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Position of Two Points Relative o i negative
to a Given Line . SETRL T

x, +by, +c¢
Theorem : The points P (x;,y;) and Q (x,, y,) lie on the e
same or opposite sides of the line ax + by +¢ =0 according 0 Oax, +by; +¢ D>0
as x, +by, tc B
+ +
ax, vby, te o oo Flxnyy)
ax, + byz +c or ﬁ >
X2,Y2
Proof : Let the line PQ be divided by the line 3
ax +by +c =0in the ratio A : 1 (internally) at the point R. where, f (x,y) Sax +by +c.
Che, + A +Av, O Case II : Let P and Q are on opposite sides of the line
U The coordinates of R are H 11 " )\xz , yll - )\yz ax +by +c =0

O Rdivides PQ internally.

0

The point of R lies on the line ax + by +¢ =0
[hey +Ax, O Eb/l +Ay, o, o CA  is positive
c py
1+A H

th +b
o aB 1+A H 0 _Eklx1+by1+c|]>0 p R Q
O A (axt byt o (axt byt oF 0 Xz by, e
(ax. +bv, +cl Lhx, +by, +c0
0 A=-pgt -0 7e (- ax, +by, +c 20) O o T
x, +by, +c xy tby, +c
Case I : Let P and Q are on same side of the line or f(x1,91) <0
ax +by +c =0. f(x2,y2)
U Rdivides PQ externally. where, f (x,y) =ax +by +c
o Remarks
1. The side of the line where origin lies is known as origin side.
Q 2. A point (a, B) will lie on origin side of the line ax + by + ¢ =0, if
P aa + bB + c and ¢ have same sign.

3. A point (a, B) will lie on non-origin side of the line
ax + by + ¢ =0, ifaa + bB + c and ¢ have opposite sign.



Example 46. Are the points (2,1) and (=3, 5) on the
same or opposite side of the line 3x =2y +1=07
Sol. Let f(x,y)=3x -2y +1

fy _3@-am+1 __5

f(=3,5) 3(-3)-2(5) +1 18
Therefore, the two points are on the opposite sides of the
given line.

Example 47. Is the point (2, =7) lies on origin side of
the line2x+y +2 =07

Sol. Let f(x,y)=2x +y +2
a f(2,-7)=2(2)-7 +2=-1
f(2,-7)<0 and
Hence, the point (2, —7) lies on non-origin side.

constant 2> 0

Example 48. A straight canal is at a distance of
4% km from a city and the nearest path from the city

to the canal is in the north-east direction. Find
whether a village which is at 3 km north and 4 km east
from the city lies on the canal or not. If not, then on
which side of the canal is the village situated ?

Sol. Let O (0,0) be the given city and AB be the straight canal.

Given, OL = % km

North
v{‘
B
NL o eV(4,3)
{(/(b
%Oé\
45°
X« >
0 A\ East
Yy

U Equation of AB
i.e. Equation of canal is

. 9
X cos45° + y sin45° :E

or x+y= % (1)

Let Vbe the given village, then V = (4, 3)
Putting x = 4 and y = 3in Eq. (i),

9
,i.e.7 = — which is impossible.

N

9
then4 +3 =

=

Hence, the given village V does not lie on the canal.

Alsoiff(x,y)5x+y—%
O 9 00
#+3-—0 _
T i SR

£(0,0) _9 0o 9 0O
Eb+0 \/5%

Hence, the village is on that side of the canal on which
origin or the city lies.

Position of a Point Which Lies
Inside a Triangle

Let P (x;,y;) be the point and equations of the sides of a
triangle are

BC:ayx +byy +¢; =0
CA:ay,x +byy +¢y =0
AB:asx +bsy +cg =0

and

First find the coordinates of A, B and C say,

AE(x"y');BE(x,"}/,)andCE(x',"}/'")
and if coordinates of A, B, C are given, then find equations of
BC, CA and AB.

If P (x,,y;) lies inside the triangle, then P and A must be
on the same side of BC, P and B must be on the same side
of AC, P and C must be on the same side of AB, then

a;x; +byy; t¢

>0 (1)
ax"+ by +c

a,x; +byy, +c,

~ =~ >0 .. (i)
a,x""+ by + ¢y

asx; +bsy; +c;

and >0 ..(iii)

rrr rrr
asx"""+ b3y + cq

The required values of P (x,, y, ) must be intersection of
these inequalities Egs. (i), (ii) and (iii).



Aliter (Best Method) : First draw the exact diagram of
the problem. If the point P (x{,y;)
move on the line y =ax +b for all x,, then

P=(xy,ax, tb)
and the portion DE of the line y = ax +b (Excluding D and
E) lies within the triangle. Now line y = ax +b cuts any

two sides out of three sides, then find coordinates of D and

E.

D =(a.B)
and E =(y, d) (say)
then a<x; <y
and B <ax, +b <d

Example 49. For what values of the parameter t
does the point P (t,t +1) lies inside the triangle ABC
where A=(0,3),B=(-2,0)and C=(6,1).

Sol. Equations of sides
BC:x -8y +2=0
CA:x+3y—-9=0
and AB:3x =2y +6 =0
Since, P (t, t + 1) lies inside the triangle ABC, then P and A
must be on the same side of BC
value of (x =8y +2)at P(t,t +1) S

ad
value of (x —8y +2) at A (0,3)
t—=8(t+1)+2
ie. ¥>O
0—-24 +2
-7t —6
or >0
- 22
or 7t +6>0
ad (1)
X' Bl
B(2,0) 0
VVY’

and P, B must be on the same side of CA
value of (x +3y —9) at P(t,t +1) S

d 0
value of (x +3y —9) at B(—2,0)
+ +1) -
ie. tr+l =9 3(t+1) 9>0
-2+0-9
4 -
or d 6>0

-11

or 4t —-6<0
3

0 t<> ..(ii)
2

and P, C must be on the same side of AB
value of (3x —2y +6)at P(t,t +1) S

O
value of (3x — 2y +6) atC(6,1)
- +1) +
‘e 3t —2(t +1) 6>0
18—2+6
+
or d 4>0
22
or t+4>0
O t>-4 ..(iii)

From Eqgs. (i), (ii) and (iii), we get

6 3
- —<t<=

7 2
@ 0Bl

Aliter : First draw the exact diagram of A ABC, the point
P (t,t + 1) move on the line

y=x+1

for all ¢

Now, D and E are the intersection of
y=x+t1Lx =8y +2 =0

and y=x+1 x+3y-9=0
respectively.

1
O D= E, —@

77
5
and E= %, 7@
2
Thus, the points on the line y = x + 1 whose x-coordinates

6 3
lies between — - and 5 lie within the triangle ABC.

6 3
Hence, -—<t<=

2
6 3

ie. tD% ,,,Q
7 2



Example 50. Find A if (A,2) is an interior point of
A ABC formed by x+y =4,3x =7y =8 and
4x —y =31

Sol. Let P=(A,2)

First draw the exact diagram of A ABC, the point P (A, 2)
move on the line y =2for all A.

MY

X'«

Y Y’

Now, D and E are the intersection of
3x -7y =8y =2

and 4x — y =31,y =2 respectively.

O DE%J@ andEEgg,ZQ
3 4

Thus, the points on the line y = 2 whose x-coordinates lies

between % and % lie within the A ABC.

Hence, 2 <A< 3
3 4

2
ie. AO ,9
3 4

Example 51. Determine all values of a for which the
point (a,a ?) lies inside the triangle formed by the lines

2x+3y =1=0,x+2y —3=0and 5x —6y —1=0.

Sol. The coordinates of the vertices are

AY

vY

A %,%@B(—ZS) and C %%@

“+ P (0,0 %) lies inside the A ABC, then
(i) A and P must lie on the same side of BC
(ii) B and P must lie on the same side of CA

(iii) C and P must lie on the same side of AB, then
5 21

S+
2 8 >0
20 +30% -1
33
200+ 3002 -1
or 302+ 200 -1>0

0 (a+1)@:—§@>o
0 a0 o = 111 %9 @ )

and 7_35_32_1>0
50 —60? —1
O 50— 6i—-1<0
: GRbalL Rl
3 2
O al-@e ,1/8) (@1®2, ) (i)
1,2,
and %>0
a+2° -3
0 a+ 2% 8 0
a 20+ 3)(a-1)<0
O ald-( 3/2,1) ... (i)

From Eq. (i), Eq. (ii) and Eq. (iii), we get

o€ 3/2- 10 (1/2,1).
Aliter : Let P(a,a 2 ) first draw the exact diagram of
A ABC.

The point P (a,a*) move on the curve y = x* for all a.
2

Now, intersection of y = x
and 2x +3y —-1=0
or 2x +3x% —-1=0
1
O x=-1x=-
3

Let intersection points

DE(—l,l)andEE%,%Q

intersection of y = x*
and x+2y—-3=0
or x+2x* -3=0

O x=1,x=-3/2



AY

X' > X

v
Let intersection points

FE(l,l)andGE§~§,g
2 4

and intersection of y = x* and 5x — 6y —1 =0

or 5%x —6x% —1=0
1 1
g X=—,x==
2

Let intersection points
H=[ fandl=pg
9 4
Thus the points on the curve y = x* whose x-coordinate
lies between —3/2 & — 1and %& 1 lies within the triangle

ABC.

Hence,

2
ie. al]% 5_ @D % 1@
2

Equations of Lines Parallel and
Perpendicular to a Given Line

Theorem 1: The equation of line parallel to
ax +by +¢ =01is ax +by + A =0, where A is some
constant.

3 1
——<0<-lor —-<a<1
2

Proof : Let the equation of any line parallel to

ax +by +¢ =0 (1)
be a;x +byy +cq =0 ..(ii)
then ak :bfl =k (say)

a b
0 a, =ak,b; =bk

Then from Eq. (ii),
akx +bky +c =0

Dividing it by k, then

c
ax +by +— =0
YTk

0. c
+by +A = =
or ax +by + A =0 Swntmg A for kE

Hence, any line parallel to ax + by +¢ =01is
ax +by + A =0
where A is some constant.
Aliter : The given line is
ax +by +c =0 ..()

a
Its slope = =3
Thus, any line parallel to Eq. (i) is given by
tal]
y= H’g%x + A,

O ax +by —bA; =0
O ax +by + A =0

where, A is some constant.

(writing A for —bA )

Corollary: The equation of the line parallel to
ax + by +c =0 and passing through (x;, y,) is
a(x—x;)+b(y —y,) =0
Working Rule :
(i) Keep the terms containing x and y unaltered.
(if) Change the constant.

(iii) The constant A is determined from an additional
condition given in the problem.

Theorem 2 : The equation of the line perpendicular to the
line ax +by +c =01is
bx —ay + A =0, where A is some constant.

Proof : Let the equation of any line perpendicular to

ax +by +c =0 .. ()
be a;x +byy +c¢q =0 ..(ii)
then aa, +bb; =0
or aa, =—bb,
O 4 :b—l = (say)
b -a
O a, =bk,b, =—ak

Then, from Eq. (ii), bkx —aky +c,; =0 dividing it by k, then

€1
bx —ay +— =0
Y%



or bx —ay + A =0 a

Hence, any line perpendicular to ax + by +c =01is
bx —ay + A =0
where, A is some constant.
Aliter : The given line is
ax +by +c¢ =0 (1)

a
Its slope = ——
P
. . L. b
Slope of perpendicular line of Eq. (i) is —
a

Thus any line perpendicular to Eq. (i) is given by

_0
y= %Ex + Ay
O bx —ay +ak; =0
or bx —ay + A =0 (writing A for ah ;)

where, A is some constant.
Corollary 1 : The equation of the line through (x,, y;)
and perpendicular to ax + by +¢ =01is

b(x=x;)—a(y —y;) =0
Corollary 2 : Also equation of the line perpendicular to
ax +by +c =0 is written as

X —% +k =0, where k is some constant.
a
Working Rule :

(i) Interchange the coefficients of x and y and changing
sign of one of these coefficients.

(ii) Changing the constant term.

(iii) The value of A can be determined from an additional
condition given in the problem.

Example 52. Find the general equation of the line
which is parallel to 3x =4y +5 =0. Also find such line
through the point (-1,2) .

Sol. Equation of any parallel to 3x — 4y +5 =01is
3x -4y + A =0 (1)

which is general equation of the line.
Also Eq. (i) passes through (-1, 2), then
3(-1)—4(2)+A =0
a A= 11
Then from Eq. (i) required line is
3x —4y +11 =0

%Nriting A for f%

Example 53. Find the general equation of the line
which is perpendicular to x+y +4 =0 . Also find such
line through the point (1,2) .
Sol. Equation of any line perpendicular to x +y+4 =0is
x—y+A=0 (1)
which is general equation of the line.
Also Eq. (i) passes through (1, 2), then

1-2+A=0
O A= 1
Then from Eq. (i), required line is

x—y+1=0

Example 54. show that the equation of the line
passing through the point (acos® 8,asin® 8) and
perpendicular to the line
X sec O +y cosec O =ais
X cosB@ —y sinB =acos26
Sol. The given equation x sec © +y cosec © =a can be written as

xsin® +y cos® =asinBcos O (1)

0 equation of perpendicular line of Eq. (i) is
x cos® —ysin® = A (i)

Also it is pass through (a cos’ 6, a sin” 8)

O acos’@[dos® —asin®Oin 6 = A

a(cos*® sin'0)

=a(cos?B +sin?0) (cos? O —sin® 6)

= a[1[¢os 20 = a cos 20

From Eq. (ii), the required equation of the line is

g A=

x cos® —ysinB =a cos20
Aliter : (From corollary (2) of Theorem (2)
Equation of any line perpendicular to the line

xsec O +ycosec B =a,is

X _ Y
secO cosecO
or x cos® —ysinB =k ...(iii)

Also, it pass through (a cos®8, asin® )

O a cos®@[dos® —asin’ B Ein B =k

or k =a(cos*@ —sin *0)
=a(cos?0 +sin?0) (cos® B —sin® H)
= a[[dos 20

=acos 20
From Eq. (iii), the required equation of the line is

x cos@ —ysinB =a cos26



Distance of a Point From a Line

Theorem : The length of perpendicular from a point
(x1,y,) to the line ax + by +c =01is
|ax, +by, *+c|
(a® +b*)
Proof : Given line is ax + by +¢ =0
0 T+
Oed HceH
H

55

=1

1

P(x.y7)

X< »X
VVY’ \

Let the given line intersects the X-axis and Y-axis at A and

. . O c 0O
B respectively, then coordinates of A and B are E— -, OE

a
d @) °H tivel

and [0, — —respectively.

p Crespectively

Draw PM perpendicular to AB.
Now, Area of A PAB

1 c] ¢ g
== ~y, [0+0(y; =0
2 xl@ b0 a E_b yigto W =0)
- 18 ax, +by, +c| (1)

2[4

Let PM=p
Also, area of A PAB

ExlR s et
TR = ng o
188 [ + ii
= 2 A b)) .. (i)

From Egs. (i) and (ii), we have

BB o) B =22 Hax, by, el

2k
_|axl +by, +c|

(@ +b%)

or

Aliter I: Let PM makes an angle 8 with positive
direction of X-axis.

Then, equation of PM in distance form will be

X —x -
cos 91 - ysin)él P (- PM=p)
Therefore coordinates of M will be
(x1 +pcosB y, +psinb)
Since, M lies on ax + by +c¢ =0, then
a(x, +pcosB +b(y, +psin 6 +c =0
or p(acosO +bsinB) =—(ax, +by,; +c) ...(iii)

Since, slope of AB = —%

b
u Slope of PM =—
a
b
O tan® =— (" PM makes an angle 6 with
a positive direction of X-axis)
A
V@2+h2)
b
0
B a C
b
then  sin® =————
(a® +b*)
and cos@=—o
(a® +b*)
Now, from Eq. (iii),
I:l 2 b2

po—
E\/(az + %) \/(az +b%)
_(axy by, +o)

(a® +b%)

O
§= =(ax; +by, +c)

or

Since, p is positive
_lax, +by, +¢|

(a® +b%)

0

Aliter II : Let Q (x, y) be any point on the line
ax +by +c =0

Hence, the length of perpendicular from P on AB will be
least value of PQ.



\'
B
Q(><,y) Py
M
X'« »X
OVVY’ A\
Let z =(PQ)*
=(x =x1)" +(y =y1)* (i)
—(x—x)2+D£—%— a
= 1 E_b b )HE
0. ax +by +c =00
DIZI _c)axD
HO 7 b 75
dz 0 c ax 04 aQ
0 —=2(x—x;)¥2 [~ — - =
o 2 TE) R
d’z 0 afd afd_., 0 «*0
d —=2+2[— —0=2 4 +—-0=positi
an e E_bEH_bE sRls positive

.z is minimum
0 PQis also minimum.
dz

7:0
X

For maximum or minimum,

ax

M c U al_
P )y Ty e

0 ald O c ax[]
or 2(x —x;) +2(y —yl)B—ZE=O E.'y=—g B
or (x—xl)=(y—y1)=a(x—x1)+b(y ~¥1)
a b ala+b b
_(ax +by +c) —(ax; +by; +c)
(@ +5?)
(by law of proportion)
0- +by, +
= (ax; 32/1 ¢) (" ax +by +c =0)
(a” +b%)
O (x—x):—a(ax1+by1+C)
1 (a* +0°)
b(ax, +by, +c)
d - =-
an (y )/1) (az +b2)

O From Eq. (iv),

2 (a® +b%) _lax, +by;, +c|

(a® +b%)? (a® +b?)

PQ:\/(WH +by, *c)

- Least value of PQ is PM
] p=PM :w
(a® +b%)
Aliter III : Let M =(h, k)
Since, M (h, k) lies on AB,
ah+bk +c =0 .(v)

Now, AB and PM are perpendicular to each other, then

(slope of PM ) % (slope of AB) =—1

yi—k_[0O ad
g —x[—-O=-1
0 X1 —h_yi—k_a(x; —h)+b(y, —k)
a b a.a+b.b
(by law of proportion)
_(ax; + by, +c) —(ah +bk +c)
a* +b°
ax; +by, +c¢
= from Eq. (v
R [from Eq. (v)]
O (PM)* =(x =x1)" +(y =y1)°
f
SR b ren ey
0 a"+b g

U Length of perpendicular
(ax, +by, *c)

PM =+
(a® +b)
+by, +
Hence, PM=p=lX1tby1*c)

(a® +b%)
Aliter IV : Equation of AB in normal form is
a . b y= —c

,((12 +b2) \/(az +b2) \/(az +b2)
c

g OL=-

(@ +b%)




Equation of line parallel to AB and passes through (x;, y,)
is

a(x=x;)+b(y —y1) =0

or ax +by =ax, +by,
Normal form is
a b _ax, +by,
J@ov) e Ja o)
0 00 = ax; +by,
(a® +b°)
x, +by, +c

0  PM=QL=0Q -OL =2
(a® +b*)
Hence, required perpendicular distance
_lax, +by, +(|
(a® +b?)
Aliter V : The equation of line through P(x,,y;) and
perpendicular to ax + by +¢ =0is
b(x=x;)—a(y —y;) =0
If this perpendicular meet the line ax + by +¢ =0in

M (x,,y,) then (x4, y,) lie on both the lines
ax + by +c =0 and Eq. (vi), then

(vi)

b(x, =x;)—a(y, —y;) =0,ax, +by, +c =0
ax, +by, +c =a(x, —x;) +b(y, —y,) +ax; +by; +c =0
or b(x, —x1) —a(y, —y1) =0
and  a(x, —xq) +b(y, —y;) =—(ax; +by, +c) ...(viii)
On squaring and adding Egs. (vii) and (viii), we get

(az +b2)((x2 _xl)z +(y2 _Y1)2) =(ax; +by, +C)2

or PM=\/(x2 —x1)" +(y, —y1)°
_lax, +by; +c]
(a® +b?)

(Vi)

Hence, length of perpendicular

PM=p= lax, + by, +c|
(a® +b%)

Corollary 1 : The length of perpendicular from the origin
to the line ax + by +¢ =01is
[al0+b[0+c| | c|

—— e, ——

(aZ +b2) [(aZ +b2)
Corollary 2 : The length of perpendicular from (x,, y;) to
the line x cosO + y sina = pis

|x; cosd +y; sind —p|

J(cos* a +sin®a)

=|x;cosO + y, sin0 —
1 V1 p

Working Rule :
(i) Put the point (x, y,) for (x, y) on the LHS while the
RHS is zero.
(i) Divide LHS after Eq. (i) by /(a* + b*), where a and b

are the coefficients of x and y respectively.

Example 55. Find the sum of the abscissas of all the
points on the line x + y =4 that lie at a unit distance
from the line 4x + 3y =10 =0.

Sol. Any point on the line x + y =4 can be taken as (x;, 4 — x;).
As it is at a unit distance from the line 4x + 3y —10 =0, we

get
|4x1+3(4—x1)—10|:1
\/(42+32)
O |x;+2|=50 x,+2=4%5
g x;=3 or -7

O Required sum =3 -7 = —4.

Example 56. If p and p’ are the length of the

perpendiculars from the origin to the straight lines
whose equations are x sec 8 +y cosec 8 =a and

X cosB —ysinB =acos20, then find the value of
4p2 +P'2-

Sol. We have, p = [~a |
A/ (sec? + cosec?0)

0 p? = a* _ a*sin®@ cos?0

sec’@ + cosec’d 1
O 4p* = a*sin”20 ...(0)
and p':Mﬂ—acosZm

(cos®B +sin”B)

O (p')* = a*cos’20 ...(i1)
0 Adding Egs. (i) and (ii), we get

4p?+p? =gl

Example 57. If p is the length of the perpendicular

from the origin to the line X +% =1, then prove that

a
1 1T 1
GZ bZ pZ :
Sol. p =length of perpendicular from origin to

i + X =1

a b

l0+0 -1 _ 1
1 + 1
3 -BE (e

or



Example 58. Prove that no line can be drawn
through the point (4, — 5) so that its distance from
(=2, 3) will be equal to 12.

Sol. Suppose, if possible.
Equation of line through (4, —5) with slope of m is
y+5=m(x —4)
| mx —y—4m—-5=0
|m(-2) =3 —4m —5|:1

\/m2+1
O  |-6m—8]=124(m* +1)

On squaring, (6m +8)* =144 (m® +1)

Then

2

0 4 (3m + 4)* =144 (m® +1)
o (3m + 4)* =36(m® +1)
O 27m* —24m +20 =0 ()

Since, the discriminant of Eq. (i) is (—24)* —4 27 [0 = —1584
which is negative, there is no real value of m . Hence no
such line is possible.

Distance between Two
Parallel Lines

Let the two parallel lines be
ax +by +c¢ =0 and ax +by +c; =0

The distance between the parallel lines is the perpendicular
distance of any point on one line from the other line.

Let (x,,y;) be any point on ax + by +¢ =0
0 ax, +by; +¢ =0 ..()
Now, perpendicular distance of the point (x, y; ) from the
line ax + by +¢; =0is
lax, +by, +eif _ e — ¢

\/(a2+b2) \/(a2+b2)
This is required distance between the given parallel lines.
Aliter I:

[from Eq. (i)]

The distance between the lines is
A

d=—n
(a® +b%)

(i) A =] ¢; —c}, if both the lines are on the same side of
the origin.

(i) A =] ¢q] +]c}, if the lines are on the opposite side of the
origin.
Aliter II : Find the coordinates of any point on one of
the given lines, preferably putting x =0 or y =0. Then the
perpendicular distance of this point from the other line is
the required distance between the lines.

Example 59. Find the distance between the lines
5x =12y +2 =0and 5x =12y — 3 =0.

Sol. The distance between the lines
55 =12y +2 =0 and 5x —12y —3 =0is

2= 5

(5)? +(-12)> 13

Aliter I : The constant term in both equations are 2 and -3

which are of opposite sign. Hence origin lies between them.
. L 2/ +] -3 5

0 Distance between lines is —————=

() +(-12)° 13

3
Aliter II : Putting y =0in5x — 12y =3 =0then x = s

O %,Oglie on5x —12y =3 =0

Hence, distance between the lines
5x —12y +2 =0and (5x — 12y —3 =0)

= Distance from %, Ogto the line 5x — 12y +2 =0

3
5X—=0+2
5

{58 +(-12)° 13

Example 60. Find the equations of the line parallel to
5x =12y +26 =0 and at a distance of 4 units from it.

Sol. Equation of any line parallel to 5x — 12y +26 =0is

5x =12y + A =0 (i)
Since, the distance between the parallel lines is 4 units, then
[AN=26] _ 4

(5)" +(-12)°
or |A=26/=52 or A —26==%52
or A=26%+52 [OA=- 260r78
Substituting the values of A in Eq. (i), we get
5x =12y =26 =0

and 5x —12y +78 =0

Area of Parallelogram

Theorem : Area of parallelogram ABCD whose sides
AB, BC, CD and DA are represented by a;x +b;y +¢; =0,
a,x +byy +c, =0,a,x +byy +d, =0

and a,x +b,y +d, =0is

Pip2 lcy —dql|lc, —d,
sin® | a, b, |
a, b,

where, p; and p, are the distances between parallel sides
and 0 is the angle between two adjacent sides.



Proof : Since, p, and p, are the distances between the pairs
of parallel sides of the parallelogram and 6 is the angle
between two adjacent sides, then

D a;x+bsy+d,;=0
INEF/EN S/~
AR 7
v ~ O
& <
D P S &
@ 1 ~
o'/x0 ax+bytc,=0."
A ~/B

Area of parallelogram ABCD
=2 X Area of A ABD

1
=2 x5 X AB X p;

O . . n_ P2l
E. in A ABL,sin © _ABE

=PiPz ()

Now, p; =Distance between parallel sides AB and DC
— ley —d,
(af +b7)
and p, =Distance between parallel sides AD and BC
_ les —dy

(a; +b7)

a, U all

", o,

0 ﬂDD ay
ot e

Also, tan© :E(Yh _ M HZ

1 +mymy[]

E - m; =slope ofAB:—a—E
0 b
Hnd lope of AD =225
n = = —-—=
% m, =slope o bzg

:@lbz - aZbIE

[#ia, +bb,0

laib, —ayb|

O sin@ =
(@ +b2)(a2 +b2)

Now, substitute the values of p;, p, and sin 8 in Eq. (i)

lcy —di]lcy —dy|
laib, —ayb|

_ler —dql]e, —dy|

O Area of parallelogram ABCD =

a; b
a, b, |
Corollaries :
1. If p; = p,, then ABCD becomes a rhombus
0 Area of rhombus ABCD = p f
sin ©

(c1 _dl)z

it

2
1
[h? + b2 0

laib, —ayb|

2. If d; and d, are the lengths of two perpendicular
diagonals of a rhombus, then

Area of rhombus = é d,d,

3. Area of the parallelogram whose sides are y =mx +a,
la=bl|c—d]|

y=mx +b,y=nx +candy =nx +d is
lm =n|
Example 61. Show that the area of the parallelogram
formed by the lines x + 3y —a =0, 3x —2y + 3a =0,

.20 .
x+3y+4a=0and 3x -2y +7a =0 |sﬁa2 Sq units.

Sol. Required area of the parallelogram
_|~a-4d||3a =7a| _20 , .
=————————=—a" squnits

1 3 11

Example 62. Show that the area of the parallelogram
formed by the lines
XCosO + ysind = p, xcoso + ysina =(,
XcosPB +ysinf3 =r, xcosPB +ysinB =sis
|(p = q)(r =s) cosec (@ =P)].
Sol. The equation of sides of the parallelogram are
xcos O+ ysin0 — p =0,
xcosO+ ysin0 — q =0,
xcos3 +ysin 3 —r =0,

and xcosf3 +ysinf3 —s =0



O Required area of the parallelogram
= =gl =r ~()| _|p = qllr =s|
cosO sind | [sin(B — a)]

cosf sinf

=|(p = q)(r —s)cosec (a —B)|
Example 63. Prove that the diagonals of the
parallelogram formed by the lines
X Yy _ X Yy __x.Yy X Yy
S4l=ym+2 =15+ =2and S+ 2 =2
a'b b Ta ta b T,
are at right angles. Also find its area (a #b).

Sol. The distance between the parallel sides

X + Y- 1 and X + Y- 2
a b a
. 2-1 1
is it = p, (say)
1 1 E 1 1 Q
+ +
\/%17 b2 \/%7 b?
and the distance between the parallel sides
X + Y =1 and X + Y =2
b a b a
. 2—1 1
T =, (say)
58 G
+ = + =
\/ 2 2 \/ 2 2
Here, p1=po.

O Parallelogram is a rhombus.

But we know that diagonals of rhombus are perpendicular
to each other.

_ (-1 +2)(-1 +2)

O Area of the rhombus T
|67 b |
11
b a
2,2
_ab
—7|b2_a2|(a¢b)

Example 64. Show that the four lines ax+by + ¢ =0
2
.2
enclose a rhombus whose area is ——.
|ab]
Sol. The given lines are
ax +by +¢ =0

..(0)

ax +by —c =0 ..(ii)
ax —by +¢ =0 ...(iii)
and ax —by —c¢ =0 .(iv)
Distance between the parallel lines Egs. (i) and (ii) is
__x - p; (say) and distance between the parallel
(a® +b%)
lines Egs. (iii) and (iv) is
2c
T (say)
(a® +b%)
Here, p; = p,
0 it is a rhombus.
2 2
[0 Area of rhombus = e *e)le * o)l = 4 -2
|—2ab| |ab|

-

Exercise for Session 2

1.

2.

The number of lines that are parallel to 2x + 6y —7 =0 and have an intercept 10 between the coordinate axes is

(a)1 (b) 2 (c)4 (d) infinitely many
The distance between the lines4x + 3y =11and8x + 6y =15is
7 7 7 9
a)— b) — c)— d) =
( )2 ( )5 ( )10 ( )10

If the algebraic sum of the perpendicular distances from the points (2, 0), (0, 2) and (1, 1) to a variable straight
line is zero, then the line passes through the point

(@@, 1 (b)(=1.1) (€) (=1.-1) .-

If the quadrilateral formed by the linesax + by +c¢ =0,a’' x +b' y + ¢ =0,ax + by +c¢'=0and
a' x +b'"y+ ¢ =0have perpendicular diagonals, then
(@)b?+c?2=p?+c? (b)c®+a’=c?+a”? (c)a’? +b?=a? +b"? (d) None of these
The area of the parallelogram formed by the lines3x -4y +1=0,3x -4y +3 =0,4x -3y -1=0and
4x -3y -2 =0, is

1 . 2 . 3 . 4 .
a) — sq units b) = sq units C) = sq units d) — sq units
()7q ()7q ()7q ()7q



10.

11.

12.

13.
14.

15.
16.

17.

18.

Area of the parallelogram formed by the linesy =mx,y =mx +1y =nx and y =nx + 1equals

(@1m*nl b) 2 () — (d)—"

(m-n)? Im+n| Im+n| Im-n|

The coordinates of a point on the line y = x where perpendicular distance from the line3x + 4y =12is 4 units,

are
B e MR ofF22

A line passes through the point (2,2) and is perpendicular to the line3x + y =3, then its y-intercept is

2 2 4 4
a)-= b) = c)—— d) —
(a) 3 (b) 3 (c) 3 (d) 3
If the points (1, 2) and (3, 4) were to be on the opposite side of the line3x -5y +a =0, then
(@)7<a<11 (bya=7 (c)a=11 (d)a<7ora>11
Thelinesy =mx,y +2x =0,y =2x + k and y + mx =k form a rhombus if m equals
1
(a)—1 (b) 5 (c) 1 (d)2
The points on the axis of x, whose perpendicular distance from the straight Iinei + % =1isa
a

(@2 @x @ +b2),0) ©)2 6 = @ +67),0)

a
©2 (@+b,0) @2 @x @ +7).0)

a

The three sides of a triangle are given by (x? - y?)(2x + 3y —6) =0. If the point (-2, a) lies inside and (b 1) lies
outside the triangle, then

(a)auga%?gbmm) (b)amgz%’@bmgtgg

(c)aO Ql L:Qb 0t 3 5) (d) None of these

Are the points (3, 4) and (2, —6) on the same or opposite sides of the line3x -4y =87

If the points (4, 7) and (cos 6, sin B), where 0 < 8 < 11 lie on the same side of the line x + y —1=0, then prove
that 6 lies in the first quadrant.

Find the equations of lines parallel to3x —4y -5 =0 at a unit distance from it.

Show that the area of the parallelogram formed by the lines2x -3y +a =0,3x -2y —a =0,2x -3y +3a =0
2
and3x -2y —2a =0 isz% sq units.

Aline ‘L’ is drawn from P (4,3) to meet the lines Ly :3x +4y +5 =0and L, :3x + 4y + 15 =0 at point A and B

respectively. From ‘A’ a line, perpendicular to L is drawn meeting the line L, at A;. Similarly from point ‘B’ a line,
perpendicular to L is drawn meeting the line L; at B;. Thus a parallelogram AABB; is formed. Find the
equation (s) of ‘L’ so that the area of the parallelogram AABB; is least.

The vertices of a AOBC are O (0,0), B (=3, —1), C (-1, =3). Find the equation of the line parallel to BC and

intersecting the sides OB and OC and whose perpendicular distance from the origin is %

Answers

Exercise for Session 2
1. (b) 2. (c) 3.(a) 4. (c) 5. (b) 6. (d)
7.(c,d) 8.(d) 9. (d) 10. (d) 11.(b) 12.(d)
13. The two points are on the opposite side of the given line.
15.3x -4y =0and3x -4y —-10 =0
17.7x+ y=31=0 18.2x+2y+~2=0
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