_2. 4y ()
dv
Now, == 20 cm?/sec and r =5 cm

@ gives, B 224 00=3
. ives, — =— =
BIVeS 0 75

Hence, the surface area of the sphere is changing at the rate of 8 cm?/sec.

Ex. 11. If water is poured into an inverted hollow cone whose semi-vertical
angle is 30°, so that its depth (measured along the axis) increases at the
rate of 1 cm/sec. Find the rate at which the volume of water increasing
when the depth is 2 cm.

Solution : Let 7 be the radius, / be the height, 0 be the semi-vertical angle and

V be the volume of the water at any time .

. dh
Given : — =1 cm/sec, 0 = 30°
dt
1
Now, V= 3 nrth

p
But, tan 30° =—
ut, tan h

Differentiating w.r.t. £, we get

dV i 3h2dh nhzdh
dt 9 dt 3 dt

When & =2 cm, then

dV T % )2 x 47r
dt 3

. . 47
Hence, the volume of water is increasing at the rate of <?> cmd/sec.



=

Examples for Practice | 3 or 4 marks each

A man of 2 metres height walks at a uniform speed of 6 km/hr away from a
lamp post of 6 metres high. Find the rate at which the length of his shadow
increases.

A man of height 180 cm is moving away from a lamp post at the rate of
1.2 m/sec. If the height of the lamp post is 4.5 metres, find the rate at which
(1) his shadow is lengthening (ii) the tip of his shadow is moving.

A ladder 10 metres long is leaning against a vertical wall. If the bottom of
the ladder is pulled horizontally away from the wall at the rate of 1.2 metres
per second, find how fast the top of the ladder is sliding down the wall,
when the bottom is 6 metres away from the wall.

The volume of a spherical ball is increasing at the rate of 47 cc/sec. Find the
rate of change of the surface area when the volume is 288 7 cc.

The surface area of a spherical balloon is increasing at the rate of 2 cm?/sec.
At what rate is the volume of the balloon is increasing, when the radius of
the balloon is 6 cm?

A water tank in the form of an inverted cone is being emptied at the rate of
2 cubic feet per second. The height of the cone is 8 feet and the radius is
4 feet. Find the rate of change of the water level when the depth is 6 feet.
An aeroplane at an altitude of 1 km is flying horizontally at 800 km/hr,
passes directly over an observer. Find the rate at which it is approaching the

observer when it is 1250 metres away from him.

ANSWERS
3 km/hr. 2. (i) 0.8 m/sec (i) 2 m/sec 3. 0.9 metre/sec
dn 5 3 2
Y cm?/sec. 5. 6 cm’/sec 6. Py ft/sec. 7. 480 km/hr.
b

APPROXIMATIONS |

Remember :

If @ and a + & belong to the domain of a differentiable function of x, then the
approximate value of / (a + /) is given by

fla+h)=f(a)+h - f'(a), where f'(a) #0.




‘ Solved Examples ‘ 2 or 3 marks each

Ex. 12. Find the approximate values of :

1) J64.1 (2) f(x)=x3—3x+5atx=1.99.

Solution :
(1) Letf(x) =/x.

d 1
Then f"(x) = o /) :m

Take a =64 and 7 =0.1
Thenf(a)=f(64)=«/64=8

Then f"(a) =f'(64) =

1
2 ﬂ 16
The formula for approximation is
fla+h)=f(@)+h-[f(a)
/641 =1(6440.1)
=/(64)+(0.1) - f'(64)

1
=8+4(0.1) x —
16

= 8+40.00625 =8.00625

A/ 64.1 =8.00625

S f(x)= —(x3 3x+5)

=3x2—-3x14+0=3x>-3
Take a=2,h= —0.01
Then f(a)=f(2)=2))—32)+5=8—6+5=7
and f'(a) =f"(2)=3(12)*—-3=12—-3=9
The formula for approximation is
fla+nm)=f(a)+hf(a)
S (199 =f£(2—-0.01)=f(2)—(0.01)-f"(2)
=7—-0.01 x9=7-0.09=6.91
L f(1.99) = 6091.




Ex. 13. Find the approximate values of :
(1) cos (60° 30’), given that 1°=0.0175¢, \/§= 1.732
(2) tan—! (1.001).

Solution :

(1) Let f(x)=cos x

d

Then f"(x) =— (cos x) = —sin x
dx

Take a = 60° = 3 and

’ 1 ° 1 ¢ c
h=30 _<§> _<§ x 0.0175) =0.00875

n 1
Then f (a) f< >—cos§=§=0.5
and £ (@) =/(§ )= —sin 3 = N

The formula for approximation is

fla+h) =fla) + hf(a)

. cos (60° 30') = £ (60° 30") f< +OOO875>

- f<§> +0.00875 f(%)

0.5 + (0.00875) ( — 0.8660)
= 0.5 —0.0075775 = 0.4924225
. cos (60° 30') = 0.4924.

(2) Letf(x)=tan"! x

Then f'(x) = i (tan I'x)=

1 +x2
Take a=1 and 4 =0.001

Then f (@) =f (1) =tan~* 1=

N | —

1
and (@) =/ (1) =15 =



The formula for approximation is

flat+h)= f(a)+h f(a)

c.otan—! (1.001) = £ (1.001) = f(1 + 0.001)
= (1) +(0.001)-£(1)

= T 0.001) % - =™ 4 0.0005

- 4 . 2_4 .
T

- tan~"(1.001) = 7 + 0.0005.

Remark : The answer can also be given as :
tan—! (1.001) =/ (1) + (0.001) - /(1)

™ 4 (0.001) x 2
J— . X_
4 2

= 3'1:16 +0.0005

0.7854 4 0.0005 = 0.7859.

Ex. 14. Find the approximate values of :

(1) €*1, given that ¢ =7.389

(2) log;y (1016), given that log;, e =0.4343.
Solution :
(1) Letf(x)=¢"

Then f'(x) :di)lc (e")=¢"

Take a=2 and 7 =0.1
Then f (a) =f (2) = > =7.389
and f'(a) = f'(2) = €*=7.389
The formula for approximation is
fla+hn)=f(a)+ hf'(a)
el =f21)=f2+0.1)
=/(2)+0.1)-/'(2)
=7.3894+0.1 x 7.389
=7.389 4+ 0.7389 = 8.1279
" el =8.1279.



log.x

2) L =1 =
(@) Let /) =logir =15

= (log;pe)(log x) = (0.4343)log x

d 0.4343
Then f'(x) = (0.4343)-— (log x) ==

Take a = 1000 and & = 16.
Then £ (a) = f (1000) = log;(,1000 = log ;103 = 3
0.4343

and f'(a) =£'(1000) = =2

The formula for approximation is
fla+m)=f(a)+hf(a)
.. logp1016 = (1016) = (1000 + 16)
=£(1000) + 16 - '(1000)
0.4343

= 16 x — "~
=3+ 16 x 1000

=3 4 0.0069488 = 3.006949
. log;p1016 = 3.006949.

| Examples for Practice ‘ 2 or 3 marks each

Find the approximate values of :

L ()28 (2) (3.98)° (3) 3/31.98
4 f(x)=x>+5x>—2x+3 atx=1.98.

2. (1) sin (30° 30"), given that 1°=0.0175 and cos 30° =0.866
(2) cos (29° 30"), given that 1°=0.0175¢ and cos 30° =0.866
(3) tan (45° 40"), given that 1°=0.0175¢.

3. (1) tan—'(0.999) (2) cot=!(0.999)
(3) cos~1(0.51), given that 7 =3.1416, %z 1.1547.

4. (1) log, (101), given that log, 10 =2.3026
(2) log;o (998), given that log;oe =0.4343
(3) €09 given that e =2.7183.



ANSWERS

. (1) 3.03704  (2) 63.04 (3) 1.99975  (4) 26.4

2. (1) 0.575775  (2) 0.870375  (3) 1.02334

3. (1) g — 0.005 OR 0.7489 @ = + 0.0005 OR 0.7859
(3) 1.035653

4. (1) 4.6152 () 2.9991314  (3) 2.73189.

I} ROLLE’S THEOREM |

Remember :

that f'(c) =

2. Lagrange’s Mean Value Theorem :

and differentiable on (a, b), then there

IOT@_ g,

such that

1. Rolle’s Theorem : If a function f'is continuous on [a, b], differentiable on

(a, b) and f (a) =1 (D), then there exists at least one point ¢ € (a, b) such

If a function f'is continuous on [a, b]

exists at least one point ¢ € (a, b)

‘ Solved Examples ‘ 2 or 3 marks each

Ex. 15. Verify Rolle’s theorem for the function
1) f()=x2—5x+9,x € [l1, 4]
2) f(x)=sinx+cos x+ 7, x € [0, 27].

Solution :

(1) The function f given as f(x)=x2
Hence, it is continuous on [1, 4] and differentiable on (1, 4).

Now, f(1)=12-5(1)+9=1—-54+9=5

and f(4)=4*—-54)+9=16—-20+9=35

L) =f(4)

—5x+9 is a polynomial function.

Thus, the function f satisfies all the conditions of the Rolle’s theorem.

", there exists ¢ € (1, 4) such that '(c) =
Now, f(x) =x*>—5x+9

S ) =dii (x2—5x+9)



=2x—5x140=2x—-5
S f(e)=2¢—5
S f(e)=0gives,2¢c—5=0 .. c=52¢€(1,4)

Hence, the Rolle’s theorem is verified.

(2) The functions sin x, cos x and 7 are continuous and differentiable on their
domains.

.. f(x) =sin x + cos x + 7 is continuous on [0, 27| and differentiable on (0, 27)

Now, f(0)=sin0+cos 0+7=0+14+7=8

and f 2n)=sin 2n+cos 2n+7=0+1+7=8

S f(0)=7(@2n)

Thus, the function f* satisfies all the conditions of Rolle’s theorem.

.". there exists ¢ € (0, 2m) such that f"(¢) = 0.

Now, f(x) =sin x +cos x + 7

d
o f(x)=— (sin x + cos x + 7)
dx

=cos x —sin x + 0 =cos x —sin x
. f(¢)=cos ¢ —sin ¢
. f(¢) =0 gives, cos ¢ —sin ¢ =0
. cos c=sinc

T St 9n
C=Z,T,T,...
T Sm
ButZ,Te(O,%‘c)
) m Sm
.C:Z OI'T

Hence, the Rolle’s theorem is verified.

Ex. 16. Verify LMVT for the function
1
M f)=x+_.xell, 3]

Q) fx)=logx, xe[l,e].
Solution :

. I x2+1, . . L .
(1) The functionf(x) =x +—= is a rational function, which is continuous
X X

at all real numbers except when x = 0.



Hence, f'is continuous on [1, 3] and differentiable on (1, 3).
Thus, the function f'satisfies the conditions of Lagrange’s mean value theorem.
". there exist ¢ € (1, 3) such that

fo =AW

— . (1)

1
Now, f(x) =x+—
X

-'~f(3)=3+%—ﬂandf(1)=1+%=2

3
Also, f(x) = oY (ML TP
S0, — —)=1-=
x dx X x2
. A 1
L fO=1—=
C
0
1 3 4 2
* from (1), 1 — — = - _Z
rom (1), 1 =73 2 3x2 3
| 21
S e
c? 3 3

Lc2=3 c=i—ﬁ

But —/3 ¢ (1, 3)
Se=/3¢€ll,3]

Hence, Lagrange’s mean value theorem is verified.

(2) The function f given as f(x) =log x is a logarithmic function which is
continuous for all positive real numbers.
Hence, it is continuous on [ 1, e] and differentiable on (1, e).

Thus, the function f* satisfies the conditions of Lagrange’s mean value theorem.

". there exists ¢ € (1, e) such that

f() —/)

— (D

fl=

Now, f(x) =log x
S f()=log1=0 and f(e)=loge=1

Also, f'(x) = dii (log x) =—



1
f/(C) = Z

I 1-0 1
c.from (1), —=——=
c e—

c=e—1le(l,e)

Hence, Lagrange’s mean value theorem is verified.

‘ Examples for Practice ‘ 2 or 3 marks each

1. Verify Rolle’s theorem for the function
1) fx)=x*—4x+3,x € [l, 3]
(2) f(x)=x*—4x+10,x € [0, 4]
(3) f(x)=sinx—cos x+ 3, x € [0, 27].
2. Given an internal [a, b] that satisfies hypothesis of Rolle’s theorem for the

function f (x) =x3 — 2x? + 3. It is known that @ = 0. Find the value of b.
3. Verify LMVT for the function

(1) f(@)=/x+4, x € [0, 5]
11 13
2) f(x)=x*—3x—1, xe[——’_:|
7 7

B) f(X)=x*—2x2—x+2,x € [1,2].
Find ¢, if LMVT is applicable for f'(x)=(x — 1) (x —2) (x —3), x € [0, 4].
Verify Rolle’s theorem for the function

f(x)=¢*(sinx —cos x), x € [n , Sn}

4 4
ANSWERS
1. (1) satisfied, c=2 (2) satisfied, c=2
3 7
(3) satisfied, ¢ - or r
4 4
2. b=2
. 9 . 1
3. (1) satisfied, c=Z (2) satisfied, c=;
(3) satisfied, c = 2 +3ﬁ

2
24+ -2
RV



CE INCREASING AND DECREASING FUNCTIONS

Remember :
A function f'is said to be

(1) increasing in (a, b) if f'(x) = 0 for all xe (a, b)
(i) decreasing in (a, b) if f'(x) < 0 for all xe(a, b)

(ii1) strictly (or monotonically) increasing in (a, b) if /' (x) > 0 for all x e (a, b)

=
<

(iv) strictly (or monotonically) decreasing in (a, b) if /" (x) < 0 for all x € (a, b).

‘ Solved Examples ‘ 2 marks each ‘

Ex. 17. Test whether the following functions are increasing or decreasing :
1) fx)=x3—6x2+12x—16, xR
) f(x)=2—3x+3x2—x3, xeR.

Solution :

M) fx)=x3—6x2+ 12x— 16

f’(x)=i(x3—6x2+ 12x — 16)
dx
=3x2—6x2x+12x1—-0
=3x2—12x+ 12

=3(?—4x+4)=3(x—2)>>0forall xeR
Cof'(x) =0 forall xeR

.. fis increasing for all xeR.

?2) f(x)=2—3x+3x>—x3
A =i(2 —3x +3x2 —x3)
dx

=0—3x1+3x2x—3x2

= — 3+ 6x — 3x?

= —3(x2—2x+1)

= —3(x—1)2<0forall xeR
U ff(x) < OforallxeR

.. f is decreasing for all xeR.




Ex. 18. Find the values of x for which f(x) =x3 + 12x? + 36x + 6 is strictly
increasing.

Solution : f(x) = x* + 12x2 + 36x + 6
d

f’(x) = d_ (X3 =+ 12x2 + 36)C + 6)
X

=32+ 12x2x+36x1+0
=3x2 + 24x + 36 =3(x? + 8x + 12)
fis strictly decreasing if f"(x) > 0
ie if 3(x* +8x+12)>0
ie ifx*+8x+12>0
ie if x>+ 8x> —12
ie. ifx2+8x+16> —12+16
ie if (x +4)> >4
ie.ifx+4>2o0rx+4< -2
ie.ifx>—2orx< —6
i.e. fis strictly increasing, if x < —6 or x > — 2

ie.xe(—o0, —6) U (—2, ).

Ex. 19. Find the values of x for which the function £(x) = x3 — 9x? + 24x + 12
is strictly decreasing.

Solution : f(x) = x> — 9x2 + 24x + 12
) =— (x3 Ox% + 24x + 12)

=3x2—-9x2x+24x1+0
=3x2 — 18x + 24 = 3(x* — 6x + 8)

fis strictly decreasing if f"(x) < 0

ie if 32 —6x+8) <0

ie ifx2—6x+8<0

ie ifx2—6x < —8

ie ifx>—6x+9< —8+9

ie if (x—3)2 < 1

re.if —1<x—-3<1



e if —14+3<x—-34+3<1+3
re.if2<x <4

ie.,ifx e (2,4)

.. f is strictly decreasing if x € (2, 4).

Ex. 20. Show that f(x) =x — cos x is increasing for all x.
Solution : f(x) =x —cos x
S = i (x —cos x)
dx

=1—(—sinx)=1+sinx
Now, —1 <sinx <1 forall x e R
L —14+1 < 1+sinx < 1forallxeRr
S0 f(x) < lforallxeRr
S f(x) = O0forallx e R
.. f is increasing for all x.

| Examples for Practice | 2 marks each

1. Test whether the following functions are increasing or decreasing :
(1) f(x)=x3+6x2+12x—5,x€R
2) f(x)=cosx, 0 <x <.

2. Find the values of x such that f(x) = 2x3 — 3x2 — 12x + 6 is strictly increasing
function.

3. Find the values of x such that f(x)=2x3—15x2 —144x —7 is strictly
decreasing function.

4. Find the values of x if f(x) = o

X241

(1) strictly increasing function (2) strictly decreasing function.

is

5. Show that f(x) =3x + 1 is increasing in < 1 , 1 ) and decreasing in < 1 ,l !
3x 3 93
6. Show that function f(x) = tan x is increasing in < 0, g ) (March °22)
ANSWERS
1. (1) increasing for all xeR. (2) decreasing when 0 <x <=
2. x<—1orx>2 3. —3<x<8

4. (1) —1<x<l1 2) x<—1 or x>1.



IEXJ MAXIMA AND MINIMA

Remember :
Procedure for finding Maxima or Minima :
Second Derivative Test :
(1) Find f"(x) and f"(x).
(2) Find the roots of the equation f"(x) = 0.
(3) If ¢ is a root of this equation, find " (c¢).
(1) If f"(c) <0, then f'has a maximum at x=c and f(c) is the maximum
value
@11) If /" (c) >0, then f has a minimum at x=c¢ and f(c) is the minimum
value.
(4) Use the same procedure for the other roots of /" (x) = 0, as in (3).

Solved Examples ‘ 3 or 4 marks each ‘

Ex. 21. Examine the function f(x) = x3 — 9x2 + 24x for maxima and minima.
(Sept. °21)

Solution : f(x) =x* — 9x2 + 24x

d

S () =— (x3 —9x% + 24x)

dx

=3x2—-9x2x+24 x1
=3x2—18x+24

d
and f"(x) = & (3x% — 18x + 24)

=3x2x—18x14+0=6x—18

f(x)=0 gives 3x2 — 18x +24 =0

Soxr—6x+8=0 .. (x—2)(x—4)=0

.". the roots of f"(x) =0 are x; =2 and x, = 4.

(@ f"2)=6(2)—18= -6 <0

.. by the second derivative test, / has maximum at x =2 and maximum
value of fat x =2

=1(2)=(2)—912)*+24(2) =8 —36 +48 =20

(b) f"(4)=6(4)—18=6 >0

.. by the second derivative test, f has minimum at x =4 and minimum

value of fatx =4



=/ (@ =(4)—9(4)° +24(4)

=64 — 144 4+ 96 = 16.

Hence, the function /* has maximum value 20 at x = 2 and minimum value 16
atx =4.

Ex. 22. Show that f(x) = x, x # 0 is maximum at x =e.
X

Solution : f(x) =

iy =4 ( logx
'f(x)_dx< x )

d d
“a —logx—
x— (logx) —logx—(x)

logx
x

x2

x<)lf >_ (logz) (1) 1 —logx
= = and

X2 x2

. _i 1 —logx
o = 1l

xzd%(l —logx)—(1 —logx)d%(xz)
x4
x2<01>(1 —logx) x 2x
x

x4

—x —2x + 2xlogx
4

X
_Xx(2logx—3)
x
21
L =203

Now, f'(x) =0, if

1 —logx
— =0

ie. if 1 —logx =0, i.c. iflogx=1=loge

ie.ifx=e

and /() = 228¢ =3 _ =1 g o[ loge=1]
e

". by the second derivative test, /(x) is maximum at x = e.




Ex. 23. A wire of length 36 metres is bent in the form of a rectangle. Find
its dimensions if the area of the rectangle is maximum. (March °22)
Solution : Let x metres and y metres be the length and breadth of the rectangle.
Then its perimeter is 2(x + y) = 36
L x+y=18 Soy=18—x
Area of the rectangle = xy =x (18 —x)
Let f(x) =x(18 —x) = 18x — x?

S ) =i(18x—x2) =18 —2x
dx

andf”(x)=dii(18—2x)=o—2 x1=—2

Now, f"(x) =0, if 18 —2x =0
ie. ifx=9
and f"(9)= —2 < 0
.". by the second derivative test, /" has maximum value at x = 9.
Whenx=9,y=18—9=9
L x=9cm,y=9%cm

". the rectangle is a square of side 9 metres.

Ex. 24. A rectangular sheet of paper has its area 24 sq metres. The margins
at the top and bottom are 75 cm each and at the sides 50 cm each.
What are the dimensions of the paper, if the area of the printed space

is maximum ?

Solution :

12 m y

3/4m




Let the lengths at the bottom and side be x m and y m respectively. Then the area
of the sheet of paper=xy=24.
Coy=24/x.

After leaving the margins, the dimensions of the rectangular space left for
printing are (x — 1) metres and <y — %) m, i.e. <2x—4 — %) metres.

", area of the space for printing

—( 1)<24 3>_51 24 3x ® (Soy)
- y 2)T2 27w .. (Say
C o 24 3 , 48
..f(x):;—i andf(x):_g
24 3
NOW’f’(X)ZO,When—z——ZO,
X 2
. 24 3
i.e. when — =, i.e. when x2=16,
X 2
i.e. when x=4 orx=—4

Since x is the length of a side, it is not negative

S.x#—4 . x=4and

48
"=——=<0
I@&=-g
.. by the second derivative test, / has a maximum, when x = 4.
24 24
Whenx=4,y=—=—=0.
X 4

.. the area of the printed space is maximum, when the dimensions of the

rectangular sheet of paper are 4 metres and 6 metres.

Ex. 25. A wire of length / is cut into two parts. One part is bent into a circle
and the other into a square. Prove that the sum of the areas of the circle
and the square is the least, if the radius of the circle is half of the side
of the square.

Solution : Let 7 be the radius of the circle and x be the length of the side of the

square. Then (circumference of the circle) + (perimeter of the square) =/

[ —4x

2

A = (area of the circle) + (area of the square)

S 2mr+4x=1 .

= mr? + x2



<Z—4x>2 , 1 .
= +xt=x*+—(I—4x)* =f(x) ... (Say)
21 47

Thenf’(x):2x+i x2(—4x)(—4)
47

=2x—%(1—4x)
T

and /() =2 — 2 (—4)=243
Y Y

Now, f"(x) = 0 when 2x _2 (I—4x)=0
T

i.e. when 2mx — 2/ + 8x =0
i.e. when 2 (n + 4)x =2/

i.e. when x =
n+4
andf”<L>=2+§>O
n+4 s

.. by the second derivative test, / has a minimum, when x =

44
For this value of x,

-a(-L)
n+4) wl+4l—4 ] x

2t 2n(nt4d) 2+ d) 2
This shows that the sum of the areas of circle and square is least, when

radius of the circle =<% > side of the square.

Ex. 26. The slant side of a right circular cone is /. Show that the semivertical
angle of the cone of maximum volume is tan— l(ﬂ).

Solution : Let the height of the cone be x. If the radius of its base is 7, then

r2=[12—x%

.". the volume of the cone

= gnrzx =§ (12 —xH)x

=§ (Px—33)=f(x)  ..(Say)

S0 =§ (12— 3x?) and f"(x) = — 27x



Now, f'(x) = 0, when g (12 —3x2) =0,

i.e. when 3x2 =17, i.e. whenx= + l/ﬁ.
Since x is not negative, x = l/\/§ and

/ /
()= an(L) <o
4 <¢§> NE
". by the second derivative test, / has a maximum, when x = l/\/g.
*. when the volume of the cone is maximum, its height

=x =1/y/3 and the radius of its base

—r=[T—xt= - (12/3)=1ﬁ-

Let o be the semi-vertical angle of the cone.

_W2W3
NIN:E =V2

r
Then tan o =—
x

oa=tan—1/2 .

Hence, the semi-vertical angle of the cone of maximum volume is tan*l(ﬁ).

Ex. 27. Show that among rectangles of given area, the square has least
perimeter.
Solution : Let x be the length and y be the breadth of the rectangle whose area

is A sq units (which is given as constant).

Then xy =4 y=; .. (1)

Let P be the perimeter of the rectangle.

A

ThenP=2(x+y)=2<x+;> ... [By (1)]
’ dP—Z d< +A>—2 1+4 1 x—2 —2<1 A>

“de Cde Y =21 (=Dx1= X2

a r 2d<1 A) 2[0—d (—2) x4

dil —2r C (12 )= 4 _ _
a dx? dx X2 * x3
N P—O 2<1 >—0

ow, = gives 5 )=

X2—A4=0 xX2=4

x=./4 o [ x>0]



d Lt __ M 0
an <dx2 >atx\/2_(\/,Z)3 =

.. P is minimum when x = \/Z

/]

A A
Ifx=\/A4, theny=—=——+=
VA, theny == 77
Sox=y
". rectangle is a square.
Hence, among rectangles of given area, the square has least perimeter.

Ex. 28. A box with a square base is to have an open top. The surface area
of the box is 192 sq cm. What should be its dimensions in order that the
volume is as large as possible ?

Solution : Let x cm be the length of the side of the square base and y cm be the

height of the box. Since the box has an open top (i.e. it is open at the top), it has

5 faces and hence its surface area

= (area of the base) + 4 (area of a side face) = x% + 4xy

192 —x2

4x
Let V be the volume of the box. Then

X2+ 4xy =192 Sy =

32 3
V=x2y=x2<192 x >: 192x —x ) . (Say)
4x 4
1,2 32 _
Thenf/(x)zlgz 3x* _3(64—x") _ 3(8+x)(8—x)
4 4 4
d (192 3x2 d 192\ 3d 3 3x
dfr=222-2 )= (22 )2 L) =0-2 20 = — 2.
and /%) dx<4 4> dx<4> 4dx(x) 4(x) 2
Now, /' (x) = 0, when w —0,ic whenx=8orx=—8
Since x is the length of the side, it is not negative.  .". x # — 8.
" x=8,and f"(8) = —3;8= —12<0

.". by the second derivative test, ' is maximum, when x = 8.
192 —x*  192—-8 4
4x 4 x8

Whenx =38,y =

*. when the volume of the box is maximum, the length of the side of the square

base is 8 cm and its height is 4 cm.



‘ Examples for Practice ‘ 3 or 4 marks each

Examine the following functions for maxima and minima :
() £ () =26 —202436x =20 () () = 22+
x

3) f(x) =x>—3x*—24x+5 @) f(x) = x%"

L 1
Show that /' (x) = x* is minimum when x =- .
e
Divide the number 20 into two parts such that sum of their squares is
minimum.
A wire of length 120 cm is bent to form a rectangle. Find its dimensions

if the area of the rectangle is maximum.
A manufacturer can sell x items at the rate of ¥ (330 —x) each. The cost

of producing x items is T (x2 + 10x + 12). How many items must be sold
so that his profit is maximum?

An open box is to be cut out of piece of square card of side 18 cm by
cutting of equal squares from the corners and turning up the sides. Find the
maximum volume of the box.

Two sides of a triangle are given. Find the angle between them such that the
area of the triangle is maximum.

Find the maximum volume of right circular cylinder, if the sum of its radius

and height is 6 units.

ANSWERS
Max. at | Max. value Min. at Min. value

(1) 1 —3 6 — 128

(2) - - +2 8

A3) -2 33 4 75

4) -2 -~ 0 0

e

. 10 and 10 4. Length = breadth =30 cm
. 80 6. 432 cc 7. = 8. 327 cu units.

"2




MULTIPLE CHOICE QUESTIONS | 2 marks each

Select and write the most appropriate answer from the given alternatives

in each of the following questions :

1.

The equation of the tangent to the curve y = 3x2 — x + 1 at the point (1, 3) is

(a) y=5x+2 (b) y=5x—2
1 1
) y=—x+2 d)y=-x-2
() y 3 (d) y 5
If the tangent at (1, 1) on y> = x (2 — x)? meets the curve again at P, then P is
(a) (4,4) () (—-1,2)
9 3
c) (3,6 d(2, =
(c) (3,6) (d) < 13 )
The approximate value of tan (44° 30") given that 1°=0.0175¢ is
(a) 0.8952 (b) 0.9528 (c) 0.9285 (d) 0.9825

If the function f(x) = ax? + bx? + 11x — 6 satisfies the conditions of Rolle’s

1
theorem in[1, 3] and f’ ’<2 +— > =0, then values of @ and b are respectively

3

@1, —6 (b) —2,1 © —1, -6 (d —1,6

Let f(x) = x> — 6x2 4 9x + 18, then f(x) is strictly decreasing in

(@) (—o0, 1) (b) [3, )

() (—oo, 1TU[3, ) (d) (1, 3). (Sept. °21)

If the function f(x) =log x, x € [1, ¢] satisfies all the conditions of LMVT,

then the value of ¢ is

(a) 1 (b) e (©) é ) e—1.

The radius of a circular blot of oil is increasing at the rate of 2 cm/min.
The rate of change of its circumference is

(a) 4 cm/sec (b) 47 cm/sec

(c) 2w cm/sec (d) mcm/sec.

Two numbers x and y such that x +y =2 and x3-y is maximum are

15 31 6 4
(a)g,g (b)EaE (© L1 (d)gag-
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1S

9. The maximum value of the function f(x) = log x
X

(a) e (b) ! (c) e (d) iz (March ’22)
e e
10. If x= — 1 and x = 2 are the extreme points of y = o logx + fx? + x, then
1 1
= —6.p=> b) a= —6,f= —+
(a) o B 5 (b) o p 5
(c) «=2 ﬁ=—l (d) a=2 ﬁ:l
b 2 b 2'
e N
ANSWERS
9 3
1. (b) y=5x—-2 2. (d) | =, =
(b) y=>5x (d) <4 8)
3. (d) 0.9825 4. (a) 1, —6
5. (d) (1, 3) 6. (d) e—1
31
7. (b) 4 / 8. (b) =, =
(b) 47 cm/sec (b) )
1 1
9. (b) - 10. (c) =2, = ——.
e 2




