Chapter 4

Determinants

Exercise 4.5
Q.1
Find adjoint of each of the matrices.
|1 2
3 4
Answer:

Adjoint of the matrix A = [aj]n X n is defined as the transpose of the
matrix [Aij]n X n where Aij is the co-factor of the element aij.

Let’s find the cofactors for all the positions first-
Here, A11 =4, A12=-3,A21 =-2,A»n=1.

A11 A21

~Adi A=
I8= 4, Ay,

4 —2|
1

Q.2

Find adjoint of each of the matrices.

1 -1 2
2 3 5
-2 0 1

Answer:

Adjoint of the matrix A = [ajj]n X n is defined as the transpose of the
matrix [Aj]n X n where Aij is the co-factor of the element aij.




Let’s find the cofactors for all the positions first-
Here, A11 = 1{(3x1-0%x5)} =3
Similarly,

A12=-12,A13=6,A21=1,A22=5,A23 =2,A31=-11, As2="-1, As3 =
5.

Ay Az Az
~AdjA= A1 A Az
13 A2z Aszz
3 1 -11
=|-12 5 -1
6 2 5
Q.3
Verify A (adj A) = (adj A) A = |A]
2 3 |
—4 -6
Answer:

Adjoint of the matrix A = [aj]n X n is defined as the transpose of the
matrix [Aij]n X n where Aijj is the co-factor of the element aij.

Let’s find the cofactors for all the positions first-
Here, A11=-6,A12 =4, A1 =-3, A2 = 2.

A11 A21
A12 A22

-7 7]

» AdjA =

sous=aadia) =%, [ =l o




Also Adj A(A) = [_46 _23] [_24 —36] - [8 8

Determinant of A= |A|=2(-6)-(3) (-4) =0

SoRHS = |A|I=0

Hence A (Adj A) = Adj A(A) = |A|I = 0 {hence proved}
Q.4

Verify A (adj A) = (adj A) A = |A]

1 -1 2
3 0 -2
1 O 3

Answer:

Adjoint of the matrix A = [aj]n X n is defined as the transpose of the
matrix [Aj]n X n where Aij is the co-factor of the element aij.

Let’s find the cofactors for all the positions first-
Here, A11=0,A12=-11,A13=0,A21=3,A22=1, A3 =-1,A31 = 2,
A3z =8, Az3=3.

Ayn Az Ags
~AdjA= |41 Az Aps
Az1 Azx  Ass
0 3 2
=|-11 1 8
0O -1 3

So, LHS = A (Adj A)

1 -1 27110 3 2 11 0 0
=13 0 -2||-11 1 8|=]0 11 O

1 0 31L0 -1 3 0O 0 11




0 3 211 -1 2 11 0 O
Also AdjA(A)=|-11 1 8|3 0 -=-2|=]0 11 O

0 -1 3f11 0 3 0O 0 11
Determinant of A = |A| = 11

1 0 0] [11 0 O
SoRHS=|All=|0 1 o|=|0 11 o]
0 0 1 0 0 11

11 0 0

Hence A (AdjA) =AdjA(A)=|A|lI=({0 11 O ] {hence proved}
0O 0 11

Q.5

Find the inverse of each of the matrices (if it exists)

-

4 3

Answer:

We know that A1 = ITTI Adj A

Adjoint of the matrix A = [aij]n X n is defined as the transpose of the
matrix [Aij]n X n where Aij is the co-factor of the element aij.

Let’s find the cofactors for all the positions first-
Here, A11 =3, A12=-4, A1 =2, A= 2.

. A11 A21
~Adi A=
1854, Ay
_[3 2
—4 2

And [A] =2(3) - (-2) (4) = 14




SoAl= ﬁ AdjA=—
Q.6
Find the inverse of each of the matrices (if it exists)
[—1
-3
Answer:

We know that A1 = m Adj A

Adjoint of the matrix A = [aj;]n X n is defined as the transpose of the
matrix [Aij]n X n where Aijj is the co-factor of the element aij.

Let’s find the cofactors for all the positions first-
Here, A11 =2, A12=3, A21=-5, A =-1.

— All A21
A12 AZZ

And |A| - -1(2) - (-3) (5) =13

SoAl——Ad]A =
13

)=

Q.7

Find the inverse of each of the matrices (if it exists)

1 2 3
[024

0 0 5




Answer:

Adjoint of the matrix A = [aj]n X n is defined as the transpose of the
matrix [Aj]n X n where Aij is the co-factor of the element aij.

Let’s find the cofactors for all the positions first-

Here, A11=10,A12=0,A13=0,A21=-10,A22 =5, A23=0,A31 = 2,
Az2 = -4, Azz = 2.
A1 Ay Az
Ad] A - A12 Azz A32
A13 A23 A33
10 —-10 2
=10 5 —4
0 0 2

And |A| = 10.

Q.8

Find the inverse of each of the matrices (if it exists)

1 0 O
3 3 0
5 2 -1




Answer:

Adjoint of the matrix A = [aj]n X n is defined as the transpose of the
matrix [Aj]n X n where Aij is the co-factor of the element aij.

Let’s find the cofactors for all the positions first-

Here, A11 =-3,A12=3,A13=-9,A21=0,A2=-1, A2z3=-2,A31=0,
Az2 =0, A3z = 3.

Ajn Az Az
~AdjA=|A12 Az Az

13 A23 A33

-9 -2 3

0

1—3 0 O

=|3 -1 0= 0
3
_3_

Find the inverse of each of the matrices (if it exists)

2 1 3
4 -1 0
-7 2 1

Answer:

Adjoint of the matrix A = [aj;]n X n is defined as the transpose of the
matrix [Aij]n X n where Aij is the co-factor of the element aij.

Let’s find the cofactors for all the positions first-




Here, A11 =-1,a12=-4,A13=1,A21 =5, A2 =23, A23=-11, A31 = 3,

Asz2 =12, A33 = -6.
All A21 A31
~AdjA= A1, Az Az
A13 A23 A33

-1 5 3

23 12

1 -11 -6

And |A| = -3.

-1 5 3
=—|-4 23 12|=

1 11 -6

Find the inverse of each of the matrices (if it exists)

1 -1 2
0 2 -3
3 =2 4

Answer:

Adjoint of the matrix A = [aj]n X n is defined as the transpose of the
matrix [Aij]n X n where Aij is the co-factor of the element aij.

Let’s find the cofactors for all the positions first-

Here, A11 =2,A12=-9,A13=-6,A21 =0, A2 =-2,A23=-1,A31 =-1,
Asz2= 3,33 = 2.
Ajn Ay Az

~AdjA= A1, Ay Az
Ajz Az Aszz




1'20—1 -2 0 1
—1—9—23=92—3

-6 -1 2 6 1 -2

Find the inverse of each of the matrices (if it exists)

0 cosa sin

1 0 0 ]
0 sina —cosa

Answer:

Adjoint of the matrix A = [aj]n X n is defined as the transpose of the
matrix [Aj]n X n where Aij is the co-factor of the element aij.

Let’s find the cofactors for all the positions first-
Here, A11 =-1,A12=0,A13=0, A21 =0, A22 = -cosa, A23 = -sina, A31
= 0, A32 = -sinq, A33 = cosd.

Ajn Az Az
~AdjA= A1, Az Az
A1z Azz Ass




-1 0 0
=0 —cosa -—sina

0 —sina cosa
And |A| = 1.

0 -1 0 0
—cosa -—sSina|l=|0 —cosa -—sina

—sina cos 0 —sina cosa
Q.12

3 7 _[6 8 - -1 = B-1 A-1
LetA = 5 5] andB—[7 9].Verlfythat(AB) = B-1A-1

Answer:

WehaveAB=B g][s §]=[67 871 _ (61)(67)-(47)(87) = -2

47 61
Here determinant of matrix = |AB|+# 0 hence (AB)-! exists.
o
1=_1 Ad; _ 1161 471 _[-2 -2
(AB)" = AdT(AB) =-3{ g7 67]_ =87 &7
-2 -2

(61 —47
Cadj@aB) = | S I
61 ﬂ

A 2 2
So, (AB)1=| g, P

2 2
Also |[A|=1#0and |B| =-2#0.

~ A-1and B-1 will also exist and are given by-

_ 1, 1[5 =2
(A)-l—lAIAd]A—l[_7 3]




(B)-1 = - Adj A—--[9 - ]

And hence,

ON O I | s L
o1 47

-2 -2
—-87 67

-2 -2
{Hence proved}
Q.13

IfA = [_31 ;], show that A2- 5A + 71 = O. Hence find A-1.

Answer:

We have 42 = e -8

So A2~ 5A + 71 = 8 —5[ ;]+7[(1)

Hence A2-5A+71=0
~AA-5A=-

Now post multiply with A-1

So AAA1-5A.A1=-7. Al

— Al-51=-71. A-1{since A.A'1 =1}
A - 51 =-7A1{since X.I =X}

~ar=2t=2(sy =15 =-S5




- A1l =

Q. 14

For the matrix A = [i ;] , find the numbers a and b such that A2 +
aA + bl =0.

Answer:
We have A2 =AA = [:i %] [? %] - [150 g]

SinceA2+aA+bI=[150 §]+a[i %]+b[(1) (1)=0]

104+ 3a+ b 54+a =[0 0
5+4+a 54+2a+b 0 O

Hence 10+3a+b =0 ...(i)
5+a =0 ...(ii)
5+2a+b =0 ...(iii)

So A2+ aA + bl =

From (ii)a =-5

Putting a in (iii) we getb =5

So a =-5and b =5 satisfy the equation.
Q. 15

1 1 1
For the matrixA=|1 2 -3
2 -1 3

Show that A3- 6A%2 + 5A + 111 = 0. Hence, find A-1.

Answer:




HereA2=AA=|1 2 -=3||1 2 -3
2 -1 3112 -1 3

And hence A3 =A. A2 =
1 1 1 4 2 1 ] [ 8 7 1 ]

1 1 1][1 1 1

1 2 =3||1-3 8 -14 —-23 27 —69
2 -1 3 7 -3 14 32 —13 58

~A3-6A2+5A+111=

8 7 1 4 2 1 1
[—23 27 —69]—6[—3 8 —14|+5]1
32 —13 58
100
11[0 1 0‘
00 1
[24 12 6 [24 12 6]
= - =0

7 -3 14 2

—18 48 -84 —18 48 -84
42 —-18 84 42 —-18 84

Thus, A3-6A2+5A+111=0

Now, A3-6A2+5A+111=0,

- (A.AA)- 6 (AA) +5A =-111

Post-multiply with A-1 on both sides-

- (A.AAAT)-6 (AAAT) +5AAT=-111 A1

- (AAI) -6(A.I) + 51 =-111. A-1 {since A. A1 =1}
— (A.A) - 6A +51 =-11A1 {since X.I = X}

Q.16

2 -1 1

IfA=|-1 2 —1|Verify that A3 - 6A2+ 9A - 4] = O and hence
1 -1 2

find A1




Answer:

et 3

And hence A3=A. A2 = —1] [ 6 ] =

22 =21 21
—21 22 =21
21 =21 =22
- A3- 6A% + 9A -41
22 =21 21 6 -5 5 2 -1 1
-21 22 -=-21|{-6|-5 6 —=5|+9|-1 2 -1|-
—21 22 5 -5 6 1 -1 2

0
0
1

—30 —30 30
40 —30 —-30(=0
—30

—30
Thus, A3- 6AZ + 9A -4] =

Now, AS- 6A2 + 9A -41 = 0,
- (AAA)-6 (AA) +9A = 4]

40

Post-multiply with A-1 on both sides-

- (AAAA1)-6 (AAAT) +9AAT=4] A1

- (A.AD) - 6(AI) + 91 =41. A1{since A.A1=1}
- (A.A) - 6A +91 = 4A-1{since X.] = X}

- A== (A2 6A + 9])




2 -1 -1 1 0 0
-1 2 —1+9010)

-1 2 0 0 1

anlLirg

BRlRr AW AIR

Hence Al =

Dl Sl wb ]|

Q.17

Let A be a non-singular square matrix of order 3 X 3. Then |adj A| is
equal to

A A |
B. | A2
C.|AJ?
D. 3|A|

Answer:

For a square matrix of order n X n,

We know that |Adj A| = |A|»1

So, |Adj Al = |A] (31) = |AJ?

Q.18

If A is an invertible matrix of order 2, then det (A-1) is equal to

A. det (A)




1
B. det(A)

C.1
D.0

Answer:

1 .
(A)'l = m Ad] A
L

T 1A () = A =

A" Al

S0, 1(A)1] = |- Adj (4)| =

{since adj(A) is of order n and |Adj(A)| = |A|>1}
Alternative-

We know that AA-1 =1

So |Al|At] =] =1

Hence |(A) 1| = leI




