Inverse Trigonometric Function Chapter 13

INVERSE FUNCTION
Let f be a function defined from aset 4 toaset B,i.e. f:4A—> B and g be a function defined from the set
B tothe set 4, i.e., g: B — A; then the function g is said to be inverse of f if
g{f(x)} = x, Vx € 4 and the function g is denoted by f~'.
Properties of inverse of a function :
(1) The inverse of bijection is unique.
(1) If f:A— B isbijectionand g: B — A isinverse of f, then
fog=Iyand go f=1,
where, I, and [, are identity functions on the sets 4 and B respectively.
Graphs of inverse trigonometric functions

(i) Graphof y=sin"'x (i) Graph of y=cos™ x
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0 of (1,0)
(-1, -7/2)
(iii) Graph of y=tan™" x (iv) Graphof y=cot™ x
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y=—r/2 > X
(v) Graphof y=sec” x (vi) Graph of y=cosec'x
Y
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DOMAIN AND RANGE OF INVERSE TRIGONOMETRIC FUNCTIONS

Function Domain (D) Range (R)
sin”' x —1<x<lor[-1,1] —%Sﬁégor —%,%
cos'x —-1<x<lor[-11] 0<@<7or|0, ]
4 V4 V4 T
tan~ x xeR —5<¢9<50r >
cot™' x xeR 0<@<zor(0, )
7T

x<-1, or 1<x 9¢5,O£9£7r

4
sec”' x or (—o0, —1]U[l, ) or [0, ﬁju z 72'}
2 2

1 x<-1, or 1<x ¢
oo
cosec'x or (—oo, =1]U[, ) or [_2’ O]U(O

PROPERTIES OF INVERSE TRIGONOMETRIC FUNCTIONS
I. () sin"(sin@) = @ ifand only if —% <6 s% and

x 0<x<Z 4+ 7/2 y =sin” (sinx)
’ 2
in"! (s T RY/4
Sin (smx): T—X, —<x<—=—
2 | ’
© /2 i 37/2
X = 272—1 —<x< 27[
= f(x)=sin"'(sinx) is periodic with period 27. T-7/2
(i) cos™(cos@)=0 ifandonlyif 0<O<7 and -
T y=cos” (cosx)
1 X, 0<x<rx ' !
cos™ (cosx) = : :
2r—x, w<x<2x 5 : :
= f(x)=cos™ (cosx) is periodic with period 27. T 27 3z




(iii) tan™'(tan@)=6 if and only if —g <f< % and

-
. 0Sx<% y=tan"' (tanx)

tan”™ (tanx) =14 x—7, Zax<= : : ;
2770 22 7
3 T-7/2 :

= f(x)=tan"'(tanx) is periodic with period 7.

-l
(iv) cot”(cotf) =0 ifand onlyif 0<@ <7 and = ot (cotx)

T : (72, 7z) : (27[, 7r)
X+, -r<x<0 ! ! i
cot™ (cotx)=14x, O<x<r
X—7, T<x<2mw _r o] 7 2 3w
= f(x)=cot™ (cotx) is periodic with period 7
o . . r
(v) sec” (secd)=6 ifandonlyif 0<6 < 5 o< 0 < and v=sec” (secx)
r I T !
—X, —r<x<0, x#—— ! :
1 2 ' ] ] ' '
sec” (secx) = L L
X 0<x<r xiz —-r—-r/20| /2 & 37/2 2x
2 - 2 2
= f(x)=sec™ (secx) is periodic with period 27.
. » . R r
(vi) cosec™ (cosec®) =6 if and only if 5 <@<0or0<f< 5y and
r
X, O<x< 5 y =cosec” (cosecx)
+/2
0 Vs 3z :
cosec™ (cosecx) =47 —x, —<x£7 X#T :
3z ! 37/2 2z
x=2r, 7<X<27T ] /2
= f(x)=cosec™ (cosecx) is periodic with period 27.
+-7/2
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(vii) (a) sin(sin‘1 x) =x iff -1<x<1

(b) cos(cos_1 x):x iff -1<x<1

(viiii) (a) tan(tan”' x)=1x forall x

(b) cot(cot_1 x) =x forall x

(ix) (a) sec(sec_1 x) =x iff x>1or x<-1

(b) cosec(cosec‘l x) =x iff x>1 or x<-1

2. (i) sin”' (—x)=—sin"' x,
(i)  tan”(—x)=—tan"'x, cot™ (—x)=m—cot™ x
(iii))  cosec™ (—x)=—cosec™'x sec” (—x)=m—sec” x,
- Lo
sin”! x+ cos X="n forall x e[-1, 1]
3. tan' x+cot x = %, forall xe R
sec” x+cosec”'x = %, for all x & (-0, —1]U[L, )

cos” (—x)=m—cos™ x

Y= sin(sin‘1 x)

Y= cos(cos’1 x) (0, 1) (1,1)

(-1.0)

X'— 0 — X

(-1 -1) (0, —1)

Y= tan(tan" x)

Y= cot(cot'1 x)

X 0 X

Y!

Y= cosec(cosec’1 x) Y

Y = sec(sec_1 X) - (0, 1) (1,1)

(-1.0)

X'— T X
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Principal values for inverse circular functions.

Principal values for x>0 | Principal values for x <0

. T
0<sin IXSE

T .
—E£sm 'x<0

. s
0<cos'x<=

T .
5<c0s "x<rx

r
0<tan'x <=
2

T _
—5<tan "'x<0

) 7
0 < cot leE

T -1
5<C0t x<rm

_ s
0<sec 'x<5

T _
3<sec "<&

I
0 < cosec™'x SE

7 )
5 <cosec'x<0

Conversion property :

1

) sin” x
M
sin” x
sin”' x
(i1)
sin”' x

(iii) sin”'x

cos™' x

(iv)
cos™' x
-1
cos X
(v)
cos”' x

(vi) cos'x

tan”' x
(vii)

tan™' x

—cos ' \1—x%, -1<x<0
1-x*
cot™ , 0<x<l1
x
-1 1_x2
cot -7, -1<x<0
X
_ X
tanl(—zj |x|<1
1—x
sin”' V1-x7, 0<x<1
7 —sin \1-x%, -1<x<0
1—x?
tan™ s 0<x<l1
X
7 +tan™ , -1<x<0
X
_ X
cot™ | —— |x|<1
1-x°
1
cos” , x2>0
1+x°
1
—CoS , x<0
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1
tan”' x = cot™' —, x>0
X
(viii) |
tan'x = cot”! ——7, x<0
X
. _ X
(ix) tan"'x = sin”™' VxeR
1+x?
4 1 1
cot” x = sin = x>0
1+ x
(x)
. 1
cot' x = 7 —sin” , x<0
V1+x?
cot'x = tan”' —, x>0
(xi) T
cot'x = 7+tan —, x<0
X
.. X
(xii) cot”'x = cos™ (ﬁ} VxeR
1+x

6.  General values of inverse circular functions : We know that if « is the smallest angle whose sine is x,

then all the angles whose sine is x can be written as n7r+(—l)n a , where n e I. Therefore, the general
value of Sin"'x can be taken as nz+(-1) .
. n . . T T
Thus, we have Sin"'x=nz+(-1) o, -1<x<1if sina =x and —3305 SE.

Similarly, general values of other inverse circular functions are given as follows :

Cos'x=2nr+a,-1<x<1; If cosa=x,05a<rx
_ T P s
Tan'x=nr+a, xeR ; If tana=x, ——<a <—
b 9
2 2
Cot'x=nr+a, xR If cota=x,0<a<rx
_ r
Sec'x=2nr+ta, x<—-lorx>1 Ifseca:x,OSaSﬂanda;«tE

Cosec'x=nz+(-1)'a, x<-lor x>1 If cosec & =x, —%Sa S%and a#0

Note : The first letter in all above inverse Trigonometric function are CAPITAL LETTER
Formulae for sum, difference of inverse trigonometric function

sin™ x+sin™ y:sin'l{x\/l—yz +y\/1—x2}; x>0, y>0and x*+)* <1
(1)

sin”' x+sin"' y =7 —sin"’ {"\/l—y2 +y\/1—x2}; x>0, y20andx’+y* >1

(2) sin'x-sin”' y=sin"’ {x\/l—y2 —y\/l—xz}; x20,y20



82

(3) cos'x+cos” y=cos™ {xy—\ll—xqu—yz}; x>0, y>0

cos_lx—cos_ly:cos’l{xy+\/1—x2«/1—y2}; x>0, y>0,x<y
4)
cos' x—cos™ y=—cos™ {xy+\/1—x2\/1—y2}; x>0, y>0, x>y
+
tan”' x+tan”' y =tan”' (u], x>0, y>0and xp<1
I-xy
(5) <tan'x+tan'y=x/2; x>0, y>0and xy=1
+
tan‘1x+tan‘1y:7r+tan‘l(1x yJ; x>0, y>0and xy >1
(6) tan‘lx—tan"ly:tan_l(x_y]; x20,y2>0
1+ xy

Inverse trigonometric ratios of multiple angles
. . 1 1
251n“x=sm‘](2x\/1—x2) If ——<x<—
V2
1. 2sin”' x =7 —sin™ (2x\/1—x2) If —<x<1

2sin‘1x=—7z+sin_1(2x\/l—x2) If—leS_T;

3sin_1x:sin_l(3x—4x3), If_—Ist%
2. 3sin' x =7 —sin™ (3x—4x3), If%<x£1
P .- 3 1
3sin” x =—x —sin <3x—4x ), If—1£x<—5
2cos‘1x:cos‘l(2x2—1), If 0<x<1
3.
ZCos_1x=27z—cos_1(2x2—1), If -1<x<0
-1 1 3 1
3cos” x =cos (4x —3x), If Eﬁxﬁl

4. 3cos‘1x=27r—c0s‘1(4x2—3x), If —%Sxﬁ— ,

3cos™ x =27 +cos™ (4x3—3x), If —ISXS—E
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2tan”' x = tan_l( 2x2 ),
1—x
5. 2tan“x=7z+tan"( 2x2j,
1-x

2tan”' x = —7x +tan” (

_ . 2x
2tan"' x =sin” >

1+x

6. 2tan”' x = 7 +sin™ (

2tan”' x = -7 +sin™ (

)

2x
1+x2 )

2x
1+x2

2x
1-x2 )

b

2
2tan‘]x=cos‘](1 sz
1+x
7. )
2tan‘1x=—cos_1(l_x2}
1+x
3
3tan' x =tan”’ 3x xz ,
1-3x
_ 3
8. 3tan ' x =7 +tan™' 3x x2 ,
1-3x

3tan ' x=—7 +tan” [

3x—x°

1-3x?

|

If -1<x<1
If x>1
Ifx<-1
If -1<x<1
If x>1

Ifx<-1
If0<x

If x<0

If _—1<x<L
J3 V3

If x>L

3

If x<—L

3



